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ALGEBRA 


FOURTH EDITION 


Get the most out of each worked example 
by using all of tts features. 


EXAMPLE 1 Here, we state the given problem. 


Strategy Then, we explain what will be done to solve the problem. 
WHY Next, we explain why it will be done this way. 


Solution The steps that follow show how the problem is solved by using 
the given strategy. 


1°" STEP 


The given problem i ee wl §6This author note explains 


the 197 Step 
2° STEP 
= ee ete § This author note explains 
the 2‘? Step 
382 STEP 
= The result of 38D STEP This author note explains 
(the answer) the 3° Step 


Self Check 1 A Similar Problem 


After reading the example, Now Try Problem 45 

try the Self Check problem 

to test your understanding. 

The answer is given at the 

end of the section, right 

before the Study Set. _ After you work the Self Check, 

j you are ready to try a similar 

problem in the Guided Practice 
section of the Study Set. 


EDITION 


A 


INTERMEDIATE 
ALGEBRA 


ALAN S.TUSSY 


CITRUS COLLEGE 


R. DAVID GUSTAFSON 


ROCK VALLEY COLLEGE 


DIANE R. KOENIG 


ROCK VALLEY COLLEGE 


y BROOKS/COLE 


“a CENGAGE Learning” 


¢ BROOKS/COLE 


@& CENGAGE Learning” 


Intermediate Algebra, Fourth Edition 

Alan S. Tussy, R. David Gustafson, Diane R. Koenig 
Publisher: Charlie Van Wagner 

Senior Developmental Editor: Danielle Derbenti 


Senior Development Editor for Market Strategies: 
Rita Lombard 


Assistant Editor: Stefanie Beeck 
Editorial Assistant: Jennifer Cordoba 
Media Editor: Heleny Wong 
Marketing Manager: Gordon Lee 
Marketing Assistant: Angela Kim 


Marketing Communications Manager: Katy 
Malatesta 


Content Project Manager: Jennifer Risden 
Creative Director: Rob Hugel 

Art Director: Vernon Boes 

Print Buyer: Linda Hsu 


Rights Acquisitions Account Manager, Text: Mardell 
Glinksi-Schultz 


Rights Acquisitions Account Manager, Image: Don 
Schlotman 


Production Service: Graphic World Inc. 

Text Designer: Diane Beasley 

Photo Researcher: Bill Smith Group 
Illustrators: Lori Heckelman; Graphic World Inc. 
Cover Designer: Terri Wright 


Cover Image: Background: © Pal Teravagimov 
Photography/Getty Images RF, Y Button: © Art 
Parts/Fotosearch RF 


Compositor: Graphic World Inc. 


Printed in the United States of America 
123 4 5 67 14 13 12 11 10 


© 2011, 2006 Brooks/Cole, Cengage Learning 


ALL RIGHTS RESERVED. No part of this work covered by the copyright 
herein may be reproduced, transmitted, stored, or used in any form or by 
any means, graphic, electronic, or mechanical, including but not limited to 
photocopying, recording, scanning, digitizing, taping, Web distribution, 
information networks, or information storage and retrieval systems, except 
as permitted under Section 107 or 108 of the 1976 United States Copyright 
Act, without the prior written permission of the publisher. 


For product information and technology assistance, contact us at 
Cengage Learning Customer & Sales Support, 1-800-354-9706 


For permission to use material from this text or product, 


submit all requests online at www.cengage.com/permissions 


Further permissions questions can be e-mailed to 
permissionrequest@cengage.com 


Library of Congress Control Number: 20099339319 
ISBN-13: 978-1-4390-4436-0 
ISBN-10: 1-4390-4436-8 


Brooks/Cole 

20 Davis Drive 

Belmont, CA 94002-3098 
USA 


Cengage Learning is a leading provider of customized learning solutions 
with office locations around the globe, including Singapore, the United 
Kingdom, Australia, Mexico, Brazil, and Japan. Locate your local office at 
www.cengage.com/global 


Cengage Learning products are represented in Canada by 
Nelson Education, Ltd. 


To learn more about Brooks/Cole, visit www.cengage.com/brookscole 


Purchase any of our products at your local college store or at our preferred 
online store www.CengageBrain.com 


To the mathematics instructors of Edgewood High School, the University 
of Redlands, and California State University at Los Angeles, 
whose love of their discipline and dedication to their students 
continue to be an inspiration to me 
ALAN S.TUSSY 


To my wife, Carol, whose support has been invaluable 
R. DAVID GUSTAFSON 


To my husband, Brian, with love; and my daughters, 
Ashley, Brianna, and Carly, whom | love very much and who bring me great joy 
DIANE R. KOENIG 


This page intentionally left blank 


Study Skills Workshop — s-1 


The Language of Algebra 2 
The RealNumbers 10 


Operations with Real Numbers 23 


Simplifying Algebraic Expressions Using Properties 
of RealNumbers 37 


Solving Linear Equations Using Properties of Equality 49 


Solving Formulas;Geometry 61 


Using Equations to Solve Problems 72 


More about Problem Solving 83 
THINKITTHROUGH Fastest Growing Occupations 86 


Chapter Summary and Review 98 
ChapterTest 112 


The Rectangular Coordinate System 116 
Graphing Linear Equations 128 


Rate of Change andthe Slope ofaLine 143 
THINKITTHROUGH Community Colleges 148 


9A 


Writing Equations of Lines 156 


An Introduction to Functions 170 
THINKITTHROUGH CostofHiring 177 


Graphs of Functions 186 
Chapter Summary and Review = 201 
ChapterTest 211 


Cumulative Review 213 


© Baerbel Schmidt/Getty Images 


© iStockphotos.com/iofoto 


Contents 


4.5 


CHAPTER 3 
Systems of Equations 


215 


Systems of Linear Inequalities 351 


3.1 Solving Systems of Equations by Graphing 216 
THINKITTHROUGH Bachelor’s Degrees 220 
3.2 Solving Systems of Equations Algebraically 228 
3.3 Problem Solving Using Systems of Two Equations 237 
g 3.4 — Solving Systems of Equations in Three Variables 254 
: 3.5 Problem Solving Using Systems of Three Equations 262 
5 3.6 — Solving Systems of Equations Using Matrices 270 
3.7 — Solving Systems of Equations Using Determinants 280 
Chapter Summary and Review 291 
ChapterTest 301 
Cumulative Review 303 
CHAPTER 4 
Inequalities 305 
4.1 Solving Linear Inequalities in One Variable 306 
THINK ITTHROUGH Changing Values 307 
4.2 Solving Compound Inequalities 319 
? THINK ITTHROUGH = Study Abroad 326 
3 4.3 Solving Absolute Value Equations and Inequalities 331 
é 4.4 | Linear Inequalities in Two Variables 342 


Chapter Summary and Review 361 
369 


Cumulative Review 371 


Chapter Test 


Contents 


CHAPTER 5 


Exponents, Polynomials, and Polynomial 
Functions 375 


5.1 Exponents 376 

5.2. ScientificNotation 388 

THINKITTHROUGH TheAmerican Educational System 390 

5.3 Polynomials and Polynomial Functions 396 

5.4 Multiplying Polynomials 410 

5.5 The Greatest Common Factor and Factoring by Grouping 421 


5.6 The Difference of Two Squares; the Sum and Difference 
ofTwo Cubes 429 


5.7 Factoring Trinomials 437 


© Adrian Sherratt/Alamy 


5.8 Summary of Factoring Techniques 448 

5.9 Solving Equations by Factoring 451 
Chapter Summary and Review 462 
ChapterTest 473 


Cumulative Review 475 


CHAPTER 6 
Rational Expressions and Equations 477 


6.1 Rational Functions and Simplifying Rational Expressions 
THINK ITTHROUGH LearningandRemembering 481 

6.2 Multiplying and Dividing Rational Expressions 491 
6.3 Adding and Subtracting Rational Expressions 501 
6.4 Simplifying Complex Fractions 512 

6.5 Dividing Polynomials 522 

6.6 Synthetic Division 532 

6.7 Solving Rational Equations 540 


Reggie Casagrande/Getty Images 


6.8 Problem Solving Using Rational Equations 551 
6.9 Proportion and Variation 560 
Chapter Summary and Review 576 
ChapterTest 589 


Cumulative Review 591 


viii 


© istockphoto.com/Sean Locke 


© Image Source Black/Getty Images 


Contents 


CHAPTER 7 


Radical Expressions, Equations, 
and Functions 595 


7.1 Radical Expressions and Radical Functions 596 
7.2 Simplifying and Combining Radical Expressions 611 
7.3 Multiplying and Dividing Radical Expressions 621 
7.4 Solving RadicalEquations 632 
7.5 RationalExponents 642 
7.6 Geometric Applications of Radicals 654 
THINK ITTHROUGH PythagoreanTriples 656 
7.7 ComplexNumbers 665 

Chapter Summary and Review 679 

ChapterTest 689 


Cumulative Review 691 


CHAPTER 8 


Quadratic Equations, Functions, 
and Inequalities 693 


8.1 The Square Root Property and Completing the Square 694 
8.2 The Quadratic Formula 706 

8.3 Quadratic Functions andTheir Graphs 717 
THINKITTHROUGH Automobile Accidents 726 


8.4 — The Discriminant and Equations That Can Be Written in Quadratic 
Form 733 


8.5 Quadratic and Other Nonlinear Inequalities 742 
Chapter Summary and Review 756 
ChapterTest 764 


Cumulative Review 766 


CHAPTER 9 
Exponential and Logarithmic Functions 


9.1 Algebra and Composition of Functions 770 

THINK ITTHROUGH Black Colleges and Universities 771 

9.2. InverseFunctions 778 

9.3 Exponential Functions 790 

9.4  Base-e Exponential Functions 803 

9.5 Logarithmic Functions 812 

9.6  Base-e Logarithmic Functions 826 

9.7 Properties of Logarithms 832 

9.8 Exponential and Logarithmic Equations 842 
Chapter Summary and Review 854 
ChapterTest 866 


Cumulative Review 868 


CHAPTER 10 
Conic Sections;More Graphing 871 


10.1 The Circle andthe Parabola 872 

THINKITTHROUGH Ultimate Frisbee 876 

10.2 TheEllipse 389 

10.3 The Hyperbola 901 

10.4 Solving Nonlinear Systems of Equations 913 
Chapter Summary and Review 922 
ChapterTest 929 


Cumulative Review 931 


APPENDIXES 
Appendix | Roots and Powers’ A-1 
Appendix II Answers to Selected Exercises (appears in 


Student Edition only) A-3 


Index I-1 


Contents 


769 


© iStockphoto.com/Bo1 982 


Image copyright Henryk Sadura, 2009. Used under license from 


Shutterstock.com 


This page intentionally left blank 


Intermediate Algebra, Fourth Edition, is more than a simple upgrade of the third 
edition. Substantial changes have been made to the worked example structure, the 
Study Sets, and the pedagogy. Throughout the revision process, our objective has 
been to ease teaching challenges and meet students’ educational needs. 

Algebra, for many of today’s developmental math students, is like a foreign 
language. They have difficulty translating the words, their meanings, and how they 
apply to problem solving. With these needs in mind (and as educational research 
suggests), our fundamental goal is to have students read, write, think, and speak 
using the language of algebra. Instructional approaches that include vocabulary, 
practice, and well-defined pedagogy, along with an emphasis on reasoning, modeling, 
communication, and technology skills have been blended to address this need. 

The most common question that students ask as they watch their instructors solve 
problems and as they read the textbook is... Why? The new fourth edition addresses 
this question in a unique way. Experience teaches us that it’s not enough to know how 
a problem is solved. Students gain a deeper understanding of algebraic concepts if 
they know why a particular approach is taken. This instructional truth was the 
motivation for adding a Strategy and Why explanation to the solution of each worked 
example. The fourth edition now provides, on a consistent basis, a concise answer to 
that all-important question: Why? 


These are just two of several reasons we trust 
that this revision will make this course a better 


experience for both instructors and students. Exponents Polyn omials 
v iA 
and Polynomial Functions 


NEW TO THIS EDITION 
e New Chapter Openers 


e New Worked Example Structure 
e New Study Skills Workshop Module 


e New Language of Algebra, Success Tip, 
and Caution Boxes 


e New Chapter Objectives 


¢ New Guided Practice and Try It Yourself 
Sections in the Study Sets 


e New Chapter Summary and Review 


e New Study Skills Checklists 
from Campus to Careers 


Chapter Openers That Answer the Question: Landscape Architect 

When Will Use This? Whether it’s a community park, a college campus, or simply someone's backyard, 
landscape architects are skilled at creating outdoor areas that are 

Instructors are asked this question time and both functional and beautiful. They use algebra and 
geometry to prepare working drawings, design scale 

again by students. In response. we have written models, and estimate costs. Throughout the planning and 

. m construction phases, they make computations to find 
chapter openers called From Campus to Careers. everything from drainage slopes and sunlight angles to 
Z 2 ; : walkway elevations. 
This feature highlights vocations that require In Problem 65 of Study Set 5.9, you willdetermine the 


dimensions of a concrete walkway around a fountain. 


various algebraic skills. Designed to inspire 
career exploration, each includes job outlook, 
educational requirements, and annual earnings 
information. Careers presented in the openers 
are tied to an exercise found later in the Study L 


Sets. 
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5.2 Scientific Notation 

5.3 Polynomials and 
Polynomial Functions 

5.4 Multiplying Polynomials 

5.5 The Greatest Common 
Factor and Factoring by 
Grouping 

5.6 The Difference of Two 
Squares; the Sum and 
Difference of Two Cubes 

5.7 Factoring Trinomials 


5.8 Summary of Factoring 
Techniques 
5.9 Solving Equations by 
Factoring 
Chapter Summary 
and Review 
Chapter Test 
Cumulative Review 


Preface 


Examples That Tell Students Not Just How, But WHY 


Why? That question is often asked by students as they watch their 
instructor solve problems in class and as they are working on 
problems at home. It’s not enough to know how a problem is 
solved. Students gain a deeper understanding of the algebraic 
concepts if they know why a particular approach was taken. This 
instructional truth was the motivation for adding a Strategy and 
Why explanation to each worked example. 


Examples That Offer Immediate Feedback 


Each worked example includes a Self Check. These can be com- 
pleted by students on their own or as classroom lecture exam- 
ples, which is how Alan Tussy uses them. Alan asks selected stu- 
dents to read aloud the Self Check problems as he writes what 
the student says on the board. The other students, with their 
books open to that page, can quickly copy the Self Check prob- 
lem to their notes. This speeds up the note-taking process and 
encourages student participation in his lectures. It also teaches 
students how to read mathematical symbols. Each Self Check 
answer is printed adjacent to the corresponding problem in the 
Annotated Instructor's Edition for easy reference. Self Check 
solutions can be found at the end of each section in the student 
edition before each Study Set. 


Examples That Ask Students to Work Independently 


Each worked example ends with a Now Try problem. These are 
the final step in the learning process. Each one is linked to a 
similar problem found within the Guided Practice section of the 
Study Sets. 


these added responsibilities. 
Explore the reasons why you are taking this 
’n upon completion? Is this course a prerequisite for further 
ybe you need to complete this course in order to begin taking 
field of study. No matter what your reasons, setting goals for 
chances of success. Establish your ultimate goal and then break it 
sr goals; it is easier to achieve a series of short-term goals rather 


Since your level of effort is significantly influenced by your 
positive mental outlook throughout the class, From time to 
1¢ ways in which you will benefit from passing the course, 
or math anxiety with extra preparation, campus support 
‘enjoy. When you accomplish short-term goals such as studying 
e, learning a difficult concept, or completing a homework 
by spending time with friends, listening to music, reading a 


‘Many students don’t realize that missing even one class can 
- grade. Arriving late takes its toll as well. If you are just a few 
class, you risk getting behind, So, keep these tips in mind. 


| class, get a set of notes, the homework assignments, and any 
ructor may have provided for the day that you missed. 
‘missed. Take advantage of the help that comes with this 
video examples and problem-specific tutorials. 


‘ou will benefit from passing this course. 
that will help you achieve your larger goal of passing this 
u could set a goal to read through the entire Study Skills 
‘weeks of class or attend class regularly and on time. 
action item once you have read through all seven Study Skills 


you can reward yourself when you complete one of your short- 


le situations that could cause you to be late for class or miss 
pparking/traffic delays, lack of a babysitter, oversleeping, or 
‘can you do ahead of time so that these situations won't cause 


EXAMPLE 3 


2x + 3y =6 


Solve the system { ey 


by graphing, if possible. 


Strategy We will graph both equations on the same coordinate system. 


WHY The graph of a linear equation is a picture of it solutions. If both equations 
are graphed on the same coordinate system, we can see whether they have any 
common solutions. 


Solution 
Using the intercept method, we graph both equations on one set of coordinate 
axes, as shown below. 


ce y wy xy 


i 30 0 60 60) 
0/2| (0,2) 04 (0,4) 
-3 4 (-3,4) -3 6 (-3,6) 


4xe6y=24 


2x4 3y=6 


In this example, the graphs are parallel, because the slopes of the two lines 
are equal and they have different y-intercepts. We can see that the slope of each 
line is —3 by writing each equation in slope-intercept form. 


2x + 3y =6 4x + 6y = 24 
By = -2e + 6 6y = —4x + 24 

2 2 
yarget2 yaoget4 


Since the graphs are parallel lines, the lines do not intersect, and the system does 
not have a solution. It is an inconsistent system. The solution set is the empty set, 
which is written @. 


~ 


Self Check 3 
3y - 2x =6 


Solve the system { oe y= 6 


by graphing, if possible. 


Now Try Problem 23 


Emphasis on Study Skills 


Intermediate Algebra begins with a Study Skills Workshop module. 
Instead of simple, unrelated suggestions printed in the margins, 
this module contains one-page discussions of study skills topics 
followed by a Now Try This section offering students actionable 
skills, assignments, and projects that will impact their study habits 
throughout the course. 


Integrated Focus on the Language 
of Algebra 


The Language of Algebra Commutative is a form of the word commute, 
meaning to go back and forth. Commuter trains take people to and from work. Language of Algebra boxes draw 


connections between mathematical terms 
and everyday references to reinforce the 
language of algebra approach that runs 
throughout the text. 


Guidance When Students Need It Most 

Appear ing at key teaching MIGIDERIS, Success Tip When asked to factor a polynomial, we must be sure to factor it 
Success Tips and Caution boxes improve completely. After factoring a polynomial, always check to see whether any of 
students’ problem-solving abilities, the factors in the result can he factored further. 

warn students of potential pitfalls, and 


increase clarity. Caution! If two variables are used to represent two unknown quantities, we 


must form a system of two equations to find the unknowns. 


Useful Objectives Help Keep Students 
Focused Objectrves SECTION 4.1 
Each section begins with a set of 1 | lilly interpret inequality Solving Linear Inequalities in One Variable 
numbered Objectives that focus students’ EB Grophintervals anduseinterval —Tyattic signs often appear in front of schools. From the figure a 

a * , and set-builder notation. motorist knows tat 
attention on the skills that they will learn. 3 | Solve er negates ing ae se na dcaneeneh 

: : : . : properties of inequality. © A speed greater than 25 miles per hour breaks the law an: 
As each obj ective 1s discussed in the 14] Use linear inequalities to solve could possibly result in a ticket for speeding. 
section, the number and heading reappear problems. © A speed less than or equal to 25 miles per hour is within 
h d . d h f h the posted speed limit. 

to the reader to remind them of the Statements such as these can be expressed using inequality 
objective at hand. symbols 


Thoroughly Revised Study Sets 


STUDY SET : 
The Study Sets have been thoroughly revised to ensure 
I VOCABULARY A} that every example type covered in the section is 
Fill in the blanks. , . . 4 
1, Sets of ordered pais are called LH represented in the Guided Practice problems. Particular 
a eee : attention was paid to developing a gradual level of 
wae tenia progression within problem types. 
4. An , — of ordered pairs (a relation) in 16. Use the graph of function f on 
which to each first component there corresponds e Tis 'o find each of the 
exactly one second copiponedt ° iagaae ee Guided Practice Problems 
» aaa) icllod te, ebsites ba 
of second components (the output values) i called ae All of the problems in the Guided Practice portion of 
the. . : F 
6. Ifyisa function of x, xis called the the Study Sets are linked to an associated worked 
I NOTATION y 
variable and y is called the ______ variable. - « % ie i 
7. y = fla) isread as yisa ofxory___f _-Sampleteeach solution. example or objective from that section. This feature 
of x. 17. If f(x) = x° — 3x, find f(—5). 7 
& A function isa function that can be written in eee promotes student success by referring them to the 
the 2 . . . 
2. The| _ EETRYNITIYOURSELE oid aM ) proper worked example(s) or objective(s) if they 
beca Complete each table. = i . ° . 
nae = e=2h eT eee encounter difficulties solving homework problems. 
BRO “Input Output 
=U] 2H Try It Yourself 
0.9 0.9 
aa si To promote problem recognition, many Study Sets now include a collection of 
3. ge) = 84. g(x) =2-—} r ourself problems that do not link to worked examples. These problem 
83. g(x) = (x) = 2 -x — ) Try It Yc L, bl that d t link t ked les. Th bl 
ag eer ey ee Pee . Cee . . 
rare ea ca types are thoroughly mixed, giving students an opportunity to practice 
3 | 3 
1 4 jl decision making and strategy selection as they would when taking a test or 
i | i| quiz. 
Find the domain of each function. 
85. (0) = 86. M(x) = 5 “. 
87. s(x) = |x — 7] 88. 1(x) = [Fan | 


Comprehensive End-of-Chapter Summary 


462 with Integrated Chapter Review 
cuapter 5 SUMMARY AND REVIEW The end-of-chapter material has been 
redesigned to function as a complete study 
SECTION 5.1 Exponents guide for students. New chapter summaries 
| DEFINITIONS AND CONCEPTS EXAMPLES that include definitions, concepts, and 
An exponent indicates repeated multiplication. | Identify the base and the exponent in each expression. examples by section, have been written. 
It tells how many times the base is to be used 28 =2-2-2-2-2+2 Sila tha baaa:S iia she eeounen’ i y ; 7 
as a factor. If n is a natural number, og ~ ° . Review problems for each section 
ee DP =p-p psp :p pis the base, 5 is the exponent : ; 
: (—ab)* = (—ab)(—ab)(—ab) ab io the base, 3 is the exponent immediately follow the summary for that 
Ee Teh =T+crcrerc cis the base, 4 is the exponent F 
where x is the base and n the exponent. section. 
Rules for Exponents: If m and n represent 
integers and there are no divisions by 0, then 
Product rule: Quotient rule: Simplify each expression: 
¥ m 
Power rule: Power of a product: 
nyse (ayy = xy (hart = ay) = 2598 = 329° 


Power of a quotient: Zero exponent: 


noyn 4 4 af 
() a a4 (¢) aot 5° =1 
y y 3 3% 81 
Negative exponent: Exponent of 1: 
-n_1 cieaan eee Az 
eg x =x 27 = BAB 7 7 
Negative exponents appearing in 
fractions: 
1 a yf 1 2 4? mm 
=x" ==> = 10° = 100 a 
Po yo Wi 102 a #16 
@)"-@ (Q-@-8-8 
y x. a bi FP 49 
I REVIEW EXERCISES 
Evaluate each expression. Simplify each expression. Write answers using positive 
AB? 2, -25 exponents. 
: 2\2 5. xt+x? 6. m *n “mn! 
eee «(5) (amy apa 
7. —- 8. (-ry(ry 


m 


Study Skills That Point Out Common 


Student Mistakes STUDY SKILLS CHECKLIST 
In Chapter 1, we have included four Study Preparing for the Chapter 3 Test 
Skills Checklists designed to actively show In Chapter 3 you learned five methods to solve a system of linear equations. You also learned 

. how to solve problems using systems of equations. As you prepare for the exam over this 
students how to effectively use the key material, make sure you also review the following checklist. 
features in this text. Subsequent chapters To check a proposed solution of a system of The equations of a system must be written in 
incl hecklist j bef h equations, be sure the coordinates of the ordered standard form before the corresponding augmented 
inc ude one checklist just efore the pair satisfies both equations. matrix can be written. 
Chapter Summary and Review that is Gd soludon atthe epetem eee fe =yt+4 Subtract 
provides another layer of preparation to ee a Pree ne oe ro 

ei fe) ee e=y=4 ft Stes 

promote student success. These Study 9-8=1 AaAe i io es [} 1 ‘| 
Skills Checklists warn students of common Sil ane ~1=—1 True To evaluate a2 X 2 determinant, multiply the 


Yes, (3, —2) is a solution of the system. numbers on the main diagonal minus multiply the 
numbers on the other diagonal and simplify. 


errors, giving them time to consider these 
When using the substitution or the addition 


pitfalls before taking their exam. (elimination) method, remember to find the value 3 
of both the variables. 5 


ae 
x4] <3 - a6) 


=2y 3 
For the system of linear equations & ” ra ae = os = ae 
the y-coordinate of the solution is y = 1. mead 
==) 


To find the x-value, substitute 1 for y in either 
equation: 

x=2y-3 

x =2(1) -3 

x=2—-3 

x=—-1 


The solution is (—1, 1). 


Preface 


TRUSTED FEATURES 


e Study Sets found in each section offer a multifaceted approach to practicing 
and reinforcing the concepts taught in each section. They are designed for 
students to methodically build their knowledge of the section concepts, from 
basic recall to increasingly complex problem solving, through reading, 
writing, and thinking mathematically. 


Vocabulary—Each Study Set begins with the important Vocabulary 
discussed in that section. The fill-in-the-blank vocabulary problems 
emphasize the main concepts taught in the chapter and provide the 
foundation for learning and communicating the language of algebra. 


Concepts—In Concepts, students are asked about the specific subskills 
and procedures necessary to successfully complete the Guided Practice 
and Try It Yourself problems that follow. 


Notation—In Notation, the students review the new symbols introduced 
in a section. Often, they are asked to fill in steps of a sample solution. 
This strengthens their ability to read and write mathematics and 
prepares them for the Guided Practice problems by modeling solution 
formats. 


Guided Practice—The problems in Guided Practice are linked to an 
associated worked example or objective from that section. This feature 
promotes student success by referring them to the proper examples if 
they encounter difficulties solving homework problems. 


Try It Yourself—To promote problem recognition, the Try It Yourself 
problems are thoroughly mixed and are not linked to worked examples, 
giving students an opportunity to practice decision-making and strategy 
selection as they would when taking a test or quiz. 


Applications—The Applications provide students the opportunity to 
apply their newly acquired algebraic skills to relevant and interesting 
real-life situations. 


Writing—The Writing problems help students build mathematical 
communication skills. 


Review—The Review problems consist of randomly selected problems 
from previous chapters. These problems are designed to keep students’ 
successfully mastered skills up-to-date before they move on to the next 
section. 


¢ Detailed Author Notes that guide students along in a step-by-step process 
appear in the solutions to every worked example. 


e The Five-Step Problem-Solving Strategy guides students through applied 
worked examples using the analyze, form, solve, state, and check process. This 
approach clarifies the thought process and algebra skills necessary to solve a 
wide variety of problems. As a result, students’ confidence is increased and 
their problem-solving abilities are strengthened. 


e Think It Through features make the connection between mathematics and 
student life. These relevant topics often require algebra skills from the 
chapter to be applied to a real-life situation. Topics include tuition costs, 
student enrollment, job opportunities, credit cards, and many more. 


e Chapter Tests, at the end of every chapter, can be used as preparation for the 
class exam. 


Preface 


¢ Cumulative Reviews follow the end-of-chapter material and keep students’ 
skills current before moving on to the next chapter. For the Fourth Edition, 
each problem is now linked to the associated section from which the 
problem came for ease of reference. The final Cumulative Review is often 
used by instructors as a Final Exam Review. 


Using Your Calculator features (formerly called Calculator Snapshots) are 
designed for instructors who wish to use calculators as part of the instruction 
in this course. These features introduce keystrokes and show how scientific 
and graphing calculators can be used to solve problems. In the Study Sets, 
icons are used to denote problems that may be solved using a calculator. 


CHANGES TO THE TABLE OF CONTENTS 


Based on feedback from colleagues and users of the third edition, the following 
changes have been made to the table of contents in an effort to further streamline 
the text and make it even easier to use. 


e The Chapter 1 topics have been reorganized and expanded: 
1.1 The Language of Algebra 
1.2 The Real Numbers 
1.3 Operations with Real Numbers 
1.4 Simplifying Algebraic Expressions Using Properties of Real Numbers 
1.5 Solving Linear Equations Using Properties of Equality 


1.6 Solving Formulas; Geometry (formulas have been moved to their 
own section and geometry has been added) 


1.7 Using Equations to Solve Problems 
1.8 More about Problem Solving 


e The Chapter 3 topics have been reorganized with two new sections added to 
emphasize problem-solving: 


3.1 Solving Systems of Equations by Graphing 

3.2 Solving Systems of Equations Algebraically 

3.3 Problems Solving Using Systems of Two Equations (new) 
3.4 Solving Systems of Equations in Three Variables 

3.5 Problem Solving Using Systems of Three Equations (new) 
3.6 Solving Systems of Equations Using Matrices 

3.7 Solving Systems of Equations Using Determinants 


e The Chapter 6 topics have been reorganized with two new sections added, 
one of them emphasizing problem solving: 


6.1 Rational Functions and Simplifying Rational Expressions 
6.2 Multiplying and Dividing Rational Expressions 

6.3 Adding and Subtracting Rational Expressions 

6.4 Simplifying Complex Fractions 

6.5 Dividing Polynomials 


6.6 Synthetic Division (new) 


Preface 


6.7 Solving Rational Equations 
6.8 Problem Solving Using Rational Equations (new) 
6.9 Proportion and Variation 


e The section Complex Numbers has been moved from Chapter 8 to 
Section 7.7. 


e The Chapter 10 topics have been reorganized: 
10.1 The Circle and the Parabola 
10.2 The Ellipse 
10.3 The Hyperbola 


10.4 Solving Nonlinear Systems of Equations 


GENERAL REVISIONS AND OVERALL DESIGN 


e We have edited the prose so that it is even more clear and concise. 


Strategic use of color has been implemented within the new design to help 
the visual learner. 


e Added color in the solutions highlights key steps and improves readability. 


We have updated much of the data and graphs and have added scaling to all 
axes in all graphs. 


We have added more real-world applications. 


e We have included more problem-specific photographs and improved the 
clarity of the illustrations. 


INSTRUCTOR RESOURCES 


Print Ancillaries 


Instructor’s Resource Binder (0-538-73675-5) 

Maria H. Andersen, Muskegon Community College 

NEW! Each section of the main text is discussed in uniquely designed Teaching 
Guides containing instruction tips, examples, activities, worksheets, overheads, 
assessments, and solutions to all worksheets and activities. 


Complete Solutions Manual (0-538-73401-9) 

Gowribalan Ananda Vamadeva, University of Cincinnati 

The Complete Solutions Manual provides worked-out solutions to all of the 
problems in the text. 


Annotated Instructor’s Edition (1-4390-4837-3) 

The Annotated Instructor's Edition provides the complete student text with answers 
next to each respective exercise. New to this edition: Teaching Examples have been 
added for each worked example. 
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Electronic Ancillaries 


Enhanced WebAssign 

Instant feedback and ease of use are just two reasons why WebAssign is the most 
widely used homework system in higher education. WebAssign’s homework delivery 
system allows you to assign, collect, grade, and record homework assignments via the 
web. Personal Study Plans provide diagnostic quizzing for each chapter that 
identifies concepts that students still need to master, and directs them to the 
appropriate review material. And now, this proven system has been enhanced to 
include links to textbook sections, video examples, and problem-specific tutorials. 
For further utility, students will also have the option to purchase an online 
multimedia eBook of the text. Enhanced WebAssign is more than a homework 
system—it is a complete learning system for math students. Contact your local 
representative for ordering details. 


Solution Builder 
Easily build solution sets for homework or exams using Solution Builder's online 
solutions manual. Visit www.cengage.com/solutionbuilder 


PowerLecture with ExamView® (0-538-73344-6) 

This CD-ROM provides the instructor with dynamic media tools for teaching. 
Create, deliver, and customize tests (both print and online) in minutes with 
ExamView® Computerized Testing Featuring Algorithmic Equations. Easily build 
solution sets for homework or exams using Solution Builder’s online solutions 
manual. Microsoft® PowerPoint® lecture slides, figures from the book, and Test 
Bank, in electronic format, are also included on this CD-ROM. 


Text Specific Videos (0-538-73400-0) 

Rena Petrello, Moorpark College 

These 10- to 20-minute problem-solving lessons cover nearly every learning 
objective from each chapter in the Tussy/Gustafson/Koenig text. Recipient of the 
“Mark Dever Award for Excellence in Teaching,” Rena Petrello presents each lesson 
using her experience teaching online mathematics courses. It was through this online 
teaching experience that Rena discovered the lack of suitable content for online 
instructors, which caused her to develop her own video lessons—and ultimately 
create this video project. These videos have won four awards: two Telly Awards, one 
Communicator Award, and one Aurora Award (an international honor). Students 
will love the additional guidance and support when they have missed a class or when 
they are preparing for an upcoming quiz or exam. The videos are available for 
purchase as a set of DVDs or online via CengageBrain.com. 


STUDENT RESOURCES 


Print Ancillaries 


Student Workbook (0-538-73403-5) 

Maria H. Andersen, Muskegon Community College 

NEW! Get a head-start. The Student Workbook contains all of the assessments, 
activities, and worksheets from the Jnstructor’s Resource Binder for classroom 
discussions, in-class activities, and group work. 


Student Solutions Manual (0-538-73402-7) 

Gowribalan Ananda Vamadeva, University of Cincinnati 

The Student Solutions Manual provides worked-out solutions to the odd-numbered 
problems in the text. 


Electronic Ancillaries 


Enhanced WebAssign 

Get instant feedback on your homework assignments with Enhanced WebAssign 
(assigned by your instructor). Personal Study Plans provide diagnostic quizzing for 
each chapter that identifies concepts that you still need to master, and directs you to 
the appropriate review material. This online homework system is easy to use and 
includes helpful links to textbook sections, video examples, and problem-specific 
tutorials. For further ease of use, purchase an online multimedia eBook via 
WebAssign. 


Website www.cengage.com/math/tussy 

Visit us on the web for access to a wealth of learning resources, including tutorials, 
final exams, chapter outlines, chapter reviews, web links, videos, flashcards, study 
skills handouts, and more! 
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Architecture 

architecture, 459 

building stairs, 149 
calculating clearance, 900 
construction, 925 

deck design, 155 

designing an underpass, 900 
drafting, 22, 169,512, 572 
golden rectangle, 741 

iPad building, 81 
structural engineering, 574 
walkways, 269 


Business and Industry 
accounting, 162, 370, 550 
advertising, 531, 586 
aluminum production, 369 
antifreeze, 301 
auctioneers, 202 

auto mechanics, 341 
automobile accidents, 726 
automobile sales, 475 
baby furniture, 329 
banquet halls, 2 

bath salts, 253 

batteries, 297 

boat sales, 359 
bookstores, 94 

bottled water, 8, 134 
bottling, 558 

break points, 295 
break-even point, 460 
building shelves, 80 
business, 227 

business expenses, 409 
calculating clearance, 900 
candy and nuts, 248, 436 
car sales, 111 

carpentry, 9, 72, 641, 686 
carpet cleaning, 9 
catering, 4 

cereal sales, 79 

cleanup cress, 559 
clothing stores, 249 

coal production, 857 
coffee, 90 

coffee blends, 97, 111 
concessionaires, 185 
confetti, 253 

cooking, 587, 764 

copier costs, 476 
copiers, 8 

cosmetology, 251 

cost functions, 186 

cost of hiring, 177 
crayons, 428 


customer service, 409 
decorating, 557 
deliveries, 559, 767 
demand equations, 142 
depreciation, 207, 857 
depreciation of a copier, 135 
desserts, 266 

discount buying, 665 
disinfectants, 248 

dried fruits, 303 
drywalling, 560 

early registration, 111 
electricians, 586 
employees, 7 
entrepreneurs, 95, 373 
environmental cleanup, 490 
evening newspapers, 144 
firefighting, 655, 664 
flags, 705 

flea markets, 94 

flower arrangements, 741 
fuel efficiency, 95, 113 
furnace equipment, 359 
furniture sales, 359 
gourmet cooking, 563 
graduation announcements, 702 
Halloween candy, 155 
hand tools, 113 
hardware, 663 

helicopter pads, 420 
home construction, 552 
hospitals, 760 

insurance coverage, 369 
interior decorator, 895 
inventories, 289 
inventory, 368 

jewelry, 592 

landing planes, 154 
landscape design, 895 
lawyers, 362, 713 

leading employers, 73 
logging, 653 

machining, 80 

magazine sales, 716 
making furniture, 80 
making statues, 267 
making tires, 250 

malls, 753 

manicurists, 180 
manufacturing, 240, 251, 487 
masonry, 531 
maximizing revenue, 733 
memory cards, 262 
men’s cologne, 113 
metal fabrication, 716 
minimizing costs, 725 


mixing candies, 93, 96, 252 
mixing coffees, 170, 252 
mixing nuts, 90, 268, 302 
morning newspapers, 143 
moving houses, 559 
natural gas, 551 

new home construction, 185 
nuclear energy, 155 

nuts and candy, 244 

oil, 551 

operating costs, 732 
ordering staircase parts, 9 
packaging, 399, 428 
painting, 586 

painting a house, 552 

pest control, 111 
petroleum exploration, 368 
plumbing, 558 

popcorn, 244 

potpourri, 268 

printers, 585 

production planning, 8, 250, 251 
promotional pens, 180 
publishing, 251 

puppets, 267 

rain gutters, 409 

real estate, 409, 574 

real estate listings, 168, 316 
recording companies, 251 
recording industry, 152 
rental cars, 113 

restaurant furnishings, 76 
restaurant seating, 350, 695 
revenue, 420, 460 

roofing, 590 

room freshener, 252 

rugs, 364 

salad dressing, 691 

salads, 253 

salvage value, 168, 802 
scheduling equipment, 318 
scheduling work crews, 490 
sculpting, 267 

selling calculators, 81 
selling seed, 81 

selling vacuum cleaners, 417 
setup fees, 248 

shared work, 692 

shipping crates, 690 
shortage of nurses, 766 
skateboards, 216 

smoke damage, 558 
Spanish roof tiles, 471 
sporting goods, 350 

steel production, 341 
Sunday newspapers, 144 


supply and demand, 227, 642 
supply equations, 142 
surface area, 72 

teddy bears, 298 
telephone service, 665 
temporary help, 250 
tool manufacturing, 262 
truck deliveries, 559 
truck sales, 591 
trucking costs, 574 

TV commercials, 80 
typesetting, 642 

US. vehicle sales, 206 
videos, 209 
warehousing, 109 
wedding gowns, 84 
wedding pictures, 239 
winter coats, 84 

wiper design, 71 
woodworking, 80 

world oil reserves/demand, 392 
Zoos, 348 


Careers 

certified fitness instructor, 
115, 169 

fashion designer, 215, 267 

general contractor, 595, 653 

heating, ventilation, and air 
conditioning technician, 
305, 330 

landscape architect, 375, 459 

real estate sales agent, 693, 706 

registered dietician, 1, 97 

social worker, 769, 812 

traffic engineers, 871, 888 

webmaster, 477, 573 


Collectibles 
art, 168 
collectibles, 8, 109, 304, 610, 768 


Education 

American educational 
system, 390 

art history, 664, 923 

averaging grades, 369 

bachelor’s degrees, 220 

Black colleges and 
universities, 771 

checking answers, 499, 520 

college costs, 168 

community colleges, 148 

cost and revenue, 227 

fundraising, 317 

grades, 87, 317 
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history, 715 

history tests, 79 

Internet access, 798 
investing, 242 

Korean War, 350 
learning and remembering, 481 
learning curves, 812 
Louisiana Purchase, 803 
medical plans, 318 
newsletters, 558 

public education, 317 
retention study, 490 
school enrollments, 732 
setting up seating, 553 
spring tours, 80 

study abroad, 326 
tuition, 109 

tutoring, 758 

TV history, 929 


Electronics and Computers 

big-screen TVs, 168 

blow dryers, 620 

calculators, 113 

computer programming, 317 

computers, 94 

data analysis, 522 

db gain, 821, 825 

electronics, 248, 426, 546, 574, 
632, 677, 691, 867 

input voltage, 824 

Internet, 226 

iPods, 73, 237 

memory cards, 262 

operating temperatures, 340 

output voltage, 825 

robotics, 660, 661 

video game systems, 318 

Wikipedia, 318 


Entertainment 
acrobats, 758 
boating, 372, 931 
boating accidents, 94 
Broadway shows, 94 
Broadway tickets, 75 
buying tickets, 142 
cable TV, 109, 168 
CDs and DVDs, 355 
compact discs, 359 
concert tickets, 367, 373 
concert touring, 80 
concerts, 250 

crowd control, 741 
deceased celebrities, 268 
drive-ins, 95 
entertainment, 85 
films, 79 

fine dining, 558 
fireworks, 732 

guitar strings, 642 
guitars, 803 

happy New Year, 757 
hiking, 249 

jet skiing, 96 


juggling, 408 
moonbounce rental, 314 
movie concessions, 239 
movie stunts, 436, 705 
movie tickets, 302, 563 
paparazzi, 111 

river tours, 559 

rock concerts, 715 

roller coasters, 409 
school dances, 716 
sound, 590 

Star Trek, 395 

theater productions, 641 
theater screens, 715 
theater seating, 269 
thrill rides, 558 

ticket sales, 716 

TV history, 268 

video rentals, 125 


Farming 

crop circles, 113 

crop dusting, 560 

dairy foods, 97 
farming, 250, 558, 573, 594, 760 
fences, 725 

fencing a field, 249, 732 
fencing pastures, 920 
maximizing area, 725 
milk production, 91 
produce, 366 

ranching, 82 

water usage, 732 


Finance 

accounting, 22, 36, 212 

assets of a pension fund, 80 

auto insurance, 8 

banking, 66, 808 

billionaires, 108 

boat depreciation, 933 

budgeting, 200 

car depreciation, 142 

comparing compounding 
methods, 810, 811 

comparing interest rates, 801 

comparing savings plans, 801 

compound interest, 801, 852, 856, 
857, 866 

computing salaries, 80 

continuous compound interest, 
810, 852 

continuous compounding, 866 

depreciation, 857 

depreciation rates, 638, 825 

determining the initial 
deposit, 811 

determining the previous 
balance, 811 

diamonds, 641 

doubling money, 831 

doubling time, 830 

economics, 594 

financial planning, 298, 931 

financial presentations, 96 


frequency of compounding, 801 

growth of money, 825 

highest rates, 95 

hourly wages, 141 

house appreciation, 142 

inheritances, 95 

interest compounded 
continuously, 858 

interest income, 88, 242 

investing, 113, 251, 289, 295, 805, 
825, 920 

investment clubs, 251 

investment in bonds, 36 

investment rates, 716 

investments, 71, 88, 93, 111, 170, 
213, 248, 317, 362, 371 

IRA accounts, 252 

lottery winners, 4 

mortgage rates, 859 

portfolio analysis, 75 

rentals, 113 

retirement income, 251, 294 

tule of seventy, 852 

salary options, 251 

saving for college, 797 

Social Security, 345 

taxes, 7 

tripling money, 831 

value of a car, 141 

value of an IRA, 81 

weekly earnings, 590 

work schedules, 318 


Games and Toys 
ballistics, 186 

billiards, 199 

checkers, 447 

five-card poker, 394 
paper airplanes, 663 
rocketry, 399 

scale models, 588 
slingshots, 459 

squirt guns, 465 
tension in a string, 574 
toy rockets, 118 

video game systems, 318 
video games, 83 


Gardening and Lawn Care 
community gardening, 768 
fencing, 61, 82 

gardening, 97, 350, 456, 472 
insecticide, 236 

landscape architect, 878 
landscaping, 61, 428 
mowing lawns, 738 
planning a garden, 702 
pricing, 532 

walkways, 889 


Geography 

Central Park, 715 

earthquakes, 126 

geography, 126, 350, 
653, 705 


Leaning Tower of Pisa, 81 
maps, 154, 226 


Geometry 

30-60-90 degree triangles, 658 

analytic geometry, 632 

angles, 77 

angles of a quadrilateral, 81 

area of an ellipse, 900 

areas, 228, 418 

bracing, 249 

cubes, 473 

decorative mirrors, 249 

dimensions of a rectangle, 706 

dimensions of a triangle, 706 

exit sign, 301 

flags, 77 

fractals, 676 

geometric formulas, 428 

geometry, 82, 249, 317, 341, 387, 
467, 468, 501, 663, 679, 920 

graphic arts, 573 

height of a triangle, 82 

isosceles right triangle, 657 

isosceles triangles, 113, 663 

parallelograms, 238, 247 

pennies, 63 

perimeters, 406 

phonograph records, 695 

polygons, 716 

pyramids, 460 

Pythagorean triples, 656 

quadrilaterals, 268 

quilting, 82 

right triangles, 238, 711, 663, 716 

shapes, 79 

sidewalks, 768 

supplementary angles, 81 

surface area of a cube, 679 

taking shortcuts, 711 

traffic signals, 249 

triangles, 268, 279, 662, 663, 686, 
690, 758 

vertical angles, 82 


Home Management 
aluminum foil, 70 
anniversary gifts, 590 
aquariums, 842 
babysitting, 346 

baking, 808 

bank service charges, 87 
budgets, 691 

buying appliances, 94 
buying furniture, 94 
changing diapers, 933 
checking accounts, 48 
choosing a furnace, 251 
circle graphs, 155 
cooking, 594 

cooking times, 99, 295, 459 
cost of electricity, 71 
cost of water, 71 
costumes, 777 

credit cards, 252 


detailing a car, 559 
drop in prices, 154 
grocery shopping, 476 
housecleaning, 558 
household appliances, 738 
housekeeping, 351 
house painting, 558 
income taxes, 186 
landscaping, 355 
loans, 252 

making JELL-O, 832 
moving expenses, 80 
rental costs, 121 
roast turkey, 128 
roofing, 557 
shopping, 572 
swimming pools, 82 
telephone costs, 142 
tire wear, 932 

utility costs, 490 
value of a car, 802 
wallpapering, 572 
weekly chores, 762 


Marketing 
advertising, 250 
swimming pools, 706 


Mathematics 

calculus, 409 

classifying real numbers, 16 
integer problem, 458 
mathematics, 409 

number problem, 919 
trigonometry, 632 


Measurement 
aluminum foil, 460 
aquariums, 395, 610 
art history, 664 
balances, 551 
camping, 594 
checkers, 447 
clotheslines, 664 
cubicles, 653 
ductwork, 621 
elevators, 567 
finding distance, 573 
flagpoles, 573 

floor mats, 70 
Grand Canyon, 609 
hardware, 371 
height of a tree, 564 
highway safety cones, 108 
ice, 447 

ice chests, 467 
ironing boards, 664 
kitchen utensils, 522 
measurement, 250 
New York City, 250 
packaging, 665 
picture framing, 706 
plastic wrap, 371 
pool tables, 900 
posters, 758 
railroad crossings, 341 


rings, 22 

sewing, 681 

shadows, 590 

similar triangles, 587 
stained glass, 456 
Statue of Liberty, 80 
stepstools, 81 

surface area of a cube, 679 
towers, 7 

umbrellas, 620 
volume, 682 
Washington, D.C., 573 
width of a river, 573 
yellow pages, 420 


Medicine and Health 
aging, 372 

Band-aids, 62 

body temperatures, 185 
butterfat content, 245 
caffeine, 572 
cardiovascular fitness, 359 
counting calories, 112 
decongestants, 185 
dermatology, 253 
desserts, 249 

dosages, 36 

epidemics, 811 
ergonomics, 572 

fast foods, 266 

fitness equipment, 900 
forensic medicine, 460 
half-life of a drug, 811 
health care, 330 

health foods, 97 

hearing tests, 227 

height and weight, 163 
hospitals, 590, 760 

life expectancy, 591 
lighting levels, 789 

living longer, 142 
medical tests, 859 
medications, 155, 853 
medicine, 811, 852 
nursing, 81 

nutrition, 267 
nutritional planning, 267 
pediatrics, 36, 112 
pharmacists, 97 

physical fitness, 96, 169, 248 
physical therapy, 279 
pulse rates, 609 
recommended dosages, 572 
stretching exercises, 659 
treating a fever, 329 
veterinary medicine, 298 


Miscellaneous 

accidents, 705 

antifreeze solutions, 91, 253 
area codes, 249 

avalanches, 249 

bronze, 97 

changing values, 307 
children’s height, 825 
committees, 642 


curve fitting, 269 
directory costs, 490 
distress signals, 765 
draining a tank, 586 
drawing, 572, 764 
drinking straws, 64 
embroidery, 609 
filling a pool, 490 
filling ponds, 558 
fine arts, 459 

fire drill, 558 

flood control, 202 
flood damage, 97 
forestry, 641 

gift boxes, 420 
Halley’s Comet, 118 
Halloween, 152 

hot dogs, 267 
housekeeping, 475 
ice cream, 71 
identity theft, 85 
indoor climates, 370 
insects, 867 
instruments, 79 
integer problem, 919 


interpersonal relationships, 789 


job testing, 95 

kennels, 78 

machining, 475 

mixing punch, 93 

money, 592 

money-laundering, 96 

oil storage, 574 

organ pipes, 574 

outdoor cooking, 621 

oysters, 559 

paper products, 70 

paper routes, 741 

parking areas, 48 

pencil sharpeners, 158 

pendulums, 600, 632 

pets, 237 

pH of grapefruit, 863 

pH of sour pickles, 842 

photography, 550, 568 

piggy banks, 268 

population decline, 811 

population growth, 802, 811, 
862, 867 

salami, 925 

salmon, 252 

scrapbooks, 417 

search and rescue, 96 

signaling, 289 

sinks, 586, 767 

solar heating, 82 

solar panels, 62 

statistics, 631, 638 

statues, 474 

storage tanks, 409 

sundials, 593 

surveys, 558 

swimming pools, 553 

tablecloths, 764 

taxis, 125 

telephones, 572 


Applications Index 


thermostats, 330 

timers, 64 

tooling, 109 

water fountains, 459 

world population, 801 

world population growth, 811 


Politics, Government, 

and the Military 

ballistics, 459 

city planning, 807 

community gardening, 768 

crime scenes, 78 

criminology, 168 

doubling time, 829, 861 

energy, 94, 394 

fastest growing occupations, 86 

federal budget, 303 

food shortages, 807 

food supply, 810, 812 

fund-raising letters, 558 

Grand Canyon state, 859 

greenhouse gases, 94 

highway construction, 569 

law enforcement, 610 

license plates, 387 

no-fly zones, 358 

petroleum, 124, 127 

police investigations, 732 

political contributions, 313 

politics, 155, 292 

polls, 330 

population growth, 831, 852 

population of the United 
States, 809 

population projections, 302 

postage rates, 127 

prisons, 371 

projectiles, 889 

property tax, 588 

radio communications, 96 

retirement, 716 

rodent control, 852 

snow removal, 767 

marines, 124 

tax returns, 96 

taxes, 110 

traffic accidents, 460 

US. army, 732 

US. workers, 372 

water management, 120 

water usage, 732, 765 

women in the U.S. House of 
Representatives, 170 

year 2000, 395 


Science and Engineering 
air pressure, 155 

airplane design, 127 

alpha particles, 912 
amusement park rides, 634 
antennas, 214 

anthropology, 765 

ants, 865 

aquariums, 842 

astronomy, 269, 387, 391, 396 


Applications Index 


atomic structure, 907 

atoms, 395 

automobile engines, 705 

bacterial cultures, 802, 852 

bacterial growth, 852 

ballistic pendulums, 653 

ballistics, 298, 457, 732 

baseball, 460 

Big Dipper, 395 

biological research, 775 

biology, 395, 610 

boiling points, 67 

botany, 862 

bridges, 753 

broadcast ranges, 888 

carbon-14 dating, 848, 852, 865 

chemical reactions, 185 

chemistry, 71 

comets, 889, 907 

db gain, 821, 825 

diamonds, 395 

diluting solutions, 97 

discharging a battery, 802 

earthquakes, 821, 822, 825, 860 

earth’s atmosphere, 185, 268 

electrical engineering, 860 

electricity, 588 

electronics, 71, 867 

electrostatic repulsion, 926 

engineering, 521,550, 592 

error analysis, 341 

evaporation, 97 

fluids, 913 

forensic medicine, 832 

free fall, 573, 812 

gas pressure, 574 

gravity, 573 

guitars, 803 

Hale-Bopp, 395 

highway designs, 641 

hydrogen ion concentration, 839, 
841, 867 

improving horsepower, 94 

input voltage, 824 

Law of Gravitation, 546 

lead decay, 852 

light, 199 

light years, 395 

lighting, 642, 930 

LORAN, 912 

mechanical engineering, 632 


melting points for metals, 67 
meshing gears, 888 
metallurgy, 97,777 
microscopes, 387 

mixing alloys, 113 

mixing solutions, 253, 295 
Newton’s law of cooling, 852 
object flights, 211 
oceanography, 811, 852 
oceans, 395 

optics, 199, 550 

output voltage, 825 

pH meters, 839 

pH of a solution, 841 

PH scale, 22 

pharmacists, 766 

physics, 36, 387, 546 

physics experiments, 500 
population growth, 849, 864 
protons, 463 

psychology experiments, 170 
radio translators, 878 
radioactive decay, 802, 852, 866 
radioactivity, 551 

reaction time, 87 

relativity, 653 

Richter scale, 825 

satellite antennas, 889 
satellites, 620, 644 

sonic boom, 913 

sound intensity, 79 

space program, 716 

speed of light, 463, 473 
structural engineering, 459, 620 
thorium decay, 852 

tides, 766 

tolerances, 336 

track and field, 358 

tritium decay, 852 

water treatment, 245 

wind power, 641 


Sports 

archery, 176, 920 
area of a track, 900 
badminton, 715 
baseball, 609, 664 
basketball, 94 
bicycling, 741 
boating, 473, 559 
boxing, 559 


bungee jumping, 460 
center of gravity, 199 
cycling, 96 
diving, 689, 802 
end zones, 559 
football, 358 
golf, 126 
groundskeeping, 558 
hockey, 70, 460 
ice skating, 280, 362 
jet skis, 252 
long jump, 923 
marathons, 96, 371 
martial arts, 931 
NCAA men’s basketball 
tournament, 330 
NFL records, 267 
Olympics, 264 
platform diving, 186 
reading graphs, 155 
rollerblading, 252 
sailing, 686 
ski runs, 573 
skiing, 154 
skydiving, 811 
snowmobiling, 252, 741 
sport fishing, 95 
swimming pools, 141 
track and field, 125 
trampolines, 717 
triathlons, 74 
ultimate Frisbee, 876 
undersea diving, 169 
winter recreation, 459 
WNBA champions, 95 


Travel 

air traffic control, 96, 228 
airline accidents, 113 
airplanes, 124 

airport shuttles, 712 
airport walkways, 252 
airports, 109 

Amazon, 512 

aviation, 252, 665 
blimps, 243 

boating, 243, 560 
commutes, 93 
commuting, 303 
comparing travel, 559 
currency exchange, 566 


deliveries, 559 
driving, 74 

driving rates, 213, 920 
finding distance, 573 
finding rates, 677 
flight paths, 573 
gasoline, 252 

maps, 295 

mass transit, 712 
mileage costs, 777 
motor boats, 556 
navigation, 227 

rates of speed, 559 
river cruises, 590 
riverboat cruises, 556 
riverboats, 295 

road maps, 126 

road signs, 154 

road trips, 554, 555, 762 
stopping distance, 713 
stopping distances, 408 
tire temperature, 867 


touring the countryside, 590 


traffic accidents, 460 
traffic lights, 268 
train travel, 559 
transportation, 521 
travel promotions, 75 
travel time, 89 

travel times, 96 

trip length, 586 

truck deliveries, 559 
trucking, 329 
visibility, 685 
Washington, D.C., 663 
wind speeds, 677 
winter travel, 532 


Weather 


converting temperatures, 70 


force of the wind, 569 
global temperatures, 154 
Groundhog Day, 111 
highs and lows, 811 
hurricane winds, 588 
hurricanes, 111, 126, 127 
temperature extremes, 36 
temperature ranges, 340 
temperatures, 775 
weather forecasting, 777 
windchill, 169 
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UCCESS IN YOUR COLLEGE COURSES requires more than just 
mastery of the content. The development of strong study skills and 
disciplined work habits plays a crucial role as well. Good note-taking, 
listening, test-taking, team-building, and time management skills are habits 
that can serve you well, not only in this course, but throughout your life and 
into your future career. Students often find that the approach to learning 
that they used for their high school classes no longer works when they 
reach college. In this Study Skills Workshop, we will discuss ways of 
improving and fine-tuning your study skills, providing you with the best 


chance for a successful college experience. 


Make the Commitment 


tarting a new course is exciting, but it also may be a 
little frightening. Like any new opportunity, in order to be 
successful, it will require a commitment of both time and 
resources. You can decrease the anxiety of this commitment 
by having a plan to deal with these added responsibilities. 

Set Your Goals for the Course. Explore the reasons why you are taking this 

course. What do you hope to gain upon completion? Is this course a prerequisite for further 
study in mathematics? Maybe you need to complete this course in order to begin taking 
coursework related to your field of study. No matter what your reasons, setting goals for 
yourself will increase your chances of success. Establish your ultimate goal and then break it 
down into a series of smaller goals; it is easier to achieve a series of short-term goals rather 


than focusing on one larger goal. 
Since your level of effort is significantly influenced by your 


Keep a Positive Attitude. 
attitude, strive to maintain a positive mental outlook throughout the class. From time to 


time, remind yourself of the ways in which you will benefit from passing the course. 
Overcome feelings of stress or math anxiety with extra preparation, campus support 
services, and activities you enjoy. When you accomplish short-term goals such as studying 
for a specific period of time, learning a difficult concept, or completing a homework 
assignment, reward yourself by spending time with friends, listening to music, reading a 


novel, or playing a sport. 
Many students don’t realize that missing even one class can 


Attend Each Class. 
have a great effect on their grade. Arriving late takes its toll as well. If you are just a few 


minutes late, or miss an entire class, you risk getting behind. So, keep these tips in mind. 


e Arrive on time, or a little early. 
e Ifyou must miss a class, get a set of notes, the homework assignments, and any 


handouts that the instructor may have provided for the day that you missed. 
e Study the material you missed. Take advantage of the help that comes with this 
textbook, such as the video examples and problem-specific tutorials. 


1. List six ways in which you will benefit from passing this course. 
2. List six short-term goals that will help you achieve your larger goal of passing this 
course. For example, you could set a goal to read through the entire Study Skills 


Workshop within the first 2 weeks of class or attend class regularly and on time. 
(Success Tip: Revisit this action item once you have read through all seven Study Skills 


Workshop learning objectives.) 
3. List some simple ways you can reward yourself when you complete one of your short- 


term class goals. 
4. Plan ahead! List five possible situations that could cause you to be late for class or miss 


a class. (Some examples are parking/traffic delays, lack of a babysitter, oversleeping, or 
job responsibilities.) What can you do ahead of time so that these situations won’t cause 


you to be late or absent? 
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2 Prepare to Learn 


any students believe that 

there are two types of people—those who 
are good at math and those who are not— 
and that this cannot be changed. This is not 
true! You can increase your chances for 
success in mathematics by taking time to 
prepare and taking inventory of your 

skills and resources. 

Discover Your Learning Style. Are 

you a visual, verbal, or auditory learner? The answer to 

this question will help you determine how to study, how to complete your 
homework, and even where to sit in class. For example, visual-verbal learners learn best by 
reading and writing; a good study strategy for them is to rewrite notes and examples. 
However, auditory learners learn best by listening, so listening to the video examples of 
important concepts may be their best study strategy. 

Get to Know Your Textbook and Its Resources. You have made a significant 
investment in your education by purchasing this book and the resources that accompany 
it. It has been designed with you in mind. Use as many of the features and resources as 
possible in ways that best fit your learning style. 

Know What Is Expected. Your course syllabus maps out your instructor’s 
expectations for the course. Read the syllabus completely and make sure you understand 
all that is required. If something is not clear, contact your instructor for clarification. 

Organize Your Notebook. You will definitely appreciate a well-organized notebook 
when it comes time to study for the final exam. So let’s start now! Refer to your syllabus 
and create a separate section in the notebook for each chapter (or unit of study) that your 
class will cover this term. Now, set a standard order within each section. One recommended 
order is to begin with your class notes, followed by your completed homework assignments, 
then any study sheets or handouts, and, finally, all graded quizzes and tests. 
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1. To determine what type of learner you are, take the Learning Style Survey at 
http://www.metamath.com/multiple/multiple_choice_questions.html. You may also wish 
to take the Index of Learning Styles Questionnaire at http://www.engr.ncsu.edu/ 
learningstyles/ilsweb.html, which will help you determine your learning type and offer 
study suggestions by type. List what you learned from taking these surveys. How will 
you use this information to help you succeed in class? 

2. Complete the Study Skills Checklists found at the end of sections 1-4 of Chapter 1 in 
order to become familiar with the many features that can enhance your learning 
experience using this book. 

3. Read through the list of Student Resources found in the Preface of this book. Which 
ones will you use in this class? 

4. Read through your syllabus and write down any questions that you would like to ask 
your instructor. 

5. Organize your notebook using the guidelines given above. Place your syllabus at the 
very front of your notebook so that you can see the dates over which the material will 
be covered and for easy reference throughout the course. 


Manage Your Tume 


ow that you understand the 
importance of attending class, how will you 
make time to study what you have learned 
while attending? Much like learning to play the 
piano, math skills are best learned by 
practicing a little every day. 

Make the Time. In general, 2 hours of 
independent study time is recommended for 
every hour in the classroom. If you are in class 
3 hours per week, plan on 6 hours per week for reviewing 
your notes and completing your homework. It is best to schedule this time over the 
length of a week rather than to try to cram everything into one or two marathon study 
days. 

Prioritize and Make a Calendar. Because daily practice is so important in learning 
math, it is a good idea to set up a calendar that lists all of your time commitments, as well 
as the time you will need to set aside for studying and doing your homework. Consider 
how you spend your time each week and prioritize your tasks by importance. During the 
school term, you may need to reduce or even eliminate certain nonessential tasks in order 


to meet your goals for the term. 


Maximize Your Study Efforts. 
your learning style, set up your blocks of study time so that you get the most out of these 


sessions. Do you study best in groups or do you need to study alone to get anything done? 
Do you learn best when you schedule your study time in 30-minute time blocks or do you 
need at least an hour before the information kicks in? Consider your learning style to set 
up a schedule that truly suits your needs. 

Avoid Distractions. Between texting and social networking, we have so many 
opportunities for distraction and procrastination. On top of these, there are the distractions 
of TV, video games, and friends stopping by to hang out. Once you have set your schedule, 
honor your study times by turning off any electronic devices and letting your voicemail 
take messages for you. After this time, you can reward yourself by returning phone calls 
and messages or spending time with friends after the pressure of studying has been lifted. 


Using the information you learned from determining 


1. Keep track of how you spend your time for a week. Rate each activity on a scale from 
1 (not important) to 5 (very important). Are there any activities that you need to 
reduce or eliminate in order to have enough time to study this term? 

2. List three ways that you learn best according to your learning style. How can you use 
this information when setting up your study schedule? 

3. Download the Weekly Planner Form from www.cengage.com/math/tussy and complete 


your schedule. If you prefer, you may set up a schedule in Google Calendar 
(calendar.google.com), www.rememberthemilk.com, your cell, or your email system. 
Many of these have the ability to set up useful reminders and to-do lists in addition to a 


weekly schedule. 
4. List three ways in which you are most often distracted. What can you do to avoid these 


distractions during your scheduled study times? 
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ake good use of your class time by 
listening and taking notes. Because your instructor 
will be giving explanations and examples that may 
not be found in your textbook, as well as other 
information about your course (test dates, 
homework assignments, and so on), it is important 
that you keep a written record of what was said in 
class. 

Listen Actively. Listening in class is different 
from listening in social situations because it requires that you be 
an active listener. Since it is impossible to write down everything that is said in class, you 
need to exercise your active listening skills to learn to write down what is important. You 
can spot important material by listening for cues from your instructor. For instance, pauses 
in lectures or statements from your instructor such as “This is really important” or “This is 
a question that shows up frequently on tests” are indications that you should be paying 
special attention. Listen with a pencil (or highlighter) in hand, ready to record or highlight 
(in your textbook) any examples, definitions, or concepts that your instructor discusses. 

Take Notes You Can Use. Don’t worry about making your notes really neat. After 
class you can rework them into a format that is more useful to you. However, you should 
organize your notes as much as possible as you write them. Copy the examples your 
instructor uses in class. Circle or star any key concepts or definitions that your instructor 
mentions while explaining the example. Later, your homework problems will look a lot 
like the examples given in class, so be sure to copy each of the steps in detail. 

Listen with an Open Mind. Even if there are concepts presented that you feel you 
already know, keep tuned in to the presentation of the material and look for a deeper 
understanding of the material. If the material being presented is something that has been 
difficult for you in the past, listen with an open mind; your new instructor may have a fresh 
presentation that works for you. 

Avoid Classroom Distractions. Some of the same things that can distract you from 
your study time can distract you, and others, during class. Because of this, be sure to turn 
off your cell phone during class. If you take notes on a laptop, log out of your email and 
social networking sites during class. In addition to these distractions, avoid getting into 
side conversations with other students. Even if you feel you were only distracted for a few 
moments, you may have missed important verbal or body language cues about an 
upcoming exam or hints that will aid in your understanding of a concept. 
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1. Before your next class, refer to your syllabus and read the section(s) that will be 
covered. Make a list of the terms that you predict your instructor will think are most 
important. 


2. During your next class, bring your textbook and keep it open to the sections being 
covered. If your instructor mentions a definition, concept, or example that is found in 
your text, highlight it. 


3. Find at least one classmate with whom you can review notes. Make an appointment to 
compare your class notes as soon as possible after the class. Did you find differences in 
your notes? 


4. Go to www.cengage.com/math/tussy and read the Reworking Your Notes handout. 
Complete the action items given in this document. 


5 BuildaS upport System 


ave you ever had the experience where you 
understand everything that your instructor is saying in 
class, only to go home and try a homework problem 
and be completely stumped? This is a common 
complaint among math students. The key to being a 
successful math student is to take care of these 
problems before you go on to tackle new material. 
That is why you should know what resources are 
available outside of class. 

Make Good Use of Your Instructor’s Office Hours. The 

purpose of your instructor’s office hours is to be available to help students with questions. 
Usually these hours are listed in your syllabus and no appointment is needed. When you 
visit your instructor, have a list of questions and try to pinpoint exactly where in the process 
you are getting stuck. This will help your instructor answer your questions efficiently. 

Use Your Campus Tutoring Services. Many colleges offer tutorial services for free. 
Sometimes tutorial assistance is available in a lab setting where you are able to drop in at 
your convenience. In some cases, you need to make an appointment to see a tutor in 
advance. Make sure to seek help as soon as you recognize the need, and come to see your 
tutor with a list of identified problems. 

Form a Study Group. Study groups are groups of classmates who meet outside of 
class to discuss homework problems or study for tests. Get the most out of your study 


group by following these guidelines: 
e Keep the group small—a maximum of four committed students. Set a regularly 


scheduled meeting day, time, and place. 
e Find a place to meet where you can talk and spread out your work. 
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e Members should attempt all homework problems before meeting. 


e All members should contribute to the discussion. 
e When you meet, practice verbalizing and explaining problems and concepts to 
each other. The best way to really learn a topic is by teaching it to someone else. 


1. Refer to your syllabus. Highlight your instructor’s office hours and location. Next, pay a 
visit to your instructor during office hours this week and introduce yourself. (Success 
Tip: Program your instructor’s office phone number and email address into your cell 
phone or email contact list.) 

2. Locate your campus tutoring center or math lab. Write down the office hours, phone 
number, and location on your syllabus. Drop by or give them a call and find out how to 
go about making an appointment with a tutor. 

3. Find two to three classmates who are available to meet at a time that fits your schedule. 
Plan to meet 2 days before your next homework assignment is due and follow the 
guidelines given above. After your group has met, evaluate how well it worked. Is there 
anything that the group can do to make it better next time you meet? 

4. Download the Support System Worksheet at www.cengage.com/math/tussy. Complete 
the information and keep it at the front of your notebook following your syllabus. 


6 Do Your Homework 


ttending class and taking notes 
are important, but the only way that you 
are really going to learn mathematics is by 
completing your homework. Sitting in class 
and listening to lectures will help you to 
place concepts in short-term memory, but 
in order to do well on tests and in future 
math classes, you want to put these 
concepts in long-term memory. When 
completed regularly, homework assignments will help 


with this. 
Give Yourself Enough Time. In Objective 3, you made a study schedule, setting 


aside 2 hours for study and homework for every hour that you spend in class. If you are 
not keeping this schedule, make changes to ensure that you can spend enough time 
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outside of class to learn new material. 
Review Your Notes and the Worked Examples from Your Text. In Objective 4, you 


learned how to take useful notes. Before you begin your homework, review or rework your 
notes. Then, read the sections in your textbook that relate to your homework problems, 
paying special attention to the worked examples. With a pencil in hand, work the Self Check 
and Now Try problems that are listed next to the examples in your text. Using the worked 
example as a guide, solve these problems and try to understand each step. As you read 
through your notes and your text, keep a list of anything that you don’t understand. 

Now Try Your Homework Problems. Once you have reviewed your notes and the 
textbook worked examples, you should be able to successfully manage the bulk of your 
homework assignment easily. When working on your homework, keep your textbook and 
notes close by for reference. If you have trouble with a homework question, look through 
your textbook and notes to see if you can identify an example that is similar to the 
homework question. See if you can apply the same steps to your homework problem. If 
there are places where you get stuck, add these to your list of questions. 

Get Answers to Your Questions. At least one day before your assignment is due, 
seek help with the questions you have been listing. You can contact a classmate for 
assistance, make an appointment with a tutor, or visit your instructor during office hours. 


1. Review your study schedule. Are you following it? If not, what changes can you make 
to adhere to the rule of 2 hours of homework and study for every hour of class? 
2. Find five homework problems that are similar to the worked examples in your 


textbook. Were there any homework problems in your assignment that didn’t have a 
worked example that was similar? (Success Tip: Look for the Now Try and Guided 


Practice features for help linking problems to worked examples.) 

3. As suggested in this Objective, make a list of questions while completing your 
homework. Visit your tutor or your instructor with your list of questions and ask one of 
them to work through these problems with you. 

4. Go to www.cengage.com/math/tussy and read the Study and Memory Techniques 
handout. List the techniques that will be most helpful to you in your math course. 


7 Prepare for the Test y | 
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aking a test does not need to be an 
unpleasant experience. Use your time ’ ' j 
management, organization, and these test- NS d 
taking strategies to make this a learning 
experience and improve your score. 

Make Time to Prepare. Schedule at least 
four daily 1-hour sessions to prepare 
specifically for your test. 

Four days before the test: Create your 
own study sheet using your reworked notes. Imagine you 
could bring one 85 x 11 sheet of paper to your test. What would you write on 
that sheet? Include all the key definitions, rules, steps, and formulas that were discussed in 
class or covered in your reading. Whenever you have the opportunity, pull out your study 

sheet and review your test material. 

Three days before the test: Create a sample test using the in-class examples from your 
notes and reading material. As you review and work these examples, make sure you 
understand how each example relates to the rules or definitions on your study sheet. While 
working through these examples, you may find that you forgot a concept that should be on 
your study sheet. Update your study sheet and continue to review it. 

Two days before the test: Use the Chapter Test from your textbook or create one by 
matching problems from your text to the example types from your sample test. Now, with 
your book closed, take a timed trial test. When you are done, check your answers. Make a 
list of the topics that were difficult for you and review or add these to your study sheet. 

One day before the test: Review your study sheet once more, paying special attention 
to the material that was difficult for you when you took your practice test the day before. 
Be sure you have all the materials that you will need for your test laid out ahead of time 

(two sharpened pencils, a good eraser, possibly a calculator or protractor, and so on). The 
most important thing you can do today is get a good night’s rest. 

Test day: Review your study sheet, if you have time. Focus on how well you have 
prepared and take a moment to relax. When taking your test, complete the problems that 
you are sure of first. Skip the problems that you don’t understand right away, and return to 
them later. Bring a watch or make sure there will be some kind of time-keeping device in 
your test room so that you can keep track of your time. Try not to spend too much time on 


any one problem. 


1. Create a study schedule using the guidelines given above. 

2. Read the Preparing for a Test handout at www.cengage.com/math/tussy. 

3. Read the Taking the Test handout at www.cengage.com/math/tussy. 

4. After your test has been returned and scored, read the Analyzing Your Test Results 


handout at www.cengage.com/math/tussy. 
5. Take time to reflect on your homework and study habits after you have received your 
test score. What actions are working well for you? What do you need to improve? 


6. To prepare for your final exam, read the Preparing for Your Final Exam handout at 
www.cengage.com/math/tussy. Complete the action items given in this document. 
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from Campus to Careers 
Registered Dietitian 


One of the most important things that you can do to protect yourself from 
cancer, diabetes, heart disease, and stroke is to eat right. No one 
knows this better than dietitians. They work in hospitals, 
health care centers, schools, and correctional facilities, 
where they plan dietary programs and supervise the 
preparation of healthy meals. The job of dietician requires 
mathematical skills such as calculating calorie intake, 
analyzing the nutritional content of food, and budgeting for 
the purchase of groceries and supplies. 


Problem 57 of Study Set 1.8 shows how a dietician can use 
algebra to determine how much super-lean hamburger 
(12% fat) should be added to regular hamburger (30% fat) to 
obtain a mixture that has a 16% fat content. 
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The Language of Algebra 


EB Write verbal and mathematical models. 


In the following rental agreement, we see that two operations need to be performed 


to calculate the cost of renting the banquet hall. 


e First, we must multiply the $100-per-hour rental cost by the number of hours 


that the hall is to be rented. 
e To that result, we must add the cleanup fee of $200. 


Algebra is the result of contributions from many cultures over thousands of years. The 
word algebra comes from the title of the book Al-jabr wa’l muquabalah, written by the 
Arabian mathematician al-Khwarizmi around A.D. 800. Using the vocabulary and 
notation of algebra we can mathematically model many situations in the real world. In 
this section, we will review some of the basic components of the language of algebra. 


We can describe the process to calculate the rental cost in words using the 


Rental Agreement 
ROYAL VISTA BANQUET HALL 


Rented To. 
Lessee's Address. 


Rental Charges 
* $100 per hour 
* Nonrefundable $200 cleanup fee 


Terms and conditions 
Lessor leases the undersigned lessee the above described property 
upon the terms and conditions set forth on this page and on the 
back of this page. Lessee promises to pay rental cost stated herein. 


following verbal model: 


The cost of 
renting the hall 


The table below lists some key words and phrases that are often used in 
mathematics to indicate the operations of addition, subtraction, multiplication, and 


division. 


Wedding ReceptionseDanceseReunions*Fashion Shows 


Date. 


the number of 


is 100 times 


hours it is rented 


plus 200. 


subtracted from 


divided by 


added to multiplied by 
sum difference product quotient 
plus less than times ratio 
more than decreased by percent (or fraction) of half 
increased by reduced by twice into 
greater than minus triple per 


We can use vocabulary from the table to write a verbal model that describes 
how to calculate the cost of renting the banquet hall. One such model is: 


The cost (in dollars) of renting the hall is the product of 100 and the number of 
hours it is rented, increased by 200. 


We can also describe the procedure for calculating the rental cost of the banquet 
hall using variables and mathematical symbols. A variable is a letter that is used to 
stand for a number. If we let the letter h represent the number of hours that the hall 
is rented, the cost to rent the hall can be represented by the notation 100h + 200. We 
call 100h + 200 an algebraic expression, or more simply, an expression. 


The Language of Algebra Since the number of hours that the hall is rented 
can vary, or change, it is represented using a variable. 


Algebraic Expressions 


An algebraic expression is a combination of variables and/or numbers with the 
operations of addition, subtraction, multiplication, division, raising to a power, 
and finding a root. 


Here are some more examples of expressions. 


5a — 12 This expression involves the operations of multiplication and subtraction. 
50 — y This expression involves the operations of subtraction, division, 
3y? multiplication, and raising to a power. 


Va’ +b* This expression involves the operations of addition, raising to a power, and 
finding a root. 


In the banquet hall example, if we let the letter c represent the cost to rent the 
hall, we can translate the verbal model to a mathematical model. 


Th f h f 
Ee is BN times Bee pus Be 
renting the hall hours it is rented 
c = 100 ‘ h + 200 


The statement c = 100h + 200 is called an equation. An equation is a 
mathematical sentence that contains an = symbol. The = symbol indicates that the 
expressions on either side of it have the same value. 


The Language of Algebra The equal symbol = can be represented by verbs 
such as: 


is are gives yields was 


The symbol # is read as is not equal to. 


Translate each verbal model to a mathematical model. 
a. The distance in miles traveled by a vehicle is the product of its average rate of 
speed in mph and the time in hours it travels at that rate. 


b. The sale price of an item is the difference between the regular price and the 
discount. 
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Self Check 1 


Express the following 
relationship as an equation: The 
simple interest earned by a 
deposit is the product of the 
principal, the annual rate of 
interest, and the time. / = Prt 


Now Try Problem 13 


Teaching Example 1 Translate each 

verbal model to a mathematical model. 

a. The cost of gasoline purchased is the 
product of the price per gallon and 
the number of gallons. 

b. The amount saved by purchasing an 
item on sale is the difference of the 
original price and the sale price. 

Answers: 

a.c=pn ba=p-s 


Self Check 2 


WINNING THE LOTTERY After 
winning a lottery, three friends 
split the prize equally. Each 
person had to pay $2,000 in taxes 
on his or her share. Write a 
verbal model and a mathematical 
model that relate the amount of 
each person’s share, after taxes, 
to the amount of the lottery 
prize. 

Now Try Problem 21 

Self Check 2 Answers 


Each person’s share, after taxes, is the 
quotient of the lottery prize and 3, 


decreased by 2,000; § = a = 2000, 


Teaching Example 2 MUSICALS It 
costs $35 per person to attend a 
musical. An additional handling fee of 
$40 is charged for group sales. Write a 
mathmetical model that describes the 
relationship between the total cost and 
the number of people in the group 
attending the show. 

Answer: 

c = 35n + 40 


a Chapter? A Review of Basic Algebra 


Strategy We will look for key words and phrases that indicate arithmetic 
operations, and we will represent any unknown quantities using variables. 


WHY To translate a verbal (word) model into a mathematical model means to 
represent it using mathematical symbols. 


Solution 

a. The word product indicates multiplication. If we let d represent the distance 
traveled in miles, r the vehicle’s average rate of speed in mph, and ¢ the length of 
time traveled in hours, we can write the verbal model in mathematical form as 


d= rt 


b. The word difference indicates subtraction. If we let s represent the sale price of 
the item, p the regular price, and d the discount, we have 


s=p-—d 


Success Tip The answers to the Self Check problems are given at the end of 


each section, before each Study Set. 


Many applied problems require insight and analysis to determine which 


mathematical operations to use when writing a verbal or mathematical model. 


$16 per person to have a dinner catered. A 
$100 discount is given for groups of more 
than 200 people. Write a verbal and a 
mathematical model that describe the 
relationship between the catering cost and 
the number of people being served for 
groups larger than 200. 


| EXAMPLE 2 | Catering It costs gr 


© Roger Bamber/Alamy 


Strategy We will carefully read the problem to identify any phrases that 
indicate an arithmetic operation and then represent any unknown quantities 
using variables. 


WHY To write a verbal or mathematical model, we must determine what 
arithmetic operations are involved. 


Solution 
The phrase $16 per person indicates multiplication by 16 and the phrase a 
$100 discount indicates subtraction. Thus, to find the catering cost c (in dollars) 
for groups larger than 200, we need to multiply the number n of people served by 
$16 and then subtract the $100 discount. 

A verbal model is: 


The catering cost (in dollars) is the product of 16 and the number of people 
served, decreased by 100. 


Caution! The comma in the verbal model is absolutely essential to convey 
the correct meaning. Without it, it is unclear what is to be decreased by 100. 
In symbols, the mathematical model for groups larger than 200 is: 


c = 16n — 100 


4 Use equations to construct tables of data. 


In the banquet hall example, the equation c = 100h + 200 can be used to determine 
the cost of renting the banquet hall for any number of hours. 


| EXAMPLE 3 | Event Planning Find the cost of renting the banquet hall 


for 3 hours and for 4 hours. Write the results in a table. 


Strategy We will substitute 3 (and then 4) for / in the equation c = 100h + 200 
and evaluate the right side. 


WHY The cost c to rent the hall for A hours is given by the equation 
c = 100h + 200. 


Solution 
First, we construct the table shown below with the appropriate column headings: 
h for the number of hours the hall is rented and c for the cost (in dollars) to rent 
the hall. Then we enter the number of hours of each rental time in the left 
column. 

Next, we use the equation c = 100h + 200 to find the total rental cost for 
3 hours and for 4 hours. 


c = 100h + 200 c = 100h + 200 
c = 100(3) + 200 = Substitute 3 forh. c= 100(4) + 200 Substitute 4 for h. 
= 300 + 200 Multiply. = 400 + 200 Multiply. 
= 500 = 600 
Finally, we enter these results in the right column of the table: Ble 
$500 for a 3-hour rental and $600 for a 4-hour rental. 
3 500 
4 600 


IER Read graphical models. 


The cost of renting the banquet hall for various lengths of time can also be 
presented graphically. The following bar graph has a horizontal axis labeled 
“Number of hours the hall is rented.” The vertical axis, labeled “Cost to rent the hall 
($),” is scaled in units of 100 dollars. The bars above each of the times (1, 2, 3, 4, 5, 6, 
and 7 hours) extend to a height that gives the corresponding cost to rent the hall. For 
example, if the hall is rented for 5 hours, the bar indicates that the cost is $700. 


Cost of Renting a Banquet Hall Cost of Renting a Banquet Hall 


A 


700 700 
600 600 
500 

400 400 
300 300 
200 200 
100 100 

0 = 0 fh 
12 3 4 5 6 7 


1 2 3 4 5 6 7 


Number of hours the hall is rented 


Cost to rent the hall ($) 
Cost to rent the hall ($) 
Nn 
S 
S 


Number of hours the hall is rented 


The line graph above also shows the rental costs. This type of graph consists of a 
series of dots drawn at the correct height, connected with line segments. We can use 
the line graph to find the cost of renting the banquet hall for lengths of time not 
shown in the bar graph. 
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Self Check 3 


EVENT PLANNING Find the cost of 
renting the hall for 6 hours and 
for 7 hours. Write the results in a 
table. 


hoc 
6 | 800 
7 | 900 


Now Try Problem 25 


Teaching Example 3 EVENT 
PLANNING Using the equation in 
Example 3, find the cost of renting the 
banquet hall for 2 hours and 5 hours. 
Write the results in a table. 

Answer: 


h| ec 
2 | 400 
5 | 700 


6 | Chapter? A Review of Basic Algebra 
Self Check 4 | EXAMPLE 4 | i : \ 
a Event Planning Use the line graph shown on the 


EVENT PLANNING Use the graph previous page to determine the cost of renting the hall for 44 hours. 
to find the cost of renting the 


banquet hall for 64 hours, $850 Strategy Since we know the number of hours the hall is to be rented, we begin 
on the horizontal axis of the graph and scan up and over to read the answer on 


Now Try Problem 30 the vertical axis. 


Teaching Example 4 EVENT WHY We scan up and over because the scale on the vertical axis gives the cost of 
PLANNING Use the line graph on the renting the hall. 


previous page to determine the cost of 


renting the hall for 33 hours. Solution A 
rials : In the figure to the right, we locate 43 on oe [ 
50 : ; : 00 F 
the horizontal axis and draw a vertical 800 L 


line upward to intersect the graph. From 
the point of intersection with the graph, 
we draw a horizontal line to the left 
that intersects the vertical axis. On the 
vertical axis, we can read that the rental 


cost is $650 for 44 hours. 


Cost to rent the hall ($) 
Wad 
oS Sa 
S55 

L 
| 
| 
| 
A 
! 
| 
| 


I 
| 
| 
| 
| 
| 
A 
| 
| 
| 


0 ! ! ! ! ! ! ! 
12 3 4 4 15 6 7 

2 
Number of hours the hall is rented 


> 


ANSWERS TO SELF CHECKS 


1. 1 = Prt 2. Each person’s share, after taxes, is the quotient of the 
lottery prize and 3, decreased by 2,000; S = é — 2,000. 3. hie 


6 800 
7 900 


4. $850 


STUDY SKILLS CHECKLIST 
Get to Know Your Textbook 


Congratulations. You now own a state-of-the-art textbook that has been written especially for 
you. The following checklist will help you become familiar with the organization of this book. 
Place a check mark [YJ in each box after you answer the question. 


|_| Turn to the Table of Contents on page v. How [_] Each chapter has a Chapter Summary and Review. 

many chapters does the book have? Which column of the Chapter Summary found on 

Each chapter of the book is divided into sections. page 98 contains examples? 

How many sections are there in Chapter 1, which |] How many review problems are there for Section 

begins on page 1? 1.1 in the Chapter Summary and Review, which 

_] Learning Objectives are listed at the start of each begins on page 99? 

section. How many objectives are there for Section |] Each chapter has a Chapter Test. How many 

1.2, which begins on page 10? problems are there in the Chapter 1 Test, which 

| Each section ends with a Study Set. How many begins on page 112? 

problems are there in Study Set 1.2, which begins |_| Each chapter ends with a Cumulative Review. 

on page 20? What chapters are covered by the Cumulative 
Review which begins on page 303? 


E-T‘9€ “ph IUSIT OM “6 “LS ‘OT “Suamsupy 
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STUDY SET 


1.1. The Language of Algebra 


—_ VOCABULARY 
Fill in the blanks. 


1. A variable js a letter that is used to stand for a 
number. 

2. Variables and/or numbers can be combined with 
mathematical operations to create algebraic 

expressions , 

3. An _cquation js a mathematical sentence that 
contains an = symbol. 

4. Words such as is, was, gives, and yields translate to an 
_=_ symbol. 

5. Phrases such as increased by and more than are used 
to indicate the operation of _addition_, 

6. Phrases such as decreased by and less than are used to 
indicate the operation of subtraction, 


f CONCEPTS 

7. Classify each of the following as an expression or an 
equation. 
a. 6x — 5 expression b. P=a+b+c equation 

s+ 9t 

c. 8 expression d. V2w* expression 

8. What arithmetic operations does the expression 
_ > ®” contain? What variable does it contain? 


subtraction, multiplication, division; n 


Use the data in each table to find an equation that 
mathematically describes the relationship between the two 
quantities. Then state the relationship in words. (Answers may 
vary.) 


9. nai Pes et Sas a ES i] b=t-10; 
es : Height of base (ft) _ the height of 
55) | 5.5 the base is 
1 10 ft less 
22 - le 12 _ than the 
MS 5) 15.25 height of the 
tower 
45.125 Bons) 
e= 50+ s;the 


number of 
employees is the 
— sum of the num- 
ber of seasonal 
employees and 50 


P Selected exercises available online at 


www.webassign.net/brookscole 


I NOTATION 
11. Translate each verbal model into a mathematical 
model. 
the age the dog’s 
Pa. 7 times ofadog_ gives equivalent 
in years human age. 
Td =h 
hanes will be Fig minus aeons 
t = 2,500 — d 


12. Give four verbs that can be represented by an equal 
symbol =. is, are, gives, yields 


[| GUIDED PRACTICE 


Translate each verbal model into a mathematical model. 
See Example 1. 


13. The cost each semester is the sum of $13 times the 
number of units taken and a student services fee 
of $24. c = 13u + 24 


p> 14. The yearly salary is $25,000 plus $75 times the 
number of years of experience. » = 25,000 + 75y 


15. The quotient of the number of clients and 
seventy-five gives the number of social workers 


c 


needed. w = == 


16. The difference between 500 and the number of 
people in a theater gives the number of unsold 
tickets. t = 500 — p 


p> 17. Each test score was increased by 15 points to give a 
new adjusted test score. A =/ + 15 


p> 18. The weight of a super-size order of french fries is 
twice that of a regular-size order. » = 2r 


19. The product of the number of boxes of crayons in 
a case and 12 gives the number of crayons in a 
case. c = 12b 


p> 20. The perimeter of an equilateral triangle can be found 
by tripling the length of one of its sides. P = 3s 


Write a verbal and mathematical model for each situation. 
See Example 2. 


p> 21. TAXES A married couple has decided to split the 
money equally when they receive their federal income 
tax refund. Furthermore, the husband is going to donate 
$75 of his share to charity. Describe the relationship 
between the amount of money that the husband will 


keep and the amount of the couple’s refund. 

The amount (in dollars) that the husband will keep is the 
quotient of the amount of the couple’s refund and 2, decreased 
by 75.h = 5 — 75 (answers may vary) 
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22. 


23. 


24. 


COPIERS A business is going to rent a copy 
machine. Under the rental agreement, the company is 
charged $105 per month and 3¢ for every copy that is 
made. Describe the relationship between the monthly 
copier expense and the number of copies made. 

The monthly copier expense (in dollars) is the product of 0.03 
and the number of copies made, increased by 105. 

C = 0.03c + 105 (answers may vary) 

BOTTLED WATER A driver left a production plant 
with 300 five-gallon bottles of drinking water on his 
truck. His delivery route consisted of office buildings, 
each of which was to receive 6 bottles of water. 
Describe the relationship between the number of 
bottles of water left on his truck and the number of 
stops that he has made. 

The number of bottles of water left on his truck is the difference 
of 300 and the product of 6 and the number of stops that he has 
made. b = 300 — 6s (answers may vary) 

COLLECTIBLES A woman inherited 9 antique 
dolls. She decided to add to her collection by 
purchasing two more dolls each month. Describe the 
relationship between the number of antique dolls in 
her collection and the number of months since she 


began to purchase them. 

The number of dolls in the collection is the product of two and 
the number of months since she began to purchase them, 
increased by 9.d = 2m + 9 (answers may vary) 


Use the given equation to complete each table. See Example 3. 


P25. c= a Number of 
packages p Cartons c 
24 2 
72 6 
180 15 
Pm 26. y = 100c Number of | 
centuries c Years y 
il 100 
6 600 
Pal 2,100 
> 27. n = 22.44 -K p> 28. y= 2x + 15 
K | n x | y 
0 22.44 0 45 
1.01 | 21.43 "45 
22.44 | 0 30 | 75 


Refer to the given graph in the next column. See Example 4. 


> 29. 


a. What type of graph is shown in the next column? 
a bar graph 

b. What units are used to scale the horizontal axis? 
The vertical axis? 1 year, $100 


c. In what year was the average expenditure on 
auto insurance the least? Estimate the amount. In 
what year was it the greatest? Estimate the 
amount. 2000, $700; 2005, $860 


U.S. Average Consumer Expenditures 
on Auto Insurance 


800 
700 
600 
500 
400 
300 
200 
100 
0 
‘oo = 01: «= '02— 03 '04.— 05) (06S '07 


Source: Insurance Information Institute 


p> 30. a. What type of graph is shown? a line graph 


b. What units are used to scale the horizontal axis? 
The vertical axis? 1 hr,2 in. 


c. Estimate the height of the candle after it has 
burned for 33 hours. For 8 hours. 7 in., 0 in. 


A 
a 4 
‘o. 10 
s ms 
= 8 
8 
4, 6 
io) 
zs 4 
Bo 
Oo 
mt ee eee Ne ee 


= 
123456789 


Hours burning 


I APPLICATIONS 
> 31. PRODUCTION PLANNING Suppose r towel racks 


are to be manufactured. Complete the four equations 
that could be used to order the necessary number of 

oak mounting plates p, bar holders b, chrome bars c, 
and wood screws s. 


p=r b=2r c=r s=4r 


Oak mounting plate 


Bar holder Chrome bar / 


| — 


Wood screws 


32. ORDERING STAIRCASE PARTS A builder is 
going to construct 4 new homes, each of which will 
have a staircase as shown. Complete the four 
equations that could be used to order the necessary 
number of balusters b, handrails r, posts p, and treads 
t for the entire project. 


b= 16h 
r= 2h 
p= 3h 
t= 8h 


Staircase design 


33. CARPET CLEANING See the following ad. 


Rent the in-home 
Carpet Cleaning System 


Do it yourself and save! 
Safe, effective 
Costs only $10 an hour 
plus $20 for supplies 


p> a. Write a verbal model that states the relationship 
between the cost C of renting the carpet-cleaning 
system and the number of hours A it is rented. 


The rental cost is the product of 10 and the number of hours 


it is rented, increased by 20. 
> b. Translate the verbal model written in part a toa 
mathematical model. C = 10h + 20 
c. Use your result from part b to complete the table, 
and then draw a line graph. 


120 L 

h| Cc 100 F 
| Ls 
ee) 2 sor 
3 L 

2} 40 2 60 = 
3 | 30 oF 
2 40+ 

4| 60 L 
8 | 100 20° 


1234567 8 
Hours rented 
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34. CARPENTRY A miter saw can pivot 180° to make 
angled cuts on molding. The equation that relates the 
angle measure s on the scrap piece of molding and 
the angle measure f on the finish piece of molding is 
s = 180 — f. Complete the following table and then 
draw a line graph. 


a 


Ji 
a= 


Scrap piece —~ | Finish piece 


Saw cut 
A 
180+ 
ep L 
| | 3 150 - 
| of | s ll 
30 | 150 a 0b 
is) L 
45 | 135 2 gob 
8 L 
90 | 90 Sal 
165) |) 25 g [ 
2 304 
150 30 2 I 
eT eee ees ee ee ee ee ee ee 
30 60 90 120 150 180 
Measure of angle on finish piece (deg) 
EP WRITING 


35. Explain the difference between an expression and an 
equation. Give examples. 


> 36. Use each word below in a sentence that indicates a 


mathematical operation. If you are unsure of the 
meaning of a word, look it up in a dictionary. 


deleted 


annexed 


bisected 
docked 


quadrupled 


confiscated 
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Objectives 


| 1 | Define the set of natural 
numbers, whole number, and 
integers. 


j 2 | Define the set of rational 
numbers. 


Ei Define the set of irrational 
numbers. 

| 4 | Classify real numbers. 

B Graph real numbers. 

| 6 | Order the real numbers. 


Find the opposite and the 
absolute value of a real number. 


| 
The Real Numbers 


In this course, we will work with real numbers. The set of real numbers is a collection 
of several other important sets of numbers. 


iB Define the set of natural numbers, whole numbers, 
and integers. 


Natural numbers are the numbers that we use for counting. To write this set, we list 
its elements (or members) within braces {_ }. 


Natural Numbers 


The set of natural numbers, denoted by the symbol N, is {1, 2, 3, 4, 5, 
Read as “the set containing one, two, three, four, five, and so on.” 


The Language of Algebra The symbol... used in these definitions is called 


an ellipsis and it indicates that the established pattern continues forever. 


The symbol € is used to indicate that an element belongs to a set. For example, 
we can write 


3EN _ Read as “3 is an element of the set of natural numbers.” 


We can write 4.5 € N to indicate that 4.5 is not an element of the set of natural 
numbers. 
The natural numbers, together with 0, form the set of whole numbers. 


Whole Numbers 


The set of whole numbers, denoted by the symbol W, is {0, 1, 2, 3, 4,5, ...}. 


When all the members of one set are also members of a second set, we say the 
first set is a subset of the second set. Since every natural number is also a whole 
number, the set of natural numbers is a subset of the set of whole numbers. We can 
use the symbol C to indicate this. 


N CW ) Read as “The set of natural numbers is a subset of the set of whole 
numbers.” 


Since the set of whole numbers contains an element that the natural numbers 
do not, namely 0, we can write 


WEN Read as “The set of whole numbers is not a subset of the set of natural 
numbers.” 


Two other important subsets of the whole numbers are the prime numbers and 
the composite numbers. 


Prime Numbers and Composite Numbers 


A prime number is a natural number greater than | that has only itself and 1 
as factors. The first ten prime numbers are 2, 3,5, 7, 11, 13, 17, 19, 23, and 29. 


A composite number is a natural number, greater than 1, that is not prime. The 
first ten composite numbers are 4, 6, 8, 9, 10, 12, 14, 15, 16, and 18. 


Recall from arithmetic that every composite number can be written as the 
product of prime numbers. For example, 


6=2:°3, 25=5:5, and 168=2:2-2-3-7 


Whole numbers are not adequate for describing many real-life situations. For 
example, if you write a check for more than what is in your account, the account 
balance will be less than zero. 

We can use the number line to visualize numbers less than zero. On the number 
line, numbers greater than 0 are to the right of 0, and they are called positive 
numbers. Numbers less than 0 are to the left of 0, and they are called negative 
numbers. 

For each natural number on the number line, there is a corresponding number, 
called its opposite, to the left of 0. In the diagram, we see that 3 and —3 (negative 
three) are opposites, as are —5 (negative five) and 5. Note that 0 is its own opposite. 


ge a 


5 4 3 2-1 0 1 2 3 4 ~°5 


Opposites 


Opposites 


Two numbers that are the same distance from 0 on the number line, but on 
opposite sides of it, are called opposites. 


The whole numbers, together with their opposites, form the set of integers. 


Integers 


The set of integers, denoted by the symbol Z, is 
{..., —4, -3, —2, -1, 0, 1, 2,3, 4, ...}. 


Integers that are divisible by 2 are called even integers, and integers that are not 
divisible by 2 are called odd integers. 

Even integers: {..., —6, —4, —2, 0,2, 4, 6, ...} 

Odd integers: {..., —5, —3, —1, 1,3, 5, ...} 


Since every whole number is also an integer, the set of whole numbers is a 
subset of the set of integers. 


1.2. The Real Numbers ae 


Self Check 1 


Determine whether each 
statement is true or false. 
a. —1.7 € Z true 

b. Z C W false 


Now Try Problems 27 and 31 


Teaching Example 1 Determine 


whether each statement is true or false. 


a OEN 

b. NC W 
Answers: 

a. false b. true 
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| EXAMPLE 1 | Determine whether each statement is true or false. 


a -6EW bZEN 


Strategy We will compare each statement with the definitions of the sets of 
numbers to determine if the statement is true or false. 


WHY The definitions of the sets of numbers tell us the symbol used to represent 
them and the numbers that are in the sets. 


Solution 
a. Since —6 is not an element of the set of whole numbers, the statement —6 € W 
is false. 


b. Since the set of integers contains at least one element that does not belong to 
the set of natural numbers (—1 for example), the set of integers is not a subset 
of the set of natural numbers. Thus, the statement Z ¢ N is true. a 


4 Define the set of rational numbers. 


In this course, we will work with positive and negative fractions. For example, the 
slope of a line might be is or a tank might drain at a rate of — 2 gallons per minute. 
We will also work with mixed numbers. For instance, we might speak of 5 Z cups of 


flour or of a river that is 34 feet below flood stage (—33 ft). These fractions and 
mixed numbers are examples of rational numbers. 


Rational Numbers 


A rational number is any number that can be written in the form 5, where a 
and b represent integers and b # 0. 


Other examples of rational numbers are 


a 2 and a 
4 25° 6 


To show that negative fractions are rational numbers, we can use the following fact. 


Negative Fractions 


Let a and b represent numbers, where b + 0, 


To illustrate this rule, consider 2. It is a rational number because it can be 


written as =f. or as *. 


Positive and negative mixed numbers such as 53 and —35 are rational numbers 
because they can be expressed as fractions. 
_ 47 1 ae | 


q 
agg ea eS 


Any natural number, whole number, or integer can be expressed as a fraction 


with a denominator of 1. For example, 5 = 2 0= ¢, and —3 = = . Therefore, every 
natural number, whole number, and integer is also a rational number. 


1.2. The Real Numbers a 


Throughout the book we will also work with decimals. Some examples of uses of 
decimals are: 


e The interest rate of a loan was 11% = 0.11. 
e In baseball, the distance from home plate to second base is 127.279 feet. 
e The third-quarter loss for a business can be represented as —2.7 million 


dollars. 


Terminating decimals such as 0.11, 127.279, and —2.7 are rational numbers 
because they can be written as fractions with integer numerators and nonzero 
integer denominators. 

279 127,279 7 —27 


11 
O11 = Fa0 the = TT 1,000 2.7 = re 10 


Examples of repeating decimals are 0.333... and 4.252525 .... Any repeating 
decimal can be expressed as a fraction with an integer numerator and a nonzero 
integer denominator. 

For example, 0.333... = ; and 4.252525... = 423 = a Since every repeating 
decimal can be written as a fraction, repeating decimals are also rational numbers. 


Rational Numbers 


The set of rational numbers, denoted by the symbol Q, is the set of all 
terminating and all repeating decimals. 


We can use division to find the decimal equivalent of a fraction. 


| EXAMPLE 2 | \ Self Check 2 
Find the decimal equivalent of each fraction to determine = = 


4 17 Find the decimal equivalent of 
whether the decimal terminates or repeats. a. 5 b. va each fraction to determine 
whether the decimal terminates 
Strategy For each fraction, we will divide the numerator by the denominator. or repeats. 
D5. ope : 
WHY A fraction bar indicates division. A- 999 0.025 repeating 
Solution b. x 0.94 terminating 
a. To change Z to a decimal, we divide 4 by 5. Now Try Problems 35 and 37 
_8 Teaching Example 2 Find the decimal 
5)4.0 Write a decimal point and a O to the right of 4. equivalent of each fraction to 
40 determine whether the decimal 
“0 terminates or repeats. 
5 3 
Fi a. D b. 8 
In decimal form, ; is 0.8. This is a terminating decimal. Answers: 


a. 0.416 repeating 


b. To change a to a decimal, we divide 17 by 6 and obtain 2.8333 .... This is a b. 0.375 terminating 


repeating decimal, because the digit 3 repeats forever. It can be written as 2.83, 
where the overbar indicates that the 3 repeats. a 


The Language of Algebra _A fraction and its decimal equivalent are different 


notation that represent the same value. 


Chapter? A Review of Basic Algebra 


The set of rational numbers is too extensive to list its members in the same way 
that we listed the members of the natural numbers, whole numbers, and integers. 
Instead, we will use the following set-builder notation to describe it. 


Rational Numbers 


The set of rational numbers is 


Read as “the set of all numbers of 


a : F 
if aand b are integers, with b # ob the form ¢, such that a and b are 
integers, with b # 0.” 


EB Define the set of irrational numbers. 


Numbers that cannot be expressed as fractions with an 1 inch 
integer numerator and a nonzero integer denominator are 

called irrational numbers. One example is V2. It can be 

shown that a square, with sides of length 1 inch, has a 

diagonal that is \/2 inches long. 

The number represented by the Greek letter 7 (pi) is The length of a diagonal of 
another example of an irrational number. It can be shown the square is V2 inches. 
that a circle, with a 1-inch diameter, has a circumference of 
a inches. 


Expressed in decimal form, — 


V/2 = 1414213562... and m = 3.141592654... 


your | 


The distance around the 


These decimals neither terminate nor repeat. ciréleds a iaches: 


Irrational Numbers 


An irrational number is a nonterminating, nonrepeating decimal. An irrational 


number cannot be expressed as a fraction with an integer numerator and a 
nonzero integer denominator. The set of irrational numbers is denoted by the 
symbol H. 


Some other examples of irrational numbers are 


\/97 = 9.848857802... 
Ay 
Qa 


—2.64575131... This is a negative irrational number. 
6.283185307... 2a means 2+ 7. 


Caution! Don’t classify a number such as 4.12122122212222... as a repeating 


decimal. Although it exhibits a pattern, no block of digits repeats forever. It is 
a nonterminating, nonrepeating decimal—an irrational number. 


Not all square roots are irrational numbers. When we simplify square roots such 
as V9, V’36, and \/400, it is apparent that they are rational numbers: V9 = 3, 


\/36 = 6, and V/400 = 20. 


1.2. The Real Numbers = 


Using Your CALCULATOR Approximating Irrational Numbers 


We can approximate the value of irrational numbers with a scientific 


calculator. To find the value of 7, we press the | 7r| key. 


a| (You may have to use a|2nd| or | Shift] key first.) |3-141592b54 


We see that 7 ~ 3.141592654. (Read ~ as “is approximately equal to.”) To the 
nearest thousandth, 7 ~ 3.142. 


To approximate V2, we enter 2 and press the square root key|\/_]. 


alae 1-4142135be 
We see that V2 ~ 1.414213562. To the nearest hundredth, V2 ~ 1.41. 


To find 7 and V2 with a graphing calculator, we proceed as follows. 
2nd| 7 | ENTER 7 


3-141592654 


2nd] |x/- | 2 |)| ENTER V (2) 


1-4142135be2 


9 Classify real numbers. 


The set of rational numbers together with the set of irrational numbers form the set 
of real numbers. This means that every real number can be written as either a 
terminating decimal, a repeating decimal, or a nonterminating, nonrepeating 
decimal. Thus, the set of real numbers is the set of all decimals. 


The Real Numbers 


A real number is any number that is either a rational or an irrational number. 
The set of real numbers is denoted by the symbol R. 


The figure below shows how the sets of numbers introduced in this section are 
related; it also gives some specific examples of each type of number. Note that a 
number can belong to more than one set. For example, —6 is an integer, a rational 
number, and a real number. 


Natural numbers 
__| (positive integers) 
1, 12, 38, 990 
Zero 
=| 0 


Irrational numbers Whole numbers 
-N5, m, V21, 2V101 0, 1, 4, 8, 10, 53, 101 
Integers 
—45, -6, -1, 0, 21, 315 


Noninteger rational numbers 
13 


Rational numbers 


Dare 
6, -1.25, 0, =, 1.4, 5=, 
3 4 


Negative integers 


80 


47, -17, -5, —1 


01,2, 0.9) 3.17, 165 
7 5 4 


Self Check 3 


Use the instructions for 

Example 3 with the following set: 
{-m, -5, 3.4, V19, 1, 8, 9.7} 
Now Try Problems 43,45, and 47 
Self Check 3 Answers 

natural numbers: 1; whole numbers: 1; 
integers: —5, 1; rational numbers: —5, 
34.1, 1s 9.7; irrational numbers: —7,, 
V19; real numbers; all 


Teaching Example 3. Which numbers in 
the set are natural numbers, whole 
numbers, integers, rational numbers, 
irrational numbers, and real numbers? 
{-2.314, -1, 0, V3, 4, 5.12122... } 
Answers: 

natural numbers: 4; whole numbers: 0, 
4; integers: —1, 0, 4; rational numbers: 
—2.314, —1, 0, 4; irrational numbers: 
V3, 5.12122 ...; real numbers: all 


Self Check 4 


Graph the numbers in the set 
{m, -2.1, V3, Yt, and -0.9} 
on a number line. 


Now Try Problem 55 
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| EXAMPLE 3 | Classifying Real Numbers Which numbers in the 


following set are natural numbers, whole numbers, integers, rational numbers, 
irrational numbers, and real numbers? 


5 2 = 
i? —0.03, 45, -9, V7, re 0, —9.010010001 ..., 025} 


Strategy We begin by scanning the given set, looking for any natural numbers. 
Then we scan it five more times, looking for whole numbers, for integers, for 
rational numbers, for irrational numbers, and, finally, for real numbers. 


WHY We need to scan the given set of numbers six times, because numbers in 
the set can belong to more than one classification. 


Solution 
Natural numbers: 45 45 is a member of {1, 2, 3, 4, 5,...}. 
Whole numbers: 45,0 45 and O are members of {0, 1, 2, 3, 4, 5, ...}. 
Integers: 45,—9,0 45, —9, and O are members of 


{.... -3, —2, -1, 0,1, 2, 3,...}. 


3, 45, —9, 53, and 0 are rational numbers because each 


of them can be expressed as a fraction: 45 = a 


Rational numbers: 


9= — 53 = v and 0 = ° The terminating decimal 
—0.03 = i and the repeating decimal 0.25 = a are 
also rational numbers. 


Irrational numbers: The nonterminating, nonrepeating decimals 


V7 = 2.645751311...and —9.010010001 ... are 
irrational numbers. 

x, 0.03, 45, —9, V7, 55, 0, —9.010010001 ..., 0.25 

Every natural number, whole number, integer, rational number, and 
irrational number is a real number. a 


Real numbers: 


EB Graph real numbers. 


We can illustrate real numbers using a number line. To each real number, there 
corresponds a point on the line. Furthermore, to each point on the line, there 
corresponds a real number, called its coordinate. 


| EXAMPLE 4 | Graph each number in the set 


{-§, 11, 056, 42 =Wi5, 22} on a number line. 


Strategy We locate the position of each number on the number line, draw a 
bold dot, and label it. 


WHY To graph a number means to make a drawing that represents the number. 


Solution 

To help locate the graph of each number, we make some observations. 
e Expressed as a mixed number, -} = —23. 
e Since —1.1 is less than —1, its graph is to the left of —1. 
° 0.56 ~ 0.6 


¢ From a calculator, 5 ~ 1.6. v 


e From a calculator, V5 = =3,9; 
° 2 means 2° Ne. From a calculator, a2 = 28. 


The Language of Algebra An example of a number that is not on the real 


number line is V —4. It is called an imaginary number. We will discuss such 
numbers in Chapter 8. 


[a Order the real numbers. 


As we move right on the number line, the values of the real numbers increase. As we 
move left, the values decrease. To compare real numbers, we often use one of the 
inequality symbols shown in the following table. 


Symbol Read as Examples 
# “is not equal to” 6 # 9and 0.33 # 2 
< “is less than” = < “ and —7 < —6 
= “is greater than” 19 > 5 and 5 03 
= “is less than or equal to” 3.5 = 3.5 and 13 =108) 
= “is greater than or equal to” 29 = 29 and —15.2 = —16.7 


The Language of Algebra _ If areal number x is positive, then x > 0. If a real 


number x is nonnegative, then x = 0. If a real number x is a negative number, 
then x < 0. 


It is always possible to write an equivalent inequality with the inequality symbol 
pointing in the opposite direction. For example: 

If —3 < 4, it is also true that 4 > —3. 

If 5.3 = 2.9, it is also true that 2.9 = 5.3. 


| EXAMPLE 5 | Use one of the symbols > or < to make each statement true. 


a. —24 —25 b. ; 0.76 


Strategy To pick the correct inequality symbol to place between a given pair of 
numbers, we need to determine the position of each on a number line. 


WHY For any two numbers on a number line, the number to the /eft is the 
smaller number and the number to the right is the larger number. 


Solution 
a. Since —24 is to the right of —25 on the number line, —24 > —25. 


b. If we express the fraction 3 as a decimal, we can easily compare it to 0.76. 


3 3 
Since — = 0.75, — < 0.76. 
ince 7 4 


1.2. The Real Numbers 


Teaching Example 4 Graph 
each number in the set 

{-3, -2.3,0,%, V10,3V2} 
on a number line. 

Answer: 


Self Check 5 


Use one of the symbols = or = 
to make each statement true. 


b. 85 = 8.4 
Now Try Problems 67 and 71 


Teaching Example 5 Use one of the 
symbols > or < to make each 
statement true. 

a. —11 9 —10 

b. > (0.44 

Answers: 

a < b. > 
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Find the opposite and the absolute value of a real number. 


Two numbers that are the same distance from 0 on the number line, but on opposite 
sides of it, are called opposites or additive inverses. To write the opposite of a 
positive number, we simply insert a negative sign — in front of it. For example, the 
opposite of 10 is —10. 

Parentheses are used to express the opposite of a negative number. For example, 
the opposite of —3 is written as —(—3). Since —3 and 3 are the same distance from 
zero, the opposite of —3 is 3. In symbols, this can be written as —(—3) = 3. 


3 units 3 units 
——$—$— ———P\ 
— | es 
-3 0 3 


In general, we have the following. 


Opposites 


The opposite of a number a is the number —a. If a is a real number, then 


—(-a) =a. 


A number line can be used to measure the distance from one number to 
another. To express the distance that a number is from 0 on a number line, we can 
use absolute values. 


Absolute Value 
The absolute value of a number is its distance from 0 on the number line. 


To indicate the absolute value of a number, we write the number between two 
vertical bars. From the previous figure, we see that |—3| = 3. This is read as “the 
absolute value of negative 3 is 3” and it tells us that the distance from 0 to —3 is 3 
units. It also follows from the figure that|3| = 3. 

The absolute value of a number can be defined more formally as follows. 


Absolute Value 


Ifa = 0, then |a| =a 
Ifa < 0, then |a| = —a 


For any real number a, { 


The first part of this definition states that if a is a nonnegative number (that is, if 
a = 0), the absolute value of a is a. The second part of the definition states that if a is 
a negative number (that is, if a < 0), the absolute value of a is the opposite of a. For 


example, ifa = —8, then 
la = |=8| = == s 
rumen 


The opposite of a 


Caution! The second part of this definition is often misunderstood. Study it 


carefully. It indicates that the absolute value of a negative number is the 
opposite (or additive inverse) of the number. 


1.2. The Real Numbers 


| EXAMPLE 6 | Find the value of each expression. moos 


Find the value of each 


a. |34| b. | -- | c. |0| d. —|—1.8| expression. 
a. |—9.6| 9.6 
Strategy We need to determine the distance that the number within the vertical b. —|—12| -12 
absolute value bars is from 0. @ [3| ; 
WHY The absolute value of a number is the distance between 0 and the number Now Try Problems 75 and 79 
on a number line. 
Teaching Example 6 Find the value 
Solution of each expression. 
a. |34| = 34 Because 34 is a distance of 34 from O on a number line. a. Me b. |16| 
e=|= 
b. | — a = Z Because —< is a distance of 2 from O on a number line. Answers: 
5 5 2 ii a. 13 b. 16 © —3 


c 0| =0 Because O is a distance of O from O on a number line. 


d. The negative sign outside the absolute value bars means to find the opposite of 
—1.8]. 


—|—1.8| = —(1.8) — Find |-1.8| first to get 1.8. 
= -18 fi 


ANSWERS TO SELF CHECKS 


1. a. true b. false 2. a. 0.025, repeating decimal b. 0.94, terminating decimal 
3. natural numbers: 1; whole numbers: 1; integers: —5, 1; rational numbers: —5, 3.4, 1, 


ig, 9.7; irrational numbers: —7, V19; real numbers; all 


4. Il 5.a= b= 649.6 b. -12 «3 
21 08 V3 40 
well ig gs gg 
32-10 1 2 4 


STUDY SKILLS CHECKLIST 


Learning from the Worked Examples 


The following checklist will help you become familiar with the example structure in this book. 
Place a check mark in each box after you answer the question. 


(| Each section of the book contains worked Examples [] Each example uses red Author Notes to explain 
that are numbered. How many worked examples are the steps of the solution. Fill in the blanks to 
there in Section 1.2, which begins on page 10? complete the author note in the solution of 

(] Each worked example contains a Strategy. Fill in Example 2 on page 13: Write a decimal point and 
the blanks to complete the following strategy for a0 te aighy ae hs 


Example 2 on page 13: For each fraction, we will L] After reading a worked example, you should work 
divide the numerator by the denominator _. the Self Check problem. How many Self Check 

[| Each Strategy statement is followed by an problems are there for Example 2 on page 13? 
explanation of Why that approach is used. Fill in _] At the end of each section, you will find the 
the blanks to complete the following Why for Answers to Self Checks. What is the answer to Self 


Example 2 on page 13: A fraction bar _indicates_ Check problem 4 on page 6? 
division 


[| After completing a Self-Check problem, you can 
L] Each worked example has a Solution. How many Now Try similar problems in the Study Sets. For 
lettered parts are there to the Solution in Example Example 2 on page 13, which two Study Set 
2 on page 13? problems are suggested? 
LE pue CE ‘OSR$ ‘Z ‘7 JO IYSLI OY} 0} ‘Z ‘UOISIAIP SO}BOIPUT ‘1OJeUTWOUSp oy} Aq JOJeIOUNU ‘g :sIOMSUY 
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1.2 STUDY SET 


f_ VOCABULARY 
Fill in the blanks. 


1. The set of whole numbers is {0, 1, 2, 3, 4, 5,...}, the 
set of natural numbers is {1, 2, 3, 4, 5,...}, and the set 
of _integers js {..., —2, —1, 0,1, 2,...}. 

2. When all the members of one set are members of a 
second set, we say the first set is a_subset_ of the 
second set. 

3. A prime number is a natural number greater than 1 
that has only itself and 1 as factors. A composite 
number is a natural number greater than 1 that is not 
prime. 

4, A tational number is any number that can be written 
as a fraction with an integer numerator and a nonzero 
integer denominator. 

5, _lrrational_ numbers are nonterminating, nonrepeating 
decimals. 

6. The set of rational numbers together with the set of 
irrational numbers form the set of _‘¢@!_ numbers. 


7. >, =, <,and S are called _imequality symbols. 


8. The absolute _value_ of any real number is the 
distance between the number and zero on a number 
line. 


[| CONCEPTS 


p> 9. Name two numbers that are 6 units away from —2 on 


the number line. —8, 4 

10. Show that each of the following numbers is a rational 
number by expressing it as a fraction with an integer 
numerator and a nonzero integer denominator. 


Ts = 0.007, 700.1 


5 
7,001 


3 =55 7 
$°, 0.007 = 999. 700.1 = 2 


Determine whether each number is a repeating ora 
nonrepeating decimal, and whether it is a rational or an 
irrational number. 


11. 0.090090009... nonrepeating, irrational 

12. 0.09 repeating, rational 

13. 5.41414141 ... repeating, rational 

14. 1.414213562... nonrepeating, irrational 

15. The following diagram can be used to show how the 
natural numbers, whole numbers, integers, rational 
numbers, and irrational numbers make up the set of 
real numbers. If the natural numbers can be 


represented as shown in the next column, label each 
of the other sets. 


P Selected exercises available online at 


www.webassign.net/brookscole 


Real numbers 


Irrational numbers Rational numbers 


Integers 


Whole numbers 


Natural 
numbers 


> 16. Determine whether each statement is true or false. 


a. All prime numbers are odd numbers. false 
b. 6 = 6 true 

c. 0 is neither even nor odd. false 

d 


. Every real number is a rational number. false 


> 17. Write each statement with the inequality symbol 


pointing in the opposite direction. 
a. 19> 12 12<19 b. -6= —5 -5=-6 
18. Fill in the blanks: 


Ifa = 0, then |a| = a 


F 1 
or any real number a, i <0, thew |al 


Il 
| 
2 


| NOTATION 
Fill in the blanks. 


19. The symbol < means“ _is__less__than_” and the 
symbol = means “ is greater than or equal to ” 


p> 20. |—2|is read as “the _absolute_ value of —2.” 


21. The symbols { } are called braces _. 

22. The symbol € is read as “is an clement of” and the 
symbol C is read as “is a _subset_ of,” 

23. Describe the set of rational numbers using set-builder 
notation. {#\a and b are integers, with b # 0.} 

24. What set of numbers does each symbol represent? 
a. N Natural numbers b. W Whole numbers 
c. Z Integers 

25. What set of numbers does each symbol represent? 
a. Q rational numbers b. H irrational numbers 

c. R real numbers 


26. List two other ways that the fraction 4 can be 
written. ~, = 


2 


[| GUIDED PRACTICE 


Determine whether each statement is true or false. 
See Example 1. 


27. 12EN true 
29. —5 €Z false 


28. 9EN true 
30. —55 € H true 


1.2. The Real Numbers Site 


> 31. RCW false 32. W CR true 58, {—0.331, —0.331, —3, —Vo.l11} 


33. H Z Q true 34. Q ¢ Z true 1 _ 
"3 -V0.11 -0.331-0.331 


. . . . - - | | | = 
Find the eecingt equivalent of each fraction aud determine ~0.34 0.335 "0.330 
whether the decimal is terminating or repeating. See Example 2. 


59. The set of prime numbers less than 8 


3 1 

35. 5 0.6, terminating 36. 50 0.42, terminating 

ee 
0 t 2 3 4 5 6 7 8 
ul is . _7 - . 
> 37. 15. eRe 38. 3g eeReenne 60. The set of integers between —7 and 0 

Ol x pes 25 ae |___ 4 _4__4___. ___. _ 

39. oy 1.227, repeating 40. 990 0.025, repeating * 9 26 125 24. 23 DS el _ 


p> 61. The set of odd integers between 10 and 18 


2 19 
41. —— 0.016, terminatin 42. — 1.1875, terminatin: 
125 oe te . 


| = 


1. |—_|__!___|__. 
10 11 12 13 14 15 16 17 #18 


~ 


. 8 v3 ae 
Perleeimen’ of {-3, — 3505 3,1, V3, 2,7, 4.75, 9, 16.6} 62. The set of composite numbers less than 10 
that belong to the following sets. See Example 3. 
43. Natural numbers 1, 2,9 0 12 3 4 5 6 7 8 9 10 
® 44. Whole numbers 0, 1, 2,9 


45. Integers —3,0,1,2,9 


63. The set of positive odd integers less than 12 


46. Rational numbers —3, —8, 0,4, 1,2, 4.75, 9, 16.6 0 12 3 4 5 6 7 8 9 10 I 12 
47. Irrational numbers \/3, 7 

> 48. Real numbers ~3, -§,0,4,1, V3, 2, 7, 4.75, 9, 16.6 
49. Even natural numbers 2 7 6 -5 -4 -3 2 -1 0 
50. Odd integers —3, 1,9 


51. Prime numbers 2 


; ~«—4—_1—4—_1_4—_1__4—_1_4__1__i_—_1—_.—, 
52. Composite numbers 9 6 5 4 3 2 -1 0 1 2 3 4 5 6 
53. Odd composite numbers 9 66. The set of odd natural numbers less than or equal to 5 
54. Odd prime numbers none 
ee ee es ee ee ee 
Oo t 2 3 4 5 6 


Graph each set on a number line. See Example 4. . 
Insert either a < ora> symbol to make a true statement. 


5 
55. {-3 —0.1, 2.142765..., = -V11, 2v3} See Example 5. 
P67. —-9 < -8 68. —11 > —12 
; (2.142765... 69. —(-5) = -10 p> 70. |-3| < -(-6) 
“il 2 0.1 3 | 2v3 2 17 
go ge fics 2) ge 71. 6.1 > —(-6) » 72. —6.07 < —-— 
4 3 2-1 0 1 2 3 «4 6 
1 V2 73. —7.999 < -7.1 pv sig! 
56 125° —3,821134..., ae V15, —0.9, wt ee wo 2 
nt 2 Pi Find the value of each expression. See Example 6. 
“3.821134... = 2-09 2 9 MIS 75. |20| 20 > 76. |—20| 20 
~—_le—_|__1_¢lp_1__4 1 —_l,__1__-1 aon 
4 3.2 1 0 1:2 3 4 > 77. |—5.9| 5.9 78. —|1.27| -1.27 
57. (3.15, %, 34, 7, V10, 3.1} 1 | 8 ieee 
9 9 5 5 
33 nm > 3.15 V0 4 16 


3.1 3.15 3.2 
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I APPLICATIONS 


83. DRAFTING Express each dimension in the drawing 
of a bracket as a four-place decimal. Approximate 
when necessary. 
3% = 3.0800, 2 = 1.5400, 2 


F ~ 0.7854, V8 ~ 2.8284 


0.9375, 23 = 2.6250, 


> 84. pH SCALE The pH scale is used to measure the 
strength of acids and bases (alkalines) in chemistry. It 
can be thought of as a number line. On the scale, 


graph and label each pH measurement given in the 


table. 
Strong acid 
0 = 
1¢— Battery acid 
Solution pH aL 
Seawater 8.5 3% Cola 
Increasing 
Cola ze acidity 46 Tomato juice 
Battery acid 1.0 5¢@ Black coffee 
Milk : 
6.6 6¢- Saliva 
® Milk 
Blood 74 Neutral dpe Blood 
: @ 
Ammonia 11.9 gk sy 
: @ Seawater 
Saliva 6.1 oL 
Oven cleaner 13.2 Increasing 10¢ Toothpaste 
Black coffee 5.0 alkalinity 1) | 
Toothpaste O19 12% Ammonia 
Tomato juice 4.1 
13 - 
@ Oven cleaner 
140 


Strong base 


> 85. RINGS The formula C = 7D gives the 
circumference C of a circle, where D is the length of 
its diameter. Find the circumference of the gold 
wedding band. Give an exact answer and then an 
approximate answer, rounded to the nearest 
hundredth of an inch. 7 in. (3.141592654 ... in.); 3.14 in. 


em 


a 


86. ACCOUNTING Business losses are usually written 
within parentheses on financial statements. Examine 
the statement below for Delta Air Lines. Rank the 
years, in order from the greatest loss to the smallest 
loss. 2006, 2004, 2005, 2002, 2003 
Delta Air Lines, Annual Income Statement 


Net Loss in Millions of Dollars 
2006 2005 2004 2003 2002 
($6,203) ($3,818) | ($5,198) | ($773) | ($1,272) 


I WRITING 


87. Explain why the whole numbers are a subset of the 
integers. 


p> 88. What is a real number? Give examples. 


89. Explain why there are no even prime numbers 
greater than 2. 


90. Explain why every integer is a rational number, but 
not every rational number is an integer. 


| REVIEW 


91. Is* a 4 an equation or an expression? expression 


p> 92. Translate into mathematical symbols: The weight 
of an object in ounces is 16 times its weight in 
pounds. w = 16p (answers may vary) 


Complete each table. 


93. T=x-15 94. j = 3m 
ae | te a | 
See 0 0 

10 8.5 ly || 
30.6 | 29.1 300 | 900 


Operations with Real Numbers 


Six operations can be performed with real numbers: addition, subtraction, 
multiplication, division, raising to a power, and finding a root. In this section, we will 
review the rules for performing these operations and discuss how to evaluate 
numerical expressions involving several operations. 


EB Add and subtract real numbers. 


When two numbers are added, the result is their sum. The rules for adding real 
numbers are as follows: 


Adding Two Real Numbers 


To add two positive numbers, add them in the usual way. The final answer is 
positive. 


To add two negative numbers, add their absolute values and make the final 
answer negative. 


To add a positive number and a negative number, subtract the smaller absolute 
value from the larger. 


1. Ifthe positive number has the larger absolute value, the final answer is 
positive. 


2. Ifthe negative number has the larger absolute value, make the final 
answer negative. 


| EXAMPLE 1 | 13... 3 


Add: a. —5 + (—3) b. 8.9 + (—5.1) c. 
d. 6 + (—10) + (-1) 
Strategy We will use the rules for adding positive and negative real numbers. 
WHY Each sum involves signed numbers. 


Solution 
a. —5 + (—3) = -8 


Both numbers are negative. Add their absolute values, 5 and 
3, to get 8, and make the final answer negative. 


b. 8.9 + (—5.1) = 3.8 One number is positive and the other is negative. Subtract 
their absolute values, 5.1 from 8.9, to get 3.8. Because 


8.9 has the larger absolute value, the final answer is positive. 
Express 2 in terms of the lowest common denominator, 15: 


c + = + . 9 
15975 15°15 82 8:328, 


Subtract the absolute values, 3 from 2, to get as and make 


the final answer negative because — 2 has the larger 


absolute value. 


a: 


d. To add three or more real numbers, add from left to right. 
6 + (-10) + (-1) = -—4+ (-1) 
=-5 a 


Operations with Real Numbers (2s 


" Objectives 


SM Add and subtract real numbers. 


| 2 | Multiply and divide real 
numbers. 


3 | Find powers and square roots 
of real numbers. 


ga Use the order of operations rule. 


5 | Evaluate algebraic expressions. 


Self Check 1 
Add: 
a. —34 + 25 -9 
b. —70.4 + (—21.2) —91.6 
iG 3 
Cc. 4 + (-3) i 
d. —16 + 17 + (—5) -4 
Now Try Problems 15 and 21 


Teaching Example 1 Add: 
a —9+3 b. —}+(-}) 


c. 5.6 + (—3.4) d. —4 + (—-6) 
Answers: 

a, =6 bd: -4 

e, 22. ds, =—10 


Self Check 2 


Subtract: 
a. —15 — 4 -19 
b. —12.1 — (—7.6) —4.5 
5 cL 2 
a 
d. Subtract 1 from —5 —6 
e. 5— 4— (-15) 16 


Now Try Problems 23 and 29 


Teaching Example 2 Subtract: 
a3=9 b. -12-4 


c. -+-(-3) 426-59 


e. Subtract 4 from —5 


Answers: 
a -6 b. -16 «3 
d. —3.3 e —9 
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When two numbers are subtracted, the result is their difference. To find a 
difference, we can change the subtraction into an equivalent addition. For example, 
the subtraction 7 — 4 is equivalent to the addition 7 + (—4), because they have the 
same answer: 


7-4=3 and 7+ (—4)=3 


This suggests that to subtract two numbers, we can change the sign of the number 
being subtracted and add. 


Subtracting Two Real Numbers 


To subtract two real numbers, add the first number to the opposite (additive 
inverse) of the number to be subtracted. 


Let a and b represent real numbers, 


a—b=a+t(-—b) 


Subtract: a. 2 — 8 b. —1.3 —5.5 CS = (-2) 
d. Subtract 9 from —6 e. —11—-(-1)-5 


Strategy To find each difference, we will apply the rule for subtraction: Add the 
first number to the opposite of the number to be subtracted. 


WHY It is easy to make an error when subtracting signed numbers. We will 
probably be more accurate if we write each subtraction as addition of the 
opposite. 


Solution 


Add 
v 


a.2—8=2+(-8) Here, &is being subtracted, so we change the sign of 8 and add. 


t Do not change the sign of 2. 


the opposite 


= -6 
b. —1.3 — 5.5 = —1.3 + (—5.5) Change the sign of 5.5 and add. Do not change the 
sign of —1.3. 
= -6.8 
c. S (- 7) = ae + Z Change the sign of — 2 and add. 
3 3 3. 3 
7 
= 


d. The number to be subtracted is 9. When we translate, we must reverse the 
order in which 9 and —6 appear in the sentence. 


Subtract 9 from —6. 


6—9=-6+(-9) Add the opposite of 9. 


e. To subtract three or more real numbers, subtract from left to right. 
-11 - (-1) -5=-10-5 
= —-15 a 
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E43 Multiply and divide real numbers. 


When two numbers are multiplied, we call the numbers factors and the result is their 
product. The rules for multiplying real numbers are as follows: 


Multiplying Two Real Numbers 


1. With unlike signs: To multiply a positive number and a negative number, 
multiply their absolute values and make the final answer negative. 


2. With like signs: To multiply two real numbers with the same sign, multiply 
their absolute values. The final answer is positive. 


Multiply: Self Check 3 


T3 Multiply: 
a. 4(—7) b. —5.2(—3) c -7(=) d. 8(—2)(-3) a. (—6)(5) —30 
b. (—4.1)(—8) 32.8 
Strategy We will use the rules for multiplying positive and negative real e ($)(-3) =i 
pueavers d. —4(—9)(—3) —108 
WHY Each product involves signed numbers. Now Try Problems 31 and 37 
Solution Teaching Example 3 Multiply: 
a. 4(—7) = —28 Multiply the absolute values, 4 and 7, to get 28. Since the signs are a. —3(-2) b. 5(—3.1) 
unlike, make the final answer negative. é ( 2\( +) d. 4(—3)(—2) 
b. —5.2(—3) = 15.6 Multiply the absolute values, 5.2 and 3, to get 15.6. Since the signs Answers: 
are like, the final answer is positive. a6 bb =1355 & 3 d. 24 
1(3 7.3 Multiply the numerators and multiply the denominators. 
Cc. ( ) = Since the signs of the factors are unlike, the final answer is 
9\16 9+ 16 negative. 
1 
Ss" Factor 9 as 3 - 3 and simplify the fraction: 2 = 1 
=— r . nd simpli raction: = = 1. 
3-316 ‘actor 9 as and simp’ e fraction: 5 
1 
7 
= 48 Multiply in the numerator and denominator. 
d. To multiply three or more real numbers, multiply from left to right. 
8(—2)(—3) = -16(-3) 


= 48 fg 


When two numbers are divided, the result is their quotient. In the division 
= q, the quotient q is a number such that y - gq = x. We can use this relationship to 


x 
y 
find rules for dividing real numbers. 


10 —10 


rin 5, because 2(5) = 10 = 0 5, because —2(5) = —10 
me = —5, because 2(—5) = —10 s = —5, because —2(—5) = 10 


These results suggest the following rules for dividing real numbers. Note that they 
are similar to those for multiplying real numbers. 


Self Check 4 


Divide: 


Now Try Problems 39 and 43 


Teaching Example 4 Divide: 


=35 =3:6 
az be 5 
Answers: 
&% =5 b. 03 


Divide: 

a. 973 -% 
b. -7 + (-5) 4 
Now Try Problem 45 


Teaching Example 5 Divide: 


of (-8) 


Answers: 


a 
a. =5 b. 15 


= Chapter? A Review of Basic Algebra 


Dividing Two Real Numbers 


To divide two real numbers, divide their absolute values. 


1. The quotient of two numbers with /ike signs is positive. 


2. The quotient of two numbers with unlike signs is negative. 


| EXAMPLE 4 | —44 —2.7 


Divide: a. —— b. —— 
ivide: a rr =9 


Strategy We will use the rules for dividing positive and negative real numbers. 


WHY Each quotient involves signed numbers. 


Solution 
—44 _ 4 Divide the absolute values, 44 by 11, to get 4. Since the signs are unlike, 
it make the final answer negative. 
b —2.7 -~ 03 Divide the absolute values, 2.7 by 9, to get 0.3. Since the signs are like, 
“gO the final answer is positive. | 


To divide two fractions, we multiply the first fraction by the reciprocal of the 
second fraction. In symbols, if a, b, c, and d are real numbers, and no denominators 
are 0, then 


a_c_iad 4 : % 
b > d = b ° - ¢ 19 the reciprocal of 7: 
| EXAMPLE 5 | 3 1 
Divide: a. >+|-=Z b. —> + (-6 
vide: a. 3 ( 2) 5 (-6) 
Strategy We will multiply the first fraction by the reciprocal of the second. 
WHY This is the rule for dividing two fractions. 
Solution 
2. 3 2 5 ; : 3. 6g 
a. 30 5 = 3 7 3 Multiply by the reciprocal of — 5: Which is — 3° 
_ 10 Since the factors have unlike signs, the final answer is 
aaa negative. 
1 1 1 1 
b. 5 = (—6) = 7 6 Multiply by the reciprocal of —6, which is — G. 
_ 1 Since the factors have like signs, the final answer is 
~ 42 positive. | 


Students often confuse division problems such as ¢ and i. We know that ¢ =0 
because 4-0 = 0. However, ‘ is undefined, because there is no real number qg such 
that 0- q = 4. In general, if x # 0,2 = Oand a is undefined. 


The Language of Algebra When we say a division by 0, such as i, is 


undefined, we mean it is not allowed or it is not defined. That is, * does not 
represent a number. 


1.3. Operations with Real Numbers 


IER Find powers and square roots of real numbers. 


Exponents indicate repeated multiplication. For example, 


3 = 3-3 Read 3° as “3 to the second power” or “3 squared.” 
(—9.1)? = (—9.1)(—9.1)(—9.1) Read (—9.1)° as “—9.1 to the third power” or “—9.1 
cubed.” 


2\* 2\(/2\(2\/2 2\4_ 2 ” 
(=) = (=)(3)(5)(4) Read (2) as “3 to the fourth power. 


These examples suggest the following definition. 


Natural-Number Exponents 


A natural-number exponent indicates how many times its base is to be used as 
a factor. 


For any real number x and any natural number n, 


n factors of x 


The exponential expression x” is called a power of x, and we read it as “x to the 
nth power.” In this expression, x is called the base, and n is called the exponent. A 
natural-number exponent indicates how many times the base of an exponential 
expression is to be used as a factor in a product. 


Baca Exponent 


Self Check 6 


2 
Find each power: a. (—2)* b. (3) c. —0.1 cubed Find each power: 
a. (—3)° -27 

Strategy We will write each exponential expression as a product of repeated b. (0.8)* 0.64 
factors, and then perform the multiplication. This requires that we identify the c. 2° 16 
base and the exponent. d. u squared * 
WHY The exponent indicates the number of times the base is to be written as a Now Try Problems 49 and 53 
factor. 

; Teaching Example 6 Find each power: 
Solution a. (-3)' b. (3) 
a. ( ay = (—2)(—2)(—2)(—2) = 16 The base is —2. The exponent is 4. c. (0.2) 

3 2 3 3 9 Answers: 
P , 25 
b. (3) = (3)(3) eT The base is 3. The exponent is 2. a. 81 b. 3 c. —0.008 
c. —0.1 cubed means (—0.1)’. The base is — 0.1. The exponent is 3. 
(—0.1)? = (—0.1)(—0.1)(—0.1) = —0.001 | 


Success Tip When multiplying signed numbers, an odd number of negative 


factors gives a negative product. An even number of negative factors gives a 
positive product. 
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Using Your CALCULATOR The Squaring 
and Exponential Keys 


A homeowner plans to install a cooking island 
in her kitchen. (See the figure.) To find the 
number of square feet of floor space that will 
be lost, we substitute 3.25 for s in the formula 
for the area of a square, A = s*. Using the 


squaring key [x] on a scientific calculator, we 
can evaluate (3.25) as follows: 


3.25 [x2] 10-5625 


On a graphing calculator, we have: 


3.25 [2] [ENTER 3.25° 


10-5625 


About 10.6 square feet of floor space will be lost. 


The number of cubic feet of storage space that the cooking island will add can 
be found by substituting 3.25 for s in the formula for the volume of a cube, 


x 


V =s°. Using the exponential key [y’ ( x” | on some calculators), we can 


evaluate (3.25)* on a scientific calculator as follows. 


3.25 |y*| 3 |= 34.324125 
On a graphing calculator or direct-entry scientific calculator, we have: 
3.25 || 3 |ENTER 3.25%3 
34.324125 


The cooking island will add about 34.3 cubic feet of storage space. 


Although the expressions (—3)” and —3* look alike, they are not. In (—3)’, the 
base is —3. In —3°, the base is 3. The — sign in front of 3* means the opposite of 3°. 
When we evaluate them, we see that the results are different: 


(—3)? = (—3)(—3) Read as “negative —3* = —(3-3) Read as “the opposite 
3 squared.” of the square of 3.” 


=9 —_ 
t 


Different results 


Using Your CALCULATOR The Parentheses and Negative Keys 


To compute (—3)’ with a reverse-entry scientific calculator, use the parentheses 


keys|(][)] and the change of sign key [+/—]. Notice that the change of sign key 


is different from the subtraction key | —|.To enter —3, press | +/— | after 
entering 3. 
(3 |+/-] J)] 1x2} f= 5 


If a direct-entry or graphing calculator is used to find (—3)*, press the negative 
key |(—)| before entering 3. 


( ‘eal x? ENTER (-3)¢ 


1.3. Operations with Real Numbers ES 


To compute —3” with a scientific calculator, think of the expression as —1 - 3°. 


First, find 3”. Then press |+/— |, which is equivalent to multiplying 3” by —1. 
3 |x7] | +/- —4 


A graphing calculator recognizes —3? as —1 - 3°, so we can find —3* by 
entering the following: 


(—)| 3 [2] JENTER ze 


-4 


Since the product 3 - 3 can be denoted by the exponential expression 3°, we say 
that 3 is squared. The opposite of squaring a number is called finding its square root. 

All positive numbers have two square roots, one positive and one negative. For 
example, the two square roots of 9 are 3 and —3. The number 3 is a square root of 
9, because 3” = 9, and —3 is a square root of 9, because (—3)” = 9. 

The symbol V_, called a radical symbol, is used to represent the positive 
(or principal) square root of a number. 


Principal Square Root 


A number b is a square root of a if b? = a. 


If a > 0, the expression Va represents the principal (or positive) square root 


of a. The principal square root of 0 is 0: 0 = 0. 


The principal square root of a positive number is always positive. Although 3 
and —3 are both square roots of 9, only 3 is the principal square root. The symbol 


V9 represents 3. To represent —3, we place a — sign in front of the radical: 


V9=3 and -V9=-3 


| EXAMPLE 7 | : \ Self Check 7 
Find each square root: 


Find each square root: 


1 
a V121 +b -V49 Og ne d. 0.09 a. V'36 6 


b. —V 100 —10 
Strategy In each case, we will determine what positive number, when squared, é 42 
produces the radicand. a 7 : 
WHY The symbol V indicates that the positive square root of the number e. V081 0.9 
written under it should be found. f —V/400 —20 
Solution Now Try Problems 55 and 59 
a. V121 = 11, because 117=121. _—_b Since V49 = 7, -V/49 = -7. 
i i 4 Teaching Example 7 Find each square 
.4/>==,b ~) ==, d. 0.09 = 0.3, b 0.3)? = 0.09. am 
G 4/7 = 57 because (5) ri cease (2) Mm a Vis b. -V8i 
V2 a. V025 
: Answers: 
IZ¥ Use the order of operations rule. a 12 b-9 «2 405 


We will often have to evaluate expressions involving several operations. For 
example, consider the expression 3 + 2-5. To evaluate it, we can perform the 
addition first and then the multiplication. Or we can perform the multiplication first 
and then the addition. However, we get different results. 
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Self Check 8 


Evaluate: 

a. —9 + 2(-4)° 

b. 20 + (—5) — (—6)(—5) + (-12) 
Now Try Problems 63 and 67 


Self Check 8 Answers 
a. 23 b. —46 


Teaching Example 8 Evaluate: 
a. —7 + 3(—5)? 

be 316: = 26) = 7 
Answers: 

a. 68 b. 44 


Method 1: Add first Method 2: Multiply first 
34+42°-5=5:-+5° Add3 and 2 first. 34+2-5=3+10 Multiply 2 and 5 first. 
= 25 Multiply. = 13 Ada. 
t t 


Different results 


This example shows that we need to establish an order of operations. Otherwise, 
the same expression can have two different values. To guarantee that calculations 
will have one correct result, we will use the following set of priority rules. 


Order of Operations Rule 


Perform all calculations within parentheses and other grouping symbols, 
following the order listed in steps 2-4 and working from the innermost 
pair to the outermost pair. 


Evaluate all exponential expressions (powers) and roots. 
Perform all multiplications and divisions as they occur from left to right. 


Perform all additions and subtractions as they occur from left to right. 


When all grouping symbols have been removed, repeat steps 2-4 to complete 
the calculations. 


If a fraction is present, evaluate the expression above the bar (the numerator) 
and the expression below the bar (the denominator) separately. Then simplify 
the fraction, if possible. 


To evaluate 3 + 2-5 correctly, we follow steps 2, 3, and 4 of the order of 
operations rule. Since the expression does not contain any powers or roots, we 
perform the multiplication first, followed by the addition. 


3+2-5=3+4+10 Ignore the addition for now and multiply 2 and 5. 
= 13 Next, perform the addition. 


We see that the correct answer is 13. 


OTE Evaluate: a —5 + 4(-3) b. -10 +5 —5(3) +6 


Strategy We will scan the expression to determine what operations need to be 
performed. Then we will perform those operations, one at a time, following the 
order of operations rule. 


WHY If we don’t follow the correct order of operations, we will not get the 
correct value. 


Solution 

a. Although the expression contains parentheses, there are no operations to 
perform within the parentheses. So we proceed with steps 2, 3, and 4 of the 
order of operations rule. 


—5 + 4(-3)7 


—5 + 4(9) _ First, evaluate the power: (—3)* = 9. 
= —5 + 36 Multiply. 
= 31 Add. Vv 


1.3. Operations with Real Numbers ees 


b. Since the expression does not contain any powers, we perform the 
multiplications and divisions, working from left to right. 


—10 + 5 — 5(3) + 6 = —2 — 5(3) + 6 Divide: -10 + 5 = -2. 
=-2-15+6 Multiply. 


=-17+6 Working from left to right, subtract: 
—-2-15= —17. 
=-11 Ada. a 


Grouping symbols serve as mathematical punctuation marks. They help 
determine the order in which an expression is evaluated. Examples of grouping 
symbols are parentheses ( ), brackets [ ], absolute value bars | |, and the 
fraction bar —. 


| EXAMPLE 9 [me Self Check 9 


a3-—(4-8) b. 2+ 3[-2- 84-37]  «|-45 + 30|(2 -7) nese ‘ 
a. (5 — = 
Strategy We will perform all calculations within parentheses and other b. —3[-2(5° — 3) + 4] -1 
grouping symbols first. c. 2|-25 — (—6)(3)| 
WHY This is the first step of the order of operations rule. Now Try Problems 71 and 79 
: Self Check 9 Answers 
Solution a. —32 b. 719 © 14 
a 3-(4- 8)’ =3- (-4)? Perform the subtraction: 4 — 8 = —4, 
=3- 16 Evaluate the power: (—4)* = 16. re i ae - pia 
=-13 Subtract. b. 4 + 3[5(3 — 1)° +5] 
e(4 = 11/467) #21 © (3) 
b. First, we work within the innermost grouping symbols, the parentheses. Answers: 


as 25) (be. 79 6 


2 + 3[-2 — 8(4 — 3*)] = 2 + 3[-2 — 8(4 — 9)] _ Find the power: 3° = 9. 
=2 + 3[-2 — 8(-5)] Subtract: 4 — 9 = —5. 


Next, we work within the outermost grouping symbols, the brackets. 


=2 + 3[-2 — (—40)] Multiply: 8(-—5) = —40. 
=2 + 3(—2 + 40) 


Since only one set of grouping symbols was needed, we wrote —2 + 40 within 
parentheses. 

=2 + 3(38) Add: -2 + 40 = 38. 

=2+ 114 Multiply. 

= 116 Add. 


c. Since the absolute value bars are grouping symbols, we perform the operations 
within the absolute value bars and the parentheses first. 


|—45 + 30|(2 — 7) = |-15|(—S) 
15(—5) Find the absolute value:|—15| = 15. 
= -75 Multiply. = 


Using Your CALCULATOR Order of Operations 


Scientific and graphing calculators are programmed to follow the rules for the 
order of operations. For example, when finding 3 + 2 - 5, both types of 
calculators give the correct answer, 13. 
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3 [+] 2[x]5 [= | 13 
3/+]2]<]5 [ENTER | 3¢e2e* 5 


13 


Both types of calculators use parentheses keys (| )| when grouping symbols 


are needed. To evaluate 3 — (4 — 8)’, we proceed as follows. 
3 [=] [C 4 [=] 8 D] [2] [= | —13 
3 [=] [0 4 [=] 8 D] [2] [ENTER] | 3- (4-8)F 


N 


-13 


Both types of calculators require that we group the terms in the numerator 
together and the terms in the denominator together when calculating the value 


of an expression such as an + Tae 
(|200[+]120[][=][G 20[—}16D][= | 40 
(]200[+]120[)][=][20[—]16) eS hkl +120)/(20-1b) 
40 


If parentheses aren’t used when finding an + in , you will obtain an incorrect 


result of 190. That is because the calculator will interpret the entry as 
200 + 3° — 16. 


EB Evaluate algebraic expressions. 


Recall that an algebraic expression is a combination of variables and numbers with 
the operations of arithmetic. To evaluate these expressions, we substitute specific 
numbers for the variables and then apply the order of operations rule. 


Self Check 10 Ifa = —2,b = 9,andc = —1, evaluate: 


Ifr = 2,s = —5, andt = 3, 


is —aV/b + 33 
evaluate: a. — 34 b. ~ge= 5) 
c(c — 
a. —49°¢ 125 
V—5s 5 Strategy We will replace each a, b, and c in the expression with the given value 
“(tor 8 of the variable and evaluate the expression using the order of operations rule. 


Now Try Problems 95 and 97 ; : F 
pei bre’ : WHY To evaluate an expression means to find its numerical value, once we know 


Teaching Example 10 If a = 16, the value of its variable(s). 
b = —3, and c = —4, evaluate: F 
<x 5 eke ot Solution 
i cae a. We substitute —2 for a and use the order of operations rule. 
Answers: 
a. —96 b. i = 1 Bn! day Substitute —2 for a. Write parentheses around —2 so that 
ae ~ 2 it is squared. 
1 2 
== 54) Evaluate the power: (—2)" = 4. 
=-2 Multiply. 
—aVb+3e =(=2)V9 + 3(-17 
b. ( ) = 1(-1—9) Substitute —2 for a, 9 for b, and —1 for c. 
c(c — =1(-1- 
=(=2)(3) 4 3(=1 In the numerator, evaluate the square root 
a ( ot. ) and the power: V9 = 3and (-1)? = -1. 


In the denominator, subtract. Vv 


1.3 Operations with Real Numbers | 33 


2(3) + 3(-1) 
= 10). In the numerator, simplify: -(—2) = 2. 
_ 6+ (-3) In the numerator, multiply. In the 
10 denominator, multiply. 
= 2 In the numerator, add. 
10 , a 


Using Your CALCULATOR Evaluating Algebraic Expressions 


Graphing calculators can evaluate algebraic expressions. For example, to 


evaluate 
—aV/b + 3c° 
c(c — b) 


(Example 10, part b) using a TI-84 Plus calculator, we first enter the values of 


a = —2,b = 9,andc = —1, using the store key 


See figure (a). 


STO 


(—)| 2 |STO] | ALPHA] |A| | ALPHA 


9 |STO) | ALPHA] |B} |; ALPHA 


and the} ALPHA| key. 


This enters a = —2. 


This enters b = 9. 


(—)] 1 [STO] [ALPHA] [C] [ALPHA 


Next, enter the expression as shown in figure (b) and press 
that the value of the expression is 0.3. To express the result as a fraction, press 


MATH], highlight >» Frac, and then press 


“S3A SB: -140: 


This enters c = —1. 


ENTER|to find 


ENTER 


ENTER |. See figure (c). 


724Ai SSB: 
Be Base soe ee 


PilsdGo & = 


(b) 
T2FAE SSBE -143C8 ¢ - 
AL CBa+sc7So-cCtc 
-BI3 
nal 
Ars Freer, 
2-18 
1a. -9 b. -916 a} d -4 2a. -19 bo -45 « -2 di -6 @ 16 
3. a. -30 b. 328 « -i d.-108 4a -11 b12 5a-2% bw 
6. a. -27 b. 064 «16 da 72a.6 b-10 «2 dl e@09 Ff. —20 
8. a. 23 b. —-46 9a, -32 b. 719 «14 10a. 125 b -3 
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STUDY SKILLS CHECKLIST 


getting the Most from the Study Sets 


The following checklist will help you become familiar with the Study Sets in this book. Place a 


check mark in each box after you answer the question. 


[| Answers to the odd-numbered Study Set problems 
are located in the appendix on page A-3. On what 
page do the answers to Study Set 1.6 appear? 


Each Study Set begins with Vocabulary problems. 
How many Vocabulary problems appear in Study 
Set 1.6, which begins on page 68? 


Following the Vocabulary problems, you will see 
Concepts. How many Concepts problems appear 
in Study Set 1.6? 


Following the Concepts problems, you will see 
Notation problems. How many Notation problems 
appear in Study Set 1.6? 


After the Notation problems, Guided Practice 
problems are given which are linked to similar 
examples within the section. How many Guided 
Practice problems appear in Study Set 1.6? 


[] After the Guided Practice problems, Try It 
Yourself problems are given and can be used to 
help you prepare for quizzes. How many Try It 
Yourself problems appear in Study Set 1.6? 


_] Following the Try It Yourself problems, you will see 
Applications. How many Applications problems 
appear in Study Set 1.6? 


[| After completing the Application problems, a few 
Writing problems are given. How many Writing 
problems appear in Study Set 1.6? 


| Lastly, each Study Set ends with a few Review 
problems. How many Review problems appear in 
Study Set 1.6? 


9b PL ‘OC ‘Sb ‘Tb Sb p-V ssuamsuy 


SECTION 1.3. STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. When we add two numbers, the result is called the 
sum_, When we subtract two numbers, the result is 
called the difference , 


2. When we multiply two numbers, the result is called the 
product_, When we divide two numbers, the result is 
called the quotient _, 


3. The _reciprocal_of 3 is 2. 


4. In the exponential expression x”, the _base_is x and 2 is 


the exponent | 


5. 6° can be read as “six squared ” and 6° can be read as 
“six cubed ” 


6. We read V25 as the square _root_ of 25, 


7. In the expression 9 + 6[22 — (6 — 1)], the _parentheses_ 


are the innermost grouping symbols, and the brackets 
are the _outcrmost_ grouping symbols. 


8. To _evaluate_ an algebraic expression, we substitute 
values for the variables and then apply the order of 
operations rule. 


P Selected exercises available online at 
www.wehbassign.net/brookscole 


[| CONCEPTS 
9. Fill in the blanks. 
a. An exponent indicates repeated _multiplication 


b. Subtraction is the same as adding the _opposite_ of 
the number being subtracted. 


c. When multiplying signed numbers, an odd number 
of negative factors gives a negative product. An 
even number of negative factors gives a _Positive 
product. 


> 10. a. What is the related multiplication statement for 


the division statement = 0? 6-0=0 

b. Why isn’t there a related multiplication statement 
for 69 There is no number q such that 6 = 0° gq. 

c. Fill in the blanks: if x # 0,2 =0 and 9 is 

undefined . 
11. Consider the expression 6 + 3-2. 

a. In what two different ways might we evaluate the 

given expression? addition first or multiplication first 


b. Which result from part a is correct and why? 
12; multiplication is performed before addition 


> 12. In what order should the operations be performed to 
evaluate 60 — (—9)? + 5(-1)? 
power, multiplication, subtraction, addition 


I NOTATION 


> 13. Translate each expression into symbols, and then 
evaluate it. 


a. Negative four, squared (—4)° = 16 
b. The opposite of the square of 4 —4° = —16 
14. What is the name of the symbol V_ ? 


radical symbol or square root symbol 


[| GUIDED PRACTICE 


Perform the operations. See Examples 1 and 2. 


15. —3 + (—5) -8 16. —2 + (—8) —10 

17. —7.14+ 2.8 —4.3 18. 3.1 + (—5.2) -2.1 
19. -9 + (-8)+4-13 20. 2 + (-6) + (-3) -7 
21. ++(-4): 22, -3+(-4) _? 
23. -3- 4-7 p> 24. —11 — (-17) 6 

25. —3.3 — (—3.3) 0 26. 0.14 — (—0.13) 0.27 


3 1 11 1 
27. Subtract — 5 from 2 i 28. Subtract B from 6 -3 


6 1=s=60 4: 90.5=-3)=2% 


Perform the operations. See Examples 3-5. 


31. —2(6) —12 32. —3(7) -21 
33. —0.3(5) -15 34. —0.4(—0.6) 0.24 
35. —5(6)(—2) 60 36. —9(—1)(—3) —27 
(CF) 6 nae -SIC8): 
39. =e -2 40. = -4 

4 —4 
41. = -14 42. sue -13 

—6 6 

—12 —1.5 
a 16. ( aE pte eo ee 

5 3 24° 3~«24 


Evaluate each expression. See Example 6. 


47. 6° 1,296 48. 2° 32 
49. (—7.9)* 62.41 Pm 50. (—4.6)” 21.16 
P51. —57 -25 52. —8* -64 


3 3 4 3 
53. (-2) “a 54. (-2) -¥ 
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Find each square root. See Example 7. 


55. V64 8 56. V/121 11 
57, ~\/ 81 58. —V/36 —6 
_ |? 3 _ {81 4 
p> 59. at 60. a 
61. 0.04 0.2 » 62. 0.64 0.8 


Evaluate each expression. See Example 8. 


63. 3 —5°4 -17 64. 12 —-2-36 
65. 4-23 32 > 66. 4-5° 500 

67. —12 + 3-2 -8 68. —18 + 6:3 -9 
69. 7° — (-9)? -32 > 70. 47 — (-8) -48 


Evaluate each expression. See Example 9. 

71. (4+2-3)* 10,000 p72. |9 — 5(1 — 8)| 44 

73. (-3 — V25)° 64 74, (-1 — V144)° 169 

75. —2|4 — 8| -8 > 76. |V/49 — 8(4 - 7)| 31 

77.2+ (2) + (-4) 13. 78, (a(S) 24 

79. 30 + 6[—4 — 5(6 — 4)*] —114 

80. 7 — 12[7* — 4(2 — 5)7] -149 

81. 3 — [3° + 3 — 1)*] ~32 

pm 82. 8 — 4|-(3-5 — 2-6)7| -28 

©1O-(a iQ CY) 

3\6 3 " 2\8 4) 8 


2-5 , t=) 


|—25| — 2(-5) 27[-4-23-1)] , 
Ts — ae 88. 3(3)(2) 

3[-9 +207 = 3) 4 (6 — 5)* +21 
B= 59-7) > a7 (Vi 


Evaluate each expression for the given values. See Example 10. 
Os 2.7 
91. —34 fora = —6 —24p 92. —34 for a = —6 16 


63, 2 ee Sy 8 SH ee 
X2— X41 


kt 
94. (1 +2) for P) = 500,r = 4,k = 2,t = 3 364,500 


95. (x + y)(x? — xy + y’) forx = —4,y =5 61 


2 2. 
96. re 3,y=—-4,a=5,b=-51 
—b+ Vb -4 
> 97. 5 “fora =1,b=2,c=-31 
a 


98. 5a + (n — 1)d] forn = 50, a, = —4,d =5 5,925 
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99. V(x az ey + (2 > yy)" for Po =. x2 >= 4, 
y= 4, and y, = —4 10 
|Axp + Byo + C| 


100. for A = 3, B = 4,C = —5, x9 = 2, 
and yp = —12 

101. —n(4n? — 27m’)? for m = sandn = 3 4 
—s* +1 + 167? 

102. E ” for s = 10 and r = } —14 


37-2 


I APPLICATIONS 


> 103. INVESTMENT IN BONDS In the following graph, 
positive numbers represent new cash inflow into USS. 
bond funds. Negative numbers represent cash 
outflow from bond funds. Was there a net inflow or 


outflow over the 10-year period? What was it? 
There was a net inflow of $390 billion. 


New Net Cash Flow to U.S. Bond Funds 


(in billions of dollars) 
140 
88 
715 
61 
28 i: 31 
‘1 i 
“y - 
-50 


1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 


Source: Investment Company Institute 


104. ACCOUNTING On a financial balance sheet, debts 
(negative numbers) are denoted within parentheses. 
Assets (positive numbers) are written without 
parentheses. What is the 2003 fund balance for the 
preschool whose financial records are shown in the 
table? $(967) 


Community Care Preschool 


Balance Sheet, June 2003 
Fund balances 

Classroom supplies | $5,889 
Emergency needs 927 
Holiday program — (2,928) 
Insurance 1,645 
Janitorial (894) 
Licensing 715 
Maintenance (6,321) 


BALANCE i 


> 105. TEMPERATURE EXTREMES The highest and 
lowest temperatures ever recorded in several cities 
are shown in the table. List the cities in order, from 
the smallest to the largest range in temperature 
extremes. New York, Atlanta, Boise, Omaha, Helena 


Extreme 
temperatures 
City Highest Lowest 

Atlanta, Georgia 105 = 
Boise, Idaho iii = 25) 
Helena, Montana 105 =) 
New York, New York 107 =3 
Omaha, Nebraska 114 = 73) 


> 106. PHYSICS Waves are motions that carry energy 
from one place to another. The illustration shows an 
example of a wave called a standing wave. What is 
the difference in the height of the crest of the wave 
and the depth of the trough of the wave? (m stands 
for meter.) 1.2m 


0.8m 


107. PEDIATRICS Young’s rule, shown below, is used 
by some doctors to calculate the dose for infants and 
children. 


Age of child ( average 
Age of child + 12 \adult dose 


) = child’s dose 


OAS AS 1A-G1A 
| a Sar AANaMaA tT TH 
Ce j r 


6-year- Adult dose 


old's dose 


The syringe shows the adult dose of a certain 
medication. Use Young’s rule to determine the dose 
for a 6-year-old child. Then use an arrow to locate 
the dose on the calibration. 9 

» 108. DOSAGES The adult dosage of procaine penicillin 
is 300,000 units daily. Calculate the dosage for a 
12-year-old child using Young’s rule. (See Exercise 
107.) 150,000 units 
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J} WRITING -) 112. Place the proper symbol (> or <) in the blank: 
109. Explain what the statement x — y = x + (—y) ~46 45 
means. 113. Write the set of integers. { ... ,—2,—1,0,1,2, ... } 
> 110. Explain why the order of operations rule is 114, Translate into mathematical symbols: ten less than 
necessary. twice x. 2x — 10 
a 115. True or false: The real numbers is the set of all 
J REVIEW = decimals. true 
111. What two numbers are a distance of 5 away from —2 116. True or false: Irrational numbers are 
on the number line? —7 and 3 nonterminating, nonrepeating decimals. true 


Simplifying Algebraic Expressions Using 


Properties of Real Numbers 


In algebra, we frequently replace one algebraic expression with another that is 
equivalent and simpler in form. That process, called simplifying an expression, often 
involves the use of one or more properties of real numbers. 


iB Identify terms, factors, and coefficients. 


Addition signs separate algebraic expressions into parts called terms. For example, 
the expression 3x” + x + 4 has three terms: 3x”, x, and 4. 

In general, a term is a product or quotient of numbers and/or variables. A single 
number or variable is also a term. Examples of terms are: 


4: yy, Fr, -—w, 3.7%, 7 —1S5ab? 


Since subtraction can be written as addition of the opposite, the expression 
6a — 5b can be written in the equivalent form 6a + (—5b). We can then see that 
6a — 5b contains two terms, 6a and —5b. 

A term such as 9, that consists of a single number, is called a constant term. 

The numerical factor of a term is called the numerical coefficient or simply the 
coefficient of the term. The coefficients of the terms of the expression 3x* + x + 4 
are 3, 1, and 4, respectively. The coefficients of the terms of 6a — 5b are 6 and —S, 
respectively. 

It is important to be able to distinguish between the terms of an expression and 
the factors of a term. 


| EXAMPLE 1 | ) Self Check 1 
Identify the coefficient of each term of 5n* + 10n* — n — 2. sues 


Identify the coefficient of each 
Strategy First, we will write each subtraction as addition of the opposite so that term of m? — 2m? + 3m + 4. 


we can identify the terms of the expression. Then we will identify the coefficient Now Try Problem 19 


of each term. Self Check 1 Answers 
WHY Addition symbols separate algebraic expressions into terms. slices 


Solution Teaching Example 1 Identify the 


If we write 5n° + 10n* — n — 2 as 5n? + 10n? + (—n) + (—2), we see that it has Goetiau) Ot Gael Vetsn OF 


. cs Ta* — 10a* + 12a* — Sa + 4 
four terms: 5n°,10n’,—n, and —2. The numerical factor of each term is its Andweee 


coefficient. Yo & a6) (0 =§ 4 
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The coefficient of 51° is 5 because 5n° means 5: n°. 
The coefficient of 107 is 10 because 10n”? means 10: n?. 
The coefficient of —n is —1 because —n means —1- n. 


The coefficient of the constant term —2 is —2. 


EA Identify and use properties of real numbers. 


The following properties of real numbers are used to simplify algebraic expressions. 


Properties of Real Numbers 


If a, b, and c represent real numbers, we have 

The commutative properties of addition and multiplication 
at+b=b+t+a ab = ba 

The associative properties of addition and multiplication 


(at+b)+c=at+(b+0c) (ab)c = a(bc) 


The commutative properties enable us to add or multiply two numbers in either 
order and obtain the same result. Here are two examples. 


3 + (-5) = -2 and -5+3=-2 
~2.6(-8)=208 and ~—8(-2.6) = 20.8 


The Language of Algebra Commutative is a form of the word commute, 


meaning to go back and forth. Commuter trains take people to and from work. 


We can use the commutative properties (and other properties of real numbers) 
to write equivalent expressions. Equivalent expressions represent the same number. 
For example, x + 3 and 3 + x are equivalent expressions because for each value of 
x, they represent the same number. For instance, if x = 6, both expressions represent 


9. If x = —4, both expressions represent —1, and so on. 
Ifx =6 Ifx=-4 
x+3=6+3 3+x=3+6 x¥+3=-4+3 3+x=3+ (-4) 
=9 =9 =-—| =-] 
i t t t 


Subtraction and division are not commutative, because performing these 
operations in different orders will give different results. For example, 
8-4=4 but 4—-8=-4 
1 


S429 hie 22 Re" 
. 2 


The associative properties enable us to group the numbers in an addition or 
multiplication any way that we wish and get the same result. For example, 


(19 + 7) +3 = 26+ 3 = 29 and 19 + (7+ 3) = 19 + 10 = 29 
(4-2)6 = 8-6 = 48 and 4(2- 6) = 4-12 = 48 


1.4 Simplifying Algebraic Expressions Using Properties of Real Numbers | 39 


The Language of Algebra Associative is a form of the word associate, 


meaning to join a group. For example, the National Basketball Association 
(NBA) is a group of professional basketball teams. 


Subtraction and division are not associative, because different groupings give 
different results. For example, 


(8-—4)-2=4-2=2 but 8— (4-2) =8-2=6 
(8+4)+2=2+2=1 but 8+ (4+2)=8+2=4 


The real numbers 0 and 1 have important special properties. 


Properties of 0 and 1 

Additive identity: The sum of 0 and any number is the number itself. 
O+ta=at+0=a 

Multiplicative identity: The product of 1 and any number is the number itself. 
l-a=a:‘l=a 

Multiplication property of 0: The product of any number and 0 is 0. 
a‘0=0-a=0 


For example, 


74+0=7, 1(54)=54, (-Z)1 ee ee ee 


If the sum of two numbers is 0, they are called additive inverses, or opposites of 
each other. For example, 6 and —6 are additive inverses, because 6 + (—6) = 0. 
The Additive Inverse Property 


For every real number a, there exists a real number —a such that 


a+ (-a) = a=0 


If the product of two numbers is 1, the numbers are called multiplicative 
inverses or reciprocals of each other. 


The Multiplicative Inverse Property 


For every nonzero real number a, there exists a real number - such that 


1 
=-qa=1 
a 


Some examples of reciprocals (multiplicative inverses) are 
e Sand k are reciprocals, because 5(5) =1. 

3 2 : 3f2\ 
° 5 and 3 are reciprocals, because 3(2) =1. 


e —0.25 and —4 are reciprocals, because —0.25(—4) = 1. 


Self Check 2 


Use the given property to 
complete each statement. 


a. —23 + 23 = 0 (Additive 
inverse property) 


1 
b. -16(4 . 7) = (-16-3)-7 
(Associative property of 
multiplication) 
Now Try Problems 23 and 27 
Teaching Example 2 Complete each 


statement so that the indicated 
property is illustrated. 


5 

met = 1 (Multiplicative inverse 
property) 

bi. = Sie = 0 (Additive inverse 
property) 

e4+x= (Commutative 
property of addition) 

Answers: 


af b3 ax+4 
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Caution! The reciprocal of 0 does not exist, because 7 is undefined. 
| EXAMPLE 2 | Complete each statement so that the indicated property is 


illustrated. 

a. (14 + 92) + 8 = (Associative property of addition) 
b. . —— = z (Multiplicative identity property) 

c x-5= (Commutative property of multiplication) 


Strategy For problems like these, it is important to have memorized the 
properties of real numbers by name. To fill in each blank, we will determine in 
what way the indicated property enables us to write an equivalent expression. 


WHY We should memorize the properties of real numbers by name because 
their names remind us how to use them. 


Solution 
a. To associate means to group together. The associative property of addition 
enables us to group the numbers in a different way. Thus, we have 


(14 + 92) +8 = 14 + (92 + 8) (Associative property of addition) 
Note that the order of the numbers on each side of the statement remains the same. 
b. The word identical means to be exactly the same. The multiplicative identity 
property indicates that if we multiply i by 1, it remains the same. Thus, we have 


7 7 
6 A= 6 (Multiplicative identity property) 


c. To commute means to go back and forth. The commutative property of 
multiplication enables us to change the order of the factors. Thus, we have 


x+5 = 5+x (Commutative property of multiplication) BE 


Recall that when a number is divided by 1, the result is the number itself, and 
when a nonzero number is divided by itself, the result is 1. 


Division Properties 


Division by 1: If a represents any real number, then [ = a. 


Division of a number by itself: For any nonzero real number a, © = 1. 


There are three possible cases to consider when discussing division involving 0. 


Division with 0 
Division of 0: For any nonzero real number a, : = 0. 


Division by 0: For any nonzero real number a, 5 is undefined. 


Division of 0 by 0: Q is indeterminate. 


To show that division of 0 by 0 is indeterminate, we consider 7 = ? and its 
equivalent multiplication fact 0(?) = 0. 
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Multiplication fact Division fact 
0 
0(?) = 0 ~=? 
() : 
t t 
Any number multiplied by O gives O. We cannot determine this—it could be any number. 


EB Simplify products. 


The commutative and associative properties of multiplication can be used to 
simplify certain products. For example, let’s simplify 6(5x). 


6(5x) = 6:(5+x) Rewrite 5xas5-x, 
= (6°5)*x Use the associative property of multiplication to group 5 with 6. 
= 30x Multiply within the parentheses. 


Since 6(5x) = 30x, we say that 6(5x) simplifies to 30x. 


1/1 Self Check 3 
Simplify: a. 9(102) b. —5.3r(—2s) c 2ta(2) Simplify: 
a. 14-35 42s 
Strategy We will use the commutative and associative properties of b. —1.6b(3t) —4.8br 
multiplication to reorder and regroup the factors in each expression. a= 3 x(—9) 6x 
WHY We want to group all of the numerical factors of an expression together so Now Try Problems 35 and 39 


that we can find their product. 
Teaching Example 3 Simplify: 


Solution a. 5x(9) b. 6(3a)_. (2)o(=22) 
a. 9(102) = (9: 10)t Use the associative property of multiplication to regroup the Answers: 
factors. a. 45x b. 18a ce. — Bb 
= 90t Multiply within the parentheses: 9 - 10 = 90. 


b. —5.3r(—2s) = [-5.3(-2)](r+s) Use the commutative and associative properties 
to group the numbers and group the variables. 


= 10.6rs Multiply within the brackets. 
21 /1 21/1 Use the commutative property of multiplication to change 
C. a = a 
2 \3 2X3 the order of the factors a and - 
ey ite Bake Ot. es. oF 
2 we eg gaa = 2-5 ~ "2° P| 


9 Use the distributive property. 


Another property that we can use to simplify algebraic expressions is the 
distributive property. To introduce it, we will evaluate 4(5 + 3), in two ways. 


Method 1 Method 2 
Use the order of operations: Distribute the multiplication: 
4(5 + 3) = 4(8) 4(5 + 3) = 4(5) + 4(3) 
= 32 = 20+ 12 
= 32 


The Language of Algebra _ To distribute means to give from one to several. 


You have probably distributed candy to children coming to your front door on 
Halloween. 
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Each method gives a result of 32. This observation suggests the following property. 


The Distributive Property 


The distributive property of multiplication over addition 
If a, b, and c represent real numbers, 


a(b + c) = ab + ac 


Self Check 4 | EXAMPLE 4 | : : Poe ) 
= es Multiply by using the distributive property to remove 


Multiply by using the distributive — parentheses: a. 6(a+9)  b. —15(4b—1)  « —(—21 — 20m) 
property to remove parentheses: 
a. 9(r + 4) 9r + 36 Strategy We will distribute the multiplication by the factor outside the 


b. —11(-3x — 5) 33x +55 parentheses over each term within the parentheses. 


c. —(—27k + 15) 27k — 15 WHY We cannot simplify the expression within the parentheses. To multiply, we 
Now Try Problems 43 and 47 must use the distributive property. 


Teaching Example 4 Multiply by using Solution 
the distributive property to remove 


parentheses: a. 6(a + 9) =6-a+6°9 Distribute the multiplication by 6. 

a. x —4) b. —3(5x — 4) 

c. —(5x — 3) d. —6(2x + 3) = 6a + 54 Multiply. 

Answers: 

a. 9 — 36 be —15e+ 12 

Set a = ea 18 b. —15(4b — 1) = —15(4b) — (—15)(1) _ Distribute the multiplication by —15. 


= —60b + 15 Multiply. 


The Language of Algebra When we use the distributive property to write a 
product, such as 6(a + 9), as the sum, 6a + 54, we say that we have removed or 
cleared parentheses. 


c. To use the distributive property to simplify —(—21 — 20m), we interpret 
the — symbol as a factor of —1, and proceed as follows. 


(—21 — 20m) = —1(-—21 — 20m) Write the — sign in front of the 
parentheses as —1. 


—1(—21) — (-1(20m) _ Distribute the multiplication by 
=, 


= 21+ 20m Multiply. 
= 20m + 21 Write the variable term of the 
answer first. | 


A more general form of the distributive property is the extended distributive 
property. 
aib+c+dt+et+-:)=ab+act+ad+aert::: 


Since multiplication is commutative, we can write the distributive property in 
the following forms. 


(b+ c)la=bat+ca, (b-c)la=ba-—ca, (b+c+d)a=ba+ca+ da 
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: 
Multiply: a. —0.5(7 — 5y + 6z) b. (8x — 3y)5 Multiply: 
a. 0.8(—6t + 3s — 10) 
Strategy We will multiply each term within the parentheses by the factor 3 
outside the parentheses. b. (10a + 16b)= 


WHY We cannot simplify the expression within the parentheses. To multiply, we Now Try Problems 55 and 59 
must use an extension of the distributive property. 
Self Check 5 Answers 


Solution a: —46i + 24s—8 
Po ae b. 6a + 8p 
a. —0.5(7 — Sy + 6z) 


~0.5(7) — (—0.5)(5y) + (—0.5)(6z) Distribute the multiplication by —0.5. eee ee 


a. —0.3(8 — 4m — 2n) 


= —3.5 + 2.5y —3z Multiply. b. (6x + 12y)3 
= 2.5y — 3z — 3.5 Write the variable terms of the answer Answers: 
first a. —2.4 + 1.2m + 0.6n 


ro b. 4x + 8y 
3 


3 3 
b. (8x — 3y) “i (8x) > Gy)5 Distribute the multiplication by 3. 


wees Multipl 
3 ee 
= 12x - 2, Simplify. 
2 a 


3 Combine like terms. 


Before we can discuss methods for simplifying algebraic expressions involving 
addition and subtraction, we must define like and unlike terms. 


Like Terms 


Like terms are terms with exactly the same variables raised to exactly the 


same powers. Any constant terms in an expression are considered to be like 
terms. Terms that are not like terms are called unlike terms. 


Here are some examples of like and unlike terms. 


5x and 6x are like terms. 27x*y* and —326x’y® are like terms. 
4x and —17y are unlike terms, because 15x7y and 6xy” are unlike terms, because 
they have different variables. the variables have different exponents. 


If we are to add (or subtract) objects, they must have the same units. For 
example, we can add dollars to dollars and inches to inches, but we cannot add 
dollars to inches. The same is true when working with terms of an expression. They 
can be added or subtracted only when they are like terms. 

Simplifying the sum or difference of like terms is called combining like terms. 
To simplify expressions containing like terms, we use the distributive property in 
reverse. For example, 


ee, ma 


5x + 6x = (5+ 6)x and 32y — 16y = (32 — 16)y 
= 11x = loy 


Self Check 6 


Simplify by combining like 
terms: 

a. 5k + 8k 
b. —600a" 

C. ox — 3xy 
d. c + 32d” — 19c — 20d” 
Now Try Problems 65,67, and 71 


Self Check 6 Answers 
a. 13k b. 300a? 


& gay d, 12d” = 18c 


(—800a*) + 100a? 


Teaching Example 6 Simplify by 
combining like terms: 

as —14x + 12x 

by Og + 12e* = 5:97" 

6 122 (34x) = (RH 2) 
Answers: 

a, —2e b. 4.19? ©. —2.5x 


Self Check 7 
Simplify: 
a. 44a* — 2(10a* — a*) — a? 
b. 12(3r? + 47) + 12(3r) 
Now Try Problems 79 and 85 
Self Check 7 Answers 


a. 24a? + a? 
b. 107? + 11r 
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These examples suggest the following general rule. 


Combining Like Terms 


Like terms can be combined by adding or subtracting the coefficients of the 
terms and keeping the same variables with the same exponents. 


| EXAMPLE 6 | Simplify by combining like terms: a. —8f + 12f 


1 1 
b. 0.6s° — 0.25? — (-0.98°) —5ab + 300 d. 16n + 8n? — 42n + 4n* 
Strategy We will use the distributive property to add (or subtract) the 
coefficients of the like terms. 


WHY To combine like terms means to add or subtract the like terms in an 
expression. 


Solution 
a. Since —8f and 12f are like terms with the common variable f, we can combine 


them by adding the coefficients of the like terms and keeping the variable /. 
—8f +12f =4f Think: (—8 + 12)f = 4f. 


b. 0.657 — 0.25? — (—0.9s*) = 0.65? — 0.257 + 0.95° Add the opposite of —0.98°. 


= 135° Think: (0.6 — 0.2 + 0.9)s° = 
1.38". 
1 1 3 1. “2 Build each fraction into an equivalent fraction 
c ab + =ab = *-ab + —:—ab ; ; 
2 23 3 9 that has the LCD 6 for its denominator. 
3 2, Multiply the numerators. Multiply the 
= ——ab + —ab ih Ply 
6 6 denominators. 
ag Think: (-2 + 2)ab = —Lab 
= 62 ink: (—§ + gab = —gab. 


d. We will combine the n-terms and combine the n?-terms. 


16n + 8n* — 42n + 4n? = —26n + 12n* Think: (16 — 42)n = —26nand 


(8 + 4)n? = 12n?. 


= 12n* — 26n 


Write the terms of the result in 
descending powers of n. | 


Success Tip We can use the commutative property of addition to reorder the 


terms of the result. It is standard practice to write such answers in descending 
powers of the variable. 


| EXAMPLE 7 | Simplify each expression: 


4 
a. 20b7 — 5(33b7 +1) +8 b. 6(3a = =) + 6(24) 


Strategy We will use the distributive property to remove parentheses and then 
combine any like terms. 


WHY Since we cannot simplify the expressions within the parentheses, we will 
perform the indicated multiplication. v 
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Solution Teaching Example 7 Simplify each 
vias 2 = 2 2 er a ee expression: 
a. 20b° — 5(3b° + 1) + 8 = 20b 15b° —-5 +8 — the multiplication a. 5(3x? +2) — 42x? — 1) + 5(3) 
; ome b. (1x — 3) + 4(4x +1) 
= 5b° +3 Combine like terms. per 
3 4 5 3 4 5 Distribute the a. 7x* + 29 
b. 6($a *) - 6(24) 7 6(32) 6(5) 6(24) multiplication by 6. b. 3x +1 
18 24 = 30 
5 d aE d Multiply. 
= 9d—-—8+5d Simplify each fraction. 
= 14d —- 8 Combine like terms. a 
Self Check 8 
SCE simpiity. 3x + 4fox — 20 + 8)] See 
Simplify: 
Strategy We will simplify the expression by working from the innermost 8t — 4[10¢ + 2(2¢ + 1) — 3] 
grouping symbols (the parentheses) to the outermost grouping symbols (the Now Try Problem 87 
brackets). Self Check 8 Answer 
WHY To simplify expressions, we follow the order of operations rule. re 
Solution Teaching Example 8 Simplify: 
4r + 3[5r — 2(2r + 3)] 
A : 
3x + 4[6x — 2(7x + 8)] = 3x + 4[6x — 14x — 16] Remove the innermost ats 


parentheses by distributing 
the multiplication by —2. 


= 3x + 4[—-8x — 16] Combine like terms within 
the brackets. 

= 3x — 32x — 64 Remove the outermost 
brackets by distributing the 
multiplication by 4. 


= —29x — 64 Combine like terms. | 


1. 1,-2,3,4 2.4.23 b.(-16-3)-7 3.4. 42s b. —4.8b¢ «. 6x 4 a. Or + 36 
b. 33x +55 « 27k-15 5.a, —48/+24s-8 b. 6a+ 8b 6. a. 13k b. 300d 
c. —pxy d. 12d*>-18c 7. a. 24a° +a? b. 107? + 11r 8. —48r+ 4 


STUDY SKILLS CHECKLIST 
Get the Most from Your Textbook 


The following checklist will help you become familiar with some useful features in this book. 
Place a check mark in each box after you answer the question. 


L] Locate the Definition for Algebraic Expressions on LJ Each chapter begins with From Campus to Careers 
page 3 and the Order of Operations Rule on page (see page 215). Chapter 3 gives information on 
30. What color are these boxes? how to become a fashion designer. On what page 


_] Find the Caution box on page 14, the Success Tip does a related problem appear in Study Set 3.5? 
box on page 27, and the Language of Algebra box L] Locate the Study Skills Workshop at the beginning 
on page 38. What color is used to identify these of your text beginning on page S-1. How many 
boxes? Objectives appear in the Study Skills Workshop? 


L‘L9T ‘poi ‘useIs :sIOMsUY 
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STUDY SET 


f VOCABULARY 
Fill in the blanks. 


1. 


8. 


A_term is a product or quotient of numbers and/or 
variables, such as 6r, —f°, and —- 

The _coefficient_ of the term —8c is —8. 

A term, such as 9, that consists of a single number is 
called a _constant_ term. 


To _simplify expressions, we use properties of real 
numbers to write equivalent expressions in a less 
complicated form. 

The _commutative properties of real numbers involve 
changing order and the _associative_ properties of real 
numbers involve changing grouping. 

We can use the _distributive property to remove 
parentheses in the expression 2(x + 8). 

_Like terms are terms with exactly the same variables 
raised to exactly the same powers. 

Simplifying the sum or difference of like terms is 
called combining like terms. 


I CONCEPTS 


9. 


10. 


11. 


a. Using the variables x, y, and z, write the associative 
property of addition. (x + y)+z=x+(y +z) 


b. Using the variables x and y, write the 
commutative property of multiplication. xy = yx 


c. Using the variables r, s, and f, write the 
distributive property of multiplication over 
addition. r(s + t) =rs +rt 


Complete each property of addition. Then give its 
name. 


a. a + (—a) = 0 add. prop. of opp. (inv. prop. of add.) 
b. a + 0 = a ident. prop. of add. 


ce. a+ b=b-+ a comm.prop. of add. 
d. (a + b) +c =a +t (bte) assoc. prop. of add. 


Complete each property of multiplication. Then give 
its name. 


a. a> b = b+ a comm. prop.of mult. 


b. (ab)c = a(be) assoc. prop. of mult. 


c. 0-a= 0 mult. prop. of 0 

d. 1+ a= a ident. prop. of mult. 
1 

e. a\| —] = 1 mult. inv. prop. 
a 


P Selected exercises available online at 
www.webassign.net/brookscole 


12. 


13. 


14. 


> 15. 


16. 


p> a. 2x, 6x yes, 8x 


Complete each property of division. 


a 
b —= 1 
a 


a, 
> d. os undefined 


a. What is the additive identity? 0 
b. What is the multiplicative identity? 1 
c. What is the additive inverse (opposite) of x? —x 


d. What is the multiplicative inverse (reciprocal) 
etx? * 


What number should be 

a. subtracted from 5 to obtain 0? 5 

b. added to 5 to obtain 0? —5 

By what number should 

a. 5 be divided to obtain 1? 5 

b. 5 be multiplied to obtain 1? + 

Are the terms listed here like terms? If they are, 
combine them. 

b. —3x, 5y no 


c. —5xy, —7yz no d. 2417, 240? no 


I NOTATION 


17. 


> 18. 


In —(x — 7), what does the negative sign in front of 
the parentheses represent? multiplication by —1 


Does the distributive property apply? 
a. 2(3)(5) no b. 2(3 +5) no 
c. 2(3x) no d. 2(x — 3) yes 


I GUIDED PRACTICE 


What are the terms of the expression? Give the coefficient of 
each term. See Example 1. 


19. 
20. 


> 21. 


22. 


3x° + 11x? — x + 9 3x9, 11x”, —x, 9:3, 11, -1,9 
2y* — y? + by + 4 2y4, -y3, 6y, 4; 2, -1, 6,4 

11 
12 


0.78m? — 1.55n — 0.99 
0.78m?, = 557, 0:99: 0.78, —1355, —0.99 


3 
4929 


3 
4 24 ii 3,2 , dil 
a a? T 25b sat’, qb ’ 25b; 12? 


Complete each statement so that the indicated property is 
illustrated. See Example 2. 


23. 
> 24. 


3 + 7=_7+3 (Commutative property of addition) 
2(5 +97) = _2:5)97_ (Associative property of 
multiplication) 


> 25. 


26. 


27. 
> 28. 


29. 


> 30. 


31. 


32. 
33. 
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3(2 + d) = 3:2 + 3d (Distributive property) 
1+ y =_y:! (Commutative property of 


multiplication) 


c+ 0 = © (Additive identity property) 


4(x -— 2) = 
simplifying) 


4x +8 (Distributive property and 


25 -—— = _| (Multiplicative inverse property) 


25 


z+(9-27)=_0 
of addition) 


27) + 


8+ (74 
addition) 


z_ (Commutative property 


a) = (8+7)+4 (Associative property of 


_| +3 =3 (Multiplicative identity property) 
(x + y)2 = 2 + y) (Commutative property of 


multiplication) 


34. h + (—h) = _°_ (Additive inverse property) 


Multiply. See Example 3. 


35. 
> 37. 


> 39. 
> 41. 


9(8m) 72m 
5(—9q) —45q 
7 

gxt-8) —49x 


—A(8r)(—2y) 64ry 


Multiply. See Example 4. 


43. 


45. 


47. 


49. 


51. 


53. 


9(9x + 2) 
81x + 18 


—4(—3t + 3) 
127 = 12 

~(24 — d) 

=24 + dord = 24 
2 

3" = 9) 

2s* — 6 

0.7(m + 2n) 
0.7m + 1.4n 


100(0.09x + 0.02y) 
Oy -e 2y 


Multiply. See Example 5. 


55. 


57. 


59. 


61. 


5(9t? — 12t — 3) 
45t7 — 60t — 15 


(3 _5 +3) 
3°° 37 3 
ay = Sy + 1 

1 
(16r + 24)= 


2b oS 


(y — 2)(-3) 


—3y +6 


36. 
38. 


40. 


42. 


44, 


46. 


48. 


50. 


> 52. 


54. 


56. 


> 58. 


60. 


62. 


12n(4) 48n 
—3(2t) —6r 


5 
9-*) —25r 


—6s(—4t)(-1) —24sr 


7(6y + 1) 
42y +7 


—4(—Sy + 3) 
20y — 12 

—(19 — w) 

—19 + worw — 19 
1 

—(5b° — 15 

a ) 
b-3 

2.5(6c — 8d) 

15c — 20d 


100(8.36x — 2.75y) 
836% = 215y 


25(2a” — 3a + 1) 
50a” — 75a + 25 


a wae 


=) Ae US. eae 


1 
(18q + ar 
2g 1 


(2t + 5)(—2) 
—4t — 10 


Simplify by combining like terms. See Example 6. 
63. 3x + 15x 18x 64. 
65. 0.7h — 3.8h —3.1h 66. 
67. 1.8x7 — 5.1x? + 4.1x7 0.8%? 
68. 3.7.x” + 3.3x7 — 11x? 5.9% 
p> 69. —8x + 5x — (—x) -2x 70. 


12y — 17y —Sy 
—5.7m + 5.3m —0.4m 


2 1 3 1 
71. 540 ( sab jab > 72. —4st a as — {3st 


Pg Vy i 3 5. 
73. a + ra ist 74. 1c a a Tox 
75. —9a + llad — 35a + ad 12ad — 44a 


76. —7a + 2ab — 7a + 12ab \4ab — 14a 
77. 4m —t—(—2m) + 3t 78. 14g +h —(~—g) — 8h 


6m + 2t 15g — 7h 
Simplify. See Example 7. 
79, 2x? + 4(3x — x”) + 3x —2x? + 15x 


> 80. 3p? — 6(5p* + p) + p® —26p? — 6p 
81. —3(p — 2) + 2(:p + 3) — 5(p — 1) -6p + 17 
82. 5(q + 7) — 3(q — 1) — (q+ 2) g + 36 


ss, 36(2:-2) +36(2) as 
oa 0o(2y—2) + 40(4) sor 
85. 24(3y 4 24( Sy) 17 y= 27 
86. 18( hw r 18( Zw) Sw — 63 
Simplify. See Example 8. 


87. 3[2(x + 2)] — 5[3(x — 5)] + 5x —4x + 87 
88. —5[3(x — 4) — 2x + 2)] — 7(x — 3) -12x + 101 


. 2| 6( Fa 2») s(4o 2») + 3| 56b + 6 


3 
90. 10] 5 (2s 


J TRY IT YOURSELF 

Simplify each expression. 

91. —(a+2A+1)—-(a-A+2) -2a-A-3 
p92. 37 —-2(t-7T)+ts5T-t 

93. 8(2cd + 7c) — 2(cd — 3c) 14cd + 62c 

94. 2tz + S5(tz — 4) — 10(8 — tz) 17% — 100 

95. 6.4a7 + 11.8a — 9.2a + 5.7 6.40? + 2.60 + 5.7 

96. 9.1m* — 6.1m + 12.3m — 4.9 9.1m? + 6.2m — 4.9 
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97. -tx = an =a 98. ~ 9 = 18” BY Number | Date | Description of Transaction] Payment/Debit 
99. —2[4(z — 9) — 6(3z — 7)) — 7(2z — 1) 142-5 101 | 3/6 | DR. OKAMOTO, DDS $39 
100. 9(m? + 3) — 5(3 — m’) — 8(-1 — m?) 22m? +20 102 | 3/6 | UNIONOIL CO. $75 
% 15 I 103 | 3/8 | STATER BROS. $34 | 00 

101. 21 (Sw 71 n) + 21 (3) 18h? — 8h 104 | 3/9 | LITTLE LEAGUE $25 | 00 

rl 105 | 3/1 | NORDSTROM $111 | 00 
102. 75(y ~ 12x) — 3(y ~ 3x) -ay 106 | 3/12| OFFICE MAX $16 | 00 
103. 4.3(y +9)—81y 104. 2.1(4 + 5z) + 0.9z 

=3.8y + 387 11Ag + SA ] WRITING 


2 (942) _ «12 3 3 _ (_9,3 
bas “~ ie ave) ay ee) 109. Explain why the distributive property does not 


apply when simplifying 6(2 - x). 


I APPLICATIONS 110. In each case, explain what you can conclude about 
107. PARKING AREAS Refer to the illustration below. one or both of the numbers. 
a. When the two numbers are added, the 


a. Express the area of the entire parking lot as the . 
product of its length and width. 20(« + 6) m* result is 0. 


b. Express the area of the entire lot as the sum of b. When the two numbers are subtracted, the 


the areas of the self-parking space and the valet result is 0. 

parking space. (20x + 120) m* c. When the two numbers are multiplied, the 
c. Write an equation that shows that your result is 0. 

answers to parts (a) and (b) are equal. What d. When the two numbers are divided, the 

property of real numbers is illustrated by this result is 0. 

example? 20(x + 6) = 20x + 120; distrib. prop. 111. What are like terms? 

Length 20 meters > 112. Use each of the words commute, associate, and 
distribute in a sentence in which the context is 
i, 6 metaré nonmathematical. 
=> VALET PARKING 


| J REVIEW 


Evaluate each expression. 
=> SELF PARKING x meters 


108. CHECKING ACCOUNTS To find the 114. 7 = (-2) B 
total dollar amount of the checks entered 
in the register in the next column, we could add the 115. —3|4 — 8| + (4+ 2-3)? 988 
check amounts in the order in which they are afi e 53 
written: $39 + $75 + $34 + $25 + $111 + $16. 116. (; 2- (2 - 5) 7 


Write an expression with the amounts reordered 
and grouped in such a way that the addition is 
easier. Then find the sum. What properties of real 


numbers did you use? 

($39 + $111) + ($75 + $25) + ($34 + $16) = $150 + 

$100 + $50 = $300; commutative and associative properties 
of addition 
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SECTION 1.5 


Solving Linear Equations Using Properties of Equality 


One of the most useful concepts in algebra is the equation. Writing and then solving 
an equation is a powerful problem-solving strategy. In this section, we will review 
some fundamental properties that are used to solve equations. 


EB Determine whether a number is a solution. 


An equation is a statement indicating that two expressions are equal. All equations 
contain an equal symbol =. An example of an equation is 7x — 3 = 4. The equal 
symbol separates the equation into two parts: The expression 7x — 3 is the left side 
and 4 is the right side. The letter x is the variable (or the unknown). Since the sides 
of an equation can be reversed, we can write 7x — 3 = 4o0r4 = 7x — 3. 


e An equation can be true:6 + 3 = 9. 

e An equation can be false:2 + 4 = 7. 

e An equation can be neither true nor false. For example, 7x — 3 = 4 is 
neither true nor false because we don’t know what number x represents. 


An equation that contains a variable is made true or false by substituting a 
number for the variable. For example, if x = 1, then the equation 7x — 3 = 4 is true. 


7x —3=4 
71) - 3 24 Substitute 1 for x. At this stage, we don’t know whether the left and right 
sides of the equation are equal, so we use an “is possibly equal to” 
symbol 2. 
7-324 


4=4 We obtain a true statement. 


A number that makes an equation true when substituted for the variable is called a 
solution, and it is said to satisfy the equation. Therefore, 1 is a solution of 7x — 3 = 4. 
The solution set of an equation is the set of all numbers that make the equation true. 


The Language of Algebra _ It is important to know the difference between an 


equation and an expression. An equation contains an = symbol; an expression 
does not. 


| EXAMPLE 1 | Determine whether 2 is a solution of 3x + 2 = 2x + 5. 


Strategy We will substitute 2 for each x in the equation and evaluate the 
expressions on the left side and the right side separately. 


WHY If a true statement results, 2 is a solution of the equation. If we obtain a 
false statement, 2 is not a solution. 


Solution 
Evaluate 3x +2=2" +5 This is the original Evaluate 
the equation. the 
expression 3(2) +2 22(2) +5 Substitute 2 for x. expression 
on the left 2 on the right 
‘ 64+2=4+4+5 , 
side. side. 
8=9 False 


Since 8 = 9 is a false statement, the number 2 does not satisfy the equation. It is 
not a solution of 3x + 2 = 2x + 5. a 


Objectives 
ER Determine whether a number 
f is a solution. 
| 2 | Use properties of equality to 
f solve equations. 
3 | Simplify expressions to solve 
[ equations. 
| 4 | Clear equations of fractions and 
decimals. 
5 | Identify identities and 
contradictions. 


Self Check 1 


Is —5 a solution of 
2x — 5 = 3x? yes 
Now Try Problem 15 


Teaching Example 1 Determine 
whether —2 is a solution of 
4ax+3)-S5=x+1 

Answer: 

yes 
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9 Use properties of equality to solve equations. 


Usually, we do not know the solutions of an equation—we need to find them. In this 
text, we will discuss how to solve many different types of equations. The easiest 
equations to solve are linear equations in one variable. 


Linear Equations 


A linear equation in one variable can be written in the form 


ax + b=c where a,b, and c are real numbers, and a # 0. 


Some examples of linear equations in one variable are 


és) 
2x —8 =0, aa hs and 4b-—-7+2b=1+2b+4+8 


Notice for these linear equations that the highest power on the variable is 1. 

When solving linear equations, the objective is to isolate the variable on one side 
of the equation. This is achieved by undoing the operations performed on the 
variable. As we undo the operations, we produce a series of simpler equations, all 
having the same solutions. Such equations are called equivalent equations. 


Equivalent Equations 


Equations with the same solutions are called equivalent equations. 


The solution of the equation x = 2 is obviously 2, because replacing x with 2 
yields a true statement, 2 = 2. The equation x + 4 = 6 also has a solution of 2. 
Since x = 2 andx + 4 = 6 have the same solution, they are equivalent equations. 

We can use the following properties to write equivalent equations, in which we 
will isolate the variable on one side of the equation. 


Properties of Equality 


Adding the same number to, or subtracting the same number from, both sides 
of an equation does not change the solution. 


If a, b, and c are real numbers and a = b, 
at+tc=bte Addition property of equality 
a-c=b-c Subtraction property of equality 


Multiplying or dividing both sides of an equation by the same nonzero number 
does not change the solution. 


If a, b, and c are real numbers with c # 0, anda = b, 


ca = cb Multiplication property of equality 


Division property of equality 
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Solve: a. 2x-8=0 b. ~35.6 = 77.89 — x SeChea 


Solve: 
Strategy We will use a property of equality to isolate the variable term on one a. 3a + 15=0 —-5 
side of the equation and then use another property to isolate the variable. b. = 1:3 = =2.6 = x -13 
WHY To solve the original equation, we want to find a simpler equivalent Now Try Problems 19 and 29 


equation of the form x = a number, whose solution is obvious. 
Teaching Example 2 Solve: 


Solution a. 5x — 20 = 10 
a. We note that x is multiplied by 2, and then 8 is subtracted from that product. b. —4.14 = 6.7 — 2x 
To isolate x on the left side of the equation, we use the order of operations easels: 


: a. 6 b. 5.42 
rule in reverse. 


e To undo the subtraction of 8, we add 8 to both sides. 
e To undo the multiplication by 2, we divide both sides by 2. 


2x-8=0 This is the equation to solve. 


2x —-8+8=0+8 Use the addition property of equality: Add & to 
both sides to isolate the variable term, 2x. 


2x = 8 Simplify both sides of the equation. 
2x 8 Use the division property of equality: Divide both 
2 2 sides by 2 to isolate x. 

x=4 Do the divisions. 


Check: We substitute 4 for x to verify that it satisfies the original equation. 
2x —-8=0 
2(4) — 8 
8-—8=0 Multiply. 
0=0 True 


Ike 


QO Substitute 4 for x. 


Since we obtain a true statement, 4 is the solution of 2x — 8 = 0 and the 
solution set is {4}. 
b. —35.6 = 77.89 — x This is the equation to solve. 


—35.6 — 77.89 = 77.89 — x — 77.89 Use the subtraction property of equality: 
Subtract 77.89 from both sides to isolate 
the variable term, —x. 


—113.49 = —x Simplify each side of the equation. 


The variable x is not yet isolated, because there is a — sign in front of it. Since 
the term —x has an understood coefficient of —1, we can write —x as —1x. To 
isolate x, we can either multiply or divide both sides by —1. 


—113.49 = —-1x Write —x = —1x. 


—113.49 _ —1x Use the division (or multiplication) property of equality: 
-1 -1 Divide (or multiply) both sides by —1 to isolate x. 
113.49 = x Simplify each side of the equation. 


x = 113.49 Reverse the sides of the equation so that x is on the left. 


Verify that 113.49 is the solution by checking it in the original equation. a 


Self Check 3 


3 
Solve: rt as 7 Solve: <b —3=—-—15 -18 


Now Try Problem 35 


Strategy We will isolate y by multiplying both sides of the equation by :. 
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Teaching Example 3 Solve: 


: WHY On the left side, y is multiplied by 2. We can undo the multiplication by 


pin dividing both sides by 3. Since division by 3 is equivalent to multiplication by its 
=” reciprocal, it is easier to isolate y by multiplying both sides by :. 
Solution 
*y =—7 This is the equation to solve. 
4/3 4 Use the multiplication property of equality to isolate y. Multiply 


(39) 7 30 ) both sides by the reciprocal of 3, which is a 


4 3 4 
€ . a) = 30-7) Use the associative property of multiplication to regroup. 


3 4 
i 4.3 
ly = 30-7) The product of a number and its reciprocal is 1:5 * 4 = 1. 
28 
Do 3 On the left side, ly = y. On the right side, multiply. 
3 
Check: y = —7 This is the original equation. 


+(-3) + —7 Substitute -% for y. 


1 1 
B:-A-7 24 Multiply the numerators and the denominators. 
Ax Factor 28 as 4 - 7 and simplify. 
1 
—7=-7 True 
The solution is — a and the solution set is {- ‘ a 


Success Tip Variable terms with fractional coefficients can be written in two 
2 


ways. For example, ; y= * and tb ="4 


The equation in Example 3 can be solved using an alternate two-step approach. 


3 
re =-7 This is the equation to solve. 


3 
(3y) = 4(—7) Multiply both sides by 4 to undo the division by 4. 


1 


Stags 2 4(3 :3 
3y = —28 Simplify: 4(2y) = 4(2y) = # ay = dy. 
1 
3y 28 
3 => 3 To isolate y, undo the multiplication by 3 by dividing both sides by 3. 
_ 28 
4 


E3 Simplify expressions to solve equations. 


To solve more complicated equations, we often need to combine like terms. 


Self Check 4 Solve: 45 —-74+2b=1+2b+8 


Solve: 
—6t- 164+ 6t=1+2r—5 -6 Strategy We will combine like terms on each side of the equation and then 


eliminate 2b from the right side by subtracting 2b from both sides. 
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WHY To solve for b, all the terms containing b must be on the same side of the Now Try Problem 49 
equation. ; 
Teaching Example 4 Solve: 
Solution 5a -6+2a=3-at5 
4b —-7+2b=1+2b+8 | Thisis the equation to solve. — 
6b -7=2b+9 Combine like terms: 4b + 2b = Gband1+ 8 =9. 4 


We note that terms involving b appear on both sides of the equation. To isolate b 
on the left side, we need to eliminate 2b on the right side. 


6b —-7=2b+9 
6b —7-2b=2b4+9-—2b Subtract 2b from both sides. 


4b-7=9 Combine like terms on each side: 6b — 2b = 4band 
2b-— 2b=0. 
465-7+7=9+7 To undo the subtraction of 7, add 7 to both sides. 
4b = 16 Simplify each side of the equation. 
b=4 To isolate b, undo the multiplication by 4 by dividing 


both sides by 4. 
Check: 4b —7+2b 
4(4) — 7 + 2(4) 21+ 2(4) +8 Substitute 4 for b. 
16-7+821+8+8 
17 =17 True 


1+2b+ 8 This is the original equation. 


The solution is 4 and the solution set is {4}. a 


Caution! When checking solutions, always use the original equation. 
Self Check 5 
MCE soe: a. a —-2)=8 bd —3(d — 7) = 2(4d + 10) aeeee 


c. 6[x — (2 — x)] = -4(8x + 3 Solve: 

( , \ ) a. —2(x + 3) = 18 
Strategy We will use the distributive property to remove all sets of parentheses b. y + y — 5) = 5(4y + 1) 
(and brackets), simplify each side of the equation by combining like terms, and c. 10[h — (1 — 3h)] = 
isolate the variable. —2(5h + 25) 

WHY It’s best to simplify each side of an equation before isolating the variable. Now Try Problems 55 and 61 
Soluti Self Check 5 Answers 
olution 4 
a —12 be -35 a -s 
“ay : 
a. T(a—-—2)=8 This is the equation to solve. Teaching Example 5 Solve: 
Ja—-14=8 Distribute the multiplication by 7. a. 6(a — 4) = 5 
b. b — 2(b — 5) = 3(2b + 4) 
Ja —14+14=8+14  Toundo the subtraction of 14, add 14 to both sides. ce. 5[x — (3 —x)] 24x +1) +5 
— A rs: 
Ta = 22 2 6 Bn% 
Ta _ 22 To isolate a, undo the multiplication by 7 by dividing both “oo 
7 7 sides by 7. 
22 
a= 
7 
Check: 7T(a — 2) =8 | This is the original equation. 
22 3 
(2 - 2) =8 Substitute © for a 
7 22 14\ 2 3 Within the parentheses, express 2 as a fraction that has 
7 iy the LCD for its denominator: 2 = 4. Vv 
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7 
8=8 True 


(3) £8 Subtract the fractions. 


The solution is 3 and the solution set is {2h 


b. d—3(d —7) = 2(4d + 10) 
d—3d +21 =8d+20 
—2d + 21 = 8d + 20 
~2d + 21 + 2d = 8d + 20 + 2d 


21 = 10d + 20 


21 — 20 = 10d + 20 — 20 


1 = 10d 

1 _ 10d 

10 10 

1 

a0 2 
1 

= iG 


This is the equation to solve. 
Distribute the multiplication by —3 and by 2. 
Combine like terms: d — 3d = —2d. 


To eliminate the term —2d on the left side, add 
2d to both sides. 


Combine like terms on both sides: 
—2d+2d=0. 


To undo the addition of 20, subtract 20 from 
both sides. 


Combine like terms on both sides: 
20 — 20=0. 


To isolate d, undo the multiplication by 10 by 
dividing both sides by 10. 


Reverse the sides of the equation so that dis 
on the left. 


Check: ‘To simplify the computations, we can use the decimal equivalent of 


ip» Which is 0.1, in the check. 
d — 3(d — 7) = 2(4d + 10) 
0.1 — 3(0.1 — 7) 
0.1 — 3(-6.9) = 2[0.4 + 10] 
0.1 + 20.7 2 2(10.4) 
20.8 = 20.8 


2 
is 


The solution is is or 0.1. 


This is the original equation. 


2[4(0.1) + 10] Substitute 0.1 for d. 


True 


c. To simplify the expression on the left side of the equation, we will work from 
the innermost grouping symbols (the parentheses) to the outermost grouping 


symbols (the brackets). 
6[x — (2 — x)] = —4(8x + 3) 
6[x — 2 + x] = —32x — 12 


6[2x — 2] = —32x — 12 
12x — 12 = -32x — 12 


This is the equation to solve. 


Within the parentheses, distribute the 
multiplication by —1. On the right side, 
distribute the multiplication by —4. 


Combine like terms within the brackets. 


Distribute the multiplication by 6. 


12x — 12 + 32x = —32x — 12 + 32x To eliminate the term —32x on the 


44x — 12 = -12 
44x —12 +12 = -12+ 12 


44x = 0 
44x 0 
44°44 
x=0 


right side, add 32x to both sides. 
Combine like terms. 


To undo the subtraction of 12, add 12 
to both sides. 


Simplify each side of the equation. 


To isolate x, undo the multiplication by 
44 by dividing both sides by 44. 


Verify that 0 is the solution by checking it in the original equation. 
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In general, we will follow these steps to solve linear equations in one variable. 
Not every step is needed to solve every equation. 


Strategy for Solving Linear Equations in One Variable 


Clear the equation of fractions or decimals: Multiply both sides by the 
LCD to clear fractions or multiply both sides by a power of 10 to clear 
decimals. 


Simplify each side of the equation: Use the distributive property to 
remove parentheses and combine like terms on each side. 

Isolate the variable term on one side: Add (or subtract) to get the variable 
term on one side of the equation and a number on the other using the 
addition (or subtraction) property of equality. 

Isolate the variable: Multiply (or divide) to isolate the variable using the 
multiplication (or division) property of equality. 

Check the result: Substitute the proposed solution for the variable in the 
original equation to see if a true statement results. 


IZ¥ Clear equations of fractions and decimals. 


Since equations are often easier to solve when they don’t contain fractions, we will 
use the multiplication property of equality to clear an equation of fractions before 
we solve it. To do so, we will multiply both sides of the equation by the least common 
denominator of the fractions contained within the equation. 


5 31 Self Check 6 


1 
Solve: 3 (2x -1)= rae Solve: 
: 4x + 10 : a 
Strategy We will follow the steps of the equation-solving strategy. 6 (4x + 10) = 3 
WHY This is the best way to solve a linear equation in one variable. Now Try Problem 63 
Solution Teaching Example 6 Solve: 
Step I We can clear the equation of fractions by multiplying both sides by the least E(3x +2)= 5 x+ a 
common denominator (LCD) of 1 3 and a , which is 12. Answer: 
9 
1 5, ot 
3 (2x — 1) = 4% D This is the equation to solve. 
1 > 31 To eliminate the fractions, multiply both 
12 dex » ° 12| 3x ‘i 74 sides by the LCD, 12. 
5 31 On the left side, multiply: 12 - _ = 4.0On 
42x —1) =12--x+12- the right side, distribute the multiplication 
4 2 4 
ry 12. 
4(2x — 1) = 15x + 31 Perform the multiplications on the right 
side. 


Step 2 We remove parentheses. 
8x — 4 = 15x + 31 _ Distribute the multiplication by 4. 


Step 3 To get the variable term on the right side and the constant on the left side, 
subtract 8x and 31 from both sides. 


8x — 4 -— 8x — 31 = 15x + 31 — 8x - 31 
—35 = 7x Simplify each side of the equation. Vv 
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Self Check 7 


Solve: 
Gt 3 4 2a 3 a+ 27 


oe. ~ 5 
Now Try Problem 71 


Teaching Example 7 Solve: 
ae = 3 3 eel 
4 ae 3 


Answer: 
=1 


Step 4 To isolate the variable, undo the multiplication by 7 by dividing both sides 
by 7. 


oi dealtivaias by 7. 
7 7 
—-5 =x 
x= —5 _ Reverse the sides of the equation so that x is on the left. 


Step 5 We check by substituting —5 for x in the original equation and simplifying: 


1 5 31 
ge Ls et a5 
a3 31 
[2(-5) -— N= 4-5) +5 
1 5 25 . 31 
3| Mg ae 
ies 7, al 
a 40 12 
uu, 4 
3..~=— «12 
at. lt ‘i 
3 3 rue 


The solution is —5. 


x+2 8 x+9 
Ive: 4x = 
Solve 5 x 5 5 


Strategy We will follow the steps of the equation-solving strategy. 
WHY This is the best way to solve a linear equation in one variable. 


Solution 
Some of the steps used to solve an equation can be done in your head, as you will 
see in this example. 


xe? 4 8 x+9 
XK: = 
5 5 2 
x+2 8 x+9 To clear the equation of the fractions, 
” 5 4x] = 10 5 2 multiply both sides by the LCD, 10. 
+2 8 +9 
10- = —10-4x =10- 5 10: 2 5 On each side, distribute the 10. 


2(x + 2) — 40x = 2(8) — 5(x + 9) 
2x + 4 — 40x = 16 — 5x — 45 
—38x + 4 = —5x — 29 


33 = 33x Add 38x and 29 to both sides. Since 
these steps can be done mentally, 
we don’t show them. 


Perform each multiplication by 10. 


On each side, remove parentheses. 


On each side, combine like terms. 


1=x Divide both sides by 33. This step is 
also done mentally. 


x=l1 


The solution is 1. Check by substituting it for x in the original equation. 


1.5 Solving Linear Equations Using Properties of Equality 


For more complicated equations involving decimals, we can multiply both sides 
of the equation by a power of 10 to clear the equation of decimals. 


| EXAMPLE 8 0.04(12) + 0.01x = 0.02(12 + x) 


Strategy To clear the equation of decimals, we will multiply both sides by a 
carefully chosen power of 10. 


WHY It’s easier to solve an equation that involves only integers. 


Solution 
The equation contains the decimals 0.04, 0.01, and 0.02. Multiplying both sides by 
10° = 100 changes the decimals in the equation to integers. 


0.04(12) + 0.01x = 0.02(12 + x) 


100[0.04(12) + 0.01x] = 100[0.02(12 + x)] To make 0.04, 0.01, and 0.02 
integers, multiply both sides 


by 100. 


100 - 0.04(12) + 100 - 0.01x = 100-0.02(12 + x) On tthe left side, distribute 


the multiplication by 100. 
4(12) + lx = 2(12 + x) Perform each multiplication 
by 100. 
48 + x = 244 2x 


48+x—-—24-—x=24+2x-24-¥x 


Remove parentheses. 


To isolate the variable term 
on the right side, subtract 
24 and x from both sides. 


24=x Simplify each side. 
x = 24 
Verify that 24 is the solution by substituting it for x in the original equation. fl 


Success Tip When we write the decimals in the equation as fractions, it 
becomes more apparent why it is helpful to multiply both sides by the LCD, 100. 


4 1 2 


(12 + x) 


100 1?) + 1907 = Too 


EB Identify identities and contradictions. 


The equations discussed so far are called conditional equations. For these equations, 
some numbers satisfy the equation and others do not. An identity is an equation that 
is satisfied by every number for which both sides of the equation are defined. 


| EXAMPLE 9 | Solve: —2(x —1)-4= —4(1 + x) + 2x +2 


Strategy We will follow the steps of the equation-solving strategy. 
WHY This is the best way to solve a linear equation in one variable. 


Solution 
2(x-1)-4= —-4(1 +x) + 2x +2 
x+2-4=-4-4%4+2x+2 
2x—-2.= —2x -—2 


Use the distributive property. 


On each side, combine like terms. Vv 


Self Check 8 


Solve: 
0.08x + 0.07(15,000 — x) = 
1,110 6,000 


Now Try Problem 75 


Teaching Example 8 Solve: 
04(x) + .01(15 — x) = .02(15) 
Answer: 

5 


Self Check 9 


Solve: 3(a+ 4) +5 = 
2(a—-—1)+a+19 
Now Try Problem 79 


Self Check 9 Answer 
all real numbers, R 


Teaching Example 9 Solve: 

3(a4 +2)-S=x-7-4(x +1) 
Answer: 
all real numbers, R 
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—2x —2+2x = -—2x —2+2x To attempt to isolate the variable on one 
side of the equation, add 2x to both 
sides. 

—2=-2 True 


The terms involving x drop out. The resulting true statement indicates that the 
original equation is true for every value of x. The solution set is the set of real 
numbers denoted R. The equation is an identity. = 


A contradiction is an equation that is never true. 


Sete Detk 10 MSC soive, 620-1 — 1) — 4 = 42x - (-28) 


Solve: 3(a+ 4)+2= 


2(a—-1)+at+19 Strategy We will follow the steps of the equation-solving strategy. 
Now Try Problem 81 WHY This is the best way to solve a linear equation in one variable. 
Self Check 10 Answer ; 
no solution, @ Solution 
6.2(—x — 1) — 4 = 4.2x — (—2x) 
Teaching Example 10 -_ : 
tes 6.2x + 6.2 —4 = 4.2x + 2x On the left side, remove parentheses. On the 
5(x + 7) — 2 = 3x — 8(x + 1) right side, write the subtraction as addition 
Answer: of the opposite. 
no solution, @ 6.2x + 2.2 = 6.2x On each side, combine like terms. 


6.2x + 2.2 — 6.2x = 6.2x — 6.2x To attempt to isolate the variable on one 
side of the equation, subtract 6.2x from 
both sides. 


2.2 =0 False 


The terms involving x drop out. The resulting false statement indicates that no 
value for x makes the original equation true. The solution set contains no 
elements and can be denoted as the empty set { } or the null set ©. The 
equation is a contradiction. a 


The Language of Algebra Contradiction is a form of the word contradict, 


meaning conflicting ideas. During a trial, evidence might be introduced that 
contradicts the testimony of a witness. 


¥ 
1. yes 2.a.-5 b-13 3.-18 4.-6 5.a.-12 b. -5 « -? 6. -6 
7. —2 8. 6,000 9. allrealnumbers,R 10. no solution, @ 


1.5 STUDY SET 


| VOCABULARY 3. Ifa number is substituted for a variable in an equation 
Fill in the blanks. and the equation is true, we say that the number 


kos _Salisfies_ the equation. 
1. An_cquation js a statement that two expressions are 


equal. 


2. 2x + 1 = 4and 5(y — 3) = 8 are examples of _linear_ 
equations in one variable. 


p> 4. If two equations have the same solution set, they are 
called _cquivalent_ equations. 


P Selected exercises available online at 
www.webassign.net/brookscole 
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5. An_ identity is an equation that is satisfied by every Check: —2(x + 7) = 20 
number for which both sides are defined. —2( DF + 7) 270 
6. An equation that is not true for any values of its ~2( ar ) 220 
variable is called a contradiction, 
20 = 20 
I CONCEPTS The solution is —17. 
Fill in the blanks. > 14. Fill in the blanks to make the statements true. 
7. Ifa =b,thena+c=b+ canda-—c=b-e. 2t 9 
Adding (or subtracting) the same number to (or a. —x = Ex b. rem L 
from) _both_ sides of an equation does not change the 
solution. | GUIDED PRACTICE 
8. Ifa = b, thenca = ch and ; = S __ Multiplying Determine whether 5 is a solution of each equation. 


See Example 1. 


(or dividing) both sides of an equation by the _same 15: 39 bo = 1 oe ee. 74 2S 58 Ser 


nonzero number does not change the solution. 


9. Solve each equation mentally. 17. 3(2m — 3) = 15 no 18. = —5 = —2 yes 
ax+3=63 bx —-3=69 
ei a ee 4. x 6 18 Solve each equation. Check each result. See Example 2. 
3 19. 2x — 12 =0 > 20. 3x — 24 = 0 
> 10. a. When solving*4+ — 4 = +=, why would we 6 8 
multiply both sides by 15? > 21. 8 —2= 13 22. 3x + 1=3 
It clears the equation of fractions. 15 2 
b. When solving 1.45x — 0.5(1 — x) = 0.7x, why . ee 
would we multiply both sides by 100? 23. 4” C= 24. ee 10 = 
It clears the equation of decimals. 28 6 
11. a. Suppose you solve a linear equation in one 
variable, the variable drops out, and you obtain 25. in, 12 2. 8 +1=-10 
8 = 8. What is the solution set? What symbol is 6 8 
used to represent the solution set? all real numbers, R — “ee 
b. Su 1 i eee 27. 1.6a + (—4) = 0.032 28. 5.51 = 0.05y + (—9) 
. Suppose you solve a linear equation in one 959 3902 


variable, the variable drops out, and you obtain 
8 = 7. What is the solution set? What symbol is 29. 0.7 — 4y = 1.7 30. 0.3 — 2x = —0.9 


: : 0:25 0.6 
used to represent the solution set? no solution, @ 
12. a. Simplify:5y + 2 — 3y 2y +2 a eae eR a ear 
b. Solve:Sy + 2 — 3y = 8 3 33. -6-y = 13 34. -1-—hA=-9 
c. Evaluate 5y + 2 — 3y for y = 8. 18 7 8 


d. Check: Is —1 a solution of Sy + 2 — 3y = 8? no 
Solve each equation. Check each result. See Example 3. 


J NOTATION 2 9 
35. —c = 10 > 36. —d = 81 
Complete the solution to solve the equation. Then check the 3 7 
result. i 63 
13. —2(x + 7) = 20 37. - 3s =9 38. -s =3 
—2x — 14 = 20 3 8 
2 3 
2x — 14+ 14 =20+ 14 7 5 
—Ix = 34 39. 16” 26 = —-19 40. — 32 — 20 = -10 
—2x 34 =15 —16 
a ff pa. 2k -75=75 a2. 2¢ — 122 =18 
cho TS = 7: re = 122 =c1, 
x=-17 6 5 


18 is) 
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Solve each equation. Check each result. See Example 4. Solve each equation. If the equation is an identity ora 
43. 8m + 44 = 4m 44. 9n + 36 = 6n contradiction, so indicate. See Examples 9 and 10. 
-u —12 79. 8x + 3(2 — x) = 5x + 6 all real numbers, R; identity 
45. 60t — 50 = 15t — 5 46. 100s — 75 = 50s + 75 80. 4(2 — 3t) + 6t = —6t + 8 all real numbers, R; identity 
il 3 
98-16 157 8. 15 91-2 ea 81. 2x — 6 = —2x + 4(x — 2) no solution, @; contradiction 
47. 9.8 — 16r = —15.7 —rp 48. 15s + 8. 5S=8. Ss : : 
17 . 0 82. 3(x — 4) + 6 = —2(x + 4) + Sy DO lution. © 
contradiction 


49. 8h—-2+b=5b+15 50. w+ 7+3w=4+ 10w > 


3 x 
a . 83. 2(x — 3) = iG 4) + 5 all real numbers, R; identity 


4 2 
51. a+18=5a—3+a 52. 4a -21-a=-—2a-—7 ~1_ 35 j 1 all real numbers, 
21 14 84. y 4 - 7 (0.2y + 1) 5 (4 y) R; identity 
Be oe ; ; no solution, @; 
53. 8x = x 0 54. —z = 5z 0 Pm 85. —3x = —2x + 1 (5 + x) contradiction 
86. 5(y + 2) + 7 — 3y = 2(y + Y) no solution, 2; 
Solve each equation. Check each result. See Example 5. contradiction 
55. 3(k — 4) = —36 -8 P56. 4(x + 6) = 84 15 I TRY IT YOURSELF 
57. 2(a — 5) — (a+1)=0 -11 Solve each equation, if possible. 
58. 8(3a — 5) — 4(2a + 3) = 12 4 87. 2(2x + 1) =x +15 4+ 2x 13 
59. 9x — 2) = —6(4 -— x) + 18 4 > 88 —2(x + 5) =x + 30 — 2x —40 
; = - 5 1 
i aa aa a 89. a -12= 5a +16 
61. 12 + 3(x — 4) — 21 = 5[5 — 4(4 — x)] 2 2 3 
pm 62. 1 + 3[-2 + 6(4 — 2x)] = —(x + 3) 2 90. 3(x — 2) + 4 = 3x — 2 allreal numbers, R; identity 
4 
Solve each equation. Check each result. See Examples 6 and 7. ans a = de 
1 2 2 S) 17 j = 
63. 3a 2) = x 6 64. 5b Rae 7 5 92. 47) + 12.54 = 18.12 1.395 
30 i 93. 0.06(a + 200) + 0.1a = 172 1,000 
il 5 3 3 7 19 94. 0.03x + 0.05(6,000 — x) = 280 1,000 
65. 5 BY + 2) a- 66 q(4e 3) 4 3° 16 ( ) ‘ 
i 1 95. —4[p — (3 — p)] = 3(6p — 2) 
es 5 4 i" 4 96. 2[5(4 — a) + Aa-1)]=3-a® 
> 67. -x-S==x+ 68. =x 4 =x 2 
4 3 4 2 10 5 97. 2(x — 2) = 3 3x + 8) — 2 no solution, @; contradiction 
63 ar 
1, 19 1, 5 1) ee ae x +2 
7 = i = Pe 98. 5 — =7-x4 
a ee eg eG ae 3 
24 12 99. 13.5y + 16.2 =0 -12 
a1, 2 Pd. aS 1 2 ‘ 7 P 
i ge Ee ae 100. sy +1=0-3 
2z+3 ,3z-4 z-2 4 7 
p> 72. gg Se 2 101. 5 + 5)= 3 3x + 23) —7 -5 
3 +P pt+7 2 1 
73. Ap = 1 5 id 102. 3 (2x + 2) + 4 = (Sx + 29) -1 
4-t 3t t+1 _ a 
74, =24 10 t 2 ' 7 t 2 28 
2 5 3 4B 103. 5 + 5t= 5 ) 7 
: 2 3 11 4 
Solve each equation. Check each result. See Example 8. 104. 3 3m 2)= 4m + D3 


75. 0.45 = 16.95 — 0.25(75 — 3x) 3 

> 76. 0.02x + 0.0175(15,000 — x) = 277.5 6,000 
77. 0.04(12) + 0.01¢ — 0.02(12 + #) = 0 24 

p> 78. 0.25(t + 32) = 3.24164 


105. 5c — 8 + 3c = 10 + 2c — 33 


106. 6+ 4¢-—1=6- 15t+ 12t- 8 -1 


1.6 Solving Formulas; Geometry aa 


] WRITING c. Distributive property of multiplication over 


; : iti +c) =ab + ac 
107. What does it mean to solve an equation? ator ae ae ta 


: . a itive 1 + (-a) = - = 
108. Why doesn’t the equation x = x + 1 have a real- 112. a. Additive inverse property a + (—a) at+a=0 


number solution? b. Multiplicative inverse property a-+=1 (a #0) 
109. What is an identity? Give an example. 113. a. Additive identity property 0 + a =a 
> 110. When solving a linear equation in one variable, the b. Multiplicative identity property 1+ «=a 
objective is to isolate the variable on one side of the 114. a. Division of 0 =0 (a#0) 
equation. What does that mean? b. Division by 0 i eummacd ta HU 


J REVIEW 
Use variables to state each property of real numbers. 


111. a. Commutative property of addition a + b=b +a 


b. Associative property of multiplication (ab)c = a(bc) 


| 1 
Solving Formulas; Geometry 


- Objectives 


Find the perimeter, area, and 
volume of geometric figures. 


| 2 | Solve for a specified variable. 


A formula is an equation that states a relationship between two or more variables. 
Formulas are used in business, science, banking, and many other fields. A large 
collection of formulas are associated with geometric figures such as squares, 
rectangles, circles, and cylinders. 


3 | Solve application problems using 
formulas. 


GB Find the perimeter, area, and volume of geometric figures. 


To find the perimeter of a plane (two-dimensional, flat) geometric figure, we find the 
distance around the figure by computing the sum of the lengths of the sides. 
Perimeter is measured in American units of inches, feet, yards, and in metric units 
such as millimeters, meters, and kilometers. Several perimeter formulas are shown 
below. 


Perimeter Formulas 


P =2I + 2w (rectangle) 
P = 4s (square) 
P=a+b+c (triangle) 


Turn to the inside back cover for a complete list of geometric formulas. 


The Language of Algebra When you hear the word perimeter, think of the 
distance around the “rim” of a flat figure. 


Self Check 1 


LANDSCAPING Find the amount 
of fencing needed to enclose a 
rectangular lot that is 205.5 feet 
long and 165 feet wide. 741 ft 


Landscaping Find the ANWAR. le 


number of feet of edging needed to outline a 
square flowerbed having sides that are 6.5 feet 
long. 


Strategy We will substitute the length of a side of 
the flowerbed into the formula for the perimeter of 
a square, P = 4s, and find P. 


Now Try Problem 11 


© Gavin Hellier/Alamy 


Teaching Example 1 LANDSCAPING 
Find the number of feet of fencing 
needed to enclose a rectangular garden 
that is 5 feet wide and 9 feet long. 


Answer: 
28 ft 


Self Check 2 


SOLAR PANEL A solar panel is in 
the shape of a triangle. Its base is 
79 centimeters long and the 
height is 54 centimeters. In 
square centimeters, how large a 
surface do the sun’s rays 

strike? 2,133 cm* 


Now Try Problem 15 


Teaching Example 2 FLOORING 
Find the amount of carpet needed to 
cover the floor of a room that is 15 feet 
long and 12 feet wide. 

Answer: 

180 ft? 
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WHY Since the edging outlines the flowerbed, the concept of perimeter applies. 
Solution 
P=4s This is the formula for the perimeter of a square. 
P=4(6.5) Substitute 6.5 for 9, the length of one side of the square. 
= 26 
26 feet of edging is needed to outline the flowerbed. | 


The area of a plane (two-dimensional, flat) geometric figure is the amount of 
surface that it encloses. Area is measured in square units, such as square inches, 
square feet, square yards, and square meters (written as in”, ft”, yd’, and m’, 
respectively). Several area formulas are shown below. 


Area Formulas 


A = lw (rectangle) 
A = s° (square) 


A= xbh (triangle) 


1 
A= wilh + b) (trapezoid) 


Turn to the inside back cover for a complete list of geometric formulas. 


| EXAMPLE 2 | Band-aids Find the amount of skin covered by the 


rectangular-shaped bandage. 


atetetatet: Pg rrteteteiete 


eatsts Be KS 

x 

ROKK 

52 
SKS 
resonates 
rasecetes 
rasenages 
rasenaces 
rasenaces 
SKS 
SRS 
SRS 
RRS 
“eteces 


Strategy We will substitute the length and width of the bandage into the 
formula for the area of a rectangle, A = /w, and find A. 


WHY The concept of area is suggested by the phrase the amount of skin covered. 


Solution 
A=lw 


1/5 
a=3)(>) 


This is the formula for the area of a rectangle. 


Substitute a for I, the length of the bandage, and : for w, the width. 


; 1 ‘ a 
Write 35 as a fraction: 35 = 5. 


Age 35 Multiply the numerators. 
~ 16 Multiply the denominators. 
The bandage covers 23 or 23 in.” (square inches) of skin. a 


Caution! 


When finding area, remember to write the appropriate square units 
in the answer. 


Circle Formulas 


D = 2r (diameter) 


1 
r= 5P (radius) 


C = 2ar = wD (circumference) 


A = ar’ (area) 


Turn to the inside back cover for a complete list of geometric formulas. 


| EXAMPLE 3 | a. Find the circumference of a circle with diameter 20 feet. 


Round to the nearest tenth of a foot. b. Find the area of the circle. Round to 
the nearest tenth of a square foot. 


Strategy We will substitute the given values into the formulas C = 7D and 
A = mr’ and find C and A. 


WHY In the formulas, the variable C represents the circumference of the circle 
and A represents the area. 


Solution 
a. Recall that the circumference of a circle is the distance around it. To find the 


circumference C of a circle with diameter D equal to 20 ft, we proceed as 
follows. 


C=q7D This is the formula for the circumference of a circle. 7D 
means 77 - D. 
C = 7(20) Substitute 20 for D. 
= 207 The exact circumference of the circle is 2077 ft. 


=~ 62.83185307 To use a scientific calculator to approximate the 
circumference, enter 7 X 20 = .If you do not havea 
calculator, use 3.14 as an approximation of 77. 
(Answers may vary slightly depending on which approximation 
of 77 is used.) 


The circumference is exactly 207 ft. Rounded to the nearest tenth, this 
is 62.8 ft. 


b. The radius r of the circle is one-half the diameter, or 10 feet. To find the area A 
of the circle, we proceed as follows. 


A =r This is the formula for the area of a circle. wr* means 7 - r*. 
A = 7(10) Substitute 10 for r. 
= 1007 Evaluate the exponential expression. The exact area 
is 1007 ft”. 
=~ 314.1592654 To use a scientific calculator to approximate the area, enter 
100 X r=. 
The area is exactly 1007 ft”. To the nearest tenth, the area is 314.2 ft’. a 


Success Tip When an approximation of 7 is used in a calculation, it produces 


an approximate answer. Remember to use an is approximately equal to 
symbol ~ in your solution to show that. 
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Self Check 3 


The diameter of a U.S. penny is 
0.75 inch. Find the circumference 
and the area (of one side) of a 
penny. Round to the nearest 
hundredth. 2.36 in., 0.44 in? 


Now Try Problems 19 and 23 


Teaching Example 3 

a. Find the circumference of a circle 
with diameter 8 feet. Round to the 
nearest thousandth of a foot. 

b. Find the area of a circle with 
diameter 8 feet. Round to the 
nearest thousandth of a square foot. 

Answers: 

a. 25.133 ft b. 50.265 ft® 


Self Check 4 


STRAWS Find the volume of a 
drinking straw that is 250 
millimeters long with an inside 
diameter of 6 millimeters. Round 
to the nearest cubic millimeter. 
7,069 mm? 


Now Try Problem 27 


Teaching Example 4 SAND A pile of 
sand is in the shape of a cone whose 
radius is 10 feet and whose height is 6 
feet. Find the amount of sand in the 
pile. 

Answer: 

2007 ft? 
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The volume of a three-dimensional geometric solid is the amount of space it 
encloses. Volume is measured in cubic units, such as cubic inches, cubic feet, and 
cubic meters (written as in.”, ft®, and m°, respectively). Several volume formulas are 
shown below. 


Volume Formulas 
V = lwh (rectangular solid) V =s° (cube) 


4 
V= aie (sphere) V = ah (cylinder) 


V= 5 Bh (pyramid) V= xr (cone) 


*B represents the area of the base. Turn to the inside back cover for a 
complete list of geometric formulas. 


| EXAMPLE 4 | Timers Find the amount 7 : 


of sand in the hourglass. 


Strategy We will substitute the given values 
into the formula for the volume of a cone, 


V = 477°h, and find V. 
WHY To find the amount of sand in the 


hourglass, we need to find the amount of space 
that it occupies by finding a volume. 


Solution 

The sand is in the shape of a cone whose radius 
is one-half the diameter of the base of the 
hourglass and whose height is one-half the height of the hourglass. To find the 
amount of sand, we substitute 1 for r and 2.5 for h in the formula for the volume 
of a cone. 


V= <arh This is the formula for the volume of a cone. 


Substitute 1 for r, the radius of the circular base, and 2.5 for h, 


1 2 
v= 37h) (2.5) the height of the cone. 


2.57 
= 3" Simplify. The exact volume of sand is 20% in. 
V = 2.617993878 Use a calculator. 
There are exactly 255 in.’ of sand in the hourglass. Rounded to the nearest tenth, 
this is 2.6 in.*. a 


Caution! When finding volume, remember to write the appropriate cubic 


units in your answer. 


I Solve for a specified variable. 


Real-world applications sometimes call for a formula solved for one variable to be 
solved for a different variable. To solve a formula for a specified variable means to 
isolate that variable on one side of the equation, with all other variables and 
constants on the opposite side. 
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Self Check 5 


Solve each formula for the specified variable. 
Solve each formula for the 
a. V = lwh forw The formula for the volume of a rectangular solid. specified variable. 
i. A= Fh, Boe, ne wea d a ak 
le Se or e formula for the area of a trapezoid. 
oe : b. S=2(f + I for f. 
c. vy = vj + at fort A motion formula from physics. c E= ti, 7 t for T.. 
Strategy To solve for a specified variable, we treat it as if it were the only Now Try Problems 33,39, and 43 
variable in the equation. To isolate this variable, we will use the same strategy that 
we used to solve linear equations in one variable. (See page 55 if you need to al ci aacaiaehials 
review the strategy.) =e 
b. f = Saul 
WHY We can solve a formula as if it were an equation in one variable because go Ge " _ ET 
é ‘ oe Bh h 
all the other variables are treated as if they were numbers (constants). 

. Teaching Example 5 Solve each 
Solution formula for the specified variable. 
a. To solve for w, we will isolate w on this side of the h a. P = 21 + 2w for! 

f equation. b. V = 4lwh forh 
V = lwh ei c. A =4h(b; + by) for by 
V__ lh _ Toisolate w, undo the multiplication by 1 Answers: 
ere Sie F _ P-2w 
lh lh land h by dividing both sides by lh. Rccinioaluiwstia a= —z 
V tr b h= at 
—_=w On the right side, remove the common factors of | and h: Jwh — w. _ 2A — hb, 
lh ih ce by => 
V 
w= ih Reverse the sides of the equation so that w is on the left. 
b. To solve for b,, we will isolate bo 
———— b, on this side of the equation. 
1 Read b, as “b-sub-one” 
a x ilhs + by) and b, as “b-sub-two.” 
b 
1 Multiply both sides by 2 to clear : 
2°-A=2- Pata + by) the equation of the fraction. Trapezoid 
2A = h(b, + bo) Simplify each side of the equation. 
2A = hb, + hb, Distribute the multiplication by h. 
2A — hb, = hb, Subtract hb, from both sides to isolate the variable 
term hb, on the right side. This step is done mentally. 
2A — hb, _ hb, To isolate b,, undo the multiplication by h by dividing 
h A both sides by h. 
2A — hb, hb 
~ a = b, On the right side, remove the common factor of h: | 
1 
= 2A — hb, Reverse the sides of the equation so that b, is on the 
1 h left. 
When solving formulas for a specified variable, there is often more than one 
way to express the result. In this case, we could perform the division by 4 on v 


Self Check 6 


Solve W = g(h — 3¢°) for g. 


Now Try Problem 49 
Self Check 6 Answer 


a 
§~h—3P 


Teaching Example 6 Solve 
A = P(1 + rt) forr. 
Answer: 

_A=P 
ae 
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the right side term-by-term: b, = =f = a After removing the common factor 


of 4 in the numerator and denominator of the second fraction, we obtain the 


following equivalent form of the result: b, = aA — by. 


Language of Algebra The 1 and 2 in b, and b, are called subscripts. This 
notation allows us to distinguish between the variables b, and b3, while still 
showing that each represents the length of a base of the trapezoid. 


Caution! Do not try to simplify the result in the following way. It is incorrect 
because h is not a factor of the entire numerator. 


1 
2A —hb, 
,=——— 
KM 
1 
c i To solve for t, we will isolate t on this side of the equation. 
Ve =v; t at Read v;as “v-sub-f and v,as “v-sub-i.” 


Ve — y; = at To isolate the term at, subtract v; from both sides. This step is 


done mentally. 


Vp ME To isolate t, undo the multiplication by a by dividing both sides 
a : by a. This step is done mentally. 
Vy Vi 
t= Reverse the sides of the equation so that t is on the left. 
a 


Notation Variables are also used as subscripts. For example, in physics, the 


symbol y, is used to represent initial velocity and v, final velocity. 


| EXAMPLE 6 | Banking For simple interest, the formula A = P(1 + rt) 


gives the amount of money in an account at the end of a specific time. The 
variable A represents the amount, P the principal, r the rate of interest, and ¢ the 
time. Solve the formula for P. 


Strategy To solve for P, we will treat it as if it were the only variable in the 
equation and use a property of equality to isolate P on one side of the equation. 


WHY We can solve the formula as if it were an equation in one variable because 
all the other variables are treated as if they were numbers (constants). 


Solution 
; To solve for P, we will isolate P on this side of the equation. 
A = P(1 + rt) 
A P(1 +7) — Toisolate P, undo the multiplication by 1 + r by dividing both 
1+r 1l+r sides by1 +r. 
2p On the right sid h F f+ 
= n the right side, remove the common factor o fs ‘ 
l+r 2 Let 
A 
P= oe Write the equation with P on the left side. 
r 


In Chapter 2, we will work with equations in two variables, such as 6x + Sy = 35 


and 3x — 4y = 20. It is often necessary to solve such equations for y. 


| EXAMPLE 7 | Solve the equation 3x — 4y = 20 for y. 


Strategy To solve for y, we will treat it as if it were the only variable in the 
equation and isolate y on one side of the equation. 


WHY We can solve the formula as if it were an equation in one variable, y, 
because the other variable, x, is treated as if it were a number (constant). 


Solution 
.——_—— To solve for y, we will isolate y on this side of the equation. 
3x — 4y = 20 
3x — 4y — 3x = 20 — 3x To isolate —4y, subtract 3x from both sides. 

—4y = 20 — 3x Simplify each side of the equation. 

—4y _ 20 —3x  Toisolate y, undo the multiplication by —4 by dividing 

-4 -4 both sides by —4. 

20 — 3x 

ys “4 


If we reorder the terms of the numerator and perform the division by —4 
term-by-term, we obtain the equivalent result 
= 20 
= + a which simplifies to y = *x —5 


y 


EB Solve application problems using formulas. 


| EXAMPLE 8 | 8 Melting Points for Metals The formula that relates a 


Fahrenheit temperature F to a Celsius temperature C is F = 2C + 32. Calculate 
the melting points in degrees Celsius for three metals shown in the table. 


. . = 9 7 — —E 
Strategy First, we will solve F = ;C + 32 for Metal — Melting point 


C. Then, we will substitute each Fahrenheit 


temperature for F in the formula that is solved Gold 1,948°F 
for C and calculate its corresponding Celsius Nickel 2,647°F 
temperature. Aluminum 1,221°F 


WHY It would be time consuming to substitute 
each melting point temperature for F in the 


formula F = 2C + 32 and then repeatedly solve for C. A quicker way is to solve the 
formula for C first, substitute values for F', and compute C directly. 


Solution 
9 
F=—C + 32 
5 
F-32= 9 C To isolate the variable term 26, subtract 32 from both 
~“s sides. This step is done mentally. 
5 (F — 32) 5/9 C To isolate C, multiply both sides by the reciprocal of 2, 
9 ~— O\S5 which is - 
Spx) =C Simplify the right side: 2-2 =1 
9 a implify the right side: 5 +5 = 1. 
5 
C= oF — 32) Write the equation with C on the left side. 
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Solve 6x + S5y = 35 for y. 
Now Try Problem 55 

Self Check 7 Answer 

y= —$x ee 


Teaching Example 7 Solve the 
equation 6x — Sy = 25 for y. 
Answer: 


y=$x-5 


Self Check 8 


BOILING WATER Water boils at 
212°F Find the boiling point 
temperature for water in degrees 
Celcius. 100°C 


Now Try Problem 83 


Teaching Example 8 FREEZING 
WATER Water freezes at 32°F. Find 
the freezing temperature for water in 
degrees Celsius. 

Answer: 

0°C 
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To convert each melting point temperature from degrees Fahrenheit to 
degrees Celsius, we substitute for F in the formula C = o(F — 32) and find C. 


Gold: 1,948°F Nickel: 2,647°F Aluminum: 1,221°F 


5 5 5 
C = 9 (1,948 — 32) C= 9 (2,647 — 32) C = 5 (1,221 — 32) 


5 5 5 
C = —(1,916) C = ~(2,615) C = —(1,189) 
9 9 9 
C = 1,064 C = 1,453 C = 661 
Gold: 1,064°C Nickel: 1,453°C Aluminum: 661°C |_| 


The Language of Algebra 1n 1724, Daniel Gabriel Fahrenheit, a German 


scientist, introduced the temperature scale that bears his name. The Celsius 
scale was invented in 1742 by Swedish astronomer Anders Celsius. 


_ ANSWERS TO SELF CHECKS 


1. 741 ft 2. 2,133cm? 3. 2.36in;0.44in? 4. 7,069mm? 5.ar=% b. f =%—# 
c. T,=1,— ET, 6 8=,~g2 7.y=—Sx+7 8. 100°C 


STUDY SET 


I VOCABULARY 7. When solving formulas for a specified variable, there 
Fil'inghe blanks. can be more than one way to express the result. Fill in 


. ; ; ; the blanks to express this result in an equivalent form: 
1. A formula js an equation that states a relationship 


between two or more variables. oa 4m — at 
p> 2. To find the Perimeter of a plane geometric figure, such J 
as a rectangle or triangle, we calculate the distance A= 4m _ at 
around the figure. The _#"©@_ of a plane geometric t t 
figure is the amount of surface that it encloses. Nin 
3. The _volume of a three-dimensional geometric solid is a 7. Co 


the amount of space it encloses. _, : 
8. Fill in the blanks: To solve a formula for a specified 


variable, we treat it as if it were the _omly_variable in 
the equation. We treat all other variables as if they 
were numbers (constants). 


4. To ‘olve_a formula for a specified variable means to 
isolate that variable on one side of the equation, with 
all other variables and constants on the opposite side. 


| CONCEPTS 


I NOTATION 
5. Determine which concept (perimeter, circumference : 
: , Complete the solution. 
area, or volume) should be used to find each of the e 
following situations. Then determine which unit of 9. Solve 1 = ad + bc force. 
measurement, ft, ft”, or ft?, would be appropriate. t—-Ph=edibe-B 
a. The amount of ground covered by a lawn area, ft” t-ad-EE 
b. The amount of storage in a safe volume, ft° t—ad_ be 
c. The distance traveled by a rider on a Ferris A 86«C#a 
wheel circumference, ft tad 7 
d. The distance around a tennis court perimeter, ft db «& 
6. The area of a circle is exactly 547 ft”. Approximate the c= t— ad 


area to the nearest tenth of a square foot. 169.6 ft” 2 


P Selected exercises available online at 
www.webassign.net/brookscole 
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10. Fill in the blanks: In the notation b, and v,, the 30. A cone whose base has a radius of 5.50 in. and whose 
number 1 and the variable f are called _subscripts_, height is 8.52 in. 269.89 in.* 
I GUIDED PRACTICE Solve each formula for the specified variable. See Example 5. 
Find the perimeter of each figure. See Example 1. 31. d=rtfort += ¢ 
> 11. A square with sides 2 yd long 8 yd p> 32. E = mc’ form m= 2 
> 12. A triangle with sides 1.8, 1.8, and 1.5 cm long 5.1 cm 33. V = lwh forh h = b 
p> 13. A trapezoid with parallel sides 10 in. and 15 in. long 34. J = Prtfort := é 
and the other two sides each 6 in. long 37 in. 1 
2 _ 3Vv 
p> 14. A parallelogram with two adjacent sides 50 m and 35. V= at hiorh k= a 


100 m long 300m 1 
p> 36. A = —bh for b b = *4 
Find the area of each figure. See Example 2. 2 


15. A triangle with a base that is 2.4 ft long and height 
8.5 ft 10.2 ft? 


37. T=W+ maforW W=T-ma 


1 
P 38. V =—Bhfor B B =*" 
16. A rectangle with sides that measure 8; ft 3 
and 55 ft 453 1 
17. A square with sides 17.2 mi long 295.84 mi’ 


2h — 96t 2(h — 48t) 
re or 4 Pe 


1 
39. h = 48¢ + ze fora a 


p> 18. A trapezoid whose parallel sides measure 8 cm and 40. H=-17— A for A A = 34 -2H 
12 cm and whose height is 10.5 cm. 105 cm* 
_ 2A — bh 2A 
Find the circumference of each circle to the nearest hundredth. a a= zilhs + b,) for bz bs h ay 
(Answers may vary slightly depending on which approximation 1 
of 77 is used.) See Example 3. P42. v= a + vo) for V9 vw = 2¥—v 
19. Acircle with diameter be in. 23.56 in. 43, l=a+(n—1)dfornn fi a+ pee laa “a 
20. A circle with diameter 67 m 19.63 m 44, P = 2(1 + w) for! |= P 3 a f a5 a 


1 45. P=2(wt+h+1)forw w Puom*~Ayy=t h=T 
> 21. Acircle with radius 25 ft 15.71 ft 46. P = 2(wt+h-+ 1) forh h P — 2w —2 P 


7 !orh go wal 


a2: ecules wade Teo yt aes Solve each formula for the indicated variable. See Example 6. 


Find the area of each circle to the nearest tenth. (Answers may p47. A ~ A(x + B) for A A= cs 
vary slightly depending on which approximation of z is used.) (A is a letter from the Greek alphabet.) 
See Example 3. 4s. S=C(1 —r)forC c=, 
23. A circle with radius 5.7 in. 102.1 in. 49. T, = T,(1 — F) for T, 7, = ; um 
3 n 
24. A circle with radius SF cm 103.9 cm? 50. S = a + 1) forn n= ay 
ae 1 51. l=a+ (n—1)dford d=+=4 
25. A circle with diameter 10= ft 80.6 ft - 
2 n(a + l) ae 
: La 52. § = —~— forn n=—5 
p> 26. A circle with diameter 12.25 m 117.9 m* 2 si 
1 ay = a 
Find the volume of each figure to the nearest hundredth. > 53. v= pac — dj) fort t=; 
(Answers may vary slightly depending on which approximation 1 
of 77 is used.) See Example 4. 54. A = zh + by)h for h h = wok 


27. A rectangular solid with dimensions 2.51 ft, 3.71 ft, 
and 10.21 ft 95.08 f° 


28. A pyramid whose base is a square with each 


Solve each equation for y. See Example 7. 


: : : : 55. 2x — Sy = 20 56. 5x — 6y = 12 
side measuring 2.57 cm and with a height of i: 8 
3 y= 5x =4 y= 6% = 2 
12.32 cm 27.12 cm* 
57. —4x = 12 + 3y p> 58. 7x — 21 = —3y 


: ; e 
p> 29. A sphere with radius 5.78 meters 808.86 m on = a seca af. 7 
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I TRY IT YOURSELF 


Solve for the specified variable. 


59. 


yr 
m 


y= mx + bforx x= 


60. P = 21 + 2wforl 1=">=™" 
= b= 2a! = 3359 
61. L = 2d + 3.25(r + R) for R R= 24 32 
aS 4 Sr 
62. /= Fr fora a=Ir+S-— Sr 
1 s— Vv 
63. wae SuogE= 
Mv + Iw? — My? 
64. K = 3 for | 1 =*X— Me" 
65. y — y, = m(x — x) forx x =*—"™ 
66. s = v,t — 16t? for v, vy = St te 
67. G=U-TS + pVforS s=U+#-¢ 
Gm\mp “s 
68. ge m, = 
69. PV = art forr r=" 


70. 
71. 
72. 


73. 
74. 
> 75. 
76. 


77. 


78. 


nt 
P=5,+ 8+ bfors 5=P-—s,-—b 
E=1R + IrforR R=£7“orR=4-r 


fa5 
Ax + By = Cforx x=—{~ 


1 
A = 3 + Sz) + 83) for s3 53 = 3A — 51 — Sp 


PVD 
Phi 


PV, T> = P3V2T; for V V2 = 


n — 4an 
S= La + (n — 1)d] ford d= a =o 


x” = Apy for p p = j, 


4 
d= ath forh h= 7 


100M 
Ig = “C for C C= os 


[I APPLICATIONS 


> 79. 


FLOOR MATS What geometric concept applies 
when finding the length of the plastic trim around the 
cargo area floor mat? Estimate the amount of trim 
used. perimeter, 216 in. 


50 in. 


80. 


81. 


> 82. 


83. 


ALUMINUM FOIL Find the number of square feet 
of aluminum foil on a roll if the dimensions printed 


on the box are 83 yards X 12 inches. 25 ft 
PAPER PRODUCTS When folded, the paper sheet 


shown in the illustration forms a rectangular-shaped 
envelope. The formula 


A= shi(bi + by) + b3h3 4 sbiha + b,b3 

gives the amount of paper (in square units) used in 
the design. Explain what each of the four terms in the 
formula finds. Then evaluate the formula for b; = 6, 
by = 2, bs = 3, hy = 2, hy = 2.5, and hz = 3. All 
dimensions are in inches. 


1st term: area of bottom flap; 2nd term: area of left and right 
flaps; 3rd term: area of top flap; 4th term: area of face; 42.5 in.* 


b3 
by 
by 


HOCKEY A goal is scored in hockey when the 
puck, a vulcanized rubber disk 2.5 cm (1 in.) thick and 
7.6 cm (3 in.) in diameter, is driven into the 
opponent’s goal. Find the volume of a puck in cubic 
centimeters and cubic inches. Round to the nearest 
tenth. 113.4 cm’, 7.1 in? 

CONVERTING TEMPERATURES In preparing 
an American almanac for release in Europe, editors 
need to convert temperature ranges for the planets 
from degrees Fahrenheit to degrees Celsius. Solve the 
formula F = 2C + 32 for C. Then use your result to 
make the conversions for the data shown in the table. 


Round to the nearest degree. 
C =3(F - 32) orc = 4) 


Planet High°F Low°F High°C Low°C 
Mercury 810 = 20) 432 AWS) 
Earth 136 =129) 58 —89 
Mars 63 =8/ ila) —66 


84. ICE CREAM If the two equal- 
sized scoops of ice cream melt 
completely into the cone, will 
they overflow the cone? yes 


T 
: 


6 in. 


WIPER DESIGN The area cleaned by the 
windshield wiper assembly shown in the illustration is 
given by the formula 

_ di(r,” — 12°) 


360 


85. 


Engineers have determined the amount of windshield 
area that needs to be cleaned by the wiper for two 
different vehicles. Solve the equation for d and use 
your result to find the number of degrees d the wiper 
arm must swing in each case. Round to the nearest 


degree. d = ae a 
Vehicle Area cleaned d (deg) 
Luxury car Sil ia? 140 
Sport utility vehicle 586 in.” 160 


Outer radius 
ry, = 22 in. 


Inner radius 
ry = 8 in. 


> 86. ELECTRONICS The illustration is a diagram of a 
resistor connected to a voltage source of 60 volts. As a 
result, the resistor dissipates power in the form of 
heat. The power P lost when a voltage E is placed 
across a resistance R (in ohms) is given by the 
formula 


EF? 
~ R 


P 


Solve for R. If P is 4.8 watts and E is 60 volts, 
find R. R = ©, R = 750 ohms 


Battery = E=60v Resistor 


87. 


> 88. 


89. 


> 90. 


1.6 Solving Formulas; Geometry 


CHEMISTRY In chemistry, the ideal gas law 
equation is PV = nR(T + 273), where P is the 
pressure, V the volume, 7 the temperature, and n the 
number of moles of a gas. R is a constant, 0.082. Solve 
the equation for n. Then use your result and the data 
from the student lab notebook in the illustration to 
find the value of n to the nearest thousandth for trial 
1 and trial 2. n = gcp’a7yy; 0.008, 0.090 


Ideal gas law Betsy Kingell 
Lab #1 Chem 1 
Section A 
Data: | Fressure Volume Temp 
(Atmosph.) | (Liters) (a) 
Trial1 | 0.900 0.250 20, 
Trial 2 | 11250 1560 +0 


R = 0.082 (Constant) 


INVESTMENTS An amount P, invested at a simple 
interest rate r, will grow to an amount A int years 
according to the formula A = P(1 + rt). Solve for P. 
Suppose a man invested some money at 5.5%. If after 
5 years, he had $6,693.75 on deposit, what amount did 


he originally invest? P = ck. $5,250 


COST OF ELECTRICITY The cost of electricity 
in a city is given by the formula C = 0.07n + 6.50, 
where C is the cost in dollars and n is the number 
of kilowatt hours used. Solve for n. Then find 

the number of kilowatt hours used each month by 
the homeowner whose checks to pay the 

monthly electric bills are shown in the 


illustration. n = —G76°2; 621, 1,000, about 1,692.9 kwh 


DATE APHIONEOIOMN ta 


Edison Electric Comp. ,$ 49.97 


Payable to 


OT. 
Oe tieZ27 === —<—<$<<—$<—$<$ _—_—_—__—— 
u 00. DOLLARS 


FIRST FEDERAL BANK 
198 JEPFS STREET 
HILLDALE, C7 


* 
March electric bill Brandow Glen 


Memo 


COST OF WATER A monthly water bill in a 
certain city is calculated by using the formula 


n= 5,000C = 17,500 


, where v is the number of gallons 
used and C is the monthly cost in dollars. Solve for 
C and compute the bill for quantities of 500, 1,200, 


and 2,500 gallons. C = arn $4.10, $4.94, $6.50 
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91. SURFACE AREA To find the amount of tin needed J WRITING | i =i 
to make the coffee can shown in the illustration, we 
use the formula for the surface area of a right circular 


93. Explain the difference between what perimeter 
measures and what area measures. 


cylinder, 
‘ 94. After solving a formula for m, a student compared 
A = 2ar° + 2arh her answer with that at the back of the textbook. 
Solve the formula for h. h = 42222 Could this problem have two different-looking 


2ar 


answers? Explain why or why not. 


5 
Student’s answer: m = ga +1 
5ar + 9 
if | Book’s answer: m = are 
95. Explain the error made below. 


1 
p> 92. CARPENTRY A regular polygon has n equal T= adx + y 
sides and n equal angles. The measure a of an interior 

angle in degrees is given by a = 180{1 — = . Solve 
for n. How many sides does the outdoor 96. A student solved x + 5c = 3c + a for c. His answer 
bandstand shown below have if the performance 
platform is a regular polygon with interior angles 


measuring 135°? n = wes. 8 


=adx +1 
1 


was c = *<+4—*_ Explain why the equation is not 
solved for c. 
PREVIEW — ) 
Simplify each expression. 
97. 12(2r + 11f + 1) — 11 + 2r 26r + 132° +1 


98. (16b + (3) — 8b 12b + 10 


99. —7(a — 3) — 5[3(a — 4) — 2(a + 2)| —12a + 101 
100. 0.9b? — 3.81b? -2.91b° 
101. —5.7pt — p + 5.1pt + 12p —0.6pt + 11p 

i) 2 


1 
102. 5! = 3! —q5t 


Using Equations to Solve Problems 


An objective of this course is to improve your problem-solving skills. In the next two 
sections, you will have the opportunity to do that as we discuss how to use equations 
to solve many different types of problems. 


EB Apply the steps of a problem-solving strategy. 


To become a good problem solver, you need a plan to follow, such as the following 
five-step strategy. 


1.7 Using Equations to Solve Problems 


Problem Solving 


Analyze the problem by reading it carefully. What information is given? 
What are you asked to find? What vocabulary is given? Often a diagram 
or table will help you visualize the facts of the problem. 

Form an equation by picking a variable to represent the numerical value 
to be found. Then express all other unknown quantities as expressions 
involving that variable. Key words or phrases can be helpful. Finally, 
translate the words of the problem into an equation. 

Solve the equation. 

State the conclusion using a complete sentence. Be sure to include the 
units (such as feet, seconds, or pounds) in your answer. 

Check the result using the original wording of the problem, not the 
equation that was formed in step 2. 


In order to solve problems, which are usually given in words, we must translate those 
words into mathematical symbols. In the next example, we use translation to write 


an equation that mathematically models the situation. 


| EXAMPLE 1 | Leading Employers In 2007, Target and Home Depot 


were two of the nation’s top employers. Their combined work forces totaled 
658,000 people. If Home Depot employed 46,000 fewer people than Target, how 
many employees did each company have? 


Analyze 
e The phrase combined work forces totaled 658,000 suggests that if we add 
the number of employees of each company, the result will be 658,000. 


e The phrase Home Depot employed 46,000 fewer people than Target 
suggests that the number of employees of Home Depot can be found by 
subtracting 46,000 from the number of employees of Target. 


e We are to find the number of employees of each company. 
Form If we let x = the number of employees of Target, then x — 46,000 = the 


number of employees of Home Depot. We can now translate the words of the 
problem into an equation. 


The number of employees the number of employees 


plus 658,000. 


of Target of Home Depot 


x + x — 46,000 = 658,000 


Solve 

x + x — 46,000 = 658,000 

2x — 46,000 = 658,000 Combine like terms. 
2x = 704,000 Add 46,000 to both sides. 
x = 352,000 To isolate x, divide both sides by 2. 

Since x represents the number of employees of Target, we can find the 
number of employees of Home Depot by evaluating x — 46,000 for x = 352,000. 

x — 46,000 = 352,000 — 46,000 

= 306,000 


Self Check 1 


iPODs The combined cost of an 
iPod and accessories is $245. If 
the iPod costs $55 more than the 
accessories, find the cost of the 
iPod. $150 


Now Try Problem 13 


Teaching Example 1 GRADUATING 
CLASSES Ina recent graduating class 
of 158 seniors, there were 26 more 
female students than male students. 
Find the number of male students in 
the class. 

Answer: 

66 male students 


Chapter 1 


Self Check 2 


DRIVINGTRIPS A three-part drive 
consists of a first part that is 1 
mile longer than the second, and 
a third part that is 1 mile longer 
than 4 times the second part. If 
the entire drive is 17 miles, find 
the length of each part. 3.5 mi, 2.5 
mi, 11 mi 


Now Try Problem 15 


Teaching Example 2 TRIATHLONS 
To start training for a triathlon, an 
athlete runs 8 times longer than she 
swims, and cycles 45 miles longer than 
she runs. If she covers an overall 
distance of 70.5 miles, find the length of 
each part of her workout. 

Answer: 

swims 1.5 mi, runs 12 mi, cycles 57 mi 


A Review of Basic Algebra 


State In 2007, Target had 352,000 employees and Home Depot had 306,000 
employees. 


Check Since 352,000 + 306,000 = 658,000 and since 306,000 is 46,000 less than 
352,000, the answers check. 


Caution! For this problem, one common mistake is to let 


x = the number of employees of each company 


Since Target and Home Depot have different numbers of employees, x cannot 
represent both unknowns. 


When solving problems, diagrams are often helpful, because they allow us to 
visualize the facts of the problem. 


| EXAMPLE 2 | Triathlons A triathlon includes swimming, long-distance 


running, and cycling. The long-distance run is 11 times longer than the distance 
the competitors swim. The distance they cycle is 85.8 miles longer than the run. 
Overall, the competition covers 140.6 miles. Find the length of each part of the 
triathlon and round each length to the nearest tenth of a mile. 


Analyze The entire triathlon course covers a distance of 140.6 miles. We note that 
the distance the competitors run is related to the distance they swim, and the 
distance they cycle is related to the distance they run. 


Form If x = the distance in miles that the competitors swim, then 11x = the length 
of the long-distance run, and 11x + 85.8 = the distance they cycle. From the 
diagram below, we can see that the sum of the individual parts of the triathlon must 
equal the total distance covered. 


— 


Swimming 


Running 
x mi 11x mi 


|< 140.6 m >| 


Cycling 
(11x + 85.8) mi 


We can now form the equation. 


The distance the distance 1 the distance the total length 
us 
they swim they run they cycle of the course. 
x + 11x + 11x + 85.8 = 140.6 
Solve 
x + 11x + 11x + 85.8 = 140.6 
23x + 85.8 = 140.6 Combine like terms. 
23x = 54.8 Subtract 85.8 from both sides. 


x = 2.382608696 To isolate x, divide both sides by 23. 


State To the nearest tenth, the distance the competitors swim is 2.4 miles. The 
distance they run is 11x, or approximately 11(2.382608696) = 26.20869565 miles. 
To the nearest tenth, that is 26.2 miles. The distance they cycle is 11x + 85.8, or V 


1.7 Using Equations to Solve Problems 


approximately 26.20869565 + 85.8 = 112.0086957 miles. To the nearest tenth, that 
is 112.0 miles. 


Check If we add the lengths of the three parts of the triathlon and round to the 
nearest tenth, we get 140.6 miles. The answers check. 


The wording of a problem doesn’t always contain key phrases that translate 
directly to an equation. In such cases, an analysis of the problem will give clues that 
help us write an equation. 


| EXAMPLE 3 | Travel Promotions . 


The price of a 7-day Alaskan cruise, normally 
$2,752 per person, is reduced by $1.75 per 
person for large groups traveling together. 
How large a group is needed for the price to 
be $2,500 per person? 


Self Check 3 


BROADWAY SHOWS Tickets to a 
Broadway show normally sell for 
$90 per person. This price is 
reduced by $0.50 per person for 
large groups. How large a group 
is needed for the price to be 
Analyze For a group of 20 people, the cost is $75 per person? 30 people 
reduced by $1.75 for each person and the 
$2,752 price is reduced by 20($1.75) = $35. 


© Ron Niebrugge/Alamy 


Now Try Problem 21 


_ : Fe = Teaching Example 3 COMPANY 
The per-person price of the cruise = $2,752 — 20($1.75) ADVERTISING A trucking company 
For a group of 30 people, the $2,752 cost is reduced by 30($1.75) = $52.50. had their logo embroidered on the 
; 2 front of baseball caps. The caps are 
The per-person price of the cruise = $2,752 — 30($1.75) normally $20 each but will be reduced 


by $0.05 per hat for large orders. How 


Form If we let x = the group size necessary for the price of the cruise to be $2,500 fatoeenorler maceded ter the pike 


per person, we can form the following equation: per hat to be $15 per hat? 
Answer: 
Th i th b f 100 hats 
ee is Bee) minus esse times oe 
of the cruise people in the group 
2,500 = 2,752 - x . 1.75 
Solve 


2,500 = 2,752 — 1.75x 
2,900 — 2,752 = 2,752 — 1.75x — 2,752 Subtract 2,752 from both sides. 
—252 = —1.75x Simplify each side. 
144 =x To isolate x, divide both sides by —1.75. 


State If 144 people travel together, the price will be $2,500 per person. 


Check For 144 people, the cruise cost of $2,752 will be reduced by 
144($1.75) = $252. If we subtract, $2,752 — $252 = $2,500. The answer checks. | 


4 Solve number-value problems. 


Some problems deal with quantities that have a value. In these problems, we must 
distinguish between the number of and the value of the unknown quantity. For 
problems such as these, we will use the relationship 


Number - value = total value 


Portfolio Analysis A college foundation owns stock in 
Kodak (selling at $26 per share), Coca-Cola (selling at $52 per share), and IBM 
(selling at $103 per share). The foundation owns an equal number of shares of 
Kodak and Coca-Cola stock, but five times as many shares of IBM stock. If this 
portfolio (collection of stocks) is worth $415,100, how many shares of each stock 
does the foundation own? 


Self Check 4 


RESTAURANT SUPPLIES A 
restaurant owner needs to 
purchase some tables, chairs, and 
dinner plates for the dining area 
of her establishment. She plans to 
buy 4 chairs and 4 plates for each 
new table. If the total number of 
items ordered is 180, how many 
of each did she buy? 


Now Try Problem 25 
Self Check 4 Answer 
20 tables, 80 chairs, 80 plates 


Teaching Example 4 CLASSROOM 
SUPPLIES An elementary teacher 
needs to purchase a small whiteboard, 
an eraser, and 3 dry-erase markers for 
each student in her class. If the total 
number of items on her order is 115, 
how many whiteboards, erasers, and 
dry-erase markers were ordered? 
Answer: 

23 whiteboards, 23 erasers, 69 markers 
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Analyze The value of the Kodak stock plus the value of the Coca-Cola stock plus 
the value of the IBM stock must equal $415,100. We need to find the number of 
shares of each of these stocks held by the foundation. 


Form If we let x = the number of shares of Kodak stock, then x = the number of 
shares of Coca-Cola stock. Since the foundation owns five times as many shares of 
IBM stock as Kodak or Coca-Cola stock, 5x = the number of shares of IBM. The 
value of the shares of each stock is the product of the number of shares of that stock 
and its per-share value. See the table. 


Stock | Number of shares - Value per share = Total value of the stock 
Kodak EX 26 26x 
Coca-Cola x a2 SNE 
IBM 5x 103 103(5x) 

Total: $415,100 
a | 


Use the information in this 
column to form an equation. 


We can now form the equation. 


the total value of 
all of the stock. 


415,100 


The value of the value of 


Kodak stock plus 


the value of . 
IBM stock 


103(5x) = 


Coca-Cola stock 
26x + 52x + 
Solve 
26x + 52x + 515x = 415,100 
593x = 415,100 
x = 700 


State The foundation owns 700 shares of Kodak, 700 shares of Coca-Cola, and 
5(700) = 3,500 shares of IBM. 


Combine like terms on the left side. 


To isolate x, divide both sides by 593. 


Check The value of 700 shares of Kodak stock is 700($26) = $18,200. The value 
of 700 shares of Coca-Cola is 700($52) = $36,400. The value of 3,500 shares of IBM 
is 3,500($103) = $360,500. The sum is $18,200 + $36,400 + $360,500 = $415,100. 


The answers check. | 


EB Solve geometry problems. 


Sometimes we can use a geometric fact or formula to solve a problem. The following 
illustrations show two important types of geometric figures: angles and triangles. A 
right angle is an angle whose measure is 90°. A straight angle is an angle whose 
measure is 180°. An acute angle is an angle whose measure is greater than 0° and 
less than 90°. An angle whose measure is greater than 90° and less than 180° is called 
an obtuse angle. 


ae 180 
135° 45° 


Right angle Straight angle Obtuse angle Acute angle 
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12 ft 12 ft 


Right triangle Isosceles triangle Equilateral triangle 


If the sum of two angles equals 90°, the angles are called complementary, and 
each angle is called the complement of the other. If the sum of two angles equals 
180°, the angles are called supplementary, and each angle is the supplement of the 
other. 

A right triangle is a triangle with one right angle. An isosceles triangle is a 
triangle with two sides of equal measure that meet to form the vertex angle. The 
angles opposite the equal sides, called the base angles, are also equal. An equilateral 
triangle is a triangle with three equal sides and three equal angles. It is important to 
note that the sum of the angle measures of any triangle is 180°. 


Self Check 5 


ANGLE MEASURE The largest 
angle of a triangle is three times 


Flags The flag of Guyana, a republic on the northern 
coast of South America, is one isosceles triangle superimposed over another on a 
field of green, as shown. The measure of a base angle of the larger triangle is 14° 
more than the measure of a base angle of the smaller triangle. The measure of the the smallest angle, and the 
vertex angle of the larger triangle is 34°. Find the measure of each base angle of midsized angle is 20° more than 
the smaller triangle. the smallest. Find the measure of 
the three angles. 32°, 52°, 96° 


Now Try Problem 33 


Teaching Example 5 ANGLE 
MEASURE The measure of 21 of a 
triangle is 25° more than that of 22. 
The measure of 23 is 5° more than 
three times the measure of 22. Find the 
measure of each angle. 

Answer: 

55°;.30°, 95° 


Analyze We are working with isosceles triangles. Therefore, the base angles of the 
smaller triangle have the same measure, and the base angles of the larger triangle 
have the same measure. 


Form If we let x = the measure in degrees of one base angle of the smaller 
isosceles triangle, then the measure of its other base angle is also x. (See the figure.) 

The measure of a base angle of the larger isosceles triangle is x + 14°, since 
its measure is 14° more than the measure of a base angle of the smaller triangle. 
We are given that the vertex angle of the larger triangle measures 34°. 

The sum of the measures of the angles of any triangle (in this case, the larger 
triangle) is 180°. 

We can now form the equation. 


The measure of os the measure of the ne the measure of 
one base angle P other base angle P the vertex angle 


x +14 + x +14 + 34 = 180 V 


180°. 
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Solve 
x+144+x+4 14+ 34 = 180 


2x + 62 = 180 Combine like terms. 
2x =118 Subtract 62 from both sides. 


x = 59 To isolate x, divide both sides by 2. 
State The measure of each base angle of the smaller triangle is 59°. 


Check Ifx = 59,thenx + 14 = 73. The sum of the measures of each base angle and 
the vertex angle of the larger triangle is 73° + 73° + 34° = 180°. The answer checks. 


IZ¥ Use formulas to solve problems. 


When preparing to write an equation to solve a problem, the given facts of the prob- 
lem often suggest a formula that we can use to model the situation mathematically. 


Self Check 6 | EXAMPLE 6 | ; ) 
= se Kennels A man has a 50-foot roll of fencing to make a 


CRIME SCENE Police used 400 feet rectangular kennel. If he wants the kennel to be 6 feet longer than it is wide, find 
of yellow tape to fence off a ts dimensions 
rectangular-shaped lot for an 


investigation. If the width is Analyze The perimeter P of the rectangular kennel is 50 feet. Recall that the 


50 feet less than the length, find formula for the perimeter of a rectangle is P = 2/ + 2w. We need to find its length 


the dimensions of the lot. and width. 
75 ft by 125 ft Form We let w = the width in feet of the kennel shown below. Then the length, 


Now Try Problem 39 which is 6 feet more than the width, is represented by the expression w + 6. 


Teaching Example 6 REAL ESTATE 
The perimeter of a rectangular lot is 
460 ft. If the length is 20 ft longer than 
the width, find the dimensions of the 
lot. 

Answer: 

105 ft by 125 ft 


We can now form the equation by substituting 50 for P and w + 6 for the length 
in the formula for the perimeter of a rectangle. 


P=21+2w 
50 = 2(w + 6) + 2w 
Solve 


50 = 2(w + 6) + 2w 
50 = 2w+ 12+ 2w Distribute the multiplication by 2. 


50 = 4w + 12 Combine like terms. 

38 = 4w Subtract 12 from both sides. 

95=w To isolate w, divide both sides by 4. 
State The width of the kennel is 9.5 feet. The length is 6 feet more than this, or 
15.5 feet. 


Check Ifa rectangle has a width of 9.5 feet and a length of 15.5 feet, its length is 6 
feet more than its width, and the perimeter is 2(9.5) feet + 2(15.5) feet = 50 feet. 
The answers check. rs 


ANSWERS TO SELF CHECKS 


1. $150 2. 3.5 mi,2.5 mi,11 mi 3. 30people 4. 20 tables, 80 chairs, 80 plates 
5. 32°,52°,96° 6. 75 ft by 125 ft 


STUDY SET 


—_ VOCABULARY 
Fill in the blanks. 


1. An_acute angle has a measure of more than 0° and 
less than 90°. 


2. A_tight_ angle is an angle whose measure is 90°. 

3. Ifthe sum of the measures of two angles equals 90°, 

the angles are called complementary angles. 

If the sum of the measures of two angles equals 180°, 

the angles are called _supplementary angles. 

5. Ifa triangle has a right angle, it is called a _tight_ 
triangle. 

6. Ifa triangle has two sides with equal measures, it is 
called an _isosceles_ triangle. 

7. The sum of the measures of the _2ngles_ of a triangle is 
180°. 

8. An _guilateral_trjangle has three sides of equal length 
and three angles of equal measure. 


I CONCEPTS 


9. The unit used to measure the intensity of sound is 
called the decibel. In the table, translate the 
comments in the right column into mathematical 
symbols to complete the decibels column. 


15 decibels more 


10 decibels less than twice 


Jet takeoff 2d + 20 20 decibels more than twice 
Whispering 10 decibels less than half 
Rock band 2d Twice the decibel level 


10. INSTRUMENTS The flute consists of three pieces. 
Write an algebraic expression that represents 


a. the length of the shortest piece. +x 
b. the length of the longest piece. 2x 
c. the length of the flute. x + 2x + 2x 


;—f}-— 


So LIPPDP S OPE) 


P Selected exercises available online at 
www.webassign.net/brookscole 
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11. The following table shows the four types of problems 
an instructor put on a history test. 


p> a. Complete the table. 


> b. Write an algebraic expression that represents the 


total number of points on the test. 
bx + Ge + 10 — 2) + ox 


c. Write an equation that could be used to find x. 
10(x 


5x: + 6x 4 


2) + 5x = 110 


Multiple choice a 5) Ox 
True/false 3x 2 6x 
Essay y= 2 10 10G@: — 2) 
Fill-in x 5 5x 

Total: 110 points 


> 12. For each picture shown, what geometric concept 


studied in this section is illustrated? 
an equilateral triangle and a right angle 


] ~~ 


I APPLICATIONS 


13. CEREAL SALES In 2005, two of the top-selling 
cereals in the United States were General Mills’ 
Cheerios and Kellogg’s Frosted Flakes, with 
combined sales of $939 million. Frosted Flakes sales 
were $439 million less than sales of Cheerios. What 
were the 2005 sales for each brand? 

Cheerios: $689 million, Frosted Flakes: $250 million 

FILMS Denzel Washington’s three top domestic 
grossing films, Remember the Titans, The Pelican Brief, 
and Crimson Tide, have earned $307.8 million. If 
Remember the Titans earned $14.8 million more than 
The Pelican Brief, and if The Pelican Brief earned $9.4 
million more than Crimson Tide, how much did each 


film earn as of that date? 
Titans: $115.6 million, Pelican: $100.8 million, Tide: $91.4 million 


> 14. 
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> 15. 


16. 


17. 


18. 


19. 


STATUE OF LIBERTY 

From the foundation of 

the large pedestal on x 
which it sits to the top of rN. 
the torch, the Statue of 
Liberty National 
Monument measures 
305 feet. The pedestal is 
3 feet taller than the 
statue. Find the height of 
the pedestal and the 
height of the statue. 
pedestal: 154 ft, statue: 151 ft 
WOODWORKING The carpenter saws a board that 
is 22 feet long into two pieces. One piece is to be 1 
foot longer than twice the length of the shorter piece. 
Find the length of each piece. 7 ft, 15 ft 


22 ft 


TV COMMERCIALS For the typical “one-hour” 
prime-time television slot, the number of minutes of 


commercials is 3 of the number of minutes of the 


actual program. Determine how many minutes of the 
program are shown in that one hour. 

42 min 

CONCERT TOURING A rock group plans to travel 
for a total of 23 weeks, visiting three countries. They 
will be in Germany for 3 weeks longer than they will 
be in France. Their stay in Great Britain will be 1 
week less than that in France. How many weeks will 
they be in each country? 

Germany: 10 wk, Great Britain: 6 wk, France: 7 wk 
MAKING FURNITURE A woodworker wants to 
put two partitions crosswise in a drawer that is 

28 inches deep, as shown in the illustration. He wants 
to place the partitions so that the spaces created 
increase by 3 inches from front to back. If the 
thickness of each partition is 5 inch, how 

far from the front end should he place the first 
partition? 6 in. 


> 20. 


21. 


p> 22. 


23. 


p> 24. 


> 25. 


BUILDING SHELVES A carpenter wants to put 
four shelves on an 8-foot wall so that the five spaces 
created decrease by 6 inches as we move up the wall. 
If the thickness of each shelf is ; inch, how far will 
the bottom shelf be from the floor? See the 
illustration. 302 in. 


SPRING TOURS A group of junior high students 
will be touring Washington, D.C. Their chaperons will 
have the $1,810 cost of the tour reduced by $15.50 for 
each student they personally supervise. How many 
students will a chaperon have to supervise so that his 
or her cost to take the tour will be $1,500? 

20 

MACHINING Each pass through a lumber plane 
shaves off 0.015 inch of thickness from a board. How 
many times must a board, originally 0.875 inch thick, 
be run through the planer if a board of thickness 

0.74 inch is desired? 

2 

MOVING EXPENSES To help move his furniture, a 
man rents a truck for $41.50 per day plus 35¢ per 
mile. If he has budgeted $150 for transportation 
expenses, how many miles will he be able to drive the 
truck if the move takes 1 day? 

310 mi 

COMPUTING SALARIES A student working for a 
delivery company earns $57.50 per day plus $4.75 for 
each package she delivers. How many deliveries must 
she make each day to earn $200 a day? 

30 

ASSETS OF A PENSION FUND A pension fund 
owns 2,000 fewer shares in mutual stock funds than 
mutual bond funds. Currently, the stock funds sell 

for $12 per share, and the bond funds sell for $15 per 
share. How many shares of each does the pension 


fund own if the value of the securities is $165,000? 
5,000 shares of stock funds, 7,000 shares of bond funds 


26. 


27. 


> 28. 


29. 


30. 


31. 


VALUE OF AN IRA In an Individual Retirement 
Account (IRA) valued at $53,900, a couple has 500 
shares of stock, some in Big Bank Corporation and 
some in Safe Savings and Loan. If Big Bank sells for 
$115 per share and Safe Savings sells for $97 per 
share, how many shares of each does the couple own? 
300 shares of BB, 200 shares of SS 

SELLING CALCULATORS Last month, a 
bookstore ran the following ad. Sales of $5,370 were 
generated, with 15 more graphing calculators sold 
than scientific calculators. How many of each type of 


calculator did the bookstore sell? 
35 $12 calculators, 50 $99 calculators 


Calculator Special 


Scientific 
model 


Graphing 
model 


SELLING SEED A seed company sells two grades 
of grass seed. A 100-pound bag of a mixture of rye 
and Kentucky bluegrass sells for $245, and a 
100-pound bag of bluegrass sells for $347. How many 
bags of each are sold in a week when the receipts for 
19 bags are $5,369? 

12 bags of mixture, 7 bags of bluegrass 

NURSING The 5x 
illustration shows the 

angle a needle 

should make with 

the skin when 

administering a 

certain type of 

injection. Find the measure of both angles 

labeled. 30°, 150° 


SUPPLEMENTARY ANGLES Refer to the 
illustration and find x. 40° 


26+ 30° 2x — 10° 

THE LEANING TOWER OF PISA Refer to the 
illustration in the next column. Because of soft soil 
and a shallow foundation, the Leaning Tower of Pisa 
in Italy is not vertical. Engineers predict that if the 
indicated angle gets to be 7°, the walls will not be able 
to support the structure and it will come crumbling 
down. 


32. 


34. 


1.7 Using Equations to Solve Problems at) 


a. How many degrees 
from vertical is the 
tower now? 5.6° 


Vertical 


b. How many more 
degrees of lean must 
occur to cause the 
predicted collapse? 
1.4° 


This angle is 
0.4° more than 
15 times the 
other angle. 


THE iPAD BUILDING The sleek design of Apple’s 
iPod has inspired a 23-floor residential and office 
building in Dubai, called the iPad. It closely 
resembles a gigantic iPod sitting at an angle in its 
charger as shown below. How many degrees from the 
vertical is the building? 6° 


Vertical 


This angle is 
14 times larger 
than the other 


- STEPSTOOLS The sum 


of the measures of the 


three angles of any ° 
triangle is 180°. In the 
illustration, the measure orig 


of 22 (angle 2) is 10° 
larger than the measure ; 
of 21.The measure of 23 = 2 
is 10° larger than the 
measure of 22. Find each 
angle measure. 
£1530°,.22500°,, 23:70" 
ANGLES OFA 
QUADRILATERAL 
The sum of the angles 
of any four-sided 
figure (called a 
quadrilateral) is 360°. 
The quadrilateral 
shown has two equal 
base angles. Find x. 60° 
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35. GEOMETRY In the l 41. RANCHING A farmer has 624 feet of fencing to 
illustration, lines r and enclose a pasture. Because a river runs along one side, 
s are cut by a third r ; fencing will be needed on only three sides. Find the 
line / to form 21 dimensions of the pasture if its length is double its 
(angle 1) and 22. ‘ 2 width. 156 ft by 312 ft 


When lines r and s are 

parallel, 71 and 22 

are supplementary. If 

Z1 =x + 50°, 22 = 2x — 20°, and lines r and s are 
parallel, find x. 50° 


> 36. GEOMETRY In the 
illustration, r||s (read 
as “line r is parallel to 
line s”), and a = 103. 
Find b, c, and d. (Hint: 
See Problem 35.) 
b =77,c = 103,d =77 


Width 


p> 42. FENCING A man has 150 feet of fencing to build 
the two-part pen shown in the illustration. If one part 
is a Square and the other a rectangle, find the outside 


37. VERTICAL ANGLES 2 dimensions of the pen. 20 ft by 45 ft 
When two lines es 


intersect, four angles 
are formed. Angles that are side-by-side, such as 21 
(angle 1) and 22, are called adjacent angles. Angles 
that are nonadjacent, such as 21 and 23 or 22 and 
ZA, are called vertical angles. From geometry, we 
know that if two lines intersect, vertical angles have 
the same measure. If 71 = 3x + 10° and 
Z3 = 5x — 10°, find x. 10° pm 43. SOLAR HEATING One solar panel in the 

> 38. GEOMETRY In the illustration is to be 3 feet wider than the other. To be 
illustration, r||s (read as; equally efficient, they must have the same area. Find 
“line r is parallel to the width of each. 8 ft, 11 ft 


line s”), and b = 137. 
Find a and c. (Hint: See 
Problems 35 and 37.) 
a= 137,c = 43 

39. SWIMMING POOLS A woman wants to enclose the 
pool shown and have a walkway of uniform width all 
the way around. How wide will the walkway be if the 
woman uses 180 feet of fencing? 10 ft 


Ss 


With —+— wieth —] 


> 44. HEIGHT OFA TRIANGLE If the height of a 
triangle with a base of 8 inches is tripled, its area is 
increased by 96 square inches. Find the height of the 
triangle. 12 in. 


> 40. QUILTING Throughout history, most artists and 45 
designers have felt that golden rectangles with a 
length 1.618 times as long as their width have the 
most visually attractive shape. A woman is planning 
to make a quilt in the shape of a golden rectangle. She 
has exactly 22 feet of a special lace that she plans to 
sew around the edge of the quilt. What should the 
length and width of the quilt be? Round both answers 
up to the nearest hundredth. 4.20 ft by 6.80 ft 


. Briefly explain what should be accomplished in each 
of the steps (analyze, form, solve, state, and check) of 
the problem-solving strategy used in this section. 


1.8 More about Problem Solving Ea 


> 46. Write a problem that can be represented by the J REVIEW 


Polos Verpah peace 47. When expressed as a decimal, is u a terminating or 


repeating decimal? repeating 


The the the Pa 
measure measure measure - Pm 48. Solve: x + 20 = 4x —1 + 2x 5 

~. Ee... BE... 49. Write the set of integers. 

ae aac ee beg, 4, =2 1,012,934, 223 


50. Solve:2x +2 = ox —2 -3 
x + 2x + x+10 = 180 51. Evaluate 2x7 + 5x — 3 forx = —3. 0 


52. Solve T — R = ma for R. R = T — ma 


" Objectives 
More about Problem Solving 1 Solve percent problems. 


In this section, we will again use equations as we solve a variety of problems. | 2 | eee en 


3 | Solve investment problems. 
Solve percent problems. 

Percents are often used to present numeric information. Percent means parts per 4 | Solve uniform motion problems. 
one hundred. One method to solve percent problems is to use the given facts to 

write a percent sentence of the form: EB) Solve mixture problems. 


is % of ? 
We enter the appropriate numbers in two of the blanks and the word “what” in the 


remaining blank. Then we translate the sentence to mathematical symbols and solve 
the resulting equation. 


The Language of Algebra The names of the parts of a percent sentence are: 


> is 50% of 10. 


amount percent base 
They are related by the formula: 


Amount = percent - base 


‘i Self Check 1 
Video Games Refer to the following graph. Determine = se 
the number of video games sold in the United States in 2005. VIDEO GAMES Refer to the graph 


from Example 1. Determine the 
number of sports video games 
sold in the United States in 
2005. 32,956,500 


Now Try Problem 21 


BEST-SELLING VIDEO GAMES IN THE UNITED STATES, 2005 
11% Other 


4.7% Fighting 
7.8% Role-Playing 
9.3% Children & Family 
Entertainment 


30.1% Action-Adventure 
57,340,500 units Teaching Example 1 VIDEO GAMES 

Refer to the graph from Example 1. 

Determine the number of children and 

family entertainment video games in 

the United States in 2005. 

Answer: 

17,716,500 


8.7% Adventure/FPS 


17.3% Sports 
11.1% Racing 


Source: The NPD Group/Point of Sale Information Vv 


Self Check 2 


SEASONAL MARKDOWNS At an 
after-season sale, a winter coat 
that normally sells for $279 is on 
sale for $112. Find the percent of 
markdown. ~ 60% 


Now Try Problem 25 


Teaching Example 2 GRAND 
OPENINGS During a grand-opening 
sale, a jacket that normally sells for 
$139 is on sale for $97. Find the percent 
of markdown. 
Answer: 

= 30% 
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Analyze In the circle graph on the previous page, we see that the 57,340,500 
action-adventure video games that were sold in the United States in 2005 were 
30.1% of the total number of video games sold. 


Form Let x = the total number of video games sold in the United States in 2005. 
First, we write a percent sentence using the given data. Then we translate to form 
an equation. 


57,340,500 is 30.1% of what? 


t | t + 4 


57,340,500 30.1% - x The amount is 57,340,500, the percent is 


30.1%, and the base is x. 


Solve To find the total number of video games sold in the United States in 2005, 

we solve for x. 
57,340,500 = 0.301x 
57,340,500 — 0.301x 
0.301 0.301 


190,500,000 = x 
State There were 190,500,000 video games sold in the United States in 2005. 


Check If a total of 190,500,000 video games were sold, then the 57,340,500 action- 


adventure video games sold were ae = 0.301 or 30.1% of the units sold. The 


answer checks. I] 


Write 30.1% as a decimal: 30.1% = 0.301. 


To isolate x, divide both sides by 0.301. 


Do the division using a calculator. 


When the regular price of merchandise is reduced, the amount of reduction is 
called markdown (or discount). 


Sale price =  regularprice -— markdown 


Usually, the markdown is expressed as a percent of the regular price. 


Markdown = percent of markdown regular price 


| EXAMPLE 2 | Wedding Gowns Ata bridal shop, a wedding gown that 


normally sells for $397.98 is on sale for $265.32. Find the percent of markdown. 


Analyze In this case, $265.32 is the sale price, $397.98 is the regular price, and the 
markdown is the product of $397.98 and the percent of markdown. 


Form We let r= the percent of markdown, expressed as a decimal. We then 
substitute $265.32 for the sale price and $397.98 for the regular price in the formula. 


Sale price is  regularprice minus markdown. 
265.32 = 397.98 = r+ 397.98 Markdown = 
percent of 
markdown - 


regular price. 
Solve 
265.32 = 397.98 — r+ 397.98 
265.32 = 397.98 — 397.98r 
—132.66 = —397.98r 
—132.66 
—397.98" 


Rewrite r- 397.98 as 397.98r. 
Subtract 397.98 from both sides. 


To isolate r, divide both sides by —397.98. ¥ 
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0.333333)... 
33:3333 0<%o 


ll 
~ 


Do the division using a calculator. 


Write the decimal as a percent. Multiply 0.333333 ...by 100 by 
moving the decimal point two places to the right and insert a 
‘h sign. 


ll 
~ 


State The percent of markdown on the wedding gown is 33.3333... % or 334 %. 


Check The markdown is 334% of $397.98, or $132.66. The sale price is 
$397.98 — $132.66, or $265.32. The answer checks. |_| 


Percents are often used to describe how a quantity has changed. To describe 
such changes, we use percent of increase or percent of decrease. 


| EXAMPLE 3 | Entertainment Use the following data to determine the 


percent of increase in the number of indoor movie theater screens in the United 
States from 1990 to 2005. Round to the nearest one percent. 


Movie Theater Screens (United States) 
40,000 


1990: 


22,904 
30,000 screens 
- i i | | 
10,000 — 


2005: 
37,092 


screens 


'90 '91 '92 '93 '94 '95 '96 '97 '98 '99 '00 '01 '02 '03 '04 '05 


Source: National Association of Theater Owners 


Analyze To find the percent of increase, we first find the amount of increase by 
subtracting the number of screens in 1990 from the number in 2005. 


37,092 — 22,904 = 14,188 


Form Next, we find what percent of the original 22,904 screens the 14,188 increase 
represents. We let x = the unknown percent and translate the words into an 
equation. 


14,188 is whatpercent of 22,904? 
14,188 = x . 22,904 The amount is 14,188, the 
percent is x, and the base is 
22,904. 
Solve 


14,188 = x + 22,904 
14,188 = 22,904x 
14,188  22,904x 
22,904 22,904 
0.619455117... + x 
61.9455117...% =x 
62% =x 


To isolate x, divide both sides by 22,904. 


Do the division using a calculator. 


Write the decimal as a percent. 


Round to the nearest one percent. Vv 


Self Check 3 


IDENTITY THEFT In 2001, there 
were 86,000 complaints of 
identity theft. In 2005, there were 
256,000 complaints. Find the 
percent of increase in the 
number of complaints from 

2001 to 2005. ~ 197.7% 


Now Try Problem 31 


Teaching Example 3 IDENTITY 
THEFT In 2004, there were 247,000 
complaints of identity theft, and in 2005 
there were 256,000 complaints. Find the 
percent of increase from 2004 to 2005. 
Answer: 

= 4% 
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State There was a 62% increase in the number of movie screens in the United 
States from 1990 to 2005. 


Check A 50% increase from 22,904 screens would be approximately 11,000 
additional screens. It seems reasonable that 14,188 more screens would be a 62% 
increase. 


Caution! Always find the percent of increase (or decrease) with respect to 
the original amount. 


LGU Olele| | Fastest Growing Occupations 


“With the Baby Boomer generation aging, more medical professionals will be 
required to manage the health needs of the elderly.” 


Jonathan Stanewick, Compensation Analyst, Salary.com, 2004 


The table below shows predictions by the U.S. Department of Labor, Bureau 
of Labor Statistics, of the fastest growing occupations for the years 2002-2012. 
Which occupation has the greatest percent of increase? medical assistant, about 59% 


Number of Predicted number Education or 
Occupation jobs in 2002 _—_ of jobs in 2012 training required 


Home health aide 580,000 859,000 On-the-job training/ 
AA degree 


Medical assistant 365,000 579,000 On-the-job training/ 
AA degree 


Physician assistant 63,000 94,000 Bachelor’s degree/ 
Masters degree 


Social service 305,000 454,000 On-the-job training/ 
assistant AA degree 


Systems, data analyst 186,000 292,000 Bachelor’s degree 


49 Find the mean, median, and mode. 


Statistics is a branch of mathematics that deals with analysis of numerical data. 
Three types of averages are commonly used in statistics as measures of central 
tendency of a collection of data: the mean, the median, and the mode. 


Mean, Median, and Mode 


The mean x of a collection of values is the sum S of those values divided by the 
number of values n. 


X=— _ Read x as “x bar.” 
n 


The median of a collection of values is the middle value. To find the median, 


1. Arrange the values in increasing order. 


If there are an odd number of values, choose the middle value. 
If there are an even number of values, add the middle two values and 
divide by 2. 


The mode of a collection of values is the value that occurs most often. 


1.8 More about Problem Solving 
: A Self Check 4 
MSC reaction Time As a ae ee 


project for a science class, a student measured Using the collection of data, find: 
ten people’s reaction times. The times, in a. the mean ~ 4.61 

seconds, are listed below. Using the collection b. the median 4.265 

of data, find: a. the mean b. the median c. the mode 3.99 

c. the mode 3.25 4.17 6.52 5.19 


0.29, 0.22, 0.19, 0.36, 0.28, 0.23, 4.36 3.99 5.44 3.99 
0.16, 0.28, 0.33, 0.26 


Now Try Problem 33 


Strategy We will follow the steps in the 
definition box for the mean, medium, and mode. 


© Steve Morse photo, MU Cooperative Media Group 


Teaching Example 4 Using the 
collection of data, find: 

a. the mean 

b. the median 

c. the mode 


WHY For each of the parts, a specific set of steps must be followed. 


Solution 
1.27 355 4.16 5.44 615 
a. To find the mean, we add the values and divide by the number of values, which 5.36 4.89 3.14 5.19 1.27 
is 10. Answers: 
_ 0.29 + 0.22 + 0.19 + 0.36 + 0.28 + 0.23 + 0.16 + 0.28 + 0.33 + 0.26 ao Wi Reee hy Oe 
pa = 


10 
= 0.26 second 


b. To find the median, we first arrange the values in increasing order: 


0.16, 0.19, 0.22, 0.23, 0.26, 0.28, 0.28, 0.29, 0.33, 0.36 
Least Greatest 


Because there is an even number of measurements, the median will be the sum 
of the middle two values, 0.26 and 0.28, divided by 2. 


26 + 0. 
Median = ee = 0.27 second 


c. Since the time 0.28 second occurs most often, it is the mode. 


0.16, 0.19, 0.22, 0.23, 0.26, 0.28, 0.28, 0.29, 0.33, 0.36 i 


The Language of Algebra In statistics, the mean, median, and mode are 


classified as types of averages. In daily life, when the word average is used, it 
most often is referring to the mean. 


| EXAMPLE 5 | Bank Service Charges When the average (mean) daily SoH Check > 


balance of a customer’s checking account falls below $500 in any week, the bank GRADES To earn a grade of at 
assesses a $15 service charge. What minimum balance will the account shown least a B, a student must have an 


need to have on Friday to avoid the service charge? average of 80 or more. If he 
earned grades of 78, 75, 84,79 on 


the first 4 exams, what is the 
Security Savings lowest score on the fifth exam 
required to earn a B for the 


Weekly Statement 
Acct: 201-234-002 Type: checking course? 84 
Day | Date | Daily balance | Comments Now Try Problem 35 


Mon | 3/11 $730.70 
Tue | 3/12 $350.19 


Wed | 3/13 —$50.19 overdrawn 
Thu | 3/14 $275.55 
Fri_| 3/15 


Teaching Example 5 GRADES To 
earn an A in the course, a student must 
have an average of 90 or more for the 5 
exams. If she earned grades of 92, 81, 
85, 93 on the first 4 exams, what is the 
lowest score on the fifth exam is 
required to earn a grade of A for the 
course? 

Answer: 

99 


Self Check 6 


INTEREST INCOME A college 
student invested a total of 
$12,000, some at 6% and the 
rest at 9%. If the total interest 
earned in 1 year is $945, find 
the amount invested at each 
rate. $4,500 at 6%, $7,500 at 9% 
Now Try Problem 37 


Teaching Example 6 INTEREST 
INCOME A man invested a total of 
$6,000, some at 4% and the rest at 6%. 
If the total interest earned in 1 year is 
$280, how much did he invest in each 
account? 

Answer: 

$4,000 at 4%, $2,000 at 6% 
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Analyze We can find the average (mean) daily balance for the week by adding the 
daily balances and dividing by 5. We want the mean to be $500 so that there is no 
service charge. 


Form We will let x = the minimum balance needed on Friday. Then we translate 
the words into mathematical symbols. 


The sum of the five 


divided b 1 : 
daily balances nuded By 2° oo 
730.70 + 350.19 + (—50.19) + 275.55 + x 500 
5 = 
Solve 
730.70 + 350.19 + (—50.19) + 275.55 + x 
= 500 
5 
1,306.25 +x _ 500 Combine like terms in 
5 — the numerator. 
To clear the equation of 
(E+) = 5(500) the fraction, multiply 
5 both sides by 5. 
1,306.25 + x = 2,500 
x = 1,193.75 To isolate x, subtract 


1,306.25 from both 
sides. 


State On Friday, the account balance needs to be $1,193.75 to avoid a service 
charge. 


Check Check the result by adding the five daily balances and dividing by S. H 


IE Solve investment problems. 


The money an investment earns is called interest. Simple interest is computed by the 
formula J = Prt, where J is the interest earned, P is the principal (amount invested), 
r is the annual interest rate, and ¢ is the length of time the principal is invested. 


| EXAMPLE 6 | Interest Income To protect against a major loss, a 


financial analyst suggested the following plan for a client who has $50,000 to 
invest for 1 year. 


1. Alco Development, Inc. Builds mini-malls. High yield: 12% per year. Risky! 
2. Certificate of deposit (CD). Insured, safe. Low yield: 4.5% annual interest. 


If the client puts some money in each investment and wants to earn $3,600 in 
interest, how much should be invested at each rate? 


Analyze In this case, we are working with two investments made at two different 
rates for 1 year. If we add the interest from the two investments, the sum should 
equal $3,600. 


Form If we let x = the number of dollars invested at 12%, the interest earned is 
I = Prt = $x(12%)(1) = $0.12x. If $x is invested at 12%, there is $(50,000 — x) to 
invest at 4.5%, which will earn $0.045(50,000 — x) in interest. These facts are listed 
in the table. v 


P oP t= I 
Alco Development, Inc. x OZ ei 0.12x 
Certificate of deposit 50,000 —x 0.045 1 0.045(50,000 — x) 


Total: $3,600 
ae 


Enter this information first. Use the information in this 
column to form an equation. 


The sum of the two amounts of interest should equal $3,600. We now 


translate the words into an equation. 


The interest the interest the total 


us equals 
earned at 12% earned at 4.5% 4 interest earned. 


0.12x + — 0.045(50,000 — x) = 3,600 


Solve 
0.12x + 0.045(50,000 — x) = 3,600 


1,000[0.12x + 0.045(50,000 — x)] = 1,000(3,600) To eliminate the decimals, 
multiply both sides by 1,000. 


120x + 45(50,000 — x) = 3,600,000 Distribute the 1,000 and 
simplify both sides. 


120x + 2,250,000 — 45x = 3,600,000 Remove parentheses. 
75x + 2,250,000 = 3,600,000 Combine like terms. 


75x = 1,350,000 Subtract 2,250,000 from 
both sides. 
x = 18,000 To isolate x, divide both sides 
by 75. 


State $18,000 should be invested at 12% and $(50,000 — 18,000) = $32,000 
should be invested at 4.5%. 


Check The annual interest on $18,000 is 0.12($18,000) = $2,160. The interest 
earned on $32,000 is 0.045($32,000) = $1,440. The total interest is 
$2,160 + $1,440 = $3,600. The answers check. 


IZ3 Solve uniform motion problems. 
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Problems that involve an object traveling at a constant rate for a specified period of 


time over a certain distance are called uniform motion problems. To solve these 


problems, we use the formula d = rt, where d is distance, r is rate, and f is time. 


| EXAMPLE 7 | Travel Time After a stay on her grandparents’ farm, a 


girl is to return home, 385 miles away. To split up the drive, the parents and 
grandparents start at the same time and drive toward each other, planning to 
meet somewhere along the way. If the parents travel at an average rate of 60 mph 
and the grandparents at 50 mph, how long will it take them to meet? 


Analyze The vehicles are traveling toward each other as shown in the following 
figure. We know the rates the cars are traveling (60 mph and 50 mph). We also know 
that they will travel for the same amount of time. 


Form We can let t = the time in hours that each vehicle travels. Then the distance 
traveled by the parents is 60f miles, and the distance traveled by the grandparents 


Self Check 7 


TRAVEL TIME Two cars leave at 
the same time from two towns 
that are 345 miles apart. The first 
car is traveling at a rate of 

65 mph, and the other car is 
traveling at 50 mph. If the cars 
are traveling toward each other, 
how long will it take the two cars 
to meet? 3 hr 


Vv NowTry Problem 43 


Teaching Example 7 TRAVEL TIME 
Two cars leave at the same time from 
two towns that are 420 miles apart. The 
first car is traveling at 50 mph, and the 
other car is traveling at 55 mph. If the 
cars are traveling toward each other, 
how long will it take for them to meet? 
Answer: 

4hr 


Self Check 8 


COFFEE BLENDS A store sells 
regular coffee for $8 a pound and 
gourmet coffee for $14 a pound. 
To get rid of 40 pounds of the 
gourmet coffee, a shopkeeper 
makes a blend to put on sale at 
$10 a pound. How many pounds 
of the regular coffee should he 
use? 80 Ib 


Now Try Problem 51 
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is 50t miles. The total distance traveled by the parents and grandparents is 385 
miles. This information is organized in the table. 


Home Farm r:-ft= d 
’ —- -_— 7 Parents 60 | ¢t 60t 
385 mi 
Grandparents 50 f¢ 50t 
Total: 385 mi. 
a { 
Enter this Use the information 
information in this column to 
first. form an equation. 


We now translate the words of the problem into an equation. 


The distance the distance the distance between 


the parents plus the grandparents equals the child’s home and 
travel travel the grandparent’s farm. 
60t + 50t = 385 
Solve 
60¢ + SOt = 385 
110¢ = 385 Combine like terms. 
t=3.5  Toisolate t, divide both sides by 110. 
State The parents and grandparents will meet in 34 hours. 
Check The parents travel 3.5(60) = 210 miles. The grandparents travel 


3.5(50) = 175 miles. The total distance traveled is 210 + 175 = 385 miles. The 
answer checks. 


Caution! When using d = rt, make sure the units are consistent. For example, 


if the rate is given in miles per hour, the time must be expressed in hours. 


IE Solve mixture problems. 


We now discuss two types of mixture problems. In the first example, a dry mixture of 
a specified value is created from two differently priced components. The value of 


each of its ingredients and the value of the dry mixture is given by 


Amount - price = total value 


| EXAMPLE 8 | 8 Mixing Nuts The owner of a produce store notices that 


20 pounds of gourmet cashews did not sell because of their high price of $12 per 
pound. The owner decides to mix peanuts with the cashews to lower the price per 
pound. If peanuts sell for $3 per pound, how many pounds of peanuts must be 
mixed with the cashews to make a mixture that could be sold for $6 per pound? 


Analyze We need to determine how many pounds of peanuts to mix with 20 
pounds of cashews to obtain a mixture that could be sold for $6 per pound. 


Form We can let x = the number of pounds of peanuts to be used. Then 20 + x = 
the number of pounds in the mixture. We enter the known information in the 
following table. 


v 
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Amount : Price = Total value 


Cashews 20 2 240 
Peanuts % 3 3x 
Mixture 20+ x 6 6(20 + x) 
—— | 
Enter this Use the information in this 


information first. column to form an equation. 


We can now form the equation. 


The value 1 the value I the value 
us equals 
of the cashews P of the peanuts 4 of the mixture. 
240 + 3x = 6(20 + x) 


Solve 
240 + 3x = 6(20 + x) 


240 + 3x = 120 + 6x 
120 = 3x 
40 =x 
State The owner should mix 40 pounds of peanuts with the 20 pounds of cashews. 


Check The cashews are valued at $12(20) = $240, and the peanuts are valued at 
$3(40) = $120. The mixture is valued at $6(60) = $360. Since the value of the 
cashews plus the value of the peanuts equals the value of the mixture, the answer 
checks. a 


Use the distributive property to remove parentheses. 
Subtract 3x and 120 from both sides. 


To isolate x, divide both sides by 3. 


Caution! Check the result using the original wording of the problem, not by 


substituting it into the equation. Why? The equation may have been solved 
correctly, but the danger is that you may have formed it incorrectly. 


In the next example, a liquid mixture of a desired strength is to be made from 
two solutions with different strengths (concentrations). 


| EXAMPLE 9 | Milk Production Owners of a dairy find that milk with a 


2% butterfat content is their best seller. Suppose the dairy has large quantities of 
whole milk having a 4% butterfat content and milk having a 1% butterfat 
content. How much of each type of milk should be mixed to obtain 120 gallons of 
milk that is 2% butterfat? 


Analyze We are to find the amount of 4% milk to mix with 1% milk to get 120 
gallons of a milk that has a 2% butterfat content. In the figure, if we let g = the 
number of gallons of the 4% milk used in the mixture, then 120 — g = the number 
of gallons of the 1% milk needed to obtain the desired concentration. The amount 
of pure butterfat in each solution is given by 


Amount of solution - strength of the solution = amount of pure butterfat 


g gallons 


(120 — g) gallons 


120 gallons 


Low butterfat Mixture 


1% butterfat 


High butterfat 
4% butterfat 


2% butterfat v 


Teaching Example 8 MIXING 
CANDY Chocolate-covered peanuts 
selling at $10 per pound are mixed with 
5 pounds of chocolate-covered 
caramels selling at $16 per pound. If the 
mixture is to sell for $12 per pound, 
how many pounds of mixture was 
made? 

Answer: 

15 Ib 


Self Check 9 


MIXING ANTIFREEZE A 50% 
antifreeze solution is mixed with 
a 25% antifreeze solution to 
obtain 30 liters of a 30% solution. 
How much of each concentration 
should be used? 


Now Try Problem 59 
Self Check 9 Answer 
6 liters of 50%, 24 liters of 25% 


Teaching Example 9 MIXING 
BLEACH-WATER A chemical lab 
needs to make 100 gallons of a 6% 
chlorine bleach—water solution. If they 
have 3% and 15% chlorine in stock, 
how much of each should be used to 
create the desired solution? 

Answer: 

75 gal of 3%, 25 gal of 15% 
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High butterfat g 0.04 0.04g¢ 
Low butterfat 120 — g 0.01 0.01(120 — g) 
Mixture 120 0.02 0.02(120) 
eS eae: 
Enter this Use the information in this 
information first. column to form an equation. 


Form The amount of butterfat in a tank is the product of the percent butterfat and 
the number of gallons of milk in the tank. In the first tank shown in the figure, 4% 
of the g gallons, or 0.04g gallons, is butterfat. In the second tank, 1% of the 
(120 — g) gallons, or 0.01(120 — g) gallons, is butterfat. Upon mixing, the third tank 
will have 0.02(120) gallons of butterfat in it. These results are recorded in the last 
column of the table. 

We now translate the words of the problem into an equation. 


The amount the amount the amount 

of butterfat i of butterfat in eeaake of butterfat 

in g gallons P (120 — g) gallons q in 120 gallons 

of 4% milk of 1% milk of the mixture. 

0.04(g) + 0.01(120 — g) = 0.02(120) 
Solve 
0.04(g) + 0.01(120 — g) = 0.02(120) 
4(g) + 1(120 — g) = 2(120) Multiply both sides by 100 to clear the 

equation of decimals. This is done 
mentally. 


4g + 120 — g = 240 


3g + 120 = 240 Combine like terms. 
3g = 120 Subtract 120 from both sides. 
g = 40 To isolate g, divide both sides by 3. 


State 40 gallons of 4% milk and 120 — 40 = 80 gallons of 1% milk should be 
mixed to get 120 gallons of milk with a 2% butterfat content. 

Check The 40 gallons of 4% milk contains 0.04(40) = 1.6 gallons of butterfat, and 
80 gallons of 1% milk contains 0.01(80) = 0.8 gallons of butterfat—a total of 
1.6 + 0.8 = 2.4 gallons of butterfat. The 120 gallons of the 2% mixture contains 
2.4 gallons of butterfat. The answers check. B 


fo “Y) 
1. 32,956,500 2. ~60% 3. ~197.7% 4. a. ~4.61 b. 4.265 «. 3.99 5. 84 
6. $4,500 at 6%, $7,500 at 9% 7. 3hr 8. 801b 9. 6 liters of 50%, 24 liters of 25% 


STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. In the statement, “10 is 20% of 50,” 10 is the @mount , 


and 50 is the _base_, 


P Selected exercises available online at 
www.webassign.net/brookscole 


2. When the regular price of an item is reduced, the 
amount of reduction is called the _markdown _, 


3. For a collection of data, the _™°@"_ is the sum of the 
values divided by the number of values, the value that 
occurs the most is called the _™0¢¢_, and the middle 
value is called the _median_, 


4. When an investment is made, the amount of money 
invested is called the _principal _. 


I CONCEPTS 


5. One method to solve applied percent problems is to 
use the given facts to write a percent sentence. What 
is the basic form of a percent sentence? 

is % of 2 


6. Fill in the blanks: 


Sale price = regularprice — markdown 


Markdown = percent ofmarkdown + regular price 


Total Paid Circulation 
People Magazine 


2005: 3,734,536 2006: 3,786,360 


a. Find the amount of increase in circulation of 
People magazine. 51,824 


b. Fill in the percent sentence that can be used to 
find the percent of increase in circulation. 


51,824 is what % of 3,734,536 ? 


8. For each collection of values, give the median. 
a. 8,9, 11,15,17 11 b. 1,3, 8, 16, 21, 44 12 


9. a. Complete the following table for each 1-year 
investment. 


b. Write an equation that could be used to solve this 


investment problem. 
0.055x + 0.07(10,850 — x) = 1,205 


Principal - Rate - Time = _ Interest 
Bonds x 0.055 1 0.055x 
Stocks 10,850 — x | 0.07 1 0.07(10,850 — x) 


Total: $1,205 


10. The following table shows how a retired teacher 
invested a total of $8,000 in two accounts for 1 year. 
The investments earned $290 in interest. 


a. Complete the table. 


b. Write an equation that could be used to solve this 
investment problem. 0.03x + 0.04(8,000 — x) = 290 


P ‘frets I 
S&L x 0.03 | 1 0.03x 


Credit Union | 8,000 — x | 0.04 | 1 0.04(8,000 — x) 
Total: $290 
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11. A banker invested the same amount in two money- 
making opportunities for 1 year and earned $3,300 in 
interest. 

p> a. Complete the table. 


b. Write an equation that could be used to solve this 
investment problem. 0.15x + 0.18% = 3,300 


P-> r-ete= I 
Cattle futures | x | 0.15 | 1 0.15x 
Soybeans se || (Ohilfes || 0.18% 


Total: $3,300 


12. A husband and wife drive in opposite directions to 
work. Their drives last the same amount of time and 
their workplaces are 40 miles apart. 

a. Complete the table. 
b. Write an equation that could be used to solve this 
uniform motion problem. 357 + 45r = 40 


r-t= d 

Husband 35 ¢ 35t 

Wife 45. A5t 
Total: 40 mi 


13. a. A 50-pound mixture of plain and peanut M&M’s 
is to be made. Complete the table. 


b. Write an equation that could be used to solve this 
mixture problem. 7.45p + 8.25(50 — p) = 7.75(50) 


Pounds - Price = Total Value 


M&M’s plain Pp 7.45 7A5p 
M&M’s peanut | 50 —p 8.25 8.25(50 — p) 
Mixture 50 WD 7.75(50) 


14. a. Complete the following table that could be used to 
solve this problem: How many pints of punch from 
the orange cooler must be mixed with the entire 
contents of the blue cooler to get a 12% punch 
mixture? 


b. Write an equation that could be used to solve this 
liquid mixture problem. 4 + 0.10%. = 0.12(x + 20) 


Amount - Strength = Pure concentrate 


Too strong 20 0.20 4 
Too weak x 0.10 0.10x 
Mixture ew) 0.12 0.12(x + 20) 


20 pints of punch, 
20% concentrate 


x pints of punch, 
10% concentrate 
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I NOTATION 


15 


16. 


- a. Write 2.5% as a decimal. 0.025 
b. Write 0.06 as a percent. 6% 

. What formula is used to find the mean of a collection 
of values? x =° 


n 


[| GUIDED PRACTICE 


Translate each statement into mathematical symbols. Do not 
solve. See Example 1. 


17 
18 
19 

> 20 


. What number is 5% of 10.56? x = 0.05 - 10.56 
. 16 is what percent of 55? 16 = «+55 

. 32.5 is 74% of what number? 32.5 = 0.74x 

. What is 83.5% of 245? x = 0.835 - 245 


I APPLICATIONS 


21. 


> 22. 


23. 


24. 


25. 


ENERGY In 2005, the United States alone 
accounted for 23.5% of the world’s total energy 
consumption, using 105.3 quadrillion British thermal 
units (Btu). What was the world’s energy 
consumption in 2005? Round to the nearest 
quadrillion. 448 quadrillion Btu 

COMPUTERS In 2007, 83 million, or 73.4%, of 
US. households had personal computers. How 

many U.S. households were there in 2007? Round to 
the nearest million. 113 million 

BOATING ACCIDENTS According to the 
Insurance Information Institute, 12% of the 

4,969 recreational boating accidents in 2005 involved 
alcohol use. How many boating accidents were 
alcohol-related? Round up to the nearest one 
accident. 597 

BASKETBALL The following data is for the 
2006-2007 NCAA men’s college basketball season. 
What was the average number of three-point shots 
made per game? Round to the nearest tenth. 6.6 


THREE-POINT SHOTS 
Average number of attempts per game: 18.9 
Percent made: 35.0% 


BUYING APPLIANCES Use the following ad to 
find the percent of markdown of the sale. 20% 


Ea One-Day Sale! Edd 


Regularly 


> 26. 


27. 


> 28. 


29. 


> 30. 


31. 


BUYING FURNITURE A bedroom set regularly 
sells for $983. If it is on sale for $737.25, what is the 
percent of markdown? 25% 

FLEA MARKETS A vendor sells tool chests at a 
flea market for $65. If she makes a profit of 30% on 
each unit sold, what does she pay the manufacturer 
for each tool chest? (Hint: The retail price = the 
wholesale price + the markup.) $50 
BOOKSTORES A bookstore sells a textbook for 
$39.20. If the bookstore makes a profit of 40% on 
each sale, what does the bookstore pay the publisher 
for each book? (Hint: The retail price = the 
wholesale price + the markup.) $28 

IMPROVING HORSEPOWER The following 
graph shows how the installation of a special 
computer chip increases the horsepower of a truck. 
Find the percent of increase in horsepower for the 
engine running at 4,000 revolutions per minute (rpm) 
and round to the nearest tenth of one percent. 9.3% 


140 
135 
130 
125 
120 
115 
110 


138 


e With chip 


Rear wheel horsepower 


105 @ Stock 
100 RG 

95 

90 

24 28 32 36 40 44 48 


rpm (thousands) 


GREENHOUSE GASES The U.S. energy-related 
carbon dioxide emissions in 2006 were 5,877 million 
metric tons. In 2005, that figure was 5,955 million 
metric tons. Find the percent of decrease and round 
to the nearest tenth of one percent. 1.3% 


BROADWAY SHOWS Complete the table to find 
the percent of increase or decrease in attendance at 
Broadway shows for each season compared with the 
previous season. Round to the nearest tenth of one 
percent. 


% of increase 


Season Broadway attendance _ or decrease 


2003-04 11.61 million — 
2004-05 11.53 million -0.7% 
2005-06 12.00 million 4.1% 


Source: LiveBroadway.com 


> 32. 


33. 


34. 


35. 


DRIVE-INS The number of drive-in movie theaters 
in the United States peaked in 1958. Since then, the 
numbers have steadily declined. Determine the 
percent of decrease in the number of drive-ins. Round 
to the nearest one percent. 90% decrease 


Number of Drive-ins 
1958: 4,063 


2006: 397 


Source: United Drive-in Theater Owners Association 


FUEL EFFICIENCY The ten most fuel-efficient 
cars in 2007, based on manufacturer’s estimated city 
and highway average miles per gallon (mpg), are 
shown in the table. Find the mean, median, and mode 


of both sets of data. 
city: mean 37.2, median 32.5, mode 32; hwy: mean 41, median 40, 
mode 40 


Model mpg city/hwy 
Toyota Prius 60/51 
Honda Civic Hybrid 49/51 
Toyota Camry Hybrid 40/38 
Toyota Yaris 34/40 
Honda Fit 33/38 
Toyota Corolla 32/41 
Mini Cooper 32/40 
Hyundai Accent 32/35 
Honda Civic 30/40 
Nissan Versa 30/36 


Source: edmonds.com 


SPORT FISHING The report shown below lists the 
fishing conditions at Pyramid Lake for a Saturday in 
January. Find the median and the mode of the weights 
of the striped bass caught at the lake. 5, 4 


Pyramid Lake—Some striped bass are biting but 
are on the small side. Striking jigs and plastic 
worms. Water is cold: 38°. Weights of fish caught 
(Ib): 6, 9, 4, 7, 4, 3, 3,5, 6, 9, 4, 5, 8, 13, 4,5, 4, 6,9 


JOB TESTING To be accepted into a police training 
program, a recruit must have an average score of 85 
on a battery of four tests. If a candidate scored 76 on 
the oral test, 87 on the physical fitness test, and 83 on 
the psychological test, what is the lowest score she 
can obtain on the written test and still be accepted 
into the training program? 94 


36. 


37. 


> 38. 


39. 
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WNBA CHAMPIONS The results of each 2006 
playoff game for the Detroit Shock are shown below. 
The two Detroit scores that are missing, one in a win 
and one in a loss, are the same number. If they 
averaged 74.8 points per game in the playoffs, find the 
missing scores. 68 


First Round 
Detroit XX, Indiana 56 
Detroit 98, Indiana 83 


Conference Finals 

Detroit 70, Connecticut 59 
Connecticut 77, Detroit XX 
Detroit 79, Connecticut 59 


WNBA Finals 
Sacramento 95, Detroit 71 
Detroit 73, Sacramento 63 
Sacramento 89, Detroit 69 
Detroit 72, Sacramento 52 
Detroit 80, Sacramento 75 


HIGHEST RATES Based on the information in the 
table, a woman invested $12,000, some in an account 
paying the highest rate and the rest in an account 
paying the second highest rate. How much was invested 
in each account if the interest from both investments is 
$1,060 per year? CD: $10,000, money market: $2,000 


First Republic 
Savings and Loan 

Account Rate 
NOW 5.5% 
Savings 7.5% 
Money market 8.0% 
Checking 4.0% 
5-year CD 9.0% 


ENTREPRENEURS Last year, a women’s 
professional organization made two small-business 
loans totaling $28,000 to young women beginning 
their own businesses. The money was lent at 7% and 
10% simple interest rates. If the annual income the 
organization received from these loans was $2,560, 
what was each loan amount? 

$8,000 at 7%, $20,000 at 10% 

INHERITANCES Paula used some of the money 
that she received from an inheritance to invest in a 
certificate of deposit paying 7% annual interest and 
the rest of the money in a promising biotech company 
offering an annual return of 10%. She invested twice 
as much in the 10% investment as she did in the 7% 
investment. Her combined annual income from the 
two investments was $4,050. 


a. How much did she invest in each account? 
$15,000 at 7%, $30,000 at 10% 


b. How much did she inherit? 
$45,000 
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p> 40. TAX RETURNS Ona federal income tax form, 
Schedule B, a taxpayer forgot to write in the amount 
of interest income he earned for the year. From what 
is written on the form, determine the amount of 
interest earned from each investment and the amount 
he invested in stocks. $495, $495; $9,900 


Schedule B-Interest and Dividend Income 


Part 1 Note: If you had over $400 in taxable income, use this form. 


Interest 
Income 4 List name of payer. Amount 
s @ MONEY MARKET ACCT. 
ee 
DEPOSITED $15,000 @ 3.3% SAME 
pages 12 - 
and B1.) ah AMOUNT 
@ STOCKS FROM 
EARNED 5% EACH 


41. MONEY-LAUNDERING Use the evidence 
compiled by investigators to determine how much 
money a suspect deposited in the Cayman Islands 
bank. $100,000 


e On 6/1/06, the suspect electronically 
transferred $300,000 to a Swiss bank account 
paying an 8% annual yield. 

e That same day, the suspect opened another 
account in a Cayman Islands bank that 
offered a 5% annual yield. 


e A document dated 6/3/07 was seized during a 
raid of the suspect’s home. It stated, “The total 
interest earned in one year from the two 
overseas accounts was 7.25% of the total 
amount deposited.” 


42. FINANCIAL PRESENTATIONS A financial 
planner showed her client the following investment 
plan. Find the total amount the client will have to 
invest to earn $2,700 in interest. $50,000 


3-Part Investment Plan 


50% of 30% of 20% of 
investment investment investment 
in tax-free account: in CD: in bonds: 
4% annual yield 6% annual yield 8% annual yield 


Total interest earned 
in year |: 
$2,700 


43. 


> 44. 


45. 


> 46. 


47. 


> 48. 


49. 


> 50. 


51. 


TRAVEL TIMES A man called his wife to tell her 
that they needed to switch vehicles so he could use 
the family van to pick up some building materials 
after work. The wife left their home, traveling toward 
his office in their van at 35 mph. At the same time, the 
husband left his office in his car, traveling toward 
their home at 45 mph. If his office is 20 miles from 
their home, how long will it take them to meet so they 
can switch vehicles? thr = 15 min 


AIR TRAFFIC CONTROL An airplane leaves Los 
Angeles bound for Caracas, Venezuela, flying at an 
average rate of 500 mph. At the same time, another 
airplane leaves Caracas bound for Los Angeles, 
averaging 550 mph. If the airports are 3,675 miles 
apart, when will the air traffic controllers have to 
make the pilots aware that the planes are passing 
each other? 3.5 hr into the flights 


CYCLING A cyclist leaves his training base for a 
morning workout, riding at the rate of 18 mph. One 
hour later, his support staff leaves the base in a car 
going 45 mph in the same direction. How long will it 
take the support staff to catch up with the cyclist? i hr 


MARATHONS Two marathon runners leave the 
starting gate, one running 12 mph and the other 10 
mph. If they maintain the pace, how long will it take 
for them to be one-quarter of a mile apart? t hr 


RADIO COMMUNICATIONS At 2 PM., two 
military convoys leave Eagle River, Wisconsin, one 
headed north and one headed south. The convoy 
headed north averages 50 mph, and the convoy 
headed south averages 40 mph. They will lose radio 
contact when the distance between them is more than 
135 miles. When will this occur? 3:30 pm. 


SEARCH AND RESCUE Two search-and-rescue 
teams leave base camp at the same time, looking for a 
lost child. The first team, on horseback, heads north at 
3 mph, and the other team, on foot, heads south at 

1.5 mph. How long will it take them to search a 
distance of 18 miles between them? 4 hr 


JET SKIING A jet ski can go 12 mph in still water. If 
a rider goes upstream for 3 hours against a current of 
4 mph, how long will it take the rider to return? 
(Hint: Upstream speed is (12-4) mph; how far can 
the rider go in 3 hours?) 5 hr 

PHYSICAL FITNESS For her workout, Sarah walks 
north at the rate of 3 mph and returns at the rate of 

4 mph. How many miles does she walk if the round 
trip takes 3.5 hours? 12 mi 


MIXING CANDY How many pounds of red licorice 
bits that sell for $1.90 per pound should be mixed 
with 5 pounds of lemon gumdrops that sell for $2.20 
per pound to make a candy mixture that could be 
sold for $2 per pound? 10 Ib 


52. 


> 54. 


55. 


56. 


57. 


COFFEE BLENDS A store sells regular coffee for 
$8 a pound and gourmet coffee for $14 a pound. To get 
rid of 40 pounds of the gourmet coffee, a shopkeeper 
makes a blend to put on sale for $10 a pound. How 
many pounds of regular coffee should he use? 

80 Ib 


. HEALTH FOODS A pound of dried pineapple bits 


sells for $6.19, a pound of dried banana chips sells for 
$4.19, and a pound of raisins sells for $2.39 a pound. 
Two pounds of raisins are to be mixed with equal 
amounts of pineapple and banana to create a trail mix 
that will sell for $4.19 a pound. How many pounds of 
pineapple and banana chips should be used? 

1.8 lb of each 


METALLURGY A 1-ounce commemorative coin is 
to be made of a combination of pure gold, costing 
$380 an ounce, and a gold alloy that costs $140 an 
ounce. If the cost of the coin is to be $200, and 500 are 
to be minted, how many ounces of gold and gold alloy 
are needed to make the coins? 

125 oz pure gold, 375 oz gold alloy 

GARDENING A wholesaler of premium organic 
planting mix notices that the retail garden centers are 
not buying her product because of its high price of 
$1.57 per cubic foot. She decides to mix sawdust with 
the planting mix to lower the price per cubic foot. If 
the wholesaler can buy the sawdust for $0.10 per 
cubic foot, how many cubic feet of each must be 
mixed to have 6,000 cubic feet of planting mix that 
could be sold to retailers for $1.08 per cubic foot? 
4,000 ft? of the premium mix, 2,000 ft? of sawdust 

BRONZE A pound of tin is worth $1 more than a 
pound of copper. Four pounds of tin are mixed with 

6 pounds of copper to make bronze that sells for 


$3.65 per pound. How much is a pound of tin worth? 
$4.25 


Suppose, as registered 
dietician for a school 
district, you must make 
sure that only extra lean 
ground beef (16% fat) is 
served in the cafeteria. 
Further suppose that the 
kitchen has 8 pounds of 
regular ground beef 
(30% fat) on hand. How 
many pounds of super lean 
ground beef (12% fat) 
must be purchased and 
added to the regular 
ground beef to obtain a 
mixture that has the 
correct fat content? 28 Ib 


from Campus to Careers 
Registered Dietician 


© Baerbel Schmidt/Getty Images 
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59. 


60. 


61. 


62. 


> 64. 
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PHARMACISTS How many liters of a 1% glucose 
solution should a pharmacist mix with 0.5 liter of a 
5% glucose solution to obtain a 2% glucose 
solution? 1.5 L 


DAIRY FOODS Cream is approximately 

22% butterfat. How many gallons of cream must be 
mixed with milk testing at 2% butterfat to get 20 
gallons of milk containing 4% butterfat? 2 gal 


FLOOD DAMAGE One website recommends a 

6% chlorine bleach—water solution to remove mildew. 
A chemical lab has 3% and 15% chlorine 
bleach—water solutions in stock. How many gallons of 
each should be mixed to obtain 100 gallons of the 
mildew spray? 75 gallons of 3%, 25 gallons of 15% 
DILUTING SOLUTIONS How much water should 
be added to 20 ounces of a 15% solution of alcohol to 
dilute it to a 10% alcohol solution? 10 oz 


15% 0% 10% 


EVAPORATION The beaker shown below contains 

a 2% saltwater solution. 

a. How much water must be boiled away to increase 
the concentration of the salt solution from 
2% to 3%? 100 ml 

b. Where on the beaker would the new water level 
be? (ml means milliliter.) 200-m! mark 


I WRITING 
63. 


If a car travels at 60 mph for 30 minutes, explain why 
the distance traveled is not 60 - 30 = 1,800 miles. 


If a mixture is to be made from solutions with 
concentrations of 12% and 30%, can the mixture 
have a concentration less than 12%? Can the mixture 
have a concentration greater than 30%? Explain. 
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65. Write a mixture problem that can be represented by J REVIEW 


the following verbal model and equation. Salvecach equation: 


The value of the value of the value 67. 9x = 6x p> 68. 7a + 2 = 12 — 4(a — 3) 
the regular plus the gourmet equals of the . : 
coffee coffee blend. 69. ay = 2) = 2(y — 4) 8 70. poi tre +2 16 
3 3 6 
4x + 7(40 — x) _ 5(40) 


66. Write a uniform motion problem using the facts 
entered in the table. 


reft= d 

West 8 ¢ 8t 

East 6 ¢ 6t 
Total: 24 mi. 


Teaching Guide: Refer to the Instructor’s Resource Binder to find activities, worksheets 
on key concepts, more examples, instruction tips, overheads, and assessments. 


cHapteR 1 SUMMARY AND REVIEW 


The Language of Algebra 


| DEFINITIONS AND CONCEPTS EXAMPLES 


In this course, we will mathematically model | Suppose we want to purchase carpeting for a room and it costs $20 a 
real-life situations using verbal sentences, square yard. 
mathematical statements (in symbols), tables, 


Verbal model: The cost c (in dollars) to carpet the room is $20 times 
and graphs. 


the area a of the room (in square yards). 
For more examples of tables, bar graphs and — jyatpematical model: c = 20a 
line graphs see pages 5-6. 


Table model Graphical model 


a (G 

10 200 S 
20 400 E 
30 600 : 
40 800 s) 


Area of room (yd?) 


Chapter1 Summary and Review 


A variable is a letter (or symbol) that stands for | Variables: x, t, a, and m 
a number. 


Algebraic expressions contain numbers, Expressions: 

variables, and mathematical operations such as — 

addition, subtraction, multiplication, division, 5y + 7, , and 8a(b — 3) 
powers, or roots. 5 


An equation is a mathematical sentence that | Equations: 

contains an = symbol. The = symbol indicates P 

that the expressions on either side of it have 3x +4=8, —=12, and [= Prt 
the same value. 9 


J REVIEW EXERCISES 


1. Translate each verbal model into a mathematical 3. Use the data from the table in Exercise 2 to draw 
model. each type of graph. 
a. The cost C (in dollars) to rent t tables is $15 more a. Bar graph 


than the product of $2 and ¢. C = 2 + 15 
b. A rectangle has an area of 25 in.”. The length of 


the rectangle is the quotient of its area and its on 
: 25 
width. / =~ 2 200 
c. The waiting period for a business license is now & 
3 weeks less than it used to be. P = u — 3 & 
2. To determine the cooking time for prime rib, a 2 100 
cookbook suggests using the equation T = 30p, 8 
: dee es Be cod : s) 
where T is the cooking time in minutes and p is the 50 
weight of the prime rib in pounds. Use this equation é HELL | se 
to complete the table. 6.0 7.0 8.0 
Weight of prime rib (Ib) 
p|T 
b. Line graph 
6.0 | 180 
6.5 | 195 
250 
7.0 | 210 
75 | 225 2 200 
8.0 | 240 2 150 
2 00 
5 ol 
é 
fo} 
? 50 


(pe Set = 
2 6.0 7.0 8.0 


Weight of prime rib (Ib) 


4. Explain the difference between an expression and an 
equation. Give examples. 
An equation such as 2x + 3 = 1 contains an equal symbol. An 
expression such as 2x + 3 does not. 
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1.2 The Real Numbers 


| DEFINITIONS AND CONCEPTS 


Important sets of numbers 
The set of natural numbers: 
The set of whole numbers: 
The set of integers: 

The set of prime numbers: 
The set of composite numbers: 


The set of integers divisible by 2 are even 
integers. 


The set of integers not divisible by 2 are odd 
integers. 


The set of rational numbers, denoted by the 
symbol Q, contains the numbers that can be 
written as fractions in the form e5 where a and 
b are integers and b + 0. 


Terminating and repeating decimals can be 
expressed as fractions and are therefore 
rational numbers. 


The set of irrational numbers, denoted by the 
symbol H, contains the nonterminating, 
nonrepeating decimals. An irrational number 
cannot be expressed as a fraction with an 
integer numerator and a nonzero integer 
denominator. 


The set of real numbers, denoted by the 
symbol R, contains the numbers that are 
either a rational or an irrational number. 


Every real number corresponds to a point on 
the number line, and every point on the 
number line corresponds to exactly one real 
number. 


Symbols used with sets 


The symbol € is used to indicate that an 
element belongs to a set. 


When all the members of one set are also 
members of a second set, we say the first set is 
a subset of the second set. 


The symbol C is used to indicate that one set 
is a subset of another set. 


EXAMPLES 


N = {1,2,3,4,5,6, 7,8, 9, 10,...} 

W = {0, 1,2, 3,4, 5, 6, 7, 8, 9, 10,...} 

y my Oe ees, Hee eg 0 is Vd | 
19.9557, 11181719, 2329...) 

4, 6, 8, 9, 10, 12, 14, 15, 16, 18,...} 

4 86,4, =2,0.9,4.6, 8.3 


{ 
{ 


(783 113957) 


Rational numbers: 


—6, —3.1, 0, > 95> and 87 
Rational numbers: 
0.25 = : and —0.6 = 
4 3 
Irrational numbers: 
V2, 4, me 73.050050005..., and —32a 


All of the numbers previously listed are real numbers. 


Graph the set {-2, —0.75, 13, a} on a number line. 


6EN — Gis an element of the set of natural numbers. 
3G@H Sis not an element of the set of irrational numbers. 
N CW _ The set of natural numbers is a subset of the set of whole numbers. 


Q¢zZ 


The set of rational numbers is not a subset of the set of integers. 


Inequality symbols 

# means “is not equal to” 

< means “‘is less than” 

= means “ is less than or equal to” 


> means “is greater than” 


= means “‘is greater than or equal to” 


Two numbers are called opposites if they are 
the same distance from 0 on the number line 
but are on opposite sides of it. 


The opposite of a number a is —a. 

—(-a) =a 
The absolute value of a number is the distance 
on the number line between the number and 0. 


For any real number x: 


J REVIEW EXERCISES 


Ifa = 0, then |a| = a 
Ifa < 0, then |a| = —a 
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3#5 
0.23 < 0.24 
8 = 12and-9=—-9 
ae 
4 3 
—5 = -6and8=8 
Opposites: 3 and —3 
(-11) = 11 and —(—20) = 20 
Find the value of each expression: 
13 13 
7.2| = 7.2 —1|=1 ed ee ee ac 
172 I= |-2) --¥ 


List the numbers in {-5, 0, aa, 2.4, 7, -2, —3.6, 12. Graph the set {2.75, 2.3, V7, 3 anh on the number 
TT, B, 0.13242368 .. J that belong to the following sets. line. 
5. a. Natural numbers 7 b. Whole numbers 0,7 , 8 
o 2 
6. a. Integers b. Rational numbers 23 4 ie; 2.75 
—5,0,7 =5,0,24,7,-2,-36,2 — — + Le 
7. a. Irrational numbers _b. Real numbers Determine whether each statement is true or false. 
—W 3, 7, 0.13242368 4. all 
13. a. OEN false b. W C Z true 
8. a. Negative numbers  b. Positive numbers 
= 14. a. — R fal ; H 
-§5,-V3, -2, -36 2.4, 7, 7, 12, 0.13242368 ... a ale fia b, Hee 
: : : 15. Use one of the symbols > or < to make each 
9. a. Prime numbers b. Composite numbers 
7 wane statement true. 
1 
10. a. Even integers b. Odd integers a. —16 > —17 b. —(—18) < 25 
0 =5,2 
11. Graph the prime numbers between 20 and 30 on the 16. Determine whether each statement is true or false. 


number line. 


20 21 22 23 24 25 26 27 28 29 30 


a. 23.000001 = 23.1 false b. —11 = —11 true 


Find the value of each expression. 
17. |—18| 18 18. —|—6.26| —6.26 


Chapter 1 


A Review of Basic Algebra 


Operations with Real Numbers 


| DEFINITIONS AND CONCEPTS 
Adding real numbers: 


To add two positive numbers, add them in the 
usual way. The final answer is positive. 


To add two negative numbers, add _ their 
absolute values and make the final answer 
negative. 


To add a positive number and a negative 
number, subtract the smaller absolute value 
from the larger. 


1. Ifthe positive number has the larger 
absolute value, make the final answer 
positive. 


2. Ifthe negative number has the larger 
absolute value, make the final answer 
negative. 


To subtract two real numbers, add the first to 
the opposite of the number to be subtracted. 
For any real numbers a and b, 


a-—b=a+t(-b) 


Multiplying and dividing real numbers: 


With unlike signs, multiply (or divide) their 
absolute values and make the final answer 
negative. 
With like signs, multiply (or divide) their 
absolute values and make the final answer 
positive. 


x" is a power of x. x is the base, and n is the 
exponent. An exponent represents repeated 
multiplication. 


n factors of x 
x = XOXO NX OX 
A number b is a square root of a if b” = a. 


If a > 0, Va represents the principal (positive) 
square root of a. 


EXAMPLES 
Add: 3+5=8 

5.2 +73 = 12.5 
Add: -3 + (-5) = -8 


259 2 (73) = 2125 


Add: 5 + (—3) =2 
~52+7=18 
Add: 6 + (—20) = -14 


-9+3=-6 


Subtract: 4-7=4+(-7)=-3 
6 — (-8) =6+8=14 
-1-(-2)=-1+2=1 


-3-4=-3+(-4)=-7 


—12 
Multiply: —5(7) = —35 Divide: or —3 


Multiply: —6(—8) = 48 


Divide: — =5 


In 4°, the base is 4 and 3 is the exponent. 


4=4-4-4 


Find each square root: 


V16 = 4 
V144 = 12 


Because 4° = 16. 


Because 127 = 144. 


Md (ae) | ee fa) Ga) 
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Order of operations rule: Evaluate: 
1. Perform all calculations within 3 + 2[-4 — 7(5 — 2)] 
parentheses in the order listed in steps = 3 + 2[—4 — 7(3)°] Work within the parentheses. 


2-4, working from the innermost pair to 


ihe euiterinost bait =3 + 2[-4-—7(9)] Evaluate the power. 


yatiate all ponce Gad pots =3 + 2(-—4 — 63) Do the multiplication. 


ah tad ce Ses =3+2(-6 h i ith hi i 
Perform all multiplications and divisions, 3 Coy ere ea eee mney ae tee 
working from left to right. =3 — 134 Do the multiplication. 
4. Perform all additions and subtractions, = Do the subtraction. 


working from left to right. 


5. When all grouping symbols have been 
removed, repeat steps 2-4 to finish the 
calculation. 


If a fraction is present, evaluate the numerator 
and denominator separately, and then simplify 
the fraction, if possible. 


To evaluate an algebraic expression, substitute Evaluate —2 +b f | 
the values for the variables and then use the ae 2(b — a) Cre eee a. Tare 
order of operations rule. 

E ae 


2(b—a) 2(-5 — 3) 


Substitute 3 for a and —5 for b. 


= =o Evaluate numerator and denominator 
~ 2(-8) separately. 
_ 2 
—16 
1 
= 8 Simplify the fraction. 
REVIEW EXERCISES 
Perform the operations. Evaluate each expression. 
19, —13 + (-14) 20. —70.5 + 80.6 2 
7 10.1 31. (—3)° -243 32; (-2) a 
21. -; ™ 7 22. -6 — (-8) 33. 0.4 cubed 0.064 34, —5? —25 
~ 2 Evaluate each expression. 
1 
23. (—4.2)(—3.0) rec 35. V/4 2 36. —/100 -10 
10 16 5 
12.6 —33 37. ,/~-? 38. V0.64 0.8 
23° 
—2.2 9 
25. “41 26. 8 +21 
ac ; Evaluate each expression. 
. ~~ 56 = = 2 
27. 15 — 25 — 23 28. —3.5 + (-7.1) + 4.9 ae aos 
hs = 40. (-3)(-2)(-V1) 1 
29. —(—5)(—8) 30. —1(-1)(-1)(-1) : 
—40 1 41. 4— (5 — 9)* -12 
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42. 4 + 6[-1 — 5(25 — 3°)] 58 Evaluate the algebraic expression for the given values of the 
(7 — 6)* + 32 variables. 
43. 2|—1.3 + (—2.7)|8 44, ae (V6 ; 1) 47. (x + y)(x* — xy + y’) for x = —2 and y = 4 56 
af —6 ‘ “b= Vb = dae 
45. (—10) = (—1) 3,000 46. —(—2-4)* + 8-2 -16 48. Ma fora =2,b = —3,and¢ = =2= 


Simplifying Algebraic Expressions 
Using Properties of Real Numbers 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A term is a product or quotient of numbers Terms: 

and/or variables. A single number or variable 3 

is also a term. A term that is a number called Zz, —7t, 3.7x’, =y, 25ab’c?, and 6 (aconstant) 
is a constant term. 


The numerical factor of a term is called its The coefficients of the previous terms are 
coefficient. 


f =—Ty. 37, 25, and 6 


5 b 
Properties of real numbers 


The commutative properties enable us to add 
or multiply two numbers in either order and 
obtain the same result. 


a+b=b+a _ Commutative property 3+ (-5) =—5+3 Reorder the addends. 
of addition 

ab = ba Commutative property 3(—5) = —5(3) Reorder the factors. 
of multiplication 


The associative properties enable us to group 
the numbers in an addition or multiplication 
any way that we wish and get the same result. 


(a+ b)+c=a+(b+c) Associative (-5 +7) +4=-5+(7+4) _ Regroup the addends. 


property of 
addition 
(ab)c = a(bc) Associative (-5-7)4 = —5(7: 4) Regroup the factors. 
property of 
multiplication 
0 is the additive identity: 
a+0O=a and 0+a=a 5 +0=5  Thesum of areal number and O is the number. 
1 is the multiplicative identity: 
l-a=a and a:l=a 1+22 = 22 — The product of any real number and 1 is the number. 
Multiplication property of 0: 
a:0=0 and 0-a=0 —1.78-0=0 ~The product of any real number and O is O. 
The additive inverse property: 
a+(-a)=0 and -a+a=0 9 + (—9) =0 The sum of a real number and its opposite is O. 


The multiplicative inverse property: 


1 1 
a:‘-~=1 and —:a=1 (a#0) 7° 
a a 


= 1 © The product of a real number and its reciprocal is 1. 


NI-F 
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Division properties of real numbers: Divide, if possible: 
a a 0 6.8 3 
“= == —= = 6.8 =1 
i" a : a ? 1 3 
0 —2.0 
af undefined is indeterminate I 0 0 : is undefined 


The distributive property and its related forms | Multiply: 

can be used to remove parentheses. a r 
a(b +c) =ab+ac a(b—c)=ab—ac 3(a + 4) = 3a +3-4 (x —5)x =x-x—5-x 
(b+c)a=ba+ca (b-—c)a=ba-ca = 3a + 12 =x? — 5x 


The extended distributive property: 


ee eee —4(2a + b — 7) = —4(2a) + (—4)b — (-4)(7) 


ab +ac+ad+ae+-::: = —8a — 4b + 28 
Terms with exactly the same variables raised | Like terms: 6x and —7x —4a’b and 8a*b 
to exactly the same powers are called like | [jpjike terms: 6x and ~Ty —4a*b and 8a°b 
terms. 
Simplifying the sum or difference of like terms Simplify: 4a + 2a = 6a Think: (4 + 2)a = Ga. 
is called combining like terms. Like terms can 5p” + p — p’ — 9p = 4p” — 8p Think: (5 — 1)p? = 4p? 
be combined by adding or subtracting the and (1 — 9)p = —8p. 
coefficients of the terms and keeping the same k= 1) =3(e +2) == 2 3— 6 Dlewibute 
variables with the same exponents. 
=-k-8 Think: (2 — 3)k = —k 


and (—2 — 6) = -8. 


REVIEW EXERCISES 
Fill in the blanks by applying the indicated property of the real 60. Perform each division, if possible. 
numbers. 0 : : 5.88 Sas 
49. 3(x + 7) = 3x +21 (Distributive property and "6 , cis 
simplify) 
50. ¢:5 = _5¢ (Commutative property of Multiply. 
multiplication) 61. 8(9x + 6) 72x + 48 62. —(6y — 2) -6y +2 
51. —x + x = _0 (Additive inverse property) 3 
63. (3x — 2y)(1.2 64. —(8c* — 4c +. 1 
52. (27 + 1) + 99 = _27 + (1 + 99) (Associative ee ay) 4 ( ) 
property of addition) 3.6x — 2.4y 6c? — 3c +? 
1 
53. 3 8 = _| (Multiplicative inverse property) Simplify each expression. 
54. 0 + m = _™_(Additive identity property) 65. 8(6k) 48k 66. (—7.5x)(—10y) 75xy 
55. | - 9.87 = 9.87 (Multiplicative identity property) 67. —9(—3p)(—7) —189 68. aoe + 30a + 9 
2 2 2 2 a 
56. 5(—9)(0)(2,345) = _°_ (Multiplication property of 0) 69. 3g" + g — 3g" — g 0 
57. (—3+5)2 = —~36°2) (Associative property of 70. —m + 4(m — 12n) — (—8n) 3m — 40n 
es A, soy By 72. 21.451 + (—45.991) 
58. (¢+ z)-t= £+4°! (Commutative property of > 4 24,54] 
addition) 73. 4[-2(a° — a*) — 2(3a” — 6a°)] 400° — 160° 
59. Perform each division. 3 is 
= 74. —(2h + 9) (h —1) Ght+8 
102 25 4 
a. — l b.. —— —25 4 4 


102 1 
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Solving Linear Equations Using 
Properties of Equality 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A linear equation in one variable is an Linear equations: 
equation that can be written in the form 


ax + b =c,wherea # 0. Sy —2= 12 af 4b—-7+2b=1+2b+8 


Notice that the highest power on the variable is 1. 


A number that makes an equation a true Determine whether 2 is a solution of x + 4 = 3x. 
statement when substituted for the variable IS] Checks 4. = ag 

called a solution of the equation. The solution 
set of an equation is the set of all numbers 
that make the equation true. 6=6 True 


2+4243(2) Substitute 2 for each x. 


Since the resulting statement is true, 2 is a solution of x + 4 = 3x. 


Equations with the same solution set are x + 1=9 and x = 8 are equivalent equations because they have the 
called equivalent equations. same solution, 8. 


To solve an equation, isolate the variable on 
one side of the equation by undoing the 
operations performed on it using properties of 
equality. 

Addition (subtraction) property of equality: If | Ifa = b, then 
the same number is added to (or subtracted 


. +c=b+ -c=b- 
from) both sides of an equation, the result is ee = 2 ee _— 7 
an equivalent equation. 
j ab 
Multiplication (division) property of equality: ca=cb (c#0) —=— (c#0) 
If both sides of an equation are multiplied (or = 
divided) by the same nonzero number, the 
result is an equivalent equation. 
Strategy for Solving Linear Equations in One xd 2 x+2 
‘ Solve: bX = 
Variable 6 3 6 
1. Clear the equation of fractions or ‘2 I, 6 2 xt2 Multiply both sides by 6 to 
decimals. 6 *) = 3 6 clear the fractions. 
2. Simplify each side of the equation by x—1+ 6x =4- (x + 2) Simplify. Don’t forget the 
removing all sets of parentheses and parentheses. 
combining like terms. x-1+6x=4-x-2 Remove parentheses. 
3. Isolate the variable term on one side of Ix—-1=2-x Combinadike cevine Oneal 
the equation. side. 
4. Isolate the variable. Ix -1+x=2-x+x To eliminate —x on the right 
Check the result in the original equation. side, add x to both ides. 
8k —1=2 Combine like terms on each 
side. 
8 -14+1=24+1 To isolate the variable term 8x, 


add 1 to both sides. 
8x = 3 Simplify each side. 


An identity is an equation that is satisfied by 
every number for which both sides are 
defined. 


A contradiction is an equation that is never 
true. 


J REVIEW EXERCISES 


Determine whether —6 is a solution of each equation. 


75. 6 — x = 2x + 24 yes 76. 2(r-3)=-12 no 


Solve each equation and check the result. 
—45 —225 


79. 0.0035 = 0.25g 0.014 
81. 11 —5x=-1 7 


80.0 =x +4 -4 


82 3x —7+x = 6x + 20 — 5x -9 
83. —4(y — 1) + (-3) = 25 -6 
84. 5 + 3[2 — 13(x — 1)] = 17 — 18x 4 


78. t — 3.67 = 4.23 7.9 
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8x 3 Isolate the variable x by dividing 
8 8 both sides by 8. 
3 
eo 
8 


The solution is ; and the solution set is {3}. Check this result to verify 
that it satisfies the original equation. 


When we solve x + 5 + x = 2x + 5, the variables drop out and we 
obtain a true statement 5 = 5. All real numbers are solutions. The 
solution set is the set of real numbers denoted R. 


When we solve y + 2 = y, the variables drop out and we obtain a 
false statement 2 = 0. The equation has no solutions. The solution set 


contains no elements and can be denoted as the empty set {  } or the 
null set ©. 
ss, eS) eH Oh eS aa 
"3 5 ve 4 3 
5 
87. —k = —0.06 0.06 88. —p = —10 -8 


4 


89. 3 -  e@ © 


90. 33.9 — 0.5(75 — 3x) = 0.9 3 


Solve each equation. If the equation is an identity ora 
contradiction, so state. 

91. 2(x — 6) = 10 + 2x no solution, @; contradiction 
92. —Sx + 2x —1= —(3x4 


1) all real numbers, R; identity 


Solving Formulas; Geometry 


| DEFINITIONS AND CONCEPTS 


A formula is an equation that states a 
relationship between two or more variables. 


The perimeter of a plane geometric figure is 
the distance around it. 


The area of a plane geometric figure is the 
amount of surface that it encloses. 


The volume of a three-dimensional geometric 
figure is the amount of space it encloses. 


EXAMPLES 


Turn to the inside back cover for a complete list of geometric 
formulas. 


Find the volume of a cone whose base has a radius of 6 cm and whose 
height is 8 cm. 


1 


V= gah This is the formula for the volume of a cone. 
1 2 
- 376) (8) Substitute 6 for r and 8 for h. 
1 Z 
= 37288) Evaluate (6)*(8). 
= 967 Multiply 5 and 288. 


The exact volume is 967 cm*. Rounded to the nearest tenth of a cubic 
centimeter, the approximate volume is 301.6 cm*. 


108 Chapter 1 A Review of Basic Algebra 


To solve a formula for a specified variable Solve F = mMg eer 
means to isolate that variable on one side of | >°'" " ~ r eet 
the equation, with all other variables and 


constants on the opposite side. 


ies mMg_ Multiply both sides by r?. 


Fr? 
—=M To isolate M, divide both sides by mg. 
mg 
Fr? 
M =— Write M on the left side. 
mg 
J REVIEW EXERCISES 
93. Find the perimeter of a trapezoid whose parallel Solve each formula for the specified variable. 
sides measure 10.5 feet and 12.5 feet and whose 1 
nonparallel sides measure 3.5 feet and 4.5 feet. 31 ft 97. v= gah forh n= 


94. Find the circumference and the area of a circle with Me 2+ fw 
a diameter of 17 centimeters. Round to the nearest 98. K = i for M M= —— 
0 
hundredth. 53.41 cm, 226.98 cm? 


= = a t=0 
95. Find the volume of a sphere with a radius of 99) fad Ge Idiord d= 5 S45 


7.5 meters. Round to the nearest hundredth. 1,767.15 m* 100. 9x — Sy = 35 fory y = 2x an 
96. HIGHWAY SAFETY an 
CONES ._, 


a. Find the area covered 
by the square rubber 
base if its sides are 
10 inches long. 100 in.* 


b. The safety cone is 
centered atop the base, 
as shown. Give its exact 
volume and its 
approximate volume, rounded to the nearest 
tenth. 807 ~ 251.3 in? 


p— Ota. — >, 


SECTION 1.7 Using Equations to Solve Problems 


| DEFINITIONS AND CONCEPTS EXAMPLES 


Problem-solving strategy: BILLIONAIRES In 2007, Forbes magazine ranked Bill Gates and 
Warren Buffet as the two richest Americans. Their combined net 


te eee pee worth was estimated to be $108.4 billion, with Gates the wealthier by 
2. Form an equation. $3.6 billion. Find the net worth of each man. 

ae BORE DE ede Analyze The phrase combined net worth suggests addition. If Gates 
4. State the conclusion. was the wealthier, then his net worth was $3.6 billion more than 
5. Check the result. Buffet’s. 

Some problem-solving hints Form Let x = Buffet’s net worth in billions of dollars. Since Gates is 


the wealthier, x + 3.6 = Gates’s net worth. We can use the words of the 


Diagrams are often helpful in solving : 
problem to form an equation. 


application problems. See page 74. 


For problems that deal with quantities that have Bultevsner Gale net $108.4 


a value (see page 75), use the relationship: Ber plus ae equals billion 


Number - value = total value A na oa Bb = 108.4 
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Solve 
2x + 3.6 = 108.4 


2x = 104.8 
x = 52.4 


It is often helpful to list the facts of a number- 


value problem in a table. Combine like terms. 


Sometimes a geometric fact or formula can be 
used to solve a problem. See pages 76-77. 


Subtract 3.6 from both sides. 
Divide both sides by 2. 

The given facts of a problem often suggest a 
formula that can be used to model the 
situation mathematically. See page 78. 


To find Gates’s net worth we evaluate x + 3.6 for x = 52.4. 
x + 3.6 = 52.4 + 3.6 = 56 


State In 2007, Warren Buffet’s net worth was $52.4 billion and Bill 
Gates’s net worth was $56 billion. 


Check The sum of $52.4 billion and $56 billion is $108.4 billion, and 
$56 billion is $3.6 billion more than $52.4 billion. The answers check. 


REVIEW EXERCISES 


101. 


AIRPORTS The world’s two busiest airports are 
Hartsfield Atlanta International and Chicago 
O’Hare International. Together they served 

161 million passengers in 2006, with Atlanta 
handling 8.6 million more than O’Hare. How many 


passengers did each airport serve? 
O’Hare: 76.2 million, Atlanta: 84.8 million 


105. 


TOOLING The illustration shows the angle at 
which a drill is to be held when drilling a hole into 
a piece of aluminum. Find the measures of both 


labeled angles. 
50°, 130° 


102. TUITION A private school reduces the monthly 
tuition cost of $245 by $5 per child if a family has 
more than one child attending the school. Write an The incasmes chide 
algebraic expression that gives the monthly tuition angle is 15° less than 
cost per child for a family having c children. , half of the other angle. 
245 = Se 
103. WAREHOUSING A large warehouse stores 
150 more computers than printers. The monthly 106. COLLECTIBLES In North America, most new 
storage cost for a computer is $2.50 and a printer is movie releases are advertised using a poster size 
$1.50. If storage for the computers and printers is commonly referred to as a one-sheet. A one-sheet 
$2,775 per month, how many printers are in the movie poster is rectangular, has a perimeter of 
warehouse? 600 134 inches, and its length is 13 inches longer than 
104. CABLETV A 186-foot television cable is to be its width. Find the dimensions of a one-sheet. 


cut into four pieces. Find the length of each piece if 
each successive piece is 3 feet longer than the 


previous one. 
42 ft, 45 ft, 48 ft, 51 ft 


27 in. by 40 in. 
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More about Problem Solving 


| DEFINITIONS AND CONCEPTS EXAMPLES 


Percent means parts per one hundred. By ae ee 

71% = 00 > 2-07 125% = 100 > 2? 
One method to solve percent problems is to | TAXES In Texas, $31.25 in state sales tax is charged on a $500 
use the given facts to write a percent sentence — purchase. What is the Texas state sales tax rate? 


of the form: 
31.25. is whatpercent of 500? 
is % of ? 
| { | t | 
Then we translate the sentence’ to aa Oe ” , a0 
mathematical symbols and solve the resulting 31.95 = S00x 
tion. 
equation 31.25 . - . 
Always find the percent of increase (or 500 00 =x To isolate x, divide both sides by 500. 
decrease) with respect to the original amount. 
0.0625 = x Do the division. 
6.25% =x Change the decimal to a percent. 


The Texas state sales tax rate is 6.25%. 


Three types of averages are commonly used in | Consider the values: 3, 5, 5, 6, 7, 8, 8, 8, 9, 10. 
statistics: 


tSt5+6+7+8+8+8494 
Méan= sum of the values iemienaas 34+54+5+6+7+84+8+4+8+9+10 - 69 
number of values 10 


The median is the middle value after the The median is the average of the middle terms: 
values have been arranged in increasing order. 


7+8 15 
=—=75 
2 2 
The mode is the value that occurs most often. Since 8 occurs most often, 8 is the mode. 


To solve investment problems involving See page 88 for an example. 
simple interest, use the formula 


I= Prt Interest = principal - rate - time 


To solve uniform motion problems, use the | See page 89 for an example. 
formula 


d=rt Distance = rate - time 


To solve problems where a dry mixture of a See page 90 for an example. 
specified value is created from two differently 
priced components, use 


Amount - price = total value 


To solve a liquid mixture problem, where a_ See page 91 for an example. 
desired strength solution is to be made from 

two solutions with different strengths 

(concentrations), use 


Amount of strengthof _ amount of 
solution thesolution pure ingredient 


Chapter1 Summary and Review 


J REVIEW EXERCISES 


107. 


108. 


109. 


110. 


111. 


112. 


GROUNDHOG DAY According to 
groundhog.org, the weather-predicting groundhog 
has emerged from his burrow and seen his shadow 
96 times, which is 80% of the years on record. How 
many groundhog days does this website have on 
record? 120 


EARLY REGISTRATION An early-bird 
discount lowers the registration fee for a financial 
seminar from $550 to $375. Find the percent of 
markdown. Round to the nearest percent. 32% 


CAR SALES 


: : : The Two Top-Selling Passenger Cars in the U.S. 
a. Determine the percent of increase in the P P ; 
2006 


number of Toyota Camrys sold in Aa é Frere 
: . Toyota Camry 

2006 compared with 2005. Round to the nearest 2. eas Accord 354.441 

tenth of one percent. 3.4% 


2005 


b. Determine the percent of decrease in the 1. Toyota Camry 433,703 
number of Honda Accords sold in 2006 2.Honda Accord 369,293 
compared with 2005. Round to the nearest Source: MSN Autos 
tenth of one percent. 4.0% 


HURRICANES The following table gives the number of hurricanes that made landfall in the United States for 
each of the years 1993-2006. Find the mean, median, and mode. 2, 1.5, 0 


1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 
il 0 3 2; il 3 2 0 0 il z 6 il 0 


Source: Insurance Information Institute 


INVESTMENTS Sally has $25,000 to invest. She 113. PEST CONTROL How much of a 

invests some money at 10% interest and the rest at 4% pesticide solution must be added to 20 gallons 
9%. If her total annual income from these two of a 12% pesticide solution to dilute it toa 
investments is $2,430, how much does she invest at 10% solution? 63 gal 

each rate? $18,000 at 10%, $7,000 at 9% 114. COFFEE Mild coffee that sells for $7.50 per 
PAPARAZZI A celebrity leaves a nightclub in his pound is to be mixed with a robust coffee that sells 
car and travels at 1 mile per minute (60 mph) for $8.40 per pound to make 90 pounds of a 

trying to avoid a tabloid photographer. One minute mixture that will be sold for $7.90 per pound. How 
later, the photographer leaves the nightclub on his many pounds of each type of coffee should be 
motorcycle, traveling at 1.5 miles per minute used? mild: 50 Ib, robust: 40 Ib 


(90 mph) in pursuit of the celebrity. How long will 
it take the photographer to catch up with the 
celebrity? 2 min after the photographer leaves 


TEST 


CHAPTER 1 


1. Fillin the blanks. 
a. For any nonzero real number a, § is_Undetined | 
b. >, =, <, and S are called inequality symbols. 
c. 9x? and 7x? are like _terms because they have the 
same variable raised to exactly the same power. 
d. To solve an equation means to find all of the 
values of the variable that make the equation true. 
e. The addition property of duality says that adding 
the same number to both sides of an equation does 
not change the solution. 
2. Translate each verbal model into a mathematical 
model. 
a. Each test score T was increased by 10 points to give 
a new adjusted test score s. s = 7 + 10 
b. The area A of a triangle is the product of one-half 
the length of the base b and the height h. A = 5bh 
3. COUNTING CALORIES Refer to the graph below 
that gives the number of calories in a given number of 
glazed donuts. 
a. What units are used to scale the vertical 
axis? 200 calories 
b. How many calories are in one-half dozen glazed 
donuts? 1,200 
c. How many glazed donuts did a person eat if his 
calorie intake from the donuts was 700? 35 


1,200 


= 
ro) 
So 
Oo 


Number of calories 


1 2 3 4 5 6 
Number of glazed donuts 


4. Consider the set: {-2, a, 0, —33, 9.2, a 5, -Vv7} 
a. Which numbers are integers? —2,0,5 
b. Which numbers are rational numbers? 
-2,0, 37, 9.2, 4,5 
c. Which numbers are irrational numbers? =, —\/7 


d. Which numbers are real numbers? all 


5. Determine whether each statement is true or false. 
a. —6€Z true b. 76 €N false 
c. W CR true d. H Z Q true 


Graph each set on the number line. 


6: 2 7 1.8234503..., V3, isi} 


62 
1 t 1.8234503... 
6 2 V3 1.91 
pan | | Jt al le 1 Igo ty 
1 1.5 2.0 


A 
e 
e 
ne 
e 
e 
Y 


8. Determine whether each statement is true or false. 
a. —|—2.78| > —(—2.71) b. (—3)? = -3* 


false false 


Evaluate each expression. 


Oe eae 
i ag) s 


2)-4-20 = Tl, 


-3(V9)(-2)* 
11. 10 — 3[5? — 6(-1 — 1)*] —209 
12. Evaluate the expression for a = 2, b = —3, and 
c=4. 
(—3b +c)? — 17a 


—b + a’be 
13. PEDIATRICS Some doctors use Young’s rule in 
calculating the dose for infants and children. 


Age of child ( average 
Age of child + 12 \adult dose 


) = child’s dose 


The adult dose of Achromycin is 250 milligrams (mg). 
What is the dose for an 8-year-old child? 100 mg 


Determine which property of real numbers justifies each 
statement. 


14. a. 3 + 5 =5 +3 commutative property of addition 
b. x(yz) = (xy)z associative property of multiplication 
ce. —17 + 17 = 0 additive inverse property 


1 
d. —-1l= 5 multiplicative identity property 


Nil eR 


Simplify each expression. 


15. 11.1n? — 7.3n + 15.1n — 9.8 11.1n? — 7.8n — 9.8 
16. —5(9s)(—2t) 90sr 
17. —7(c — 4) — 5[3(c — 4) — 2(c + 2)] —12c + 108 
2 1 
18. g + 45x) gy 24x) 6x) + 16x 
Solve each equation. 
19. 0x +4) +4-8r =4(x -5) +4 15 
20 m-1 m—-3 oe 
ae. ae 
21. 6 — (x — 3) — 5x = 3[1 — 2(x + 2)] 


22. 


23. 


24. 


25. 
26. 


27. 


28. 


29. 


30. 


no solution, @; contradiction 


2° 
Use a check to determine whether 6.7 is a solution of 
1.6y + (—3) = y + 1.02. yes 


Solve P = L + itor i, j= 4 E} 
Solve y — y, = m(x — x1) for x1. x, ="%7 =” 
CROP CIRCLES In 1992, two Hungarian high 
school students were charged for the damage that 
they caused in creating a 36-meter diameter crop 
circle in a wheat field. Find the area covered by 
the crop circle. Round to the nearest square 
meter. 1,018 m* 


HAND TOOLS With each pass that a craftsman 
makes with a sander over a piece of fiberglass, he 
removes 0.03125 inch of thickness. If the fiberglass 
was originally 0.9375 inch thick, how many passes are 
needed to obtain the desired thickness of 

0.6875 inch? 8 


RENTALS The owners of an apartment building 
rent equal numbers of 1- and 2-bedroom units. The 
monthly rent for a 1-bedroom is $950, and a 
2-bedroom is $1,200. If the total monthly income is 
$53,750, how many of each type of unit are there? 25 


ISOSCELES TRIANGLES The measure of a base 
angle of an isosceles triangle is 5° more than eight 
times the measure of the vertex angle. Find the 
measure of each angle of the triangle. 85°, 85°, 10° 
CALCULATORS The viewing window of a 
calculator has a perimeter of 26 centimeters and is 
5 centimeters longer than it is wide. Find the 
dimensions of the window. 4 cm by 9 cm 


m 


31. 


32. 


33. 


34. 


35. 


36. 


Chapter! Test 


FUEL EFFICIENCY Use the data below to 
determine the percent of increase in U.S. sales of 
hybrid vehicles from 2005 to 2006. Round to the 
nearest percent. 28% 


U.S. Gas-Electric Hybrid Vehicle Sales 


2005: 199,148 
2006: 254,545 


Source: MSNBC.com 


AIRLINE ACCIDENTS Refer to the data in the 
table. 


a. Find the mean. Round to the nearest tenth. 2.2 
b. Find the median. 2 
c. Find the mode. 2 


Number of Major Accidents for 
US. Air Carriers (1997-2006) 


1997 1998 1999 2000 2001 
2 0 2 3 5 
2002 2003 2004 2005 2006 
il 2 4 2, il 


Source: National Transportation Safety Board 


INVESTING An investment club invested part of 
$10,000 at 9% annual interest and the rest at 8%. If 
the annual income from these investments was $860, 
how much was invested at 8%? $4,000 


RENTAL CARS While waiting for his car to be 
repaired, a man rents a car for $17 per day and 

33 cents per mile. His insurance company will pay 
up to $200 of the rental fee. If he needs the car for 
four days, how many miles of driving will his policy 
cover? 400 mi 


MIXING ALLOYS How many ounces of a 

40% copper alloy must be mixed with 10 ounces of a 
10% copper alloy to obtain an alloy that is 

25% copper? 10 oz 


MEN’S COLOGNE How many ounces of Skin 
Soother men’s cologne (unit price: $2.40 per ounce) 
must be mixed with Cool Sport men’s cologne (unit 
price: $1.60 per ounce) to make 8 ounces of a mixture 


having a unit price of $1.90 per ounce? 
Skin Soother: 3 0z, Cool Sport: 5 0z 
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from Campus to Careers 
Certified Fitness Instructor 


Because of our busy schedules, many of us have difficulty making exercise a part 
of our daily routine. A certified fitness instructor can often provide 
the motivation, discipline, and instruction that a person 
needs to get and stay in shape. Fitness instructors plan 
and lead classes, weigh and measure clients, analyze 
records and graphs, and perform assessment and testing 
related to weight training and cardiovascular exercise. 


Fitness instructors stress the importance of healthy eating 
and regular exercise. In problem 93 of Study Set 2.4, you 
will see how a graph can be used to show the relationship 
between the time spent exercising and the number of calories yo® 
burned. 


ics Chapter2 Graphs, Equations of Lines, and Functions 


The Rectangular Coordinate System 


It is often said that a picture is worth a thousand words. In this chapter, we will show 
how numerical relationships can be described by mathematical pictures called 
graphs. 


[EB Plot ordered pairs and determine the coordinates of a point. 


Many cities are laid out on a rectangular grid as shown below. For example, on the 
east side of Rockford, Illinois, all streets run north and south, and all avenues run 
east and west. If we agree to list the street numbers first, every address can be 
identified by using an ordered pair of numbers. If Jose Montoya lives on the corner 
of Third Street and Sixth Avenue, his address is given by the ordered pair (3, 6). 


This is the street. a ae This is the avenue. 
(3, 6) 
If Lisa Kumar has an address of (6, 3), we know that she lives on the corner of 
Sixth Street and Third Avenue. From the figure, we can see that 
¢ Bob Anderson’s address is (4, 1). 
e Rosa Vang’s address is (7, 5). 
e The address of the store is (8, 2). 


Seventh Ave. N 
w E 
Sixth Ave. Jpse @ 
; Rosa 
Fifth Ave. 
fai 
Fourth Ave. - 
Lisa 
Third Ave. ba 
Store 
Second Ave. |_| 
Bob 
First Ave. a 
™ w 7 TH © & ZZ 
pe ee eRe EE 
» 2 & S o $s e & 
7 - 42 py * 2 FF | Fw 
4 al a 


The idea of associating an ordered pair of numbers with points on a grid is 
attributed to the 17th-century French mathematician René Descartes. The grid is 
called a rectangular coordinate system, or Cartesian coordinate system after its 
inventor. 

In general, a rectangular coordinate system is formed by two intersecting 
perpendicular number lines, as shown in the figure on the next page. 


e The horizontal number line is usually called the x-axis. 


e The vertical number line is usually called the y-axis. 


The positive direction on the x-axis is to the right, and the positive direction on the 
y-axis is upward. 


2.1. The Rectangular Coordinate System 


The point where the axes cross is called 
the origin. This is the 0 point on each axis. 
The two axes form a coordinate plane and 
divide it into four regions called quadrants, Quadrant II ‘ Quadrant I 
which are numbered using Roman numerals. 

Every point on a coordinate plane can a Origin 
be identified by a pair of real numbers x and 
y, written as (x, y). The first number in the 3 4 4°23 4 i203 4 3 
pair is the x-coordinate, and the second 
number is the y-coordinate. The numbers 
are called the coordinates of the point. Some Quadrant IIT Quadrant IV 
examples of such pairs are (—4, 6), (2, 3), a‘ 
and (6, —4). 


> 


(6, —4) 
The x-coordinate is listed first. a The y-coordinate is listed second. 


The process of locating a point in the coordinate plane is called graphing or 
plotting the point. Below, we use red arrows to graph the point with coordinates 
(6, —4). Since the x-coordinate, 6, is positive, we start at the origin and move 6 units 
to the right along the x-axis. Since the y-coordinate, —4, is negative, we then move 
down 4 units, and draw a dot. This locates the point (6, —4), which lies in quadrant IV. 

In figure (a), blue arrows are used to show how to plot (—4, 6). We start at the 
origin, move 4 units to the /eft along the x-axis, and then 6 units up and draw a dot. 
This locates the point (—4, 6), which lies in quadrant II. 


= 4 
iM #; 6) 6 


(0, 3) 


(0, 0) 


(4.5, 0) 
x 


Caution! Note that the point (—4, 6) is not the same as the point (6, —4). 


This illustrates that the order of the coordinates of a point is important. This is 
why we call the pairs ordered pairs. 


In figure (b), we see that the points (—5, 0), (0,0), and (4.5, 0) all lie on the 
x-axis. In fact, every point with a y-coordinate of 0 lies on the x-axis. Note that the 
coordinates of the origin are (0, 0). 

We also see that the points (0, —§), (0, 0), and (0,3) lie on the y-axis. In fact, 
every point with an x-coordinate of 0 lies on the y-axis. 

A point may lie in one of the four quadrants or it may lie on one of the axes, in 
which case the point is not considered to be in any quadrant. For points in quadrant I, 
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Self Check 1 


HALLEY’S COMET Determine the 
comet’s position for 1978. (0, —2.5) 


Now Try Problems 30,33, and 34 


Teaching Example 1 HALLEY’S 
COMET Use the graph to determine 
the comet’s position for the most recent 
time it passed by Earth in 1986. 
Answer: 

(—8, -1) 


the x- and y-coordinates are positive. Points in quadrant II have a negative 
x-coordinate and a positive y-coordinate. In quadrant III, both coordinates are 
negative. In quadrant IV, the x-coordinate is positive and the y-coordinate is 
negative. 


Success Tip If no scale is indicated on the axes, we assume that they are 


scaled in units of 1. 


| EXAMPLE 1 | Halley's Comet Halley’s comet passes Earth every 


76 years as it travels in an elliptical orbit about the sun. Use the graph to 
determine the comet’s position for the years 1912, 1930, 1948, and 1966. 


? 1948 


1966 
1 unit = 161,400,000 mi 


Strategy We will start at the origin and count to the left or right on the x-axis, 
and then up or down to reach the point. 


WHY The movement left or right from the origin gives the x-coordinate of 
the ordered pair and the movement up or down from the origin gives the 
y-coordinate. 


Solution 
Year Position of comet on graph Coordinates 
1912 5 units to the Jeff, then 2 units up (Gow) 
1930 5 units to the right, then 2 units up (5, 2) 
1948 9 units to the right, no units up or down (9, 0) 
1966 5 units to the right, then 2 units down ©, =2) 


4 Graph paired data. 
Every day, we deal with quantities that are related. 


e The distance we travel depends on how fast we are going. 

e Your test score depends on the amount of time you study. 

e The height of a toy rocket depends on the time since it was shot into the air. 
We can use graphs to visualize relationships between two quantities. For example, 


suppose that we know the height of a toy rocket at 1-second intervals from 0 to 
6 seconds. We can list this information in the table shown in the figure on the next page. 


2.1 The Rectangular Coordinate System aia ee 


Each entry in the table represents an ordered pair, where the x-coordinate is the 
time (in seconds) since the rocket was shot into the air, and the y-coordinate is the 
height of the rocket (in feet). 


Time Height of rocket 


(in seconds) (in feet) 
0 0 — (0,0) 
il 80 — (1,80) 
2, 128 —> (2, 128) 
3 144 — (3, 144) 
4 128 — (4, 128) 
5 80 — (5, 80) 
6 0 — (6,0) 
t t 
x-coordinate y-coordinate The data in the table 


can be expressed as 
ordered pairs. 


The information in the table can be used to construct a graph that shows the 
relationship between the height of the rocket and the time since it was shot into the 
air. To get the graph in the figure below, we plot the seven ordered pairs shown in 
the table and draw a smooth curve through the data points. 


150 


130 

120 
= 110 
= 100 


fo) 


This graph shows the height of the 
rocket in relation to the time since it was 
shot into the air. It does not show the 
path of the rocket. 


Height of rocke! 


0 1 2 3 4 5 6 a 


Time since rocket was launched (sec) 


From the graph, we can see that the height of the rocket increases as the time 
increases from 0 second to 3 seconds. Then the height decreases until the rocket hits 
the ground in 6 seconds. We can also use the graph to make observations about the 
height of the rocket at other times. For example, the dashed blue lines on the graph 
show that in 1.5 seconds, the height of the rocket will be approximately 108 feet. 


IER Read graphs. 


Since graphs are becoming an increasingly popular way to present information, the 
ability to read and interpret them is becoming ever more important. 


Self Check 2 


WATER MANAGEMENT Refer to the 
graph in Example 2 to answer the 
following questions. 

a. When was the water at the 
normal level? 

b. By how many feet did the 
water level rise during the 
storm? 

c. After the storm ended and the 
water level began to fall, how 
long did it take for the water 
level to return to normal? 


Now Try Problem 38 

Self Check 2 Answer 

a. 4 days before the storm began and 
1 day and 9 days after the storm 
began 

b. 6ft ec. 4 days 


Teaching Example 2 WATER 
MANAGEMENT Refer to the graph 
in Example 2 to answer the following 
questions. 

a. How long did the storm last? 

b. Before the storm started, when was 
the water level one foot below 
normal? 

Answers: 

a. 3 days 

b. 2 days before the storm 


120° | Chapter2 Graphs, Equations of Lines, and Functions 


Water Management The graph below shows the water 
level of a reservoir before, during, and after a storm. On the x-axis, zero 
represents the day the storm began. On the y-axis, zero represents the normal 
water level that operators try to maintain. 


a. In anticipation of the storm, operators released water to lower the level of the 
reservoir. By how many feet was the water lowered prior to the storm? 
b. After the storm ended, on what day did the water level begin to fall? 


c. When was the water level 2 feet above normal? 


Water level (ft) 
y 


5 
4 
3 
Storm 2 
begins \ 1 
-5 4 12345 678 9 
Days 


Strategy We will use ordered pairs to describe the situations mentioned in parts 
a, b, and c. 


WHY The coordinates of specific points on the graph can be used to answer the 
given questions. 


Solution 

a. The graph starts at the point (—4, 0). This means that four days before the 
storm began, the water level was at the normal level. If we look below zero on 
the y-axis, we see that the point (0, —2) is on the graph. So the day the storm 
began, the water level had been lowered 2 feet. 


Water level (ft) After the storm, the 
» waterlevel stayed 


constant for 2) days. 
3 days after the storm 


<_— began, the water level 
began to decrease. 


5 


During the storm, 4 
the water level rose.3 


Level: 2 feet 
above normal 


Before the storm, 
the water level was 
lowered. 


b. If we look at the x-axis, we see that the storm lasted 3 days. From the third to 
the fifth day, the water level remained constant, 4 feet above normal. The 
graph does not begin to decrease until day 5. 


c. We can draw a horizontal line passing through 2 on the y-axis. This line 
intersects the graph in two places—at the points (2, 2) and (7, 2). This means 
that 2 days and 7 days after the storm began, the water level was 2 feet above 
normal. 


2.1 The Rectangular Coordinate System = 
| EXAMPLE 3 | Rental Costs Use Cost of Renting a Rototiller 


the graph to answer the following 7 (st 80) 
questions. 80 ooo 
a. Find the cost of renting the rototiller for 710 o—e 

2 ays of 
b. Find the cost of renting the rototiller for & 50 o—e 

59 days. 6 1-9 -2aa0) 
c. How long can you rent the rototiller if 30 

you have budgeted $60 for the rental? 20 
d. Is the cost of renting the rototiller the 10 

same each day? 1 i 34 5/6 d 

55 days 


Strategy To answer questions about the rental costs, we will scan from the 
horizontal axis, up and over, to the vertical axis. To answer questions about length 
of time the equipment can be rented, we will scan from the vertical axis, over and 
down, to the horizontal axis. 


WHY The scale on the vertical axis gives the cost to rent the equipment. The 
scale on the horizontal axis gives the length of time the equipment is rented. 


Solution 

a. We locate 2 on the d-axis and move up to locate the point on the graph 
directly above the 2. Since that point has coordinates (2, 40), a two-day rental 
costs $40. 


b. We locate 54 on the d-axis and move straight up to locate the point on the 


graph with coordinates (53, 80), which indicates that a 53-day rental would 
cost $80. 


c. We draw a horizontal line through the point labeled 60 on the c-axis. Since this 
line intersects one of the steps of the graph, we can look down to the d-axis to 
find the d-values that correspond to a c-value of 60. We see that the rototiller 
can be rented for more than 3 and up to 4 days for $60. 


d. The cost each day is not the same. If we look at how the c-coordinates change, 
we see that the first-day rental fee is $20. The second day, the cost jumps 
another $20. The third day, and all subsequent days, the cost jumps $10. 


We have seen that points in the coordinate plane can be identified using ordered 
pairs of real numbers. There is a formula we can use to find the coordinates of the 


midpoint of a line segment joining two points in the plane. 


IZ¥ Find the midpoint of a line segment. 


If point M in the figure to the right lies midway y 
between point P and point Q, it is called the 
midpoint of line segment PQ. We call the points 

P and Q, the endpoints of the segment. 

To distinguish between the coordinates of hes Q 
the endpoints of a line segment, we can use es 
subscript notation. In the figure, the point P with 
coordinates (x,,y,) is read as “point P with P 
coordinates x sub 1 and y sub 1,” and the point 
Q with coordinates (x2, y2) is read as “point Q 
with coordinates x sub 2 and y sub 2.” 


Endpoint 


Xy +X 


fe ee 


Vit yo 


aS) 


(Xz, Y2) 


Self Check 3 


RENTAL COSTS Use the graph 
in Example 3 to find the cost 
of renting the rototiller for 


25 days. $50 
Now Try Problem 42 


Teaching Example 3 RENTAL 
COSTS Use the graph in Example 3 to 
find the cost of renting the rototiller for 


34 days. 
Answer: 
$60 


Self Check 4 


Find the midpoint of the line 
segment with endpoints (—1, 8) 
and (5, 2). (2,5) 


Now Try Problem 46 


Teaching Example 4 Find the midpoint 
of the line segment with endpoints 

(7, =3) and (5, =7). 

Answer: 


(6, —5) 


Self Check 5 
If the midpoint of a segment 
PQ is M(—2, 5) and one 
endpoint is Q(6, —2), find the 
coordinates of point P. (—10, 12) 


Ta Chapter2 Graphs, Equations of Lines, and Functions 


To find the coordinates of point M, we find the average of the x-coordinates and 
the average of the y-coordinates of points P and Q. Using subscript notation, we can 
write the midpoint formula in the following way. 


The Midpoint Formula 


The midpoint of a line segment with endpoints (x;, y,) and (x2, y2) is the point 
with coordinates 


(2 +X. Wt 2) 
2 * 9 


The Language of Algebra The prefix sub means below or beneath, as in 
submarine or subway. In x2, the subscript 2 is written lower than the variable. It 
is not an exponent. 


Caution! Note the difference between x* and x. In the notation x’, the 
exponent 2 is a superscript, used to represent repeated multiplication: 
x? = x+x. In the notation X, the 2 is a subscript. In this section, it is used to 


represent the x-coordinate of a point. 


| EXAMPLE 4 | Find the midpoint of the line y 


segment with endpoints (—2, 5) and (4, —2). Endpoint 4 


(-2, 5) 


ca 


Strategy To find the coordinates of the midpoint, 
we find the average of the x-coordinates and the 
average of the y-coordinates of the endpoints. 


WHY This is 


Midpoint 


O37 


what is called for by the 


expressions ~! and » ; ” of the midpoint lx 
formula. + TT, 1 
Solution = (1, -2) 
We can let (x1, y;) = (—2, 5) and Endpoint 


(X2, v2) = (4, -2). After substituting these values into the expressions for the 
x- and y-coordinates in the midpoint formula, we will evaluate each expression to 
find the coordinates of the midpoint. 


Xyt+x. —24+4 yt+y2 5+ (-2) 
2 a 2 
2 3 
a) ~ 2 
=1 
Thus, the midpoint is (1, 3). | 


| EXAMPLE 5 | The midpoint of the line segment joining P(—5, —3) and 


Q(X, y2) is the point M(—1, 2). Find the coordinates of point Q. 


Strategy As in Example 4, we will use the midpoint formula to find the 
unknown coordinates. However, this time, we need to find x2 and yy. 


WHY We want to find the coordinates of one of the endpoints. v 
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Solution Now Try Problem 57 
We can let P(x,,y,) = P(-5,-3) and M(xy, yy) = M(-1,2), where xy : — 
. . ‘ Teaching Example 5 If the midpoint 
represents the x-coordinate of point M, and yy represents the y-coordinate of i aes 
z : : ‘ f i of a segment PQ is M(—3, 7) and one 
point M. We can then find the coordinates of point Q using the midpoint formula. endpoint is Q(5, 1), find the 
Pare yty coordinates of P. 
1 2 1 2 
xy = —— and = Answer: 
- 2 a 2 (-11, 13) 
=Si+ x = 
(eee 2= eae 
2 2 
—2=—-54+ x2 4=-3+ y) Multiply both sides by 2. 
3 = Xo 7 = yo 
Since x2 = 3 and y, = 7, the coordinates of point Q are (3, 7). @ 


r 
_ ANSWERS TO SELF CHECKS 


| 1. (0,-2.5) 2. a. 4 days before the storm began and 1 day and 9 days after the storm 


began b. 6ft c. 4days 3. $50 4. (2,5) 5. (—10, 12) 


XY 


2.1 STUDY SET 


| VOCABULARY 
Fill in the blanks. 
1. The pair of numbers (6, —2) is called an _ordered 
pair. 
2. In the ordered pair (—2, —9), —2 is called the 
_* -coordinate and —9 is called the _Y -coordinate. 


3. Ordered pairs of numbers can be graphed ona 
_tectangular_ egordinate system. 


4. The x- and y-axes divide the coordinate plane into 
four regions called quadrants _, 


5. The point with coordinates (0, 0) is the origin, 


6. The process of locating a point on a coordinate plane 
is called _gtaphing or plotting the point. 


7. Ifa point is midway between two points P and Q, it is 
called the midpoint" of segment PQ. 


> 8. Ifa line segment joins points P and Q, points P and Q 
are called endpoints of the segment. 


| CONCEPTS 
Fill in the blanks. 


9. To plot the point (6, —3.5), we start at the origin and 
move 6 units to the ight and then 3.5 units down, 


> 10. To plot the point (-6, 3), we start at the origin and 
move 6 units to the !c!t_ and then 3 units UP. 


11. In which quadrant do points with a negative 
x-coordinate and a positive y-coordinate lie? II 
> 12. In which quadrant do points with a positive 
x-coordinate and a negative y-coordinate lie? IV 


P Selected exercises available online at 
www.webassign.net/brookscole 


13. Use the graph to complete the table. 


y 
ale y 
pete : 
0) -2 ; 
| al3 


15. How many midpoints does a segment have? one 


16. The x-coordinate of the midpoint of the line 


segment joining (x1, y,) and (X2, y2) is uSe 


: : + 
the y-coordinate is eee . 


,and 


I NOTATION 


> 17. For the ordered pair (t, d), which variable is 
associated with the horizontal axis? + 


18. Do these ordered pairs name the same point? 


(5.25, —3), (54, -1.5), (7, —13) yes 
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19. How do you read the expression “x,”? x sub 1 


20. Explain the difference between x” and x». 
x” = x + x;x> represents the x-coordinate of a point. 


TAG 43678 | 
I GUIDED PRACTICE so A 


Plot each point on the rectangular coordinate system. 3 _1.500 
o > 

See Objective 1. ™ 5000 
21. (4,3) 22. (—2, 1) ~2,500 
23. (3.5, —2) p> 24. (—2.5, —3) Hours 
23: 0,9) gas i 38. AIRPLANES The following graph shows the 
27. (3, 0) 28. (0, 2) altitudes of a plane at certain times. 

. a. Where is the plane when ¢ = 0? on the ground 


b. What is the plane doing as ¢ increases from tf = 1 
to t = 2? gaining altitude 

c. What is the altitude of the plane when 
t = 2? 5,000 ft 

d. How much of a descent does the plane begin to 
make when t = 4? 2.000 ft 


Give the coordinates of each point shown. See Example 1. 
29. A (2,4) p> 30. B (-3,3) 6,000 
31, C.(=25,"65 32. D (4.5, -4.5 
VCs =—Ls . D (45, —4.5) = 4000 
33. E (3,0) 34. F (—4, -3) 2 3.000 
35. G (0,0) 36. H (0, —4) 2,000 
1,000 
» 
i oA 
At, 012345 6 
: Hours 
GT ET, 
4+ ap | fi 4 39. PETROLEUM Refer to the following graph. 
e 
4 Cc a. When did imports first surpass production? 1993 
# eae b. Estimate the difference in U.S. petroleum imports 
; and production for 2002. 
Use each graph to answer each question. See Example 2. Imports exceeded production by about 3.5 million barrels 
p> 37. SUBMARINES The graph in the next column shows pera 


the depths of a submarine at certain times. 
. U.S. Annual Petroleum Production/Imports 
a. Where is the sub when ¢t = 2? on the surface 


> 
b. What is the sub doing as ¢ increases from ft = 2 to 3 
t = 3? diving z 
c. How deep is the sub when ¢t = 4? 1,000 ft E 
: 2 
d. How large an ascent does the sub begin to make SB ll iil a 
when tf = 6? 500 ft z 
= 5 
4 a 


il 2 3 4 5 © wy 8 OD iO wi ip 
Years after 1990 


Source: United States Department of Energy 


> 40. TRACK AND FIELD Refer to the following graph. 
a. 
b. 


Cc 


Which runner ran faster at the start of the race? | 
Which runner stopped to rest first? 1 


Which runner dropped the baton and had to go 
back and get it? 1 


. At what times was runner 1 stopped and runner 


2 running? A and C 


. Describe what was happening at time D. 1 was 


running, 2 was stopped. 


.» Which runner won the race? 2 


Finish | 


Distance 


— Runner 1 
— Runner 2 


Start \ fl \ f 
A B ¢ 'D 
Time 


Use each graph to answer each question. See Example 3. 


41. VIDEO RENTALS The charges for renting a video 
are shown in the following graph. 


> a. 
p> b. 


Cc 


Find the 1-day rental charge. $2 

Find the charge if the video is kept for 1 week. $9 
How long can you keep a video if you budgeted 
$5 for the rental? 3 days 


y 


— 
oOo 


Total charges ($) 
Se NOW FOND ~~ CO OO 


123 45 67 8 
Rental period (days) 


42. TAXIS The graph in the next column gives the fares 
charged for taxi rides up to 1 mile. In the graph, the 
symbol = indicates a break in the labeling of the 
vertical axis. This break enables us to omit a portion 
of the grid that would not be used. 


a. Find the fare for a 5-mile ride. $3.50 


b. Is the fare the same for each smile traveled? no 


c. Find the fare for a ivmile ride. $3.90 
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Cost of taxi ride ($) 
Ww 
“y 
S 


uo 


3 a 1 


Miles traveled 


Find the midpoint of line segment PQ. See Example 4. 


43. 


45. 


47. 


49. 


51. 


53. 


P(0, 0), O(6, 8) > 44. P(10, 12), O(0, 0) 
(3, 4) (5, 6) 

P(6, 8), Q(12, 16) 46. P(10, 4), (2, —2) 
(9, 12) (6, 1) 

P(2, 4), O(5, 8) 48. P(5, 9), O(8, 13) 
(3.6) (7.11) 

P(—2, -8), 0(3,4) p50. P(—5, —2), O(7,3) 


(2, -2) (1.3) 


O(=3,5), P(=5,=5) & 52: OC, =3), P24, =8) 
C40 (3. -3) 
Q(7,1), P(-10,4) >» 54. Q(—4, -3), P(4, -8) 
35 <1 

ree (0, 2 


Solve each problem. See Example 5. 


55. 


> 56. 


57. 


> 58. 


If M(—2, 3) is the midpoint of segment PQ and the 
coordinates of P are (—8, 5), find the coordinates 

of Q. (4,1) 

If M(6, —5) is the midpoint of segment PQ and the 
coordinates of Q are (—5, —8), find the coordinates 
of P. (17, -2) 

If M(—7, —3) is the midpoint of segment PQ and the 
coordinates of Q are (6, —3), find the coordinates 

of P. (—20, —3) 

If M@ G. —2) is the midpoint of segment PQ and the 


coordinates of P are (- 3, 5), find the coordinates of 


Q. (3, -9) 
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] APPLICATIONS 
59. ROAD MAPS Road maps have a built-in coordinate 


> 60. 


61. 


system to help locate cities. Use the map below to find 
the coordinates of these cities in South Carolina: 
Jonesville, Easley, Hodges, and Union. Express each 


answer in the form (number, letter). 
Jonesville (5, B), Easley (1, B), Hodges (2, E), Union (6, C) 


Ds) 
lan 
— ; oo 
E J ee (' NZ 


ile, 2. [2 |) ®,| 


HURRICANES A coordinate system that 
designates the location of places on the surface of 
Earth uses a series of latitude and longitude lines, as 
shown below. 


a. If we agree to list longitude first, what are the 
coordinates of New Orleans, expressed as an 
ordered pair? (90, 30) 


b. In August 1992, Hurricane Andrew destroyed 
Homestead, Florida. Estimate the coordinates of 
Homestead. (81, 25) 


c. Estimate the coordinates of where the hurricane 
hit Louisiana. (92, 29) 


Longitude 
90° 85° 80° 
35° 
LA MS 

3) 
Z 30° Balen Rouges. 
3 = Sieh Orleans 
A Gig 

25° Gulf of Mexico ANDREW 


EARTHQUAKES The map in the next column 
shows the area where damage was caused by an 
earthquake. 


a. Find the coordinates of the epicenter (the source 
of the quake). (2, —1) 


b. Was damage done at the point (4, 5)? no 
c. Was damage done at the point (—1, —4)? yes 


> 62. 


Elevation (ft) 


63. 


GEOGRAPHY The illustration shows a cross- 
sectional profile of the Sierra Nevada mountain range 
in California. 


a. Estimate the coordinates of blue oak, sagebrush 
scrub, and tundra using an ordered pair of the 
form (distance, elevation). 

(50, 3,000), (128, 4,000), (100, 11,000) 

b. The tree line is the highest elevation at which trees 

grow. Estimate the tree line for this mountain 


range. 
about 10,000 ft 


12,000 West East 
10,000 Whitebark pine 
Red fir ' 
8,000 Lodgepole ren &. Pifion-juniper 
*/ White fir sf Sagebrush 
6,000 Ghamise Ponderosa pine eoadland scrub 
e Incense cedar \ $ 
4,000 Ceanothus Scattered sequoia Sagebrush is 
© Blue oak 
2,000 4e and grass 


Sea = 
inca 10 20 30 40 50 60 70 80 90 100110 120130 
Distance (mi) 


GOLF In one of the greatest comebacks in golf, 
Tiger Woods rallied in the final round of the 
2000 AT&T Pebble Beach National Pro-Am golf 


tournament to overtake Matt Gogel. (In golf, the 
player with the score that is the farthest under par is 
the winner.) Refer to the graph on the next page and 


answer the following questions. 


a. At the beginning of the final round, by how large 
was Gogel’s lead? 6 strokes 


b. In the final round, what was Gogel’s largest 
lead? 7 strokes 


c. On what hole did Woods tie up the match? 16th 


d. On what hole did Woods take the lead? 18th 
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66. POSTAGE RATES The graph shows the first-class 
postage rates for mailing letters weighing up to 


Hole 
i] 2 By ah we 7 SS) AO) abd Yih eS ley a7 a} 


Par 3.5 ounces. 
ms a. Find the cost to mail a letter that weighs 1-oz. 44¢ 
-6 b. Find the difference in postage for a 0.75-0z letter 
8 and a 2.75-oz letter. 32¢ 
E-12 c. What is the heaviest letter that can be mailed first 


class for 59¢? 2 oz 


y 
2 93 o—e 
64. PETROLEUM Refer to the graph below. 2 46 b o 
a. When did the U.S. net petroleum imports first & 59 o——e 
surpass production? 1996 E 44 
b. Estimate the difference in U.S. petroleum net 0 1 2 3 4 mo 


imports and production for 2005. 

Net imports exceeded production by about 5 million barrels 
order. 67. AIRPLANE DESIGN Engineers use a coordinate 
system with three axes when designing airplanes. As 
shown in the illustration, the x-axis is used to 
describe left/right on the airplane, the y-axis 

Production forward/backward, and the z-axis up/down. Any point 
on the airplane can be described by an ordered triple 
of the form (x, y, z). The coordinates of three points 
on the plane are (0, 181, 56), (—46, 48, 19), and 

(84, 94, 24). Which highlighted part of the plane 


corresponds with which ordered triple? 
tip of tail, front of engine, tip of wing 


Weight (ounces) 


Source: Energy Information Administration 


65. HURRICANES The following graph shows the scale 
used to rate the intensity of hurricanes. Use the graph 


to categorize the hurricanes listed in the table below. Front of \\ 
engine 
Saffir-Simpson Hurricane Scale z Positive WN 
ae ae ee a OF 2 
5 ea KC 
> 4 e——_o 
5 3 eo 
3 X positive 
O 2 e—o 
1 e—o 
— 
74 96 111 131 156 
Wind speed (mph) 


Name/Year Location Wind Speed Category 


Luis/1995 Leeward Isl. 138 mph 4 
Fran/1996 North Carolina 115 mph 3 
Danny/1997 Alabama 80 mph 1 
Mitch/1998 | Caribbean 178 mph 5 
Bonnie/1998 | North Carolina 110 mph 2 


128 | Chapter2 Graphs, Equations of Lines, and Functions 


> 68. ROAST TURKEY The thawing guidelines that 
appear on the label of a frozen turkey are listed in the 
following table. In the illustration, draw a step graph 
that represents these instructions. 


10 Ib to just under 18 Ib 
18 Ib to just under 22 1b 
22 Ib to just under 24 Ib 
24 Ib to just under 30 Ib 


Se 


Thawing times 
(days) 
KHNWARUD 


/f- > x 
10 12 14 16 18 20 22 24 26 28 30 


Weight of turkey (1b) 


69. Explain how to plot the point with coordinates of 
(—2, 5). 
p> 70. Explain why the coordinates of the origin are (0, 0). 


TF 
Evaluate each expression. 
71. —5 —5(—5) 20 


72. (—5)* + (—5) 20 


= 250), 
73. See — 3 74. | 1 9| 10 
vg, (25 = 25) 3[-9 +2(7-3)]} 1 
, 2*-9 (8-5)9-7) 2 


77. Solve: —4x + 0.7 = —2.1 0.7 


= 2 
2 


78. Solve P = 21 + 2w for w. w = f 


Graphing Linear Equations 


In this section, we will discuss equations that contain two variables. Such equations 
are used to describe algebraic relationships between two quantities. To see a picture 
of these relationships, we can construct graphs of their equations. 


fj Determine whether an ordered pair 
is a solution of an equation. 


We will now extend our equation-solving skills to find solutions of equations in two 


variables. To begin, let’s consider y = —hx +4, an equation that contains the 
variables x and y. The solutions of this equation can be written as ordered pairs of 
real numbers. For example, the ordered pair (—4,6) is a solution, because the 


equation is satisfied when x = —4 and y = 6. 
1 
=e 4 
a: 
>» Lt 
6=- a®) +4 Substitute —4 for x and G for y. 
622+4 Perform the multiplication: -3(-4) =2. 
6=6 This is a true statement. 
Since the result is a true statement, (—4, 6) is a solution of y = — 5x + 4. We say that 


(4, 6) satisfies the equation. 


49 Find a solution of an equation in two variables. 

To find a solution of an equation in two variables, we can select a number for one of 
the variables and find the corresponding value of the other variable. For example, to 
find a solution of y = —3x + 4, we can select a value for x, say —2, and find the 


corresponding value of y. 


1 
i 


1 
y= —5(-2) +4 Substitute —2 for x. 


y=1+4 Evaluate the right side. 

y=5 This is the y-coordinate of the point. 
Thus (—2, 5) is a solution of y = — 3x + 4, 

Since we can choose any real number for x, and since any choice for x will give a 
corresponding value y, the equation y = — $x +4 has infinitely many solutions. 


Because it is impossible to list all of the solutions, we can draw a mathematical 
picture of the solutions, called the graph of the equation. 


EB Graph linear equations by plotting points. 


| EXAMPLE 1 | 1 


Graph: y= —5* +4 


Strategy We will find three solutions of the equation, plot them on a rectangular 
coordinate system, and then draw a straight line passing through the points. 


WHY To graph an equation in two variables means to make a drawing that 
represents all of its solutions. 


Solution 

To find three solutions of this equation, we select three values for x that will make 
the computations easy. Then we find each corresponding value of y. For example, 
if x is 2, we have 


1 
y= —5* +4 
1 
y= ~5(2) +4 Substitute 2 for x. 
y=-1+4 Evaluate. 
Ps 


Thus (2, 3) is a solution. In a similar manner, we find corresponding y-values for 
x-values of 0 and 4 and enter the solutions in the table. 

To graph the equation, we plot the three ordered pairs listed in the table. 
These points lie on the straight line shown. In fact, if we were to plot more pairs 
that satisfied the equation, it would become obvious that the resulting points will 
all lie on the line. 

When we say that the graph of an equation is a line, we imply two things: 


1. Every point with coordinates that satisfy the equation will lie on the line. 


2. Any point on the line will have coordinates that satisfy the equation. v 


2.2 Graphing Linear Equations (oes 


Self Check 1 


Graph: y = 2x —3 


Now Try Problems 20 and 24 
Teaching Example 1 Graph: 
y= x oD. 


Answer: 
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Self Check 2 


Graph: 2x — 3y = —-6 


Now Try Problem 28 


Teaching Example 2 Graph: 


5x — 3y = 15 
Answer: 


AS 


1 
Sas ae 


x y @y) 
0) 4) (0,4) 
ees) 
4|2) (4,2) 


Choose values = t Le Write each solution 


Compute ; 
for x. Z as an ordered pair. 
each 


y-value. 


When the graph of an equation is a straight line, we call the equation a linear 
equation. Linear equations can be written in the form Ax + By = C, called 
standard (general) form, where A, B, and C represent numbers (called constants) 
and x and y are variables. 


| EXAMPLE 2 | Graph: 3x + 2y = 12 


Strategy We will find three solutions of the equation, plot them on a rectangular 
coordinate system, and then draw a straight line passing through the points. 


WHY To graph an equation in two variables means to make a drawing that 
represents all of its solutions. 


Solution 
We can pick values for either x or y, substitute them into the equation, and solve 
for the other variable. For example, if x = 2, 
3x + 2y = 12 
3(2) + 2y = 12 Substitute 2 for x. 


6+ 2y =12 — Perform the multiplication. 
2y = 6 Subtract 6 from both sides. 
y=3 Divide both sides by 2. 


The ordered pair (2, 3) satisfies the equation. If y = 6, 


3x + 2y = 12 
3x + 2(6) =12 Substitute 6 for y. 
3x +12 =12 Perform the multiplication. 
3x = 0 Subtract 12 from both sides. 
x=0 Divide both sides by 3. 
A second ordered pair that satisfies the equation is (0, 6). 
These pairs and one other that satisfy the equation are shown in the table. 


After we plot each pair, we see that they all lie on a line. The graph of the 
equation is the line shown in the figure. v 


3x + 2y = 12 


y @y) 
6 (0,6) 
3 (2,3) 
0 (4,0) 


Rin |o Re 


Using Your CALCULATOR Generating Tables of 
Solutions 


If an equation in x and y is solved for y, we can use a 
graphing calculator to generate tables of solutions like 
the one shown in the figure to the right. Several brands 
of graphing calculators are available, and each one has 
its own sequence of keystrokes to make tables. The 
instructions in this discussion are for a TI-84 Plus 
graphing calculator. For specific details about other 
brands, please consult the owner’s manual. 


To construct a table of solutions for 3x + 2y = 12, we 
first solve for y. 


3x + 2y = 12 
2y = —3x +12 Subtract 3x from both sides. 


Courtesy of Texas Instruments 


3 
y= hal +6 Divide both sides by 2 and simplify. 


To enter y = —3x + 6, we press| Y =| and enter —(3/2)x + 6, as shown in 


figure (a). (Ignore the subscript 1 on y; it is not relevant at this time.) 


To enter the x-values that are to appear in the table, we press |2nd||TBLSET 
and enter the first value for x on the line labeled TblStart =. In figure (b), —2 
has been entered on this line. Other values for x that are to appear in the table 
are determined by setting an increment value on the line labeled ATbl =. 
Figure (b) shows that an increment of 2 was entered. This means that each 
x-value in the table will be 2 units larger than the previous x-value. 


The final step is to press the keys |2nd|| TABLE]. This will display a table of 


solutions, as shown in figure (c). The table contains all of the entries that we 
obtained in Example 2, as well as four additional solutions: (—2, 9), (6, —3) 
(8, —6) and (10, —9). 


Floti Flotz Plats 
| 
i 


2.2 Graphing Linear Equations ES 
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Self Check 3 


Find the x- and y-intercepts and 
graph 5x + 15y = —15. 


Now Try Problem 32 


Teaching Example 3 Find the x- and 
y-intercepts and graph 7x — 2y = 14. 
Answer: 


3 Graph linear equations by finding intercepts. 


In Example 2, the graph intersected the y-axis at the point with coordinates (0, 6) 
(called the y-intercept) and intersected the x-axis at the point with coordinates (4, 0) 
(called the x-intercept). In general, we have the following definitions. 


Intercepts of a Line 


The y-intercept of a line is the point (0, 5), where the line intersects the y-axis. 
To find b, substitute 0 for x in the equation of the line and solve for y. 


The x-intercept of a line is the point (a, 0), where the line intersects the x-axis. 
To find a, substitute 0 for y in the equation of the line and solve for x. 


Plotting the x- and y-intercepts of a graph and drawing a line through them is called 
the intercept method of graphing a line. This method is useful when graphing linear 
equations written in the standard (general) form Ax + By = C. 


| EXAMPLE 3 | Use the x- and y-intercepts to graph 2x — Sy = 10. 


Strategy We will substitute 0 for x to find the y-intercept and then substitute 0 
for y to find the x-intercept. 


WHY Since two points determine a line, the y-intercept and the x-intercept are 
enough information to graph this linear equation. 


Solution 
To find the y-intercept, we substitute 0 for x and solve for y: 
2x —5y = 10 This is the equation to graph. 

2(0) — 5y = 10 = Substitute O for x. 

—Sy =10 Perform the multiplication: 2(0) = O. 
y = —2 Divide both sides by —5. 
The y-intercept is the point (0, —2). To find the x-intercept, we substitute 0 for y 
and solve for x: 
2x — 5y = 10 This is the equation to graph. 
2x — 5(0) =10 Substitute O for y. 
2x = 10 Perform the multiplication: 5(0) = O. 
x=5 Divide both sides by 2. 
The x-intercept is the point (5, 0). 

Although two points are enough to draw the line, it is a good idea to find and 
plot a third point as a check. To find the coordinates of a third point, we can 
substitute any convenient number (such as —5) for x and solve for y: 

2x —5y = 10 This is the equation to graph. 
2(-5) —5y =10 = Substitute —5 for x. 
—10—5y =10 Perform the multiplication. 
—S5y =20 Add 10 to both sides. 
y = —4 _ Divide both sides by —5. 


The line will also pass through the point (—5, —4). v 


2.2 Graphing Linear Equations ies 


A table of solutions and the graph of 2x — 5y = 10 are shown. 


» 
A 
4 
3 
2x — Sy = 10 2 
x-intercept 
1 
x yy (x, y) Ww ip 
0 = (0 =) 5 + 3 2 -l I 2 3 
Hl y-intercept ay 
5} 0} 6,0) AT, -2) 
—5 | —4 | (-5, —4) 
(-5, -4) 4 
6 
a 
[EB Graph horizontal and vertical lines. 
Equations such as y = 3 and x = —2 are linear equations, because they can be 


written in the form Ax + By = C. 


y=3 is equivalent to Ox + ly =3 


x=-2 is equivalent to Ix + Oy = —2 


Self Check 4 


Graph: a. y =3 b. x = —2 
Graph x = 4and y = —3 on one 

Strategy To find three ordered-pair solutions of y = 3, we will select three set of coordinate axes. 
values for x and use 3 for y each time. To find three ordered-pair solutions of 
x = —2, we will select three values for y and use —2 for x each time. : 
WHY The first equation requires that y = 3 and the second equation requires : said 
that x = —2. : 
Solution 444-433 7 
a. Since the equation y = 3 does not contain x, the numbers chosen for x have no ye Rs 

effect on y. The value of y is always 3. (See the table below on the left.) Sy 

After plotting the ordered pairs shown in the table on the left, we see that 
the graph is a horizontal line, parallel to the x-axis, with a y-intercept of (0, 3). Now Try Problems 36 and 38 


The line has no x-intercept. 
Teaching Example 4 Graph x = —4 


b. Since the equation x = —2 does not contain y, the value of y can be any ‘ 
: : ; ‘ and y = —1 on one set of coordinate 
number. After plotting the ordered pairs shown in the table on the right below, oe 
we see that the graph is a vertical line, parallel to the y-axis, with an x-intercept Answer 


of (—2, 0). The line has no y-intercept. 


y=3 x= -2 
x ily! @y) x sy (x, y) 
=3 || 3) (=3,3) =) | =2 | (=2, =2) 
ON ESe (O83) =) | 0) (Ge2x0) 
2,\\ 8) || (@,3) =7,|| 2 (G2) 
4|}3| (4,3) —2 6 (-2,6) 
The value of x =a Le The value of y can be 


can be any number. any number. Vv 
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Self Check 5 


BOTTLED WATER Use the graph 
obtained in Example 5 to 
estimate what the annual per 
capita consumption of bottled 
water was in 2007. 30 gal 


Now Try Problem 58 


Teaching Example 5 BOTTLED 
WATER Use the graph obtained in 
Example 5 to estimate what the annual 
per capita consumption of bottled 
water will be in the year 2014. 

Answer: 

= 43 gal 


(0,3) (2,3) (4,3) 


(2,10) > Xx 
Boe ee ee 42 42 a4 4 

(-2, -2) 

x=+2 


The results of Example 4 suggest the following facts. 


Horizontal and Vertical Lines 


If a and b represent real numbers, then 


The graph of the equation x = ais a vertical line with x-intercept at (a, 0). 


The graph of the equation y = b is a horizontal line with y-intercept at (0, b). 


The graph of the equation y = 0 has special significance; 
it is the x-axis. Similarly, the graph of the equation x = 0 is 
the y-axis. 


[a Use linear models to solve applied problems. 


In the next examples, we will see how linear equations can model real-life situations. 
In each case, the equations describe a linear relationship between two quantities; 
when they are graphed, the result is a line. We can make observations about what 
has happened in the past and what might take place in the future by carefully 
inspecting the graph. 


| EXAMPLE 5 | Bottled Water The increasing popularity of bottled water 


in the United States can be modeled by the linear equation w = 1.8¢ + 17.3, 
where f represents the number of years after 2000 and w represents the annual per 
capita consumption in gallons. (Source: Beverage Marketing Corporation) 


a. Graph the equation. b. Suppose the current trend continues. Use the 
graph to estimate what the annual per capita consumption of bottled water 
will be in the year 2012. 


Strategy We will find three solutions of the equation, plot them on a rectangular 
coordinate system, and then draw a straight line passing through the points. 


WHY To graph a linear equation in two variables means to make a drawing that 
represents all of its solutions. v 


Solution 

a. The variables ¢ and w are used in the equation. If we associate t with the 
horizontal axis and w with the vertical axis, then the ordered pairs have the 
form (f, w). 

To graph the equation, we pick three values for ¢, substitute them into the 
equation, and find each corresponding value of w. Since t represents the 
number of years after 2000, we will not select any negative values for rt. The 
results are listed in the following table. 


Fort=0  (Theyear2000) Fort=2 (Theyear2002) Fort=5 (The year 2005) 


w = 1.8¢+ 17.3 w = 18¢+ 173 w = 186+ 173 
w = 1.8(0) + 17.3 w = 1.8(2) + 17.3 w = 1.8(5) + 17.3 
w = 173 w =3.6+173 w=9+173 

w = 20.9 w = 26.3 


The pairs (0, 17.3), (2, 20.9), and (5, 26.3) are plotted, and a straight line is drawn 
through them to give the graph of the equation. 


w 
{ U.S. Annual Per Capita Consumption 


of Bottled Water 


w = 1.872 + 17.3 36 
tow (t, w) 

0 | 17.3 | (0, 17.3) 
2 | 20.9 | (2, 20.9) 
5 | 26.3 | G, 26.3) 22 


w = 1\8t+ 17.3 


Gallons of water 
Ww 
o 


(5, 26.3) 


>t 


123 45 67 8 9 1011 12 13 14 
Years after 2000 


Success Tip In the graph, the symbol + indicates a break in the labeling of 
the vertical axis. The break enables us to omit a large portion of the grid that 
would not be used. 


b. To estimate the per capita consumption in 2012 (which is 12 years after 2000), 
we locate 12 on the horizontal axis. Then we move upward and over (as shown 
in blue) to estimate a reading of 39 on the vertical axis. This means that if the 
current trend continues, in the year 2012, the annual per capita consumption of 
bottled water in the United States will be approximately 39 gallons. @ 


For tax purposes, many businesses use the equation of a line to find the 
declining value of aging equipment. This method is called straight-line depreciation. 


Depreciation of a Copier A copy machine that was 
purchased for $6,750 is expected to depreciate according to the straight-line 
depreciation equation y = —950x + 6,750, where y is the value of the copier 
after x years of use. When will the copier have no value? 


Strategy To find when the copier will have no value, we will substitute 0 for y in 
the equation y = —950x + 6,750 and solve for x. 
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Self Check 6 WHY The variable y represents the value of the computer. When the copier has 


DEPRECIATION OF A COPIER no value, y will be equal to 0. 


a. Use the equation Solution 
y = —950x + 6,750 to y = —950x + 6,750 This is the straight-line depreciation model. 
determine when the copier 0 = —950x + 6,750 Substitute O for y. 
will be worth $3,900. 3 yr 6.750 = —950 ; 

b. Use the graph in Example 6 to —6,750 = —950x Subtract 6,750 from both sides. 
determine when the copier 7.105263158 a To isolate x, divide both sides by —950. 


will be worth $2,000. 5 yr The copier will have no value after it has been in use for approximately 7.1 years. 
Now Try Problem 59 The equation y = —950x + 6,750 is graphed below. Important information 
can be obtained from the intercepts of the graph. 


Teaching Example 6 

DEPRECIATION OF A COPIER 

a. Use the equation The y-intercept of the graph Y 
y = —950x + 6,750 to determine is (0, 6,750). This indicates 
when the copier will be worth that the purchase price of 8 
$4,850. the copier was $6,750. ™ 


b. Use the graph in Example 6 to a3) > 6 The x-intercept of the graph 
determine when the copier will be 5 fe 5 is approximately (7.1, 0). 
Oo 
worth $1,000. wg y =—950x + 6,750 This indicates that the value 
oz 4 cnier : 
Answers: 2g of the copier will be $0 in 
a. 2yr b. 6 yr se 3 about 7.1 years. 
2 
1 


> X 


12 3 45 67 8 
Age of copier Bw 


Success Tip When the copier is new, it has been in use 0 years. In that case, 


x is 0. When the copier has no value, y is 0. 


Using Your CALCULATOR _ Graphing Lines 


We have graphed linear equations by finding solutions, plotting points, and 
drawing lines through those points. Graphing is often easier using a graphing 
calculator. 


Window settings 

Graphing calculators have a window to display graphs. To see the proper 
picture of a graph, we must decide on the minimum and maximum values for 
the x- and y-coordinates. A window with standard settings of 


Xmin = —10 Xmax = 10 Ymin = —10 Ymax = 10 


will produce a graph where the values of x and the values of y are between 
—10 and 10, inclusive. We can use the notation [—10, 10] to describe such 
intervals. 


Graphing lines 


To graph 5x — 2y = 4, we must first solve the equation for y. 


5 
y= o* —2 Subtract 5x from both sides and then divide both sides by —2. 


Next, we press | Y =| and enter the right side of the equation after the symbol 
Y, =. See figure (a). We then press the|GRAPH|key to get the graph shown 
in figure (b). To show more detail, we can change the window settings to 


[—2, 5] for x and [—4, 5] for y by pressing WINDOW and entering —2 for 
Xmin, 5 for Xmax, —4 for Ymin, and 5 for Ymax. See figure (c). 


Floti Flotz Flot f , 
sW1BCS“29k-2 

see 

sis= 


aye 
ses 


aie Z 


(a) (b) (c) 


Finding the coordinates of a point on the graph 

If we reenter the standard window settings of [—10, 10] for x and for y, press 
GRAPH], and press the |TRACE|key, we get the display shown in figure (d). 
The y-intercept of the graph is highlighted by the flashing cursor, and the x- 
and y-coordinates of that point are given at the bottom of the screen. We can 


use the || and |</ keys to move the cursor along the line to find the 


coordinates of any point on the line. After pressing the |» |key 12 times, we 
will get the display in figure (e). 


WI=CEPEIR-Z 


WI=CSPEINE VICE PEIR-E 


H=Z.ESSi918 ¥=4.3829787 


(e) 


To find the y-coordinate of any point on the line, given its x-coordinate, we 


press|2nd || CALC} and select the value option. We enter the x-coordinate of 


the point and press |ENTER|. The y-coordinate is then displayed. In figure (f), 


1.5 was entered for the x-coordinate, and its corresponding y-coordinate, 1.75, 
was found. 


The table feature, discussed on page 131, gives us a third way of finding the 
coordinates of a point on the line. 


Determining the x-intercepts of a graph 

To determine the x-intercept of the graph of y = 3x — 2, we can use the zero 
option, found under the CALC menu. (Be sure to reenter the standard 
window settings for x and y before using CALC.) After we enter left and right 
bounds and a guess, as shown in figure (g) on the next page, the cursor 


automatically moves to the x-intercept of the graph when we press | ENTER]. 


Figure (h) on the next page shows how the coordinates of the x-intercept are 
then displayed at the bottom of the screen. 


We can also use the trace and zoom features to determine the x-intercept of 
the graph of y = 3x — 2. After graphing the equation using the standard 


window settings, we press |TRACE]. Then we move the cursor along the line 


toward the x-intercept until we arrive at a point with the coordinates shown in 


figure (i) on the next page. To get better results, we press | ZOOM, select the 
zoom in option, and press |ENTER| to get a magnified picture. We press 
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TRACE | again and move the cursor to the point with coordinates shown in 


figure (j). Since the y-coordinate is nearly 0, this point is nearly the x-intercept. 
We can achieve better results with more zooms and traces. 


Uh cers 


> 
OBSB3 I=.127 65958 


(9) 


ECE PEIR-E WIECECEIA-E 


H=.BSi06383 I’=.1276S958 HEPSPAPESY Y=".00ESL94 


(i) 


~ ANSWERS TO SELF CHECKS 


STUDY SET 


| VOCABULARY 3. Any equation whose graph is a straight line is called a 


Fill in the blanks. _tnear_ equation, 

p> 4. The point where a graph intersects the x-axis is called 
the intercept_. The point where a graph intersects the 
y-axis is called the _y-imtercept_, 


1. A solution of an equation in two variables is an 
_ordered pair_ of numbers that make a true statement 
when substituted into the equation. 

5. The graph of any equation of the form x = aisa 


2. The graph of an equation is the graph of all points ge 


(x, y) on the rectangular coordinate system whose 


coordinates _satis'y_ the equation. 6. The graph of any equation of the form y 
horizontal ine, 


bisa 


P Selected exercises available online at 
www.webassign.net/brookscole 


J CONCEPTS 
7. Determine whether the given ordered pair is a 
solution of y = —5x — 2. 
a. (—1,3) yes b. (3, —13) no 


8. Consider the linear equation 6x — 4y = —12. 
a. Find the x-intercept of its graph. (—2, 0) 
b. Find the y-intercept of its graph. (0, 3) 
c. Does its graph pass through (2, 6)? yes 
9. A table of solutions for a linear equation is given 


below. From the table, determine the x-intercept and 


the y-intercept of the graph of the equation. 
x-intercept: (—6, 0), y-intercept: (0, 3) 


x iy) (wy) 
-6 0 (-6,0) 
-4/1| (-4,1) 
—2 | 2 | (-2,2) 
0 13] (0,3) 
2 |41| (2,4) 


10. Assume that a #4 0 and b # 0. On which axis does 
each point lie? 
a. (0, b) y-axis 

11. See the graph on the right. 


b. (a, 0) x-axis 


a. What is the x-intercept 
and what is the y-intercept 
of the line? (—3, 0), (0, 4) 

b. If the coordinates of point 
M are substituted into the 
equation of the line that is 
graphed here, will a true 
or a false statement result? false 


12. Use the graph shown on the 
right to determine three 
solutions of 2x + 3y = 9. 
(O)3),.(3,.1)5,06,.=1) 


fy 13. A graphing calculator 

= display is shown here. It is a 
table of solutions for which 
one of the following linear 


equations? y = —4x — | =e - 
y=-2x-1 
y=-3x-1 


y=—-4x—1 
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i 14. The graphing calculator displays below show the 


graph of y = —2x — 3. 
a. In illustration (a), what important feature of the 
line is highlighted by the cursor? the y-intercept 


b. In illustration (b), what important feature of the 
line is highlighted by the cursor? the x-intercept 


Hea [heer Soe ¥=0 
I NOTATION 
Complete each solution. 
15. Verify that (—3, —1) is a solution of 2x + 2y = —8. 
2x + 2y = —8 
2( (3) + 2(-1) 2 -8 
—6 + (2) 2 -8 
—8 = -8 


16. To find the coordinates of a point on the graph of 
5x + 2y = 10, choose x = 1 and find y. 


5x + 2y = 10 
5(f) + 2y = 10 
5+ Bi = 10 
2y=5 

5 

a 


The point (1,3) is on the graph of 5x + 2y = 10. 


17. The graph of the equation x = 0 is which axis? 
the y-axis 


18. The graph of the equation y = 0 is which axis? 
the x-axis 

[| GUIDED PRACTICE 

Complete each table. See Example 1. 


19 y=-x+4 p> 20. y=x-2 


ay Ce || a4 
=1)|5 S24 
0| 4 OZ 
Ps 2 4| 2 
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_ oil 1 _ ol 5 Graph each equation using the intercept method. Label the 
i “a0 ie ol 9" . 2 intercepts on each graph. See Example 3. 
31. 3x + 4y = 12 32. 4x — 3y = 12 
x sy Ny 
y 
S35 lala A 
Oa 6) al % 
i 3x + 4y = 1/2 
at | = 0 


Use the results from Problems 19-22 to graph each equation. 


See Example 1. 3 


23. y= —-x+4 > 24. y=x-2 


> 34. 


Write each equation in y = bor x = aformand graph it. 
See Example 4. 


35. y—-2=0 > 36.x+1=0 


y 


lle el 
12 3 P|” 
=t 
Ly 
Construct a table of solutions and graph each equation. 4 
See Example 2. 
27. 3x +y =2 28. 2x —y =3 ree 
123 4 $ rll 
yes] 


[ TRY IT YOURSELF 
Graph each equation. 


39. y=x 40. y = —2x 
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42. y=5-x w) Usea graphing calculator to graph each equation, and find 
= the x-coordinate of the x-intercept to the nearest hundredth. 


3 5 
51. y = 3.7x — 45 1.22 52. y= 5% + ri —2.08 


53. 1.5x — 3y = 7 4.67 54. 0.3x + y = 7.5 25.00 


I APPLICATIONS 


55. HOURLY WAGES This table yea) alee 
gives the amount y (in dollars) 
that a student can earn for 
working x hours. Plot the 
ordered pairs and estimate how much the student will 
earn for working 8 hours. $60 


56. VALUE OF A CAR = 0 1 3 
This table shows the 
value y (in dollars) of 
a car that is x years 
old. Plot the ordered pairs and estimate the value of 
the car when it is 4 years old. $3,000 


57. SWIMMING Surveys done by the National Sporting 
Goods Association have found that interest in 
swimming has been declining. The equation 
s = —0.9¢ + 65.5 is a linear model that gives the 
approximate number of people who went swimming 
during a given year. s is the annual number of 
swimmers (in millions), and ¢ is the number of years 
since 1990. Graph the equation below. 


15 30 45 


y 15,000 12,000 6,000 


a. What information about the number of 
swimmers can be obtained from the s-intercept of 
the graph? In 1990, there were 65.5 million swimmers. 


y b. From the graph, estimate the number of swimmers 
in 1998. about 58.2 million 


Ss 
A 


66 


na nnn Dn 
Rn won OG NY FF 


Swimmers (in millions) 


nn 
£ 
T 


mn 
No 
T 


1 >t 
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58. 


59. 


60. 


> 61. 


> 62. 


LIVING LONGER According to the National 
Center for Health Statistics, life expectancy in the 
United States is increasing. The equation 

y = 0.13t + 74 is a linear model that approximates 
life expectancy; y is the number of years of life 
expected for a child born t years after 1980. Graph 
the equation below. From the graph, estimate the life 
expectancy of someone born in 1998. 76.3 yr 


y 
A 


pl 
lon 
T 


~ 
mn 
T 


Life expectancy (yr) 


74 
AL 
01 


pid t I i = 
2345 10 15 ' 
Years after 1980 


HOUSE APPRECIATION A house purchased for 
$125,000 is expected to appreciate (gain value) 
according to the formula y = 7,500x + 125,000, 
where y is the value of the house after x years. Find 
the value of the house 5 years later. $162,500 


DEMAND EQUATIONS The number of television 
sets that consumers buy depends on price. The higher 
the price, the fewer TVs people will buy. The equation 
that relates price to the number of TVs sold at that 
price is called a demand equation. If the demand 
equation for a 13-inch TV is p = —h4 + 170, 

where p is the price and q is the number of TVs sold 
at that price, how many TVs will be sold at a price of 
$150? 200 


CAR DEPRECIATION A car purchased for 
$17,000 is expected to depreciate (lose value) 
according to the formula y = —1,360x + 17,000. 
When will the car have no value? 12.5 yr 


SUPPLY EQUATIONS The number of television 
sets that manufacturers produce depends on price. 
The higher the price, the more TVs manufacturers 
will produce. The equation that relates price to the 
number of TVs produced at that price is called a 
supply equation. If the supply equation for a 13-inch 


TV isp = Tt + 130, where p is the price and q is the 
number of TVs produced for sale at that price, how 
many TVs will be produced if the price is $150? 200 


63. 


> 64. 


BUYINGTICKETS Tickets to a circus cost $10 each 
from Ticketron plus a $2 service fee for each block of 
tickets. 


a. Write a linear equation that gives the cost c 
when f tickets are purchased. c = 101 + 2 


b. Complete the table and graph the equation. 


c. Use the graph to estimate the cost of buying 
6 tickets. $62 


Cost ($) 


BlLWlN|] |] = 
N 
i) 


123456 


Number of tickets 


TELEPHONE COSTS Ina community, the monthly 
cost of local telephone service is $5 per month, plus 
25¢ per call. 


a. Write a linear equation that gives the cost c for a 
person making n calls. c = 0.25n + 5 


b. Complete the table and graph the equation. 
c. Use the graph to estimate the cost of service in a 
month when 20 calls were made. $10 


c 
A 


a 
or 


Cost ($) 


FPNWHRUNDA 1 CO 


i 
16 


Oo }/aoOIlIAIITN 


02 4 6 8 10121416 18 2022 
Number of calls 
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> 66. 


Explain how to graph a line using the intercept 
method. 

When graphing a line by plotting points, why is it a 
good practice to find three solutions instead of two? 


PREVIEW 


67. 


68. 


List the prime numbers between 10 and 30. 
11, 13,,.07,.19,,23,.29 


Write the first ten composite numbers. 
4, 6, 8,9, 10, 12, 14, 15, 16, 18 
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69. In what quadrant does the point (—2, —3) lie? II 72. Approximate 7 to the nearest thousandth. 3.142 
70. What is the formula that gives the area of a circle? 73. Simplify: —(—3x — 8) 3x +8 
A= ar’ a ae | 
p> 74. Simplify:—b + —b + —b b 


71. Simplify: —4(—20s) 80s 3 3 3 


s | 4 Objectives 
Rate of Change and the Slope of a Line i crleuistethocversqarere 
of change. 


2 | Find the slope of a line from 
its graph. 

3 | Find the slope of a line given two 
points. 


4 | Find the slope of horizontal 
iy Calculate an average rate of change. and vertical lines. 


Our world is one of constant change. In this section, we will show how to describe 
the amount of change in one quantity in relation to the amount of change in another 
by finding an average rate of change. 


The following line graphs model the approximate the number of daily morning 5 | Solve applications of slope. 
newspapers and the number of evening newspapers published in the United States 

for the years 1990-2005. From the graph, we can see that the number of morning 6 | Determine whether lines elie 
newspapers increased and the number of evening newspapers decreased over this ae ons ser cleHler eln3 
span of time. . 


Source: The State of the News Media, 2007 


Evening newspapers 


Number publish 


| = _ [Morning newspapers 
= 645 


1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 
A span of 15 years 


If we want to know the rate at which the number of morning newspapers 
increased or the rate at which the number of evening newspapers decreased over 
this period, we can do so by finding an average rate of change. To find an average 
rate of change, we compare the change in the number of newspapers published to 
the length of time in which that change took place, using a ratio. 


Ratios and Rates 


A ratio is a comparison of two numbers or two quantities with the same units. 


In symbols, if a and b are two numbers, the ratio of a to b is . Ratios that are 


used to compare quantities with different units are called rates. 


In the graph, we see that in 1990, the number of morning newspapers published 
was 560. In 2005, the number grew to 815. This is a change of 815 — 560 or 255 over 
a 15-year time span. So we have 


change in number of morning newspapers The rate of 


Average rate of change = 


change in time change is a 
ratio that 
255 newspapers ; 
i involves 


15 years units. 
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Self Check 1 


NEWSPAPERS In 1992, there were 
approximately 888 Sunday 
edition newspapers being 
published in the United States. 
By 2005, that number had risen 
to 914. Find the average rate at 
which the number of Sunday 
edition newspapers increased 
from 1992 through 2005. 


Now Try Problem 61 
Self Check 1 Answer 
2 Sunday edition newspapers/year 


Teaching Example 1 NEWSPAPERS 
In 1996 the number of Norwegian 
online newspapers was 72. In 2006 the 
number of Norwegian newspapers was 
225. Find the average rate of change 
from 1996 to 2006. (Source: 
www.medienorge.uib.no/english) 
Answer: 

15.3 online newspapers/yr 


1 
15 - 17 newspapers 


Factor 255 as 15 « 17 and simplify: 


2 = 1, We could also simply divide: 


255 + 15 = 17 


15 years 
1 


__ 17 newspapers 
7 1 year 


The number of morning newspapers published in the United States increased, 
on average, at a rate of 17 newspapers per year (written as 17 newspapers/year) from 
1990 through 2005. 


| EXAMPLE 1 | Evening Newspapers Refer to the graph on page 143. 


Find the average rate at which the number of evening newspapers published in 
the United States decreased from 1990 through 2005. 


Strategy We will write the ratio of the change in the number of evening 
newspapers to the change in time and attach the appropriate units. Then we will 
simplify the result, if possible. 


WHY An average rate of change compares the amount of change in one quantity 
with respect to the amount of change in another quantity using a ratio with units. 


Solution 

From the graph, we see that in 1990 the number of evening newspapers published 
was 1,080. In 2005, the number fell to 645. To find the change, we subtract: 
645 — 1,080 = —435. The negative result indicates a decline in the number of 
evening newspapers over the 15-year time span. So we have 


Average rate change in number of evening newspapers A rate of change 
= is a ratio that 


includes units. 


of change change in time 


—435 newspapers 


15 years 
a4 7 = os 
=15 - 29 newspapers oe 435 as —15 - 29 and simplify: 
7 15 years 16 = —1.We could also just simply 
7 divide: —435 + 15 = —29. 


—29 newspapers 


1 year 


The number of evening newspapers being published changed at a rate of 
—29 newspapers/year. That is, on average, there were 29 fewer per year, every 
year, from 1990 through 2005. a 


4 Find the slope of a line from its graph. 


In the newspaper example, we measured the steepness of the lines in the graph to 
determine the average rates of change. In doing so, we found the slope of each line. 
The slope of a line is a ratio that compares the vertical change to the corresponding 
horizontal change as we move along the line from one point to another. 

To determine the slope of a line (usually denoted by the letter m) from its 
graph, we first pick two points on the line. Then we write the ratio of the vertical 
change, called the rise, to the corresponding horizontal change, called the run, as we 
move from one point to the other. 


vertical change rise 


m= ; = 
horizontal change run 
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| EXAMPLE 2 | \ Self Check 2 
Find the slope of the line graphed in figure (a) below. : = 


Find the slope of the line shown 
in figure (a) using two points 
different from those used in the 
solution of Example 2. 4 


: 0 Say Now Try Problems 17 and 21 


Teaching Example 2 Find the slope 
of the line shown in Example 2 using 
(=2,—2) and (0, =1). 

Answer: 


7 >|* Pick two points on 

the line that also lie 
on the intersection 
of two grid lines. 


Strategy We will pick two points on the line, construct a slope triangle, and find 
the rise and run. Then we will write the ratio of rise to run and simplify the result, 
if possible. 


WHY The slope of a line is the ratio of the rise to the run. 


Solution 

We begin by choosing two points on the line, P and Q, as shown in figure (b). One 
way to move from P to Q is to start at P, move upward, a rise of 4 grid squares, 
and then to the right, a run of 8 grid squares, to reach Q. These steps create a 
right triangle called a slope triangle. 


rise 4 
m=——_= >=7 Simplify the fraction. The result is positive. 


The slope of the line is 5. 
The two-step process to move from P y 
to Q can be reversed. Starting at P, we can 
move to the right, a run of 8; and then 
upward, a rise of 4, to reach Q. With this 
approach, the slope triangle is below the 
line. When we form the ratio to find the 
slope, we get the same result as before: 


rise 4 1 


Caution! Slopes are normally written as fractions, sometimes as decimals, but 
never as mixed numbers. 


As with any fractional answer, always express slope in simplified form 
(lowest terms). 


The identical answers from Example 2 and its Self Check illustrate that the 
same value will be obtained no matter which two points on a line are used to find 
its slope. 
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Self Check 3 


Find the slope of the line passing 
through the points (—3, 6) and 
(4, -8). -2 


Now Try Problem 28 


Teaching Example 3 Find the slope 

of the line passing through (9, —1) and 
(=2,,07, 

Answer: 


ane 
i 


IER Find the slope of a line given two points. 


We can use the graphic method for finding 
slope to develop a slope formula. To begin, 
we select points P and Q on the line shown 
in the figure on the right. To distinguish 
between the coordinates of these points, 
we use subscript notation. Point P has 
coordinates (x,,y,) and point Q has 
coordinates (x, y2). 

As we move from point P to point Q, 
the rise is the difference of the y-coordinates: 
y2 — y,. The run is the difference of the 
x-coordinates: x. — x,. Since the slope is 


>< 


Run = x9) 4x, 


Q(x, Yo) 


the ratio 


mn We have the following 


formula for calculating slope. 


Slope of a Line 


The slope of a line passing through points (x1, y,) and (x2, y2) is 


vertical change rise changeiny y,.—- y 


if x2 # xX 


m= : = : 
horizontal change run  changeinx Xx - x; 


Another notation that we use to 


y 
define slope involves the symbol A, which 
is the letter delta from the Greek : 
alphabet. If the change in y is represented 
by Ay (read as “delta y”) and the change Rise 
in x is represented by Ax (read as “delta Ay=y2-Y| 


x”), then: 


Ay 
=— where Ax # 0 
Ax 


(x, yp) 


> xX 


The graph on the right shows all of the 
notation associated with the concept of 
slope of a line. 


| EXAMPLE 3 | Find the slope of the line shown in the figure on the next 


page, passing through (—2, 4) and (3, —4). 
Strategy We will use the slope formula to find the slope. 


WHY We know the coordinates of two points on the line. 


Solution 
We can let (x1, y1) = (—2, 4) and (x2, y2) = (3, —4). Then 
x, =-2 y=4 and wy =3 y= —4 
__ change in y 
7 change in x 
m= a This is the slope formula. 


X2— xy Vv 
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_ =a Substitute —4 for yo, 4 for y 
3 — (-2) yy, 3 for xp, and —2 for xy. 
on) 
5 
8 Yy- VF -8 
= 35 4+ 37-4 -i a a i 
5 
The slope of the line is —§., 


GB,-4) 


When calculating slope, it does not matter which point is (x;, y,) and which 
point is (x2, y2). We would have obtained the same result in Example 1 if we had let 
(x1, yi) = (3, —4) and (x2, y2) = (=2; 4). 

Ym 4-C4 8 8 


m= = = = 


X2— xy —2-—3 =) BD) 


Caution! When using the slope formula, be careful to subtract the 
y-coordinates and the x-coordinates in the same order. For example, in 
Example 3 with (x1, y,) = (—2, 4) and (x2, y2) = (3, —4), it would be incorrect 
to write either of the following. 


This is y, — yo. The subtraction 
This is yo — y. is not in the same order. 
{ 
> ae 4 — fot) 
T= Nn -yoww, . 
2 F 3 5 2) 
t 
This is x; — xp. The subtraction 
is not in the same order. 


This is x2 — x. 


IZJ Find the slope of horizontal and vertical lines. 


If (x1, y,) and (x2, y2) are points on a horizontal line 
as shown in figure (a), then y, = y2, and the 
numerator of the fraction 


>< 


Jo. Na ——|—«-—_—_e—___ 
On a horizontal line, x2 # x, (x, 91) (%y Yo) 
X2— X1 . aie 


> xX 


is 0. Thus, the value of the fraction is 0, and the slope 
of the horizontal line is 0. 

If (x1, y,) and (x2, y2) are two points on a vertical 
line as shown in figure (b), then x; = x2, and the 
denominator of the fraction 


(a) 


y2— VY (%9, 2) 
——— _ Ona vertical line, y2 # y,. 
X2— X 


is 0. Since the denominator of a fraction cannot be 0, 


y 
@p yy) 
a vertical line has no defined slope. | 
( 


> x 


b) 


Chapter2 Graphs, Equations of Lines, and Functions 


Slopes of Horizontal and Vertical Lines 


Horizontal lines (lines with equations of the form y = b) have a slope of 0. 


Vertical lines (lines with equations of the form x = a) have no defined slope. 


OLS U a eLeLeig Community Colleges 


The community college has maintained a unique role as a vital component of 
postsecondary education in America. And now that role is on the ascent. 


Arthur M. Cohen, Director Educational Resources Information Center, UCLA, 2002 


The graph below shows that the number of community colleges in the United 
States has steadily increased since 1900. In which decade was the rate of 


increase in community colleges the greatest? Find that rate of increase. 
1960-1970, an increase of about 50 community colleges per yr 


Number of Community Colleges in the U.S. 


1,115 
rsp be 


1900 1910 1920 1930 1940 1950 1960 1970 1980 1990 2000 


Source: American Association of Community Colleges 


If a line rises as we follow it from left to right, as in figure (a), its slope is 
positive. If a line drops as we follow it from left to right, as in figure (b), its slope is 
negative. If a line is horizontal, as in figure (c), its slope is 0. If a line is vertical, as in 
figure (d), it has no defined slope. 


y Y , Vertical 
Horizontal line 
Ay #0 
Ax=0 
>Xx | mx 
Positive slope Negative slope Zero slope Undefined slope 


m>0 m<0O m=0 


(a) (b) (c) (d) 
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EB Solve applications of slope. 


For applied problems, slope can be thought of as the average rate of change in one 


quantity per unit change in another quantity. 


| EXAMPLE 4 | Building Stairs Riser 


The slope of a staircase is defined to be ae ii 
the ratio of the total rise to the total run, Tread Total 
as shown in the illustration. What is the ‘\ rise 
slope of the staircase? | 


Strategy We will express the total rise Total run 
8 ft 


and the total run in terms of the same 
units and form their ratio. 


WHY Here, the slope is a ratio that compares two quantities with the same units. 


Solution 

Since the design has eight 7-inch risers, the total rise is 8 - 7 = 56 inches. The total 
run is 8 feet, or 96 inches. With these quantities expressed in the same units, we 
can now form their ratio. 


total rise 

total run 

56 

96 

7 BT 


= . . . 56 7 
= D Simplify the fraction: oe = B12 =a 


7 
The slope of the staircase is Th 


[a Determine whether lines are parallel or perpendicular using 
slope. 


To see a relationship between parallel lines and their slopes, we refer to the parallel 
lines /, and /, shown in the figure below, with slopes of m, and my, respectively. 


Because right triangles ABC and DEF are similar, it follows that 
Ay of | 1 


m,= Read I, as “line | sub 1.” 
1 Ax of L : 


Ax of l, are proportional: A 


My 


Slope =m, 


Slope = m 


Ay ofl, — Since the triangles are similar, corresponding sides of AABC and ADEF 
a EE 
~ ED" 


Self Check 4 


BUILDING STAIRS Find the slope of 
the staircase if the riser height is 
changed to 6.5 inches. a 


Now Try Problem 63 


Teaching Example 4 BUILDING 
STAIRS Find the slope of the staircase 
if the total run is changed to 6 feet 8 
inches. 


Answer: 
ae 
10 
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Self Check 5 


Determine whether the line that 
passes through (4, —8) and 

(1, —2) is parallel to a line with a 
slope of 2. 


Now Try Problem 45 
Self Check 5 Answer 
They are not parallel. 


Teaching Example 5 Determine 
whether the line that passes through 
(5, 7) and (3, 1) is parallel to a line with 
a slope of 3. 

Answer: 

They are parallel. 


Thus, if two nonvertical lines are parallel, they have the same slope. It is also 
true that when two lines have the same slope, they are parallel. 


Slopes of Parallel Lines 


Nonvertical parallel lines have the same slope, and different lines having the 
same slope are parallel. 


Since vertical lines are parallel, lines with no defined slope are parallel. 


| EXAMPLE 5 | Determine whether the line that passes through (—6, 2) and 


(3, —1) is parallel to a line with a slope of — ; 
Strategy We will compare the slopes of the lines. 


WHY If the slopes are equal, the lines are parallel. If the slopes are not equal, 
they are not parallel. 


Solution 
We can use the slope formula to find the slope of the line that passes through 
(—6, 2) and (3, —1). 


aes 
7 X27 XY 
-1-2 
m => _ Substitute —1 for yo, 2 for y;, 3 for xz, and —6 for x,. 
3 — (-6) 
. =3 
9 
_ oil 
— 4 
Both lines have a slope of — 7 and therefore they are parallel. a 


The two lines shown in the figure to the right 
meet at right angles and are called perpendicular 
lines. In the figure, the symbol lis used to denote 
a right angle. Each of the four angles that are 
formed has a measure of 90°. 

The product of the slopes of two 
(nonvertical) perpendicular lines is —1. For 
example, the perpendicular lines shown in the 


figure have slopes of 3 and —3. If we find the 
product of their slopes, we have 


af 2 6 
3( *) = 6 : 


Two numbers whose product is —1, such as 3 and —2, are called negative 
reciprocals. 


Slopes of Perpendicular Lines 


If two nonvertical lines are perpendicular, their slopes are negative reciprocals. 


If the slopes of two lines are negative reciprocals, the lines are perpendicular. 
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We can also state the fact symbolically: If the slopes of two nonvertical lines are 
my, and my, then the lines are perpendicular if 
1 


i 
mM, 


m,*M,= —-1 or 


Because a horizontal line is perpendicular to a vertical line, a line with a slope of 
0 is perpendicular to a line with no defined slope. 


| EXAMPLE 6 | Are the lines /; and /, shown y 


in the figure to the right perpendicular? 
Strategy We will compare the slopes of the lines. 


WHY If the slopes are negative reciprocals, the 
lines are perpendicular. If the slopes are not 
negative reciprocals, the lines are not 
perpendicular. 


Solution 
We find the slopes of the lines and see whether 
they are negative reciprocals. 


Slope of line J, = — Slope of line , = eae 
2 M1 27 
-4-0 4-—(-4) 
~ 3-0 ~ 9-3 
4 8 
==5 =5 
4 
~3 
Since their slopes are not negative reciprocals (-3 : ; # -1), the lines are not 
perpendicular. | 


ANSWERS TO SELF CHECKS 


1. 2 Sunday edition newspapers/year 
«6. yes 


2. 5 3. -2 4. oH 5. They are not parallel. 


STUDY SET 


Self Check 6 


Are the lines /, and /; shown in 
the figure perpendicular? yes 


Now Try Problem 46 


Teaching Example 6 Is the line passing 
through (10, 4) and (3, —4) 
perpendicular to /,? 

Answer: 

no 


| VOCABULARY 
Fill in the blanks. 


1, _Slope_is defined as the change in y divided by the 
change in x. 


2. Aslope is an average _''¢_ of change. 


P Selected exercises available online at 
www.webassign.net/brookscole 


3. The change in x (denoted as Ax) is the horizontal run 
of the line between two points on the line. 


4. The change in y (denoted as Ay) is the vertical _"s°_ of 
the line between two points on the line. 


5. , and —§ are negative _teciprocals_ 


> 6. 


_Parallel_Jines have the same slope. The slopes of 
perpendicular ]ines are negative reciprocals. 
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[| CONCEPTS 


100 
7. See the graph to the right. » 90 
a. Which line is horizontal? 2 80 
What is its slope? /;, 0 = 70 
lo} 
b. Which line is vertical? What 6 oe 
is its slope? /,, undefined i 50 
: : he - 40 
c. Which line has a positive a 0 
9 349 q 
slope? What is it? /,,2 2 
d. Which line has a negative 10 


slope? What is it? /,, —3 
> 8. See the graph. 
a. Find the slopes of lines /; and /,. Are they 


0 2 4 6 8 1012 14 16 18 
Years after 1990 


parallel? 3,4, no (4 11. a. Determine the slope 
b. Find the slopes of lines /, and /3. Are they of the line shown. —3 


perpendicular? +, —1, yes 


iz 


b. Determine the slope 
of the line shown. -3 


ER 12. A table of solutions for a ( 
= linear equation is shown. 


4 


9. THE RECORDING INDUSTRY The following 


graphs are models that approximate the number of Find the slope of the graph 
CDs and cassettes that were shipped for sale from of the equation. -3 
1990 to 1999. 
a. What was the rate of increase in the number of \ 
CDs shipped? an increase of 73 million units/yr l 
‘ NOTATION 
b. What was the rate of decrease in the number of 
cassettes shipped? a decrease of 35 million units/yr 13. What formula is used to find the slope of 
a line? m= 2—% 
pia 14. Explain the difference between x7 and x. 
z ‘ x” is x squared and means x - x. The symbol x, is x sub 2 and 
800 represents the x-coordinate of a point. 
eM 15. See the illustration. y 
Bue Cassettes ‘ A 
= 00 5 a. Find Ay. 6 4 
= 
1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 b. Find Ax. 8 : 
Source: Statistical Abstract of the United States (2003) c. Find = 3 Aas x 
x ; 
> 10. HALLOWEEN See the graph in the next column. A i 
couple kept records of the number of trick-or-treaters 4 


who came to their door on Halloween night. Find the 
slope of the line. What information does the slope 
give? 

—5; the number of trick-or-treaters has decreased over the years 
by 5 per year 
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Find the slope of the line that passes through the given points, if 
possible. See Example 3. 


> 16. See the illustration. 


a. Find Ay. —6 
b. Find Ax. 2 25. (0, 0), (3, 9) > 26. (9, 6), (0, 0) 
A é 3 
Find ed eo} 1-44 rad . 
c. Pin Ay 27. (—1,8), (6, 1) p> 28. (—S, —8), (3, 8) 
= 2 
29. 2; —1), (-6, 2) > 30. (0, =8); (=; 0) 
= = 
31. (7,5), (—9, 5) 32. (2, —8), (3, —8) 
I GUIDED PRACTICE 0 0 
Find the slope of each line. See Example 2. p> 33. (—7, —5), (-7, -2) 34. (3, —5), (3, 14) 
undefined undefined 
ee pers 35. (a,b), (b,a) BG: (a8). ¢-8 oa 
=] 1 
Determine whether distinct lines with the given slopes are 
parallel, perpendicular, or neither. See Objective 6. 
6 
37. = 2a 5 > 38. = 4 
parallel perpendicular 
19. 39. mM, = 4, My. >= 0.25 e 40. Mm, = 5; Mz = 02 
neither parallel 
1 
41. My, = 3,m, = "3 42. My, = G2 = 0.25 
perpendicualr parallel 
1 
43. m, =—,m2, =a 44, m, = a,mz = —— 
a a 
neither perpendicular 
21. Determine whether the line that passes through the two given 
points is parallel or perpendicular (or neither) to a line witha 
slope of —2. See Examples 5-6. 
45. (3, 4), (4, 2) p> 46. (6, 4), (8, 5) 
parallel perpendicular 
47. (-2, 1), (6, 5) > 48. (3, 4), (-3, =3) 
perpendicular neither 
49. (5, 4), (6, 6) 50. (—2, 3), (4, -9) 
4 neither parallel 
2-3 f 2 
23. y 24, y 51. (3.2, 12.3), (6.2, 6.3 52. (3 >) (5 >) 
5 , (3.2, 12.3), (6.2, 6:3) ale 
parallel perpendicular 


I TRY IT YOURSELF 


4 -3 -2 -l tod  % o@ 
7 Find two points that satisfy each equation and then find the 
slope of the line graph determined by the equation. 
4 
: ; 53. 3x + 2y=12-3} p54. 2x -—y=62 
2 4 55. 3x = 4y — 23 56.x =yl 
x-4, 3-y 
57. y= 72 nee Se 
2—-3y , 
59. 4Y = 3(Y + 2) 0 60.x+ y= 2s 


3 


154 | Chapter2 Graphs, Equations of Lines, and Functions 


I APPLICATIONS 


61. 


> 62. 


63. 


> 64. 


LANDING PLANES A jet descends in a stair-step 
pattern, as shown below. The required elevations of 
the plane’s path are given. Find the slope of the 
descent in each of the three parts of its landing that 
are labeled. Which part is the steepest? 


Elevation 


Based on data from Los Angeles Times (August 7, 1997), p. A8 


DROP IN PRICES The price of computers has been 
dropping for the past ten years. If a desktop PC cost 
$5,700 ten years ago, and the same computing power 
cost $400 two years ago, find the rate of decrease per 
year. (Assume a straight-line model.) $662.50 


MAPS Topographic maps have contour lines that 
connect points of equal elevation on a mountain. The 
vertical distance between contour lines in the 
illustration is 50 feet. Find the slope of the west face 
and the east face of the mountain peak. |}, | 


1,000 


2,000 ft 
~<— 250 ft 
~<— 200 ft 
—< 150 ft 
~<— 100 ft 
~<— 50 ft 
~<— Sea level 


SKIING The men’s giant slalom course shown in the 
next column is longer than the women’s course. Does 
this mean that the men’s course is steeper? Use the 


concept of the slope of a line to explain. 
No, they are equally steep. 


11 
140° 15° 297 Part 2 


65. ROAD SIGNS Find the slope of the road shown 


> 66. 


below. Use this information to complete the road 
warning sign for truckers by expressing the slope as a 
percent. (Hint: 1 mi = 5,280 ft.) 4% 


GLOBAL TEMPERATURES The following graphs 
are estimates of future average global temperature 
rise due to the greenhouse effect. Assume that the 
models are straight lines. Estimate the average rate of 
change of each model. Express your answers as 
fractions. A: xy */yr, B: a6 */yr, C: of */yr, D: % “/yr 


2 L Model A: Status quo 4 
[ Model B: Shift to lower carbon fuels =| 

oO F (natural gas) S| 
“© - Model C: Shift to renewable sources A 
2C (solar, hydro and wind power) 
2 iE Model D: Shift to nuclear energy B 
ar D 
| Ls 
RB L 

0 iE | | 

1980 2000 2020 2040 


Year 
Based on data from The Blue Planet (Wiley, 1995) 


67. DECK DESIGN See the illustration below. Find the 


slopes of the cross-brace and the supports. Is the 


cross-brace perpendicular to either support? 
brace: 5 support 1: —2, support 2: —1; yes, to support 1 


p> 68. AIR PRESSURE Air pressure, measured in units 


69. 


called Pascals (Pa), decreases with altitude. Find the 
rate of change in Pascals for the fastest and the 
slowest decreasing steps of the graph below. 

10,000 Pa/km; — °°? pa/km = —625 Pa/km 


Pascals (Pa) 


i i a 
10 20 30 
Altitude (km) 


Based on data from The Blue Planet (Wiley, 1995) 


POLITICS The graph shows how federal Medicare 
spending would have continued if the Republican- 
sponsored Balanced Budget Act hadn’t become law 
in 1997. Write a brief statement explaining why 
Democrats could argue that the budget act “cut 
spending.” Then write a brief statement explaining 
why Republicans could respond by saying, “There 
was no cut in spending—only a reduction in the rate 
of growth of spending.” 


$288 billion 


Medicare spending under 
previous plan 
$247 billion 


Medicare spending under 


$209 billion Balanced Budget Act 


1 1 
1997 2002 
Year 
Based on information supplied by Congressman 
David Drier's office 
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» 70. NUCLEAR ENERGY Since 1998, the number of 


74. 


75. 


> 76. 


. HALLOWEEN CANDY A candy maker wants 


nuclear reactors licensed for operation in the United 
States has remained about the same. Knowing this, 
what can be said about the rate of change in the 
number of reactors since 1998? Explain your answer. 


Explain why a vertical line has no defined slope. 


. Explain how to determine from their slopes whether 


two lines are parallel, perpendicular, or neither. 


to make a 60-pound mixture of two candies to sell 
for $2 per pound. If black licorice bits sell for 

$1.90 per pound and orange gumdrops sell for 

$2.20 per pound, how many pounds of each should be 
used? 40 Ib licorice, 20 lb gumdrops 

MEDICATIONS A doctor prescribes an ointment 
that is 2% hydrocortisone. A pharmacist has 1% and 
5% concentrations in stock. How many ounces of 
each should the pharmacist use to make a 1-ounce 
tube? 0.75 oz of the 1%, 0.25 oz of the 5% 

READING GRAPHS In the graph below, d is the 
distance a person has walked after t hours. How many 
hours did it take for the person to walk 10 miles? 4 hr 


d (miles) 


>t (hours) 


CIRCLE GRAPHS In the illustration, each part of 
the circle represents the amount of money spent in 
each of five categories. Approximately what percent 
was spent on rent? 25% 


Monthly Expenses 
of Joe Sigueri 
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Objectives 
1 | Use point-slope form to write 
the equation of a line. 
] 2 | Use slope-intercept form to 
write the equation of a line. 
3 | Use slope as an aid when 
graphing. 
Recognize parallel 
and perpendicular lines. 
B Write a linear equation model 
for straight-line depreciation. 
| 6 | Write a linear equation model 
to fit a collection of data. 


Self Check 1 


Write an equation of the line that 
has a slope of 3 and passes 
through (4, 10). 

Now Try Problem 20 

Self Check 1 Answer 

y= 3x +5 


Teaching Example 1 Write an equation 


of the line that has a slope of -5 and 
passes through (6, —5). 
Answer: 


y=-+x-2 


Get 


Writing Equations of Lines 


We have seen that linear relationships are often presented in graphs. In this section, 
we begin a discussion of how to write an equation to model a linear relationship. 


EB Use point-slope form to write the equation of a line. 


Suppose that line / in the figure below has a slope of m and passes through (x, y,). 
If (x, y) is a second point on line /, we have 


v7 y 
m = 
xXx XxX A 


or if we multiply both sides by x — x1, we 
have 


Q) y— yy = mx — x) pe a 


Wsy— jj 


Because Equation 1 displays the coordinates of the point (x;, y,) on the line and 
the slope m of the line, it is called the point-slope form of the equation of a line. 


Point-Slope Form 


The equation of the line that passes through (x;, y,) and has slope m is 


y-y=mox — x) 


| EXAMPLE 1 | Write an equation of the line that has a slope of —3 and 


passes through (—4, 5). 


Strategy We will use the point-slope form, y — y, = m(x — x,), to write the 
equation of the line. 


WHY We are given the slope of the line and the coordinates of a point that it 
passes through. 


Solution 
We substitute —3 for m, —4 for x,, and 5 for y, into the point-slope form and 
simplify. 


yyy = m(x — x) This is the point—slope form. 
2 
y-5= —3k — (-4)] Substitute —2 for m, —4 for x, and 5 for y,. 
2 
SSX implify the expression within the brackets. 
y= 5 3% +4) Simplify the expression within the brack 
5 = : : Distri h Itiplicati . 
y = 3° 3 istribute the multiplication by — 3. 
ee 2 4 7 To solve for y, add 5 in the form of 2 to both sides and 
y 3 3 simplify. 
. ae 2 7 
The equation of the line is y = —=x + —. 


3 3 a 


| EXAMPLE 2 | Write an equation of the line passing through (—5S, 4) and 


(8, —6). 


Strategy We will use the point-slope form, y — y, = m(x — x,), to write the 
equation of the line. 


WHY Since we know two points on the line, we can calculate the slope of the 
line and solve the problem using the method of Example 1. 


Solution 
First we find the slope of the line. 


m= a This is the slope formula. 
X2— xy 
-6-4 
= 8 — (<5) Substitute —G for yo, 4 for y,, & for xo, and —5 for x, 
_ 10 
13 


Since the line passes through (—5, 4) and (8, —6), we can choose either point 
and substitute its coordinates into the point-slope form. If we choose (—5, 4), we 


substitute —5 for x,, 4 for y,, and — — for m and proceed as follows. 


yyy = m(x — x4) This is the point—slope form. 

y-4=- Be —(-5)] Substitute — 75 for m, —5 for x, and 4 for y,. 

10 
y-4=- Be + 5) Simplify the expression within the brackets. 

10 50 10 
y-4= 13° B Distribute the multiplication by — 75. 

_— 0 ss 2 To solve for y, add 4 in the form of to both sides and 
y 13 13 simplify. 
The equation of the line is i of a 
=-—x+—. 

" eee a 


9 Use slope-intercept form to write the equation of a line. 


Since the y-intercept of the line / shown in the figure is the point (0, b), we can write 
its equation by substituting 0 for x, and b for y, in the point-slope form and 
simplifying. 


y— Y= mx — x4) » 
y—b=m(x- 0) 
i 
y—b=mx 
Slope =m 
(2) y=mxt+b To solve for y, add b to both (0, b) 
sides. ~ 


Because Equation 2 displays the slope m and the 
y-coordinate b of the y-intercept, it is called the 
slope-intercept form of the equation of a line. 


Slope-Intercept Form 


The equation of the line having slope m and y-intercept (0, b) is 


y=mx+b 


2.4 Writing Equations of Lines 


Self Check 2 


Write an equation of the line 
passing through (—2, 5) and 
(4, —3). 
Now Try Problem 28 
Self Check 2 Answer 

os, he 
Yonge ts 


Teaching Example 2 Write an equation 
of the line passing through (—7, 4) and 
(—4, 10). 

Answer: 

y=2x+ 18 
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Self Check 3 


Use the slope—intercept form to 
write an equation of the line that 
has a slope of —2 and passes 
through (—2, 8). 

Now Try Problem 34 


Self Check 3 Answer 
y=—-2e +4 


Teaching Example 3 Use 
slope—intercept form to write an 
equation of the line that has a slope 


of $ and passes through (—6, 5). 
Answer: 
y= dx ae) 


| EXAMPLE 3 | Use the slope-intercept form to write an equation of the line 


that has a slope of 4 and passes through (5, 9). 


Strategy We will substitute 4 for m, 5 for x, and 9 for y in the slope-intercept 
form y = mx + band solve for b. 


WHY The directions indicate to use the slope-intercept form to find the 
equation of the line. 


Solution 
y=mx+b _ thisis the slope-intercept form. 
9=4(5) +b Substitute 9 for y, 4 for m, and 5 for x. 
9=20+5 Perform the multiplication. 


-11=b To solve for b, subtract 20 from both sides. 


Because m = 4 and b = —11, the equation is y = 4x — 11. i 


When an equation of a line is written in slope—intercept form, the coefficient of 
the x-term is the line’s slope and the constant term gives the y-coordinate of the 
y-intercept. 


y=mx+b 
slope a = y-intercept: (0, b) 


Linear equation Slope y-intercept 
y=4x-3 4 (0, —3) 
5 5 
=—— = 0, 0 
yu Ee 6 (0, 0) 


Caution! For equations in y = mx + b form, the slope of the line is the 


coefficient of x, not the x-term. For example, the graph of y = 4x — 3 has 
slope 4, not 4x. 


When an equation describing a linear relationship between two quantities is 
written in slope—intercept form, two pieces of information about the relationship are 
easily seen. As an example, let’s consider the equation L = —0.05¢ + 7.25. If we 
begin with a pencil 7.25 inches long, this linear model gives the new length L in 
inches of the pencil after it has been inserted into a sharpener and the handle turned 
t times. 


Original length New length 
{25 in, | | Lin, 
en $$ > 
t turns of 
the handle 


The value of m (in this case, —0.05) gives the change in the length of the pencil 
for one turn of the handle. Because the slope is negative, we know that the length of 
the pencil decreases by 0.05 inch for each turn of the handle. The value of b (in this 
case, 7.25) tells us that before any turns were made (when ¢ = 0), the length of the 
pencil was 7.25 inches. 


L = —0.05t + 7.25 


The slope is the rate of | 
change of the length of the 
pencil. 


i The intercept is the 
original length of the pencil. 


IER Use slope as an aid when graphing. 


It is easy to graph a linear equation when it is 
written in slope—intercept form. For example, to 


graph y = $x — 2, we note that b = —2 and 
that the y-intercept is (0, b) = (0, —2). 


: », Ay 4 
Because the slope of the line is 7; 


= 3) we 
can locate another point Q on the line by 
starting at point P(0, —2) and counting 3 units 
to the right (run) and 4 units up (rise). The 
change in x from point P to point Q is Ax = 3, 
and the corresponding change in y is Ay = 4. 
The line through points P and Q is the graph of 
the equation. 


| EXAMPLE 4 | Find the slope and the y-intercept of the line with the 


equation 2x + 3y = —9. Then graph the line. 


Strategy We will solve the equation for y to write the equation in 
slope-intercept form (y = mx + b). Then we will plot the y-intercept, and use the 


slope to determine a second point on the line. 


1 
Ay =4 units 


24 
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2 -l 


WHY Once we locate two points on the line, we can draw the graph of the line. 


Solution 


We write an equation in the form y = mx + 5 to find the slope m and the 


y-intercept (0, b). 


2x + 3y = —9 This is the given equation in standard (general) form. 
3y = —2x —9 — Subtract 2x from both sides. 
3y = ae -_ Z To solve for y, divide both sides by 3. 
3 3 3 
2 2 
y= ~ ae — 3. Simplify both sides. We see that m = —3 and b = —3. 


The slope of the line is —3, which can be 
After plotting the 
y-intercept, (0, —3), we move 2 units 
downward (rise) and then 3 units to the 
right (run). This locates a second point 
on the line, (3, —5). From this point, we 
move another 2 units downward and 
3 units to the right to locate a third point 
on the line, (6, —7). Then we draw a line 
through the points to obtain the graph 
shown in the figure. 


expressed as =. 


Self Check 4 


Find the slope and the 
y-intercept of the line with the 
equation 3x — 2y = —4. Then 
graph the line. m = 3, (0, 2) 


Now Try Problems 40 and 45 


Teaching Example 4 Find the slope 
and the y-intercept of the line with the 
equation x + 3y = 3. Then graph the 


line. 
Answer: 
m = —4,(0,1) 


Self Check 5 


Are the lines represented by 
3x — 2y = 4and 2x = S(y + 1) 
parallel? no 

Now Try Problem 50 


Teaching Example 5 Are the lines 
represented by 5x + 2y = 10 and 
4y = —10x + 8 parallel? 

Answer: 

yes 


Self Check 6 


Are the lines represented by 
3x + 2y = 6 and 2x — 3y = 6 
perpendicular? yes 


Now Try Problem 52 


Teaching Example 6 Are the lines 
represented by 4x + 3y = 9 and 
6x + 8y = 32 perpendicular? 
Answer: 

no 


Self Check 7 


Write an equation of the line 
that is parallel to the line 

y = 8x — 3 and passes through 
the origin. y = 8x 


Now Try Problems 58 and 60 
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Recognize parallel and perpendicular lines. 
Recall these two facts from Section 2.3: 


e Different lines having the same slope are parallel. 


e Ifslopes of two lines are negative reciprocals, the lines are perpendicular. 


| EXAMPLE 5 | Show that the lines represented by 4x + 8y = 10 and 


2x = 12 — 4y are parallel. 


Strategy We will solve each equation for y to write the equation in 
slope-intercept form (y = mx + b). Then we will identify the slope of each line. 


WHY If the slopes are equal, the lines are parallel. 


Solution 
We solve each equation for y to see that the lines are distinct and that their slopes 
are equal. 


4x + 8y = 10 2x = 12 —4y 
8y = —4x + 10 4y = —2x + 12 

1 5 1 
tts oe 


Since the values of b in these equations are different (3 and 3), the lines are 
distinct. Since the slope of each line is — f. they are parallel. a 


| EXAMPLE 6 | Show that the lines represented by 4x + 8y = 10 and 


4x — 2y = 21 are perpendicular. 


Strategy We will solve each equation for y to write the equation in 
slope-intercept form (y = mx + b). Then we will identify the slope of each line. 


WHY If the slopes are negative reciprocals, the lines are perpendicular. 


Solution 
We solve each equation for y to see that the slopes of their straight-line graphs 
are negative reciprocals. 


4x + 8y = 10 4x — 2y = 21 
8y = —4x + 10 —2y = —4x + 21 
1 5 21 
ae ae ye 


Since the slopes are negative reciprocals (-3 and 2), the lines are perpendicular. 


Write an equation of the line that passes through (—2, 5) 
and is parallel to the line y = 8x — 3. 


Strategy We will use the point-slope form, y — y, = m(x — x,), to write the 
equation of the line. 


WHY We know that the line passes through (—2, 5). We can use the fact that the 
lines are parallel to determine the unknown slope of the desired line. 
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Solution Teaching Example 7 Write an equation 
of the line that is parallel to the line 


Since the slope of the line given b = 8x — 3 is the coefficient of x, the slope is 
P & yy P y= 2x + 3 and passes through 


8. The desired equation is to have a graph that is parallel to the graph of (10, —-4). 
y = 8x — 3. Its slope must also be 8. Answer 

We substitute —2 for x,, 5 for y,, and 8 for m in the point-slope form and y= 2x = 5 
simplify. 


y— y= m(x — x4) 


y —5=8[x — (-2)] Substitute 5 for y,, 8 for m, and —2 for x. 
y —5 = &(x + 2) Simplify the expression within the brackets. 
y—5=8x+ 16 Distribute the multiplication by & and simplify. 
y= 84+ 21 Add 5 to both sides. 
The equation is y = 8x + 21. & 


| EXAMPLE 8 | 8 Write an equation of the line that passes through (6, —4) se niGheens 


and is perpendicular to the line 3x + y = 2. Write an equation of the line that 
passes through (8, —2) that is 


Strategy We will use the point-slope form, y — y, = m(x — x,), to write the perpendicular to the line 
equation of the line. 2x + 3y = 9, 
WHY We know that the line passes through (6, —4). We can use the fact that the Now Try Problems 63,65, and 69 
lines are perpendicular to determine the unknown slope of the desired line. Self ai 8 Answer 
zs y= ax — 14 
Solution 
To find the slope of the given line, we must first solve for y to write the equation Teaching Example 8 Write an equation 
in slope—intercept form. of the line that passes through (—12, 3) 
that is perpendicular to 3x — 4y = 8. 
3x +y =2 Answer: 
= —4-13 
pore +2 y 3 


The slope of the given line is —3. The desired line is to have a graph that is 
perpendicular to y = —3x +2. Therefore, their slopes must be negative 


reciprocals. Its slope must be i We substitute 6 for x,, —4 for y,, and 5 for m in 
the point-slope form and simplify. 


y— Y= m(x — x4) 


y= (-4) =3@-6) 


1 
Ya eoge=2 
1 
Voge 
The equation is y = 5x — 6. i 


When asked to write the equation of a line, determine what you know about the 
graph of the line; its slope, its y-intercept, points it passes through, and so on. Then 
substitute the appropriate numbers into one of the following forms of a linear 
equation. 


Self Check 9 


DEPRECIATION Find the value of 
the drill press in Example 9 after 
4 years. $1,290 


Now Try Problem 85 


Teaching Example 9 
DEPRECIATION A copy machine 
originally cost $1,050. After its useful 
life of 8 years, it has a salvage value 
of $90. Find the straight-line 
depreciation equation for the copy 
machine. 

Answer: 

y = —120x + 1050 
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Forms for the Equation of a Line 


Standard (general) form of a 
linear equation 


Ax + By=C 
A and B cannot both be 0. 


Slope-intercept form of a 
linear equation 


y=mx+b 
The slope is m, and the y-intercept is 
(0, b). 


Point-slope form of a 
linear equation 


y— y= mx — x) 
The slope is m, and the line passes 
through (x1, y;). 


A horizontal line y=b 
The slope is 0, and the y-intercept is 


(0, b). 
A vertical line x=a 
There is no defined slope, and the 
x-intercept is (a, 0). 


8 Write a linear equation model for straight-line depreciation. 


For tax purposes, many businesses use straight-line depreciation to find the declining 
value of aging equipment. 


| EXAMPLE 9 | Depreciation 


After purchasing a new drill press, a 
machine shop owner had his accountant 
prepare a depreciation worksheet for 
tax purposes. See the illustration. 


Depreciation Worksheet 


Drill press 
(new) 


Salvage value 
(in 10 years) 


a. Assuming straight-line depreciation, 
write an equation that gives the 
value v of the drill press after x years 
of use. 


b. Find the value of the drill press after 24 years of use. 

c. What is the economic meaning of the v-intercept of the line? 

d. What is the economic meaning of the slope of the line? 

Strategy We will use the point-slope form, y — y, = m(x — x,), to write the 


equation of the line. Then we will answer the questions using the information 
from the equation. 


WHY We know that the line passes through (0, 1,970) and (10,270) from the 
depreciation worksheet. Since we know two points on the line, we can calculate 
the slope of the line. Then we can use the method from Example 2 to write the 
equation of the line. 


Solution 
a. The facts presented in the worksheet can be expressed as ordered pairs of the 
form 


(x, v) 


number of years of use il L value of the drill press v 


e When purchased, the new $1,970 drill press had been used 0 years: 
(0, 1,970). 
e After 10 years of use, the value of the drill press will be $270: (10, 270). 


A simple sketch showing these ordered v 
pairs and the line of depreciation is 
helpful in visualizing the situation. 1.970 & (0, 1,970) 
Since we know two points that lie on 
the line, we can write its equation using & 
the point-slope form. First, we find the 3 
. s 
: > 
slope of the line (10, 270) 
270 
a x 
0 10 
Years of use 
vz — Vy 
= __. This is the slope formula written in terms of x and v. 
X2— X 
270 — 1,970 
= ————__ (% 4) = (0, 1,970) and (x2, v2) = (10, 270). 
10 — 0 
_ —1,700 
10 
= —170 


To find the equation of the line, we substitute —170 for m, 0 for x,, and 
1,970 for v, in the point-slope form and simplify. 


v— Vy = m(x — x4) This is the point-slope form written in terms x 
and v. 
v — 1,970 = —170(x — 0) 
—170x + 1,970 This is the straight-line depreciation equation. 


v 
The value v of the drill press after x years of use is given by the linear model 
v = —170x + 1,970. 
To find the value of the drill press after 24 years of use, we substitute 2.5 for x 
in the depreciation equation and find v. 

v = —170x + 1,970 
= —170(2.5) + 1,970 

—425 + 1,970 
= 1,545 


s 


In 24 years, the drill press will be worth $1,545. 


c. From the sketch, we see that the v-intercept of the graph of the depreciation 
line is (0, 1,970). This gives the original cost of the drill press, $1,970. 


d. Each year, the value of the drill press decreases by $170, because the slope of 
the line is —170. The slope of the line is the annual depreciation rate. a 


[8 Write a linear equation model to fit a collection of data. 


In statistics, the process of using one variable to predict another is called regression. 
For example, if we know a man’s height, we can usually make a good prediction 
about his weight, because taller men tend to weigh more than shorter men. 

The table shows the results of sampling twelve men at random and recording 
the height 4 and weight w of each. In figure (a) on the next page, the ordered 


2.4 Writing Equations of Lines | 163 


164 | Chapter2 Graphs, Equations of Lines, and Functions 


pairs (h, w) from the table are plotted to form a scatter diagram. Notice that the 
data points fall more or less along an imaginary straight line, indicating a linear 
relationship between h and w. 


66 | 67| 68| 68| 70) 70) 71) 72) 73) 74) 75| 75 


Weight (Ib) 
aI & 
oso 


ee 
nn 
Oo oo 


140 


Height (in.) Height (in.) 
(a) (b) 


To write a prediction equation (sometimes called a regression equation) that 
relates height and weight, we must find the equation of the line that comes closer to 
all of the data points in the scatter diagram than any other possible line. In statistics, 
there are exact methods to find this equation; however, they are beyond the scope of 
this book. In this course, we will draw “by eye” a line that we feel best fits the data 
points. 

In figure (b) above, a straight edge was placed on the scatter diagram and a line 
was drawn that seemed to best fit all of the data points. Note that it passes through 
(68, 155) and (73, 195). To write the equation of that line, we first need to find its 


slope. 
W2- Wy, 
m= ik, This is the slope formula written in terms of h and w. 
Set a (hy, m1) = (68, 155) and (hz, w2) = (73, 195). 
73 — 68 
40 
as 
=8 


We then use the point-slope form to find the equation of the line. Since the line 
passes through (68, 155) and (73, 195), we can use either one to write its equation. 
w— WwW, = m(h — hy) This is the point-slope form written in terms of h and w. 
w — 155 = 8(h — 68) — Choose (68, 155) for (h,, ,). 
w — 155 = 8h — 544 Distribute the multiplication by 8. 
w = 8h — 389 To solve for w, add 155 to both sides. 
The equation of the line that was drawn through the data points in the scatter 


diagram is w = 8h — 389. We can use this equation to predict the weight of a man 
who is 72 inches tall. 
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w = 8h — 389 

w = 8(72) — 389 — Substitute 72 for h. 
w = 576 — 389 

w = 187 


We predict that a 72-inch-tall man chosen at random will weigh about 187 
pounds. 


f 
ANSWERS TO SELF CHECKS 


3. y=-2xe+4 


5.no 6. yes 7. y = 8x 8. y =3x-14 
9. $1,290 


STUDY SET 


I VOCABULARY 8. For the line graphed below, find the slope and the 
Fillinghe blanks: y-intercept. Then write the equation of the line. 

; ; Express your answer in slope—intercept 
1. The point-slope form of the equation of a line is form. m = —2,(0,3);y = —2x +3 


Y= y= Me MH), 


2. The _slope-intercept_ form of the equation of a line is - 


A 
y=mx +b. a 
3. Two lines are _perpendicular_ when their slopes are : 


negative reciprocals. 


p> 4. Two distinct lines are _parallel_ when they have the 2 
same slope. . 
4 

] CONCEPTS 


9. Find the slope and the y-intercept of the line graph 
of y = —3x +1.m= -3,(0, 1) 
10. Find the slope of the line graph of 
6. If you know the coordinates of a point on a line, can 3- is 1). Wh e P d h ; 
you write its equation? no y — 3 = —3(x + 1). What point does the ise aaa 
indicate the graph will pass through? m = —+,(—1,3) 


5. If you know the slope of a line, can you write its 
equation? no 


7. The line graphed on the right y ” 
passes through the point A 11. Do the equations y — 2 = 3(x — 2), y = 3x — 4, and 
(—2, —3). Find its slope. Then 3 3x — y = 4describe the same line? yes 
write its equation. Express : 
the answer in point-slope 
form. m = §,y +3 = 3(x + 2) 


P Selected exercises available online at 
www.webassign.net/brookscole 
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12. See the linear model below. J NOTATION 


a. What information does the y-intercept give? Complete each solution. 
If there is no rain, 5 bushels will be produced. 1 
: : : 17. Write y + 2 = 3(x + 3) in slope-intercept form. 
b. What information does the slope give? y 3( ) P P 

The number of bushels produced increases by 5 for every 


1 
2 in. of rain. yr2= ria Tal) 


35 
30 yd 


E 3 

=] 

-> 

& 20 -1._4y 
2 15 3 

=] 

a 10 m= 5,b= -1 


18. Write an equation of the line that has slope —2 and 


Be Bo ee eed ee ae passes through the point (3, 1). 


Rain (in.) 

y= Vi = me — m4) 

y- = -2(x - 3) 

y-1l= -2x +6 
y=-2x +7 


13. Find the y-intercept of the graph of each equation. 
a. y = 2x (0,0) b. x = 23 none 
p> 14. Find the slope of the graph of each line, if possible. 
a y=-x-1 b. x = —3 undefined 


( 15. The two lines shown in illustration (a) below appear f GUIDED PRACTICE 
~ to be perpendicular. Their equations are shown in 


illustration (b). Are the lines perpendicular? Explain. 
No; the slopes are not negative reciprocals. Their product is not 
—1:1(-0.9) = —0.9. 


Use point-slope form to write an equation of the line with the 
given properties. Then write each equation in slope-intercept 
form. See Example 1. 


19. m = 5S, passing through (0,7) y = 5x + 7 


Floki Flake Flot? 


p> 20. m = —8, passing through (0, —2) y = —8x — 2 
21. m = —3, passing through (2,0) y = —3x + 6 
22. m = 4, passing through (—5,0) y = 4x + 20 


Use point-slope form to write an equation of the line passing 
through the two given points. Then write each equation in 


(a) 


i 16. The two lines shown in illustration (a) below appear slope-intercept form. See Example 2. 
~ to be parallel. Their equations are shown in 23. (0,0), (4, 4) > 24. (—5,5), (0,0) 
illustration (b). Are the lines parallel? Explain. y=x y=-x 
No; the slopes are not the same: 1 # 0.99. 25. G3, 4), (0, -3) 26. (4, 0), (6, -8) 
Fisti Floke Flot? y= ix = p= =e 1G 
LEM Sd 27. (4,0), (—4, -6) 28. (5, -1),(—10, 5) 
y=ix-3 y=-2x41 
p> 29. y 
A 
(a) a 


2.4 Writing Equations of Lines 


Use the slope-intercept form to write an equation of the line pm 52. 2x + 3y = 9,3x — 2y =5 perpendicular 
with the given properties. See Example 3. 53. y = 3,x = 4 perpendicular 
31. m 3, b 17 y 3x + 17 54. y —_ —3,y = =7 parallel 


32. m 2,b=11 y=-2x+11 
33. m = —7, passing through (7,5) y = —7x + 54 
> 34. m = 3, passing through (—2, —5) y = 3x + 1 


Write an equation of the line that passes through the given point 
and is parallel to the graph of the given equation. Write the 
answer in slope-intercept form. See Example 7. 


35. m = 0, passing through (2, —4) y = —4 
mie Passing eaue 2a) e 55. (0,0),y=4x-—7 p56. (0,0),x = —3y —12 


36. m = —7, passing through the origin y = —7x oak aoe P 
J 3 
37. passing through (6, 8) and (2, 10) y = -5x +11 57. (2,5),4x —y = p> 58. (6,3), y + 3x = -12 
38. passing through (—4, 5) and (2, —6) y = —4x —/ Pearce 3 y= =e — 5 
5 3 

Write each equation in slope-intercept form. Then find the slope 59. (4, —2), x 4 2 60. (1, —5),x ~ 4 +5 
and the y-intercept of the line determined by the equation. y= é —_ % ae -4 — a 
SeENOVIE 6iy. (-2, 3), 29 = 3y $12 62:6, -2), 3x 4 2y 59 
39. lis ai ee ee ae y=ix+43 y=-3x+7 

3, (0, -4) 5, (0,3) 
41. —2(x + 3y) =5 42. 5(2x — 3y) =4 Write an equation of the line that passes through the given point 

-f, (0, he 2) z, (0, = i) and is perpendicular to the graph of the given equation. Write 

the answer in slope-intercept form. See Example 8. 

Find the slope and y-intercept and use them to graph the line. 63. (0,0),y =4x —7 64. (0, 0),x = —3y — 12 
See Example 4. y=-}x y= 3¥ 
43. y=x—11,(,-1) 44. y= —x + 2 -1,(0,2) 65. (2,5),4x + y =7 66. (—6, 3), y + 3x = -12 


y=ixrt+3 y=4x+5 


67. (4, —2),x = >y —2 p68. (1,-5),x= -*y +5 


= 8 ines 23 
years : i lar 

69. (—1,4),x — 3y =5 70. (4,-1),2x +y=7 
pease ed y=}3x-3 


I TRY IT YOURSELF 


Write an equation in slope-intercept form of the line with the 


2 2 
45. y= 7x + 2 3, (0,2) given properties or given graph. 


3 
71. Passes through 72. Passes through 
oF | af | VY 
3 4 2| & 
=3 | =i Onan 
y=ix-3 y = —4x + 16 


4 
73. Slope 3 Passes through (5,9) » = qx + 
Determine whether the graphs of each pair of equations are 


parallel, perpendicular, or neither. See Examples 5-6. 74 42 


ii 
. Slope — 5? Passes through (—6, 0) y = dx . 


47. y = 3x + 4,y = 3x — 7 parallel 
75. Passes through (2, 5), perpendicular to 


1 ; 
48. y= 4x — 13,y = 9x + 13 neither 4x -y=Ty= 1y 4 id 
49. x + y =2,y =x + 5 perpendicular 76. Passes through (—6, 3), perpendicular to 
> 50. x =yt+2,y =x +3 parallel y+t3x= 12 y=4hx+5 


77. Passes through (—1, —1) and (4, 4) y = x 


1 
51. 3x + 6y = 1,y = =x neither 
2 78. Passes through (—1, 1) and (9, —9) y = —x 
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79. Passes through (0, 0), parallel to 
y=4x—-T7 y=4e 


> 80. Passes through (0, 0), parallel to 


1 
3 


y= x+4y= 5x 


21 
81. Passes through (=. i} perpendicular to 


y=3x-2y=-br+7 
4 2 : 
82. Passes through 3°73 , perpendicular to 
1 
y=-Sr-Zy-be-9 


I APPLICATIONS 


In Exercises 85-88, assume straight-line depreciation or straight- 
line appreciation. See Example 9. 


85. BIG-SCREEN TVs Find a linear depreciation 


equation for the TV in the ad shown. y = —°3'x + 1,750 


For Sale: 3-year-old 45-inch TV, 
with matrix surround sound & 
picture within picture, 

remote. $1,750 new. 

Asking $800. 

Call 875-5555. Ask for Mike. 


p> 86. SALVAGE VALUE A truck was purchased for 


$19,984. Its salvage value at the end of 8 years is 
expected to be $1,600. Find the depreciation 
equation. y = —2,298x + 19,984 


87. ART In 1987, the 
painting Rising 
Sunflowers by Vincent 
van Gogh sold for 
$36,225,000. Suppose that 
an art appraiser expected 
the painting to double in 
value in 20 years. Let x 
represent the time in 
years after 1987. Find an 
appreciation equation. 

y = 1,811,250x + 36,225,000 


> 88. REAL ESTATE LISTINGS Use the information 


given in the description of the property below to 


write an appreciation equation for the house. 
y = 4,000x + 114,000 


89. CRIMINOLOGY City growth and the number of 
burglaries are related by a linear equation. Records 
show that 575 burglaries were reported in a year 
when the local population was 77,000 and that the 
rate of increase in the number of burglaries was 1 for 
every 100 new residents. 


a. Using the variables p for population and B for 
burglaries, write an equation (in slope-intercept 
form) that police can use to predict future 
burglary statistics. B = ji; — 195 


b. How many burglaries can be expected when the 


population reaches 110,000? 
905 


p> 90. CABLETV Since 1990, when the average monthly 


basic cable TV rate in the United States was 
$15.81, the cost has risen by about $1.52 a year. 


a. Write an equation in slope—intercept form to predict 
cable TV costs in the future. Use t to represent time 
in years after 1990 and C to represent the average 
basic monthly cost. C = 1.52 + 15.81 


b. If the equation in part a were graphed, what would 
be the meaning of the C-intercept and the slope of 
the line? C-intercept: cost in 1990 was $15.81; slope: the 
yearly increase in cost was $1.52 

91. COLLEGE COSTS According to the College Board, 
in 1980, the average tuition and fees at a private 
college were $8,850 a year. Since then, the annual cost 
has increased by about $514 per year. 

a. Write a linear model in slope-intercept form that 
gives the annual cost c to attend the college t years 
after 1980. c = 514f + 8,850 

b. Use the model to predict the tuition and fees to 
attend the college in the year 2050. $44,830 


93. PHYSICAL FITNESS 


p> 92. UNDERSEA DIVING The illustration below shows 
that the pressure p that divers experience is related to 
the depth d of the dive. A linear model can be used to 
describe this relationship. 


Sea level (d = 0) 
Pressure = 14.7 pounds 
per square inch (psi) 


d=33 ft 
Pressure = 29.4 psi 


d= 66 ft 
Pressure = 44.1 psi 


. Write a linear model in slope—intercept form. 
p = “ld + 14.7 or p = and +147 

Pearl and sponge divers often reach depths of 
100 feet. What pressure do they experience? 
Round to the nearest tenth. 59.2 Ib/in.” 


Scuba divers can safely dive to depths of 250 feet. 
What pressure do they experience? Round to the 
nearest tenth. 126.1 lb/in.* 


from Campus to Careers 
Afitnessinstructorwants 
to determine the number 
of calories a client burns 
during a workout. The 
instructor knows that 
during the aerobic part of 
the workout, the client will 
burn 220 calories. He also 
knows that during the 
swimming part of the 
workout, the client will burn 7.8 calories per 
minute. 


© iStockphoto.com/iofoto 


a. Write a linear model in slope—intercept form 
that gives the total number of calories c the 
client will burn if she concludes a workout with 
m minutes of swimming. c = 7.8m + 220 


If the client needs to burn 300 calories per 
exercise session to lose weight, how many 
minutes should she swim satisfy this 
requirement? About 10} min 


94. 


Pe 
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WINDCHILL A combination of cold and wind 
makes a person feel colder than the actual 
temperature. The table shows what temperatures of 
35°F and 15°F feel like when a 15-mph wind is 
blowing. The relationship between the actual 
temperature and the windchill temperature can be 
modeled with a linear equation. 


a. Write an equation that models this relationship. 


Answer in slope-intercept form. y = 1.35x — 31.25 


What information is given by the y-intercept of 


the graph of the equation found in part a? 
When the actual temperature is 0°F, the windchill tempera- 
ture is about —31°F. 


Actual temperature Windchill temperature 
B5eh 16°F 
iB =e 


DRAFTING The illustration shows a computer- 
generated drawing of an airplane part. When the 
designer clicks the mouse on a line on the drawing, 
the computer finds the equation of the line. Use a 
calculator to determine whether the angle where the 
weld is to be made is a right angle. not quite 


y =-2.799x + 2.000 
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96. PSYCHOLOGY EXPERIMENTS The scattergram 
below shows the performance of a rat in a maze. 


a. 


Draw a line through (1, 10) and (19, 1). Write its 
equation using the variables ¢ and E. In 
psychology, this equation is called the learning 
curve for the rat. E = —51+ 4 


. Explain how to find the equation of a line passing 


through two given points. 


. Explain what m, x, and y, represent in the 


point—slope form of the equation of a line. 


. 99. Explain what m and 5 represent in the 
b. What does the slope of the line tell us? jl pia ti tf f i‘ ti tali 
The number of errors is reduced by 1 for every 2 trials. i ee la Seah aaa ee ala 
c. What information does the r-intercept of the graph > 100. Linear relationships between two quantities can be 
give? described by an equation or a graph. Which do you 
On the 21st trial, the rat should make no errors. think is the more informative? Why? 
E Ew | - OO 
—EEEESS = . 
10¢-¢ 101. INVESTMENTS Equal amounts are invested at 
ane I il Food | 6%,7%, and 8% annual interest. The three 
a investments yield a total of $2,037 annual interest. 
2 o° Entrance Find the total amount of money invested. $29,100 
S 5b 
5 t ‘eal 102. MIXING COFFEES To make a mixture of 
‘ . 80 pounds of coffee worth $272, a grocer mixes 
oe coffee worth $3.25 a pound with coffee worth 
ai $3.85 a pound. How many pounds of cheaper coffee 
4 8 12 16 20 should the grocer use? 60 lb 
Nunberet is 103. Solve: 3x = 2x 0 
104. Find the area of a rectangle that has a perimeter of 


32 centimeters and a length of 12 centimeters. 48 cm’ 


An Introduction to Functions 


Session of 
Congress 


The concept of a function is one of the most important ideas in all of mathematics. 
To introduce this topic, we will begin with a table that might be seen on television or 
printed in a newspaper. 


[EB Define relation, domain, and range. 


The following table shows the number of women serving in the U.S. House of 
Representatives for several recent sessions of Congress. 


104th 105th 106th 107th 108th 109th 110th 
Number of women 48 54 56 59 59 | 68 | 
Representatives 
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We can display the data in the table as a set of ordered pairs, where the first 
component represents the session of Congress and the second component represents 
the number of women representatives serving during that session: 


{(104, 48), (105,54), (106,56), (107,59), (108,59), (109,68), (110,71)} 


Sets of ordered pairs like this are called relations. The set of all first components 
is called the domain of the relation, and the set of all second components is called 
the range of the relation. A relation may consist of a finite number of ordered pairs 
or an infinite number of ordered pairs. 


| EXAMPLE 1 | Find the domain and range of the relation: 


{B, 2), (5, —7), (-8, 2), (9, 0)} 


Strategy We will identify the first components and the second components of 
the ordered pairs. 


WHY The set of all first components is the domain of the relation, and the set of 
all second components is the range. 


Solution 
The first components of the ordered pairs are highlighted in red, and the second 
components are highlighted in blue: 


{(3, 2), (5, =7), (-8, 2), (9, 0)} 
The domain of the relation is {—8, 3, 5, 9}. 
The range of the relation is {—7, 0, 2}. 


The elements of the domain and range are usually listed in increasing order, and 
if a value is repeated, it is only listed once. a 


BA Identify functions. 


The relation in Example 1 was defined by a set of 
ordered pairs. Relations can also be defined using an 
arrow or mapping diagram. The data from the U.S. House 
of Representatives example is presented on the right in 
that form. 

Notice that to each session of Congress, there 
corresponds exactly one number of women representatives. 
That is, to each member of the domain there corresponds 
exactly one member of the range. Relations that have this 
characteristic are called functions. 


Domain 


Function 


A function is a set of ordered pairs (a relation) in which to each first component 


there corresponds exactly one second component. The set of first components is 
called the domain of the function, and the set of second components is called the 
range of the function. 


Since we will often work with sets of ordered pairs of the form (x, y), it is 
helpful to define a function using the variables x and y. 


Self Check 1 


Find the domain and range of the 
relation: {(5, 6), (—12, 4), (8, 6), 
(—6, 6); (5, 4)} 


Now Try Problem 22 
Self Check 1 Answer 
D: {-12, —6, 5, 8}, R: {—6, 4, 6} 


Teaching Example 1 Find the domain 
and range of the relation: 

{(4, —9), (0, 5), (—2, 6), (0, 7)} 
Answer: 

D:{=2,0,.4}, Re {=—9, 5, 6, 7} 
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Self Check 2 


In each case, determine whether 
the relation defines y to be a 
function of x. 

a. x y 


b. x|y 
= || = 
0; 55 
3 0 


c. {(4, -1), (9, 2), (16, 15), (4, 4} 


Now Try Problems 25, 29, and 33 
Self Check 2 Answers 

a. no; (0, 2), (0, 3) 

b. yes 

c. no; (4, —1), (4, 4) 


Teaching Example 2 In each case, 
determine whether the relation defines 
y to be a function of x. 


ay y 


Oo | \o | ie 


x 
5) 
2 
i 


€; {(=3,4),:6, 12), (=3..6)} 
Answers: 

a. no; (2, 7), (2, 8) 

b. yes ce. no; (—3, 4), (—3, 6) 
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y Is a Function of x 


Given a relation in x and y, if to each value of x in the domain there 
corresponds exactly one value of y in the range, then y is said to be a function 
of x. 


In the previous definition, since y depends on x, we call x the independent 
variable and y the dependent variable. The set of all possible values that can be used 
for the independent variable is the domain of the function, and the set of all values 
of the dependent variable is the range of the function. 


In each case, determine whether the relation defines y to be 
a function of x. 


as x ‘ b. «. {(—2, 3), (—1, 3), (0, 3), (1, 3)} 


\o | 00 | | co| & 
to|/W)]AIN |S 


Strategy In each case, we will determine whether there is more than one value 
of y that corresponds to a single value of x. 


WHY If to any x-value there corresponds more than one y-value, then y is not a 
function of x. 


Solution 
a. The arrow diagram defines a function because to each value of x there 
corresponds exactly one value of y. 


e 54 To the x-value 5, there corresponds exactly one y-value, 4. 
e 76 To the x-value 7, there corresponds exactly one y-value, 6. 
e 11-10 To the x-value 11, there corresponds exactly one y-value, 10. 


b. The table does not define a function, because to the x-value 8 there 
corresponds to more than one y-value. 


e In the first row, to the x-value 8, there corresponds the y-value 2. 


e In the third row, to the same x-value 8, there corresponds a different 
y-value, 3. 


When the correspondence in the table is written as a set of ordered pairs, 
it is apparent that the relation does not define a function 


The same x-value 


4 4 
{(8, 2), (1, 4), (8, 3), (9, 9)} 
t t 


Different y-values 


This is not a function. 


c. Since to each value of x, there corresponds exactly one value of y, the set of 
ordered pairs defines y to be a function of x. 


e (—2, 3) To the x-value —2, there corresponds exactly one y-value, 3. 


e (—1,3) To the x-value —1, there corresponds exactly one y-value, 3. v 
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e (0,3) To the x-value 0, there corresponds exactly one y-value, 3. 


e (1,3) To the x-value 1, there corresponds exactly one y-value, 3. 


In this case, the same y-value, 3, corresponds to each x-value. 

The results from parts (b) and (c) illustrate an important fact: Two 
different ordered pairs of a function can have the same y-value, but they cannot 
have the same x-value. 


Success Tip Every function is, by definition, a relation. However, not every 


relation is a function, as we see in part (b) of Example 2. 


A function can also be defined by an equation. For example, y = 5x + 3 sets up 


a rule in which to each value of x there corresponds exactly one value of y. To find 
the y-value (called an output) that corresponds to the x-value 4 (called an input), we 
substitute 4 for x and evaluate the right side of the equation. 


1 
a ae 


1 
= 3 (4) +3 Substitute 4 for x. The input is 4. 


=24+3 


=5 This is the output. 


In the function y = 5x + 3,a y-value of 5 corresponds to an x-value of 4. 
Not all equations define functions, as we will see in the next example. 


| EXAMPLE 3 | Does y = 2x — 3 define y to be a function of x? If so, 


illustrate the function with a table and a graph. 


Strategy We will determine whether there is more than one value of y that 
corresponds to a single value of x. 


WHY If to any x-value there corresponds more than one y-value, then y is not a 
function of x. 


Solution 
For y = 2x — 3 to define a function, every input number x must determine one 
output value of y. To find y in the equation y = 2x — 3, we multiply x by 2 and 
then subtract 3. Since this arithmetic gives one result, each choice of x determines 
one value of y. Thus, the equation defines y to be a function of x. 

A table of values and the graph appear below. 


y=2x-3 
“| y 
=t! |= [il 
| eee 
(0). || 3} 
9) il 4 3 2 -I 
4 
6 9 
a 


Self Check 3 


Does y = —2x + 3 define y to be 
a function of x? yes 


Now Try Problem 37 


Teaching Example 3 Does y = 5x — 2 
define y to be a function of x? 
Answer: 

yes 
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Self Check 4 


Does |y| = x define y to be a 
function of x? Explain your 
answer. 


Now Try Problem 40 
Self Check 4 Answer 


No; if x = 2, y could be either 2 or —2. 


Teaching Example 4 Does y” = 12x 
define y to be a function of x? 
Answer: 


No; if x = 3, y could be either 6 or —6. 


Self Check 5 
If f(x) = —2x — 1, find: 
a. f(2) —5 
b. f(—3) 5 
ce. f(—f) 2r-1 
Now Try Problems 52 and 54 


As you will see in the next example, not every equation in two variables defines 
a function. 


| EXAMPLE 4 | Does y* = x define y to be a function of x? 


Strategy We will determine whether there is more than one value of y that 
corresponds to a single value of x. 


WHY If to any x-value there corresponds more than one y-value, then y is not a 
function of x. 


Solution 

For a function to exist, each input x must determine one output y. If we let 
x = 16, for example, y could be either 4 or —4, because 4* = 16 and (—4)* = 16. 
Since more than one value of y is determined when x = 16, the equation does not 
represent a function. | 


IER Use function notation. 


There is a special notation that we will use to denote functions. 


Function Notation 


The notation y = f(x) denotes that the variable y is a function of x. 


The notation y = f(x) is read as “y equals f of x.” Note that y and f(x) are two 
notations for the same quantity. Thus, the equations y = 4x + 3 and f(x) = 4x + 3 
are equivalent. We read f(x) = 4x + 3 as “f of x is equal to 4x plus 3.” 


This is the variable used to represent input values. 


f(x) = 4" + 3 

t 
This is the name This expression shows how to obtain an 
of the function. output value from a given input value. 


Caution! The notation f(x) does not mean “f times x.” 


The notation y = f(x) provides a way of denoting the value of y (the dependent 
variable) that corresponds to some number x (the independent variable). For 
example, if y = f(x), the value of y that is determined by x = 3 is denoted by (3). 


Let f(x) = 4x + 3. Find: 
a. f(3) b. f(-1) c. f(0) d. f(r + 1) 

Strategy We will substitute 3, —1,0, and r + 1 for each x in f(x) = 4x + 3 and 
evaluate the right side. 


WHY Whatever expression appears within the parentheses in f( ) is to be 
substituted for each x in f(x) = 4x + 3. 
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Solution Teaching Example 5 If 
a. To find f(3), we replace x with 3: b. To find f(—1), we replace x with —1: : Ps oe uae 
iG) = de + 3 f(x) = 4x + 3 Answers: ‘ 
. —4 bd. i, =o + 2 
f(3) = 4(3) +3 f(-1) = 4-1) +3 : _ 
=124+3 =-443 
= 15 =-1 
c. To find f(0), we replace x with 0: d. To find f(r + 1), we replace x with 
fix) = 4x +3 es 
#(0) = 4(0) + 3 A eee 
= frt+)=474+1)+3 
=4r+4+3 
=4r+7 & 


To see why function notation is helpful, we consider the following equivalent 
sentences: 


1. For the equation y = 4x + 3, find the value of y when x is 3. 
2. For the function f(x) = 4x + 3, find f(3). 


Statement 2, which uses f(x) notation, is much more concise. 

We can think of a function as a machine that takes some input x and turns it 
into some output f(x), as shown in figure (a). The machine shown in figure (b) turns 
the input number 6 into the output value —11 and turns the input number 2 into the 
output value —3. The set of numbers that we can put into the machine is the domain 
of the function, and the set of numbers that comes out is the range. 

The letter f used in the notation y = f(x) represents the word function. 
However, other letters can be used to represent functions. For example, the 
notations y = g(x) and y = A(x) are often used to denote functions involving the 
independent variable x. 

In Example 6, the equation g(x) = x* — 2x defines a function, because each 
value of x determines a single value of g(x). 


Let g(x) = x* — 2x. Find: a. 2(2) biel) Self Check 6 


2 


ed a: 
Strategy We will substitute Fs and —2.4 for each x in g(x) = x* — 2x and Let h(x) = — . Find: 
evaluate the right side. a. h(4) -9 
WHY Whatever expression appears within the parentheses in g(_ ) is to be b. h(—0.6) —1.18 


substituted for each x in g(x) = x* — 2x. 
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Now Try Problem 58 Solution 
. To find g(2 1 ith 2: —2.4 1 ith 

aang agin Lh a. To find of 2), we replace x with 5 b. = Pe 2( ), we replace x wit 
h(x) = —x* + x — 2. Find: g(x) =x? — 2x oe 
a. h(—3) be h(1.5) 4 — 
Answers: <(2) — (2) 2(2) a(*) sd = 
a. -14 b. -2.75 5 5 5 g(—2.4) = (—2.4)" — 2(—2.4) 

424 = 5.76 + 4.8 

ae, ta = 10.56 

ge 

95 a 


In the next example, the letter A is chosen to name a function that finds the area 
of a circle. The letter d is chosen as the independent variable, to help stress the fact 
that the area of a circle is a function of its diameter. 


See Check 7 | EXAMPLE 7 | Archery The area of a circle with a diameter of length d is 


ARGHERY ‘In: Example 7, Ane given by the function A(d) = a(4). Find A(48) to the nearest tenth. What 


A(9.6) to the nearest tenth. What ; : es F 
information does it give about information does it give about the archery target shown in the figure below? 


the archery target in the figure? Strategy We will substitute 48 for each din A(d) = a($)° and evaluate the right 
Now Try Problem 105 side. 
If Check 7 A : ee , j 
. fee pea porte cae eye is WHY Whatever expression apres within the parentheses in A(_ ) is to be 
72.4 in’. substituted for each din A(d) = a(4) : 
Teaching Example 7 ARCHERY In Solution 
Example 7, find A(28.8) to the nearest Since the diameter of the circular target is 48 inches, A(48) gives the area of the 
tenth. target. To find A(48), we replace d with 48. 
Answer: 4 
d 
A(d) = m\ = 
«= =(2) 
48 \* 
A(48) = 7 a Substitute 48 for d. 
= 7(24) 
= 5767 


=~ 1,809.557368 Use a calculator to perform the multiplication. 


To the nearest tenth, the area of the target is 1,809.6 in”. a@ 
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THINK IT THROUGH eexige gait) 


“Whether you work for a company that sponsors relocation, or you make an 
independent move, you should examine living costs in the area to truly understand 
the full impact.” 


Doug Roy, consultant, Runzheimer International 


Job offers often involve relocating. In such cases, it is important to consider the 
living costs of the new destination. The annual cost of living in an area can 
make or break a career move. 


Cost-of-living comparisons between two cities can be expressed as functions. 
For example, suppose you live in San Diego, California, and have an annual 
income of $x. The cost-of-living function f(x) = 0.56x gives the salary required 
to maintain the same lifestyle if you move to Jackson, Mississippi. Similarly, if 
you earn $x annually in Grand Rapids, Michigan, the function g(x) = 1.75x 
gives the salary needed to maintain the same lifestyle in Boston, 
Massachusetts. Use these functions to find the missing salaries in the 
illustration. $28,000, $61,250 


Source: The Salary Calculator, www.homefair.com 


Graph linear functions. 


We have seen that in a function, a single value of f(x) corresponds to each value of x 
in the domain. The “input-output” pairs that a function generates can be plotted on a 
rectangular coordinate system to get the graph of the function. 


Self Check 8 


EXAMPLE 8 1 
Graph the function: f(x) = 5% +3 Graph: f(x) = —3x — 2 


fx) 


Strategy To graph the function, we can think of f(x) as y and use the same 
methods that we used to graph linear equations in Section 2.2. 


WHY The notation f(x) = 5x + 3 is another way to write y = 5x + 3. 


Solution 
We begin by constructing a table of function values. To make a table, we select 
several values for x and find the corresponding values of f(x). Ifx = —2,we have WV 


178 Chapter2 Graphs, Equations of Lines, and Functions 


Now Try Problem 67 1 ok ; 
f(x) = a* +3 This is the function to graph. 

Teaching Example 8 Graph the 

bi Pian 1 
function: f(x) = 3x — 1 f(-—2) = =(-2) + 3 Substitute —2 for each x. 
Answer: 2 

me =-1+3 Evaluate the right side. 
f x) = ax + | = 2 
an Thus, f(—2) = 2 and the ordered pair (—2, 2) lies on the graph of f. 


In a similar way, we find the corresponding values of f(x) for x-values of 
0 and 2 and record them in the table. Then we plot the ordered pairs and draw a 


straight line through the points to get the graph of f(x) = 5x + 3. 


This axis can be labeled y or f(x). 


f= 3x +3 i 
x | f@) ‘| 4) 
=| 2) — (-2,2 
O13 : 3) fabe+s 
2| 4 — (2,4) 
4 3 2 -l 1 2 3 4 * 
t tf t “ 
Select x. Find f(x). Plot the point. 2 


Notation A table of function values is similar 
to a table of solutions, except that the second 
column is usually labeled f(x) instead of y. 


x f@%) 


The function f(x) = 5x + 3 that was graphed in Example 8 is called a linear 
function. In general, a linear function is a function that can be written in the form 
f(x) = mx + b. Its graph is a straight line with slope m and y-intercept (0, b). 

The most basic linear function is f(x) = x. It is called the identity function 
because it assigns each real number to itself. The graph of the identity function is a 
line with slope 1 and y-intercept (0, 0), as shown below in figure (a). 

A linear function defined by f(x) = b is called a constant function, because for 
any input x, the output is the constant b. The graph of a constant function is a 
horizontal line. The graph of f(x) = 3 is shown below in figure (b). 


fa) =3 


The identity function A constant function 


(a) (b) 
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IE Find the domain and range of a function. 


| EXAMPLE 9 | Find the domain and range of each function: 


a f(xy)=3xt1 bfx) =; 


Strategy For the domain, we will ask, “What values of x are acceptable 


replacements for x in 3x + 1 and os.” For the range, we will determine the set 
of output values. 


WHY These values of x form the domain of the function and the set of output 
values is the range. 


Solution 
a. We will be able to evaluate 3x + 1 for any real-number input x. So the domain 
of the function is the set of real numbers. Since the output y can be any real 


number, the range is the set of real numbers. 
b. To find the domain of f(x) = sa, we exclude any real-number x inputs for 
which we would be unable to compute a The number 2 cannot be 


substituted for x, because that would make the denominator equal to zero. 
Since any real number except 2 can be substituted for x in the equation 


f(x) = a. the domain is the set of all real numbers except 2. Since a 


fraction with a numerator of 1 cannot be 0, the range is the set of all real 
numbers except 0. a 


Kal Use the vertical line test. 


Some graphs define functions and some do not. If a vertical line intersects a graph 
more than once, the graph does not represent a function, because to one value of x 
there would correspond more than one value of y. 


The Vertical Line Test 


If a vertical line intersects a graph in more than one point, the graph is not the 
graph of a function. 


Determine whether each of the following is the graph of a 
function. 


(a) (b) 


Strategy We will check to see whether any vertical lines intersect the graph 
more than once. 


WHY If any vertical line intersects the graph more than once, it is not the graph 


of a function. Vv 


Self Check 9 


Find the domain and range 
of each function: 
a. f(x) = —2x + 3 


2 

Beg) x+3 

Now Try Problems 70 and 72 

Self Check 9 Answers 

a. D: the set of all real numbers, R: the 
set of all real numbers 

b. D: the set of all real numbers except 
—3, R: the set of all real numbers 
except 0 


Teaching Example 9 Find the domain 

and range of each function. 

as f(x) = —Sx'+ 3 

bf) = 39 

Answers: 

a. D: the set of all real numbers, R: the 
set of all real numbers 

b. D: the set of all real numbers except 
—9, R: the set of all real numbers 
except 0. 


Self Check 10 


Determine whether the 
following graph is the graph of a 
function. not a function 


Now Try Problems 74 and 76 


Teaching Example 10 Determine 
whether the following graph is the 
graph of a function. 


y 
I ry 


Answer: 
not a function 


Self Check 11 


ADVERTISING A business owner 
purchases engraved pens to 
promote his company. If the set- 
up charge is $13, and the price 
per pen is $1, write a linear 
function describing the cost of 
the order if he orders x pens. 
f(x) =x 4+ 13 


Now Try Problem 107 


Teaching Example 11 SCHOOL 
SUPPLIES A school district ordered 
lanyards with the school’s name for 
every employee. If the set-up charge is 
$30 and each lanyard cost $2, write a 
linear function describing the cost of 
the lanyards if they order x of them. 
Answer: 

f(x) = 2x + 30 
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Solution 


a. Refer to figure (a) below. The graph shown in red is not the graph of a function 
because a vertical line intersects the graph more than once. The points of 
intersection of the graph and the vertical line indicate that two values of 
y (2.5 and —2.5) correspond to the x-value 3. 


b. Refer to figure (b) below. The graph shown in red is the graph of a function, 
because no vertical line intersects the graph more than once. 


Intersects 
more than 
y once 


Solve applications involving functions. 


We can use functions to describe many relationships where one quantity depends 


upon another. 


Manicurists 

A recent graduate of a cosmetology school 
rents a station from the owner of a beauty 
salon for $18 a day. She expects to make 
$12 profit from each customer she serves. 
Write a linear function describing her 
daily income if she serves c customers per 
day. Then graph the function. 


Strategy To write a function that 
describes her daily income, we must write 
an expression that represents the total 
daily profit that she makes from serving 
c customers. 


WHY Her daily income will be the profit 
that she makes from serving c customers 
less the $18 daily station rental fee. 


Solution 


Income ($) 


I(c) = 12c -18 


is 4 6 8 


Number of customers 


> C 


The manicurist makes a profit of $12 per customer, so if she serves c customers a 
day, she will make $12c. To find her income, we must subtract the $18 rental fee 
she pays from the profit. Therefore, the income function is /(c) = 12c — 18. 

The graph of this linear function, shown in the figure, is a line with 
slope 12 and intercept (0, —18). Since the manicurist cannot have a negative 
number of customers, we do not extend the line into quadrant III. 
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Using Your CALCULATOR Evaluating Functions 


We can use a graphing calculator to find the value of a function for different 
input values. For example, to find the income earned by the manicurist in 
Example 11 for different numbers of customers, we first graph the income 
function J(c) = 12c — 18 as y = 12x — 18, using window settings of [0, 10] for 
x and [0, 100] for y. To find her income when she serves seven customers, we 
trace and move the cursor until the x-coordinate on the screen is nearly 7, as in 
figure (a). From the screen, we can read that her income is about $66.25. 


We can also use the table feature to evaluate a function. For example, after 
entering Y, = 12x — 18 to represent J(c) = 12c — 18, and after adjusting the 
table set (TBLSET), we press |2nd||TABLE| to get the display shown in 


figure (b). The next-to-last line of the table indicates that /(6) = 54. That is, if 
she serves 6 customers, her income will be $54. 


With some graphing calculator models, we can evaluate a function by entering 
function notation. For example, to find the income earned by the manicurist if 
she serves 15 customers, we can use the following steps on a TI-84 Plus 
graphing calculator. 


With J(c) = 12c — 18 entered as Y; = 12x — 18, we call up the home screen 
by pressing |2nd||QUIT]. Then we enter | VARS ||P || 1 [ENTER . The 
symbolism Y, will be displayed. Next, we enter the input value 15 within 


parentheses and press |ENTER|. In figure (c), we see that Y,;(15) = 162. That 
is, (15) = 162. The manicurist will earn $162 if she serves 15 customers in one 


day. 

W=LEN-41B Es WaciSd 
i] 162 
z | | 
3 
4 
5 
5 
? 

HET. WELE7EG WV=G6. 255549 , f=1 

(a) (b) (c) 
ANSWERS TO SELF CHECKS 


1. D:{—12, —6, 5, 8}, R:{—-6, 4,6} 2. a. no; (0,2), (0,3) b. yes oc. no;(4, —1), (4,4) 
3. yes 4. No;ifx = 2, y could be either20r—2. 5.a.—-5 b.5 c 2r-1 6.a. —9 
b. —1.18 7. 72.4; the area of the bull’s eye is 72.4 in.?. 8. fo 


9. a. D: the set of all real numbers, R: the set of all real numbers b. D: the set of all real 
numbers except —3, R: the set of all real numbers except 0 10. not a function 
11. f(x) =x +13 
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STUDY SET 


I VOCABULARY 
Fill in the blanks. 
1. Sets of ordered pairs are called relations, 


2. Ina relation, the set of all first components is called 
the domain of the relation. 


3. Ina relation, the set of all second components is 
called the ‘@™ge_ of the relation. 


4, A _lunction js a set of ordered pairs (a relation) in 
which to each first component there corresponds 
exactly one second component. 


5. Ina function, the set of first components (the input 
values) is called the _domain_ of the function. The set 
of second components (the output values) is called 
the Tange , 


6. If y isa function of x, x is called the independent 
variable and y is called the dependent variable. 

7. y = f(x) is read as yisa function of x or y_ equals f 
of x. 


8. A linear function is a function that can be written in 
the form f(x) = mx + b. 


9. The function f(x) = x is called the _identity function, 
because it assigns each real number to itself. 


10. The function f(x) = b is called the constant function, 
because for any input x the output is the constant b. 


11. When graphing a function, input values x are 
associated with the horizontal axis and output 
values y with the _vertical_ axis. 


12. The _vertical ine test can be used to determine 
whether the graph of an equation determines a 
function. 


[| CONCEPTS 


13. Fill in the blank so that the following statements ask 
for the same thing. 


a. For the equation y = —5x + 1, find the value of y 
when x = —1. 


b. For the function f(x) = —5x + 1, find /(- 1). 


14. For the function f(x) = sy. why isn’t —4 in the 


domain of f? 

If x = —4, the output is a fraction whose denominator is 0. 
15. Consider the graph of the function in the next 

column. 


a. Label each arrow in the illustration with the 
appropriate term: domain or range. 


b. Give the domain and range. 
D: all real numbers greater than or equal to 0, R: all real 
numbers greater than or equal to 2 


P Selected exercises available online at 
www.webassign.net/brookscole 


16. Use the graph of function f on y 
the right to find each of the 
following. 

a. f(—2) —4 
b. f(0) 0 
c. f(1) 2 

I NOTATION 

Complete each solution. 

17. If f(x) = x? — 3x, find f(—5). 

f(x) = x? - 3x 
f(-5) = (-5Y - 3( HH) 
= 25 +15 

= 40 


2 = 
18. If g(x) = = find 2(8). 


2% 
a(x) = 6 
2-8 
a(8) = 6 
_ = 
=-1 


19. Complete the sentence: f(5) = 6 is read “f ©! 5 is 6.” 


20. The illustration below shows a table of values 


generated by a graphing calculator for a function f. 
Find the following. 


a. f(-1) 1 b. f(3) 5 


i 


Q 
i 
me 
2 
4 


[| GUIDED PRACTICE 


Find the domain and range of each relation. See Example 1. 
21. {(-2, 1), (0, 4), (2, 5)} 
D: {—2, 0, 2}, R: {1, 4, 5} 
> 22. {(5, —3), (0, 0), (4, 6), (-3, —8)} 
D: {—3, 0, 4, 15}, R: {—8, —3, 0, 6} 
23. {(0, 1), (—23, 35), (7, 1)} 
D: {—23, 0, 7}, R: {1, 35} 
24. {(1, —12), (—6, 8), (5, 8), (1, 4)} 
D: {—6, 1, 5}, R: {—12, 4, 8} 


In each case, determine whether the relation defines y to bea 
function of x. If it does not, find two ordered pairs where more 
than one value of y corresponds to a single value of x. 

See Example 2. 


p> 25. es 26. {6 
== 40 — 8 
y. 60 Pra Ny 7 
yes no; (0, 10), (0, 12) 
27. 28. 
rd eee 
| _ 
no; (4, 2), (4, 4), (4, 6) yes 


29. {(3, 4), (3, —4), (4, 3), (4, -3)} 

no, (3, 4), (3, —4) or (4, 3), (4, -3) 
p> 30. {(—1, 1), (-3, 1), (-5, 1), (-7, 1), (-9, 1)} 

yes 

31. {(—2, 7), (—1, 10), (0, 13), (1, 16)} 
yes 

32. {(—2, 4), (—3, 8), (—3, 12), (—4, 16)} 
no; (—3,'8), (—3; 12) 

33. 34. 


ab | VY “|)y 
i || 30) 2 
2D |S) 30. 4 
3) 28) 30| 6 
4 16 30) 8 
5) | 30 10 
yes no; (30, 2), (30, 4) 
(answers may vary) 
35. xly > 36. xly 
—4) 6 1/1 
il || 0) YD, | 2 
|| 3) 33 
2 4 4 4 
=i) 2 


nor(=1,0),(=1,2) yes 
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Determine whether each equation defines y to be a function of 
x. If it does not, find two ordered pairs where more than one 
value of y corresponds to a single value of x. See Examples 3-4. 


37. y= 2x +3 > 38. y=4x-1 


yes yes 
39. y = 4x° 40. y* = 3x 

yes no; (12, 6), (12, —6) 
41. y* 42 : 

- =x ~y=r- 

y y P 

no; (1,1), —1) yes 
43. x = |y| 44.x+1=|y| 


no; (1, 1),., =I) no: (1,,2);{1, =Z) yes 


Find f(3) and f(—1). See Example 5a-c. 

45. f(x) = 3x 9,-3 > 46. f(x) = —4x —-12,4 
47. f(x) = 2x — 3 3,-5 48. f(x) = 3x —5 4,-8 
49. f(x) = 7 + 5x 22,2 50. f(x) =3 + 3x 12,0 
51. f(x) =9 — 2x 3,11 52. f(x) = 12 + 3x 21,9 


Find g(w) and g(w + 1). See Example 5d. 


53. g(x) = 2x 9(w) = 2w, (w+ 1) = 2w +2 

> 54. g(x) = —3x 2(w) 3w, g(w + 1) 3w - 3 
55. 2(x) = 3x — 5 g(w) = 3w — 5, 2(w + 1) = 3w-2 
56. g(x) = 2x — 7 2(w) = 2w — 7, 2(w + 1) = 2w—- 5 


Find o(3) and g(0.3). See Example 6. 


57, a(x) = x > 58. o(x) = x* - 2 
1 7 
1 0.09 -7,-1.91 

59. o(x)=x°-1 60. g(x) =x° 
-7, -0.973 5, 0.027 

61. 2(x) = (x + 1)” 62. g(x) = (x — 3)’ 
9 25 
4, 1.69 257.29 

63. g(x) = 2x? — x 64. g(x) = 5x? + 2x 
0, -0.12 q, 1.05 


Graph each function. See Example 8. 


65. f(x) =2x-1 66. f(x) = —x +2 


y By 
A 


-5 4-3 2-1 


fO)=REL 
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68. f(x) = —Sx —3 


> 67. f(x) = or —2 


Find the domain and range of each function. See Example 9. 
69. {(—2, 3), (4,5), (6, 7)} D:{—2, 4, 6}, R: {3, 5, 7} 
pm 70. {(0, 2), (1, 2), (3, 4)} D: {0, 1, 3}, R: (2, 4} 


1D: the set of all real numbers except 4, R: the 


71. f(x) = x — 4 Set of all real numbers except 0 


72. f(x) = 


x + 1 Set of all real numbers except 0 


Determine whether each of the following is the graph of a 
function. See Example 10. 


> 73. y 74. y 


not a function 


> 75. 


a function 


77. 78. 


2 -1 123 45 6 


a function 


79. 


a function not a function 


5D: the set of all real numbers except —1, R: the 


I TRY IT YOURSELF 
Complete each table. 


81. f(t) = |t — 2| 


t | fO 
—1.7| 37 
OS} | alah 
5.4 | 3.4 


83. g(x) =x° 


Input Output 


8 23 
4 64 
1 ao 
6 216 
5 125 
2 8 


> 82. f(r) =-2r° +1 


Input Output 


=il.7/ —4.78 
0.9 —0.62 
D4 | =5732 


84. g(x) = 2(—x a 4) 


Find the domain of each function. 


x 
85. g(x) = ren 


D: the set of all real 
numbers except 6 


87. s(x) = |x — 7| 


D: the set of all real 
numbers 

89. f(x) = x? 
D: the set of all real 
numbers 


91. s(x) =3x + 6 


D: the set of all real 
numbers 


86. 


X | g(x) 
3) 
a ie 
8 4 
ie 
2 P) 
4 
ag kar eee 


D: the set of all real 
numbers except 5 


2x 
88. f(x) = ra | 
D: the set of all real 
numbers 
90. g(x) =x° 
D: the set of all real 
numbers 
4 
92. h(x) = 5 8 
D: the set of all real 
numbers 


Determine whether each equation defines a linear function. 


93. y = 3x7 +2 no 
95. y =X yes 


Find h(2) and h(-2). 
97. h(x) = |x| +2 4,4 
99. h(x) = x7 —2 2,2 


1 
101. h(x) = ae zl 
x: 


103. h(x) = 


nt 
x-3 


eee 
y= et a 
96. y = 3x° — 4 no 
98. h(x) = |x| — 5 —3,-3 


100 


> 102 


> 104 


. A(x) = x? +377 
o My = a -3,-} 
Xx 
. A(x) = vd 
(x) 7425 3 


I APPLICATIONS 


> 105. 


> 106. 


> 107. 


> 108. 


DECONGESTANTS The temperature in degrees 
Celsius that is equivalent to a temperature in 
degrees Fahrenheit is given by the linear function 
C(F) = a(F — 32). Use this function to find the 
temperature range, in degrees Celsius, at which a 
bottle of Dimetapp should be stored. The label 
directions are shown below. between 20°C and 25°C 


DIRECTIONS: Adults and children 12 
years of age and over: Two teaspoons every 4 
hours. DO NOT EXCEED 6 DOSES IN A 


24-HOUR PERIOD. Store at a controlled 
room temperature between 68°F and 77°F. 


BODY TEMPERATURES The temperature in 
degrees Fahrenheit that is equivalent to a 
temperature in degrees Celsius is given by the linear 
function F(C) = 2C + 32. Convert each of the 
temperatures in the following excerpt from The 
Good Housekeeping Family Health and Medical 
Guide to degrees Fahrenheit. (Round to the nearest 
degree.) 90°F, 110°F, 95°F, 106°F 


In disease, the temperature of the human body 
may vary from about 32.2°C to 43.3°C for a time, 
but there is grave danger to life should it drop 
and remain below 35°C or rise and remain at or 
above 41°C. 


CONCESSIONAIRES A baseball club pays a 
peanut vendor $50 per game for selling bags of 
peanuts for $1.75 each. 


a. Write a linear function that describes the income 
the vendor makes for the baseball club during a 
game if she sells b bags of peanuts. 

I(b) = 1.75 b — 50 

b. Find the income the baseball club will make if 
the vendor sells 110 bags of peanuts during a 
game. $142.50 


NEW HOME CONSTRUCTION Ina proposal to 
some prospective clients, a housing contractor listed 
the following costs. 

e Fees, permits, miscellaneous 12,000 

e Construction, per square foot $75 
a. Write a linear function that the clients could use 


to determine the cost of building a home having f 
square feet. C(f) = 75f + 12,000 


b. Find the cost to build a home having 1,950 square 
feet. $158,250 
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109. EARTH’S ATMOSPHERE The illustration shows 


a graph of the temperatures of the atmosphere at 
various altitudes above Earth’s surface. The 
temperature is expressed using the Kelvin scale, 
which is used in scientific work. 


130 : 
; Ionosphere 
120 
110 
100 Thermosphere 
90 
80 
a Mesosphere 
| 70 
= 60 
= 00 = 
=> 50 ___ Ozone layer 
a) 
40 - 
305 Stratosphere 
20 F 
10 - Pail 
| Troposphere 


| | 
0 100 200 300 400 500 


Temperature (Kelvin) 


a. Estimate the coordinates of three points on the 
graph that have an x-coordinate of 200. 
(200, 25), (200, 90), (200, 105) 


b. Explain why this is not the graph of a function. 
It doesn’t pass the vertical line test. 


110. CHEMICAL REACTIONS When students in a 


chemistry laboratory mixed solutions of acetone and 
chloroform, they found that heat was immediately 
generated. As time went by, the mixture cooled 
down. The illustration below shows a graph of data 
points of the form (time, temperature) taken by the 
students during the experiment. 


a. The linear function T(t) = 30 + 30 models the 
relationship between the elapsed time rf since the 
solutions were combined and the temperature 


T(t) of the mixture. Graph the function in the 
illustration. 


b. Predict the temperature of the mixture 
immediately after the two solutions are 
combined. 30°C 


c. Is T7(180) more or less than the temperature 
recorded by the students for t = 300 on the 
graph? more 


T(t) 


31 A Initial temperatures: 

O Acetone 4 
$ 23.65C 
id Chloroform 
2 30 
=} e 
3 29 L a 
= e 
E og b 

a | | | | | | 


60 120 180 240 300 360 | 
Elapsed time (sec) 
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111. INCOME TAXES The function 
T(a) = 700 + 0.15(a — 7,000) 


(where a is adjusted gross income) is a model of the 
instructions given on the first line of the tax rate 
Schedule X shown. 


a. Find 7(25,000) and interpret the result 
3,400; the tax on an income of $25,000 is $3,400. 


Schedule X—Use if your filing status is Single | 2010 


If your 

adjusted gross of the 
income is: But not Venter is amount 
Over — over — over — 


$ 7,000 $28,400 
$28,400 $68,800 


$ 700+ 15% $ 7,000 
$3,910 + 25% $28,400 


b. Write a function that models the second line on 
Schedule X. T(a) = 3,910 + 0.25(a — 28,400) 


> 112. COST FUNCTIONS An electronics firm 


manufactures tape recorders, receiving $120 for each 
recorder it makes. If x represents the number of 
recorders produced, the income received is 
determined by the revenue function R(x) = 120x. 
The manufacturer has fixed costs of $12,000 per 
month and variable costs of $57.50 for each recorder 
manufactured. Thus, the cost function is 

C(x) = 57.50x + 12,000. How many recorders must 
the company sell for revenue to equal cost? (Hint: 
Set R(x) = C(x).) 192 


Objectives » SECTION 


1 | Find function values graphically. 

| 2 | Find the domain and range of a 
function graphically. 

3 | Graph nonlinear functions. 

| 4 | Translate graphs of functions. 


5 | Reflect graphs of functions. 


6 | Solve equations graphically. 


x-coordinate a. 


113. BALLISTICS The height of a toy rocket shot from 
the ground straight upward is given by the function 
f(t) = —16t? + 2560. 


a. Find the height of the rocket 3 seconds after it is 
shot. 624 ft 
b. Find f(16). Interpret the result. 
0; the rocket strikes the ground 16 seconds after being shot 
114. PLATFORM DIVING The 
number of feet a diver is above the 
surface of the water is given by the 
function h(t) = —1617 + 16f + 32, 
where tf is the elapsed time in 1 
seconds after the diver jumped. Find = =——— —__ 
the height of the diver for the times 2.0 0 
shown in the table. 


I WRITING 


115. Give four ways in which a function can be described. 
Which do you think is the most informative? Why? 


> 116. Explain why we can think of a function as a 


machine. 


I REVIEW 


Show that each number is a rational number by expressing it as 
a ratio of two integers. 


Graphs of Functions 


Since a graph is often the best way to describe a function, we need to know how to 
construct and interpret their graphs. 


iB Find function values graphically. 


From the graph of a function, we can determine function values. In general, the 
value of f(a) is given by the y-coordinate of a point on the graph of f with 


Refer to the graph of function f in figure (a). To find f(—3) from the graph we 
need to find the y-coordinate of the point on the graph of f whose x-coordinate is 
—3. If we draw a vertical line through —3 on the x-axis, as shown in figure (b), the 
line intersects the graph of f at (—3,5). Therefore, 5 corresponds to —3, and it 


follows that f(—3) = 5. 


Since (=3,/5) 
is-on-the-graph, 
f | f-ay=5. 


(a) (b) 


[E49 Find the domain and range of a function graphically. 


We can find the domain and range of a function from its graph. For example, to find 
the domain of the linear function graphed in figure (a), we project the graph onto the 
x-axis. Because the graph of the function extends indefinitely to the left and to the 
right, the projection includes all the real numbers. Therefore, the domain of the 
function is the set of real numbers. 

To find the range of the same linear function, we project the graph onto the y- 
axis, as shown in figure (b). Because the graph of the function extends indefinitely 
upward and downward, the projection includes all the real numbers. Therefore, the 
range of the function is the set of real numbers. 


Project the graph onto the x-axis. Project the graph onto the y-axis. 
y. 


Range: all real numbers 


Domain: all real numbers 


(a) (b) 


The Language of Algebra Think of the projection of a graph on an axis as 


the “shadow” that the graph makes on the axis. 


Many real-world situations can be modeled by linear functions. When these 
functions are graphed, we can learn information by examining the resulting line. In 
this section, we will discuss three more types of functions. Like linear functions, they 
can be used as mathematical models. But unlike linear functions, their graphs are not 
straight lines. Therefore, they are called nonlinear functions. 


2.6 Graphs of Functions 


188 


Self Check 1 
Graph g(x) = x* — 2. Find the 
domain and the range. 


y 
A 


B(X=KOE 2 


Now Try Problem 20 

Self Check 1 Answer 

D: the set of real numbers, R: the set 
of all real numbers greater than or 
equal to —2 


Teaching Example 1 Graph 

h(x) = x? + 3. Find the domain and 
range. 

Answer: 


Re 


D: the set of all real numbers, R: the set 
of real numbers greater than or equal 
to3 
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EE Graph nonlinear functions. 


The first nonlinear function we will discuss is f(x) = x’, called the squaring function. 


| EXAMPLE 1 | The Squaring Function Graph the function f(x) = x* 


and find the domain and range. 


Strategy We will graph the function by creating a table of at least 7 function 
values and plotting the corresponding ordered pairs. 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 
We substitute values for x in the equation and compute the corresponding values 
of f(x). For example, if x = —3, we have 


fe 
f(—3) = (-3)? Substitute —3 for x. 
=9 


Since f(—3) = 9, the ordered pair (—3,9) lies on the graph of f. In a similar 
manner, we find the corresponding values of f(x) for other x-values and list the 
ordered pairs in the table of values. Then we plot the points and draw a smooth 
curve through them to get the graph, called a parabola. 


fo 
x f@) (, f@)) 
= 3 |) (G9) 
—2) 4 (—2, 4) 
=| il (1,1) 
0; O (0, 0) 
it | ak (1, 1) 
2) 4 (2, 4) 
yi) @.%) 
Choose values = f Compute each f(x). 


for x. 


From the graph, we can see that x can be any real number. This means that 
the domain of the squaring function is the set of real numbers. We can also see 
that y is always positive or zero. This means that the range is the set of 
nonnegative real numbers. a 


The Cubing Function Graph the function f(x) = x° 
and find the domain and range. 


Strategy We will graph the function by creating a table of at least 7 function 
values and plotting the corresponding ordered pairs. 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 
We substitute values for x in the equation and compute the corresponding values 
of f(x). For example, if x = —2, we have 


fa) =x? 


f(-2) = (-2)° 
= -8 


Substitute —2 for x. 


Since f(—2) = —8, the ordered pair (—2, —8) lies on the graph of f. In a similar 
manner, we find the corresponding values of f(x) for other x-values and list the 
ordered pairs in the table. Then we plot the points and draw a smooth curve 
through them to get the graph. 


f@~=x° 
x f(x) (, f@)) 
29 er (8) 
wg eee ts 
0 0 (0,0) 
i o@4) 
ean oes 


From the graph, we can see that x can be any real number. This means that 
the domain of the cubing function is the set of real numbers. We can also see that 
y can be any real number. This means that the range is the set of real numbers. 


A third nonlinear function is f(x) = |x|, called the absolute value function. 


| EXAMPLE 3 | The Absolute Value Function Graph the function 


f(x) = |x|and find the domain and range. 


Strategy We will graph the function by creating a table of at least 7 function 
values and plotting the corresponding ordered pairs. 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 
We substitute values for x in the equation and compute the corresponding values 
of f(x). For example, if x = —3, we have 


f(x) = |x| 


f(-3) = |-3| 
= 


Substitute —3 for x. 


Since f(—3) = 3, the ordered pair (—3,3) lies on the graph of f. In a similar 
manner, we find the corresponding values of f(x) for other x-values and list the 
ordered pairs in the table on the next page. Then we plot the points and connect 
them to get the graph. 


2.6 Graphs of Functions | 189 


Self Check 2 
Graph g(x) = x° + 1. Find the 
domain and the range. 


Now Try Problem 22 

Self Check 2 Answer 

D: the set of real numbers, R: the set 
of real numbers 


Teaching Example 2 Graph 

h(x) = x° — 2. Find the domain and 
range. 

Answer: 


fix) $x + 2 


D: the set of all real numbers, R: the set 
of all real numbers 


Self Check 3 
Graph g(x) = |x — 2|. Find the 
domain and the range. 


Now Try Problem 24 

Self Check 3 Answer 

D: the set of real numbers, R: the set 
of nonnegative real numbers 
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Teaching Example 3 Graph 
h(x) = |x — 1|. Find the domain 
and range. 

Answer: 


D: the set of all real numbers, R: the set 
of real numbers greater than or equal 
to 0 


f@%) = |x| 
x f@) @, f@)) 


=e | || (eae 

Sa) 

Suro 

0| 0 | (0,0) a a a Te Sn 
Ue Gs) “| fey = te 
2) 21 @2) : 

BulleSrall 33) 


From the graph, we can see that x can be any real number. So the domain of 
the absolute value function is the set of real numbers. We can also see that y is 
always positive or zero. This means that the range is the set of nonnegative real 
numbers. a 


Using Your CALCULATOR _ Graphing Functions 

We can graph nonlinear functions with a graphing calculator. For example, to 
graph f(x) = x? in a standard window of [—10, 10] for x and [—10, 10] for y, 
we press , and then enter the function by typing x and then [x7]. Finally, 
we press the |GRAPH | key to obtain the graph shown in figure (a). 


To graph f(x) = x°, we enter the function by typing x3 and then press the 
GRAPH |key to obtain the graph shown in figure (b).To graph f(x) = |x|, 
we enter the function by selecting abs from the NUM option within the 


MATH menu, typing x, and pressing the|GRAPH |key to obtain the graph 
shown in figure (c). 


(a) (b) (c) 


When using a graphing calculator, we must be sure 
that the viewing window does not show a misleading 
graph. For example, if we graph f(x) = |x|in the 
window [0, 10] for x and [0, 10] for y, we will obtain 
a misleading graph that looks like a line shown in 
figure (d). This is not correct. The proper graph is the 
V-shaped graph shown in figure (c). One of the 
challenges of using graphing calculators is finding an 
appropriate viewing window. 


[Z3 Translate graphs of functions. 


Examples 1,2, and 3 and their Self Checks suggest that the graphs of different functions 
may be identical except for their positions in the xy-plane. For example, the figure on 
the next page shows the graph of f(x) = x* + k for three different values of k. If 


k = 0, we get the graph of f(x) = x”. If k = 3, we 
get the graph of f(x) = x” + 3, which is identical 
to the graph of f(x) = x* except that it is shifted 3 
units upward. If k = —4, we get the graph of 
f(x) =x? — 4, which is identical to the graph of 
f(x) =x? except that it is shifted 4 units 
downward. These shifts are called vertical 
translations. 


fi) = x4+3 


5 


In general, we can make these observations. 


Vertical Translations 


If f is a function and k represents a positive number, then 


e The graph of y = f(x) + kis identical to the graph 
of y = f(x) except that it is translated k units 
upward. 


e The graph of y = f(x) — kis identical to the graph 
of y = f(x) except that it is translated k units 
downward. 


y=fix) —k 


| EXAMPLE 4 | Graph: g(x) = |x| +2 


Strategy We will graph g(x) = |x| + 2 by translating (shifting) the graph of 
f(x) = |x| upward 2 units. 


WHY The addition of 2 in g(x) = |x| + 2 causes a vertical shift of the graph of 
the absolute value function 2 units upward. 


Solution 
The graph of g(x) = |x| + 2 will be the same V-shaped graph as f(x) = |x|, 
except that it is shifted 2 units up. The graph appears below. 


s(x) =b] +2 


To graph g(x) = |x| + 2, translate each 


point on the graph of f(x) = |x| up 2 units. | 
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Self Check 4 


Graph: g(x) = |x| — 3 


s@)=b1+3 


Now Try Problem 28 


Teaching Example 4 Graph: 
h(x) = |x| —1 
Answer: 


y A(x) =|x|-1 


Self Check 5 


Graph: g(x) = (x — 2)” 


y 


-3 -2 ty 123 45 
= 8 = @E 2)" 


Now Try Problem 30 


Teaching Example 5 Graph: 
h(x) = (x - 1) 


Answer: 


y h=(x- 1p 
ry 
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The figure below shows the graph of f(x) = (x + h)? for three different values 
of h. If h = 0, we get the graph of f(x) = x’. The graph of f(x) = (x — 3) is 
identical to the graph of f(x) = x* except that it is shifted 3 units to the right. The 
graph of f(x) = (x + 2)° is identical to the graph of f(x) = x° except that it is 
shifted 2 units to the left. These shifts are called horizontal translations. 


-5 -4 3 2 -1 1 2 3 4 5 


farsorr2y fay = @= 3) 


In general, we can make these observations. 


Horizontal Translations 


If f is a function and h is a positive number, 
then 


y=f(xt+h) |y=fa%) y=fa-/h) 

e The graph of y = f(x — h) is identical 
to the graph of y = f(x) except that it 
is translated h units to the right. 

e The graph of y = f(x + h) is identical 
to the graph of y = f(x) except that it 
is translated h units to the left. 


| EXAMPLE 5 | Graph: g(x) = (x + 3) 


Strategy We will graph g(x) = (x + 3)° by translating (shifting) the graph of 
f(x) = x* left 3 units. 


WHY The addition of 3 to x in g(x) = (x + 3)° causes a horizontal shift of the 
graph of the cubic function 3 units left. 


Solution 
The graph appears below. 


To graph g(x) =(« + 33, 
translate each point on the 
graph of f(x) =x? to the 
left 3 units. a 
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| EXAMPLE 6 | \ Self Check 6 
Graph: g(x) = (x — 3)? +2 = =e 


Graph: f(x) = |x + 2| —3 
Strategy We will graph g(x) = (x — 3)* + 2 by translating (shifting) the graph 
of f(x) = x* right 3 units and then 2 units upward. 

WHY The subtraction of 3 from x in g(x) = (x — 3)? + 2 causes a horizontal 


shift of the graph of the squaring function 3 units right. The addition of 2 in 
g(x) = (x — 3)? + 2 causes a vertical shift of 2 units upward. 


Solution 
In this example, two translations are made to a basic graph. We can graph this ey ne oll 
equation by translating the graph of f(x) = x° to the right 3 units and then 2 units 
up, as shown in the figure. Now Try Problem 32 
y Teaching Example 6 Graph 
4 fop= + tf -2 
Answer: 
! : 
Lf To graph g(x) =(x- 3)? + 2, translate each a 
gH) =(x-3)P +2 point on the graph of f(x) = x? to the right . 


— {2 : : 
fQ)=x 3 units and then 2 units up. , 


3 2 -l 1 2 3 4.5 6 


8 Reflect graphs of functions. 


The figure below shows a table of values for f(x) = x? and for g(x) = —x’. We note 
that for a given value of x, the corresponding y-values in the tables are opposites. 
When graphed, we see that the — in g(x) = —x* has the effect of flipping the graph 
of f(x) = x? over the x-axis so that the parabola opens downward. We say that the 
graph of g(x) = —x’ is a reflection of the graph of f(x) = x* about the x-axis. 


{Cex 


x f@&) (&, f@)) 
S| | Ea 


Slits Wein) : 
0 0 (0,0) f 
en ey IHF 
i Ree 

a(x) = =: -5 ¢. 2 -l 1 2 ¢ 4 >| 
x gi) (@,g(%)) 
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Self Check 7 


Graph: f(x) = —|x| 


y 
A 
4 


3 


2 
S@=ehe 


Now Try Problem 36 


Teaching Example 7 Graph: 
fay= = +1 
Answer: 


ies 


Self Check 8 


Solve 2x + 4 = 2 graphically. —1 


| EXAMPLE 7 | Graph: g(x) = —-x° 


Strategy We will graph g(x) = —x° by reflecting the graph of f(x) = x° about 
the x-axis. 


WHY The — in g(x) = —x° causes a reflection of the graph of the cubing 
function about the x-axis. 


Solution 

To graph g(x) = —x°, we use the graph of f(x) = x° 
from Example 2. First, we reflect the portion of the 
graph of f(x) = x° in quadrant I to quadrant IV, as 
shown in the figure on the right. Then we reflect the 
portion of the graph of f(x) = x° in quadrant III to 
quadrant IT. 


Reflection of a Graph 


The graph of y = — f(x) is the graph of y = f(x) reflected about the x-axis. 


Kl Solve equations graphically. 


Some of the graphing concepts discussed in this 
chapter can be used to solve equations. For 
example, the solution of —2x —4=0 is the 
number x that will make y equal to 0 in the 
equation y = —2x — 4. To find this number, we 
inspect the graph of y = —2x — 4 and locate the 
point on the graph that has a y-coordinate of 0. In 
the figure to the right, we see that the point is 
(—2,0), which is the x-intercept of the graph. 
We can conclude that the x-coordinate of the 
x-intercept, x = —2, is the solution of —2x — 4 = 0. 


x-intercept. 


Check: -2¥-—4=0 
—2(-2) -420 
4-420 

(=0 


Another approach that can be used to solve equations involves a graphical 
determination of the value of the variable that will make the sides of the equation 
equal. 


AES Solve 2x + 4 = —2 graphically. 


Strategy We will graph y = the left side of the equation and y = the right side 
of the equation. 


WHY To solve 2x + 4= —2 graphically, we need to find the value of the 
x-coordinate at the point where the two graphs intersect. 
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Solution 

The graphs of y = 2x + 4 and y = —2 are shown in 
the figure. To solve the equation 2x + 4 = —2, we 
need to find the value of x that makes 2x + 4 equal 
—2. The point of intersection of the graphs is 
(—3, —2). This tells us that if x = —3, the expression 
2x + 4 equals —2. So the solution of 2x + 4 = —2 is 
x = —3. 


Now Try Problem 39 


Teaching Example 8 Solve 3x — 1 = 2 
graphically. 


To solve more complex equations by graphing, we can use a graphing calculator. salad 


Using Your CALCULATOR Solving Equations Graphically 


To solve 2(x — 3) — 6 = —6x with a graphing calculator, we add 6x to both 
sides so that the right-hand side of the equation is 0. 
2(x — 3) — 6 = —6x 
2(x — 3) -6 + 6x = 0 Add Gx to both sides. 
Then we enter the left-hand side of the equation into a graphing calculator in 


the form y = 2(x — 3) — 6 + 6x, as shown in figure (a). Note that it is not 
necessary to simplify the expression 2(x — 3) — 6 + 6x. 


Next, we enter window settings of [—5, 5] for x and [—5, 5] for y and select the 
ZERO feature found under the CALC menu. After we guess left and right 
bounds and press [ENTER], the cursor automatically locates the x-intercept 
of the graph and displays its coordinates. (See figure (b).) The x-coordinate of 
the x-intercept of the graph is called a zero of y = 2(x — 3) — 6 + 6x. The 
zero (in this case, 1.5) is the solution of 2(x — 3) — 6 = —6x. 


Plot Plote Platz 
StH 8204-3) -6+6% 


To solve the equation 2(x — 3) + 3 = 7 by the method of Example 8 using a 
graphing calculator, we graph the left-hand side and the right-hand side of the 
equation in the same window by entering 


Y, = 2(x — 3) +3 

Y> =7 
Figure (c) shows the graphs, generated using settings of [—10, 10] for x and 
[—10, 10] for y. 


The coordinates of the point of intersection of the graphs can be determined 
using the INTERSECT feature found on most graphing calculators. With this 
feature, the cursor automatically highlights the intersection point, and the 

x- and y-coordinates are displayed. Consult your owner’s manual for specific 
instructions concerning this feature. 
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In figure (d), we see that the point of intersection is (5, 7), which indicates that 
5 is a solution of 2(x — 3) + 3 = 7. 


Interseckion 
Hee ia 


(c) 


Cc 
ANSWERS TO SELF CHECKS 


1. D: the set of real numbers, 2. D: the set of real 3. D: the set of real 
R: the set of all realnumbers numbers, R: the set of real numbers, R: the set of 
greater than —2 numbers y nonnegative real numbers 
A a 
7 A 
6 4 
Bx) =p" +, 3 
4 
4 t 
2 oa [tt ees e|* 
~|_ 8G) = Ie 42 
> x 
3 =3. 
=4: 


a(x) =|] +3 


2- 


S@O=rat 


I VOCABULARY 4. The function f(x) = |x|is called the absolute value 
function. 


Fillin the blanks. 
5. Shifting the graph of an equation up or down is called 


a_vertical_ translation. Shifting the graph of an 
equation to the left or to the right is called a horizontal 


1. Functions whose graphs are not straight lines are 
called _nonlinear_ functions. 


2. The function f(x) = x is called the squaring function. translation | 
3. The function f(x) = x° is called the _cubing function. 6. The graph of f(x) = —x? is a_teflection_of the graph of 


2 . 
x) = x° about the x-axis. 
P Selected exercises available online at A ) 


www.webassign.net/brookscole 


I CONCEPTS 
Fill in the blanks. 


7. The graph of f(x) = (x + 4)’ is the same as the graph 


of f(x) = x° except that it is shifted 4 units to the 
left 


. The graph of f(x) = x° — 2 is the same as the graph 
of f(x) = x° except that it is shifted 2 units _down_, 
9. The graph of f(x) = x? + 5 is the same as the graph 
of f(x) = x* except that it is shifted 5 units _UP_. 
The graph of f(x) = |x — 5|is the same as the graph 


of f(x) = |x|except that it is shifted 5 units to the 
right | 


> 10. 


11. Use the graphs on the right to 
solve each equation. 


a. 3x —-2=42 
b. 3x —2 = -—2 0 


12. Use the graphs on the right y 
to solve each equation. 


a —-3x +2=x-21 
b -x-4=x-2-1 


. Use the graph of 
y = 2(x — 6) — 4x, shown 
on the right, to solve 
2(x — 6) — 4x = 0. -6 


. a. Use the information in the given calculator 
displays to solve 9x — 5(x — 6) — 18 = 0. —3 


Plotd Flotz Fit? 
Boa SCR -6 9-15 


WWE 
Wn 
sity = 
ES 
ES 


b. Use the information in the given calculator 
displays to solve —4x — 3(2 — x) = —9. 3 


Pletd Flotz Piste 
SWE 48-302 -K +9 


2.6 Graphs of Functions 


p> 15. The illustration on the right y 
shows the graph of 
f(x) = x°* + k, for three 
values of k. Find the three 
values. —3, 1,2 


16. Use the graph on the right to find y 
each function value. 


a. f(—2) 2 
b. f(0) 2 
ce. f(1) -1 


17. Use the graph on the right to y 
find each function value. 


a. g(—2) 3 
b. g(1) 0 3 2 a ar we ieee 
c. (2.5) 1.5 ki 


Use a graphing calculator to sketch the reflection of 
the graph shown below. 


ayis. 


I GUIDED PRACTICE 

Use plotting points to graph each function. Use the graph to find 
the domain and range of each function. See Objectives 1-2 and 
Examples 1-3. 


> 19. f(x) =x -3 > 20. f(x) =x7 +2 


D: the set of real numbers, 
R: the set of all real numbers 
greater than or equal to 2 


D: the set of real numbers, 
R: all real numbers greater 
than or equal to —3 
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p> 21. f(x) = (x — 1) p> 22. f(x) = (x + 1)? 29. g(x) = (x — 1) 30. g(x) = (x + 4)" 
y 
A 
s 
4 
3 
: 
6 -5 +4 -3 2 -1 1 73% 
g@)= +4) 
=3 
D: the set of real numbers, D: the set of real numbers, 
R: the set of real numbers R: the set of real numbers 31. g(x) = |x —2| -1 32. g(x) = (x + 2)° —1 
p> 23. f(x) = |x| —2 p> 24. f(x) = |x| +1 
y 
> Xx 


= 


Se) =x Bt I aa) =lal+ DTS 


4 —4 


For each function, first sketch the graph of its associated 


D: the set of real numbers, D: the set of real numbers, function, f(x) = x, fx) = xv, or f(x) = |x|. Then draw each 
R: the set of all real numbers R: the set of all real numbers has lati d/ flecti 
greater than or equal to —2 greater than or equal to 1 grape Using tran savons and/errenecHans, 
_ = = 
p> 25. f(x) = |x-1 > 26. f(x) = |x +2 33. g(x) =(x +1) -2 34. g(x) = |x + 4| +3 
y sd 
A 
4 
3 
1 
4 5 4 3-2 -1 1 zr 2 
fo) = [x +2] g(a) =| +4] +3 
3 765 432-1 we 
= é 
D: the set of real numbers, D: the set of real numbers, _ 
R: the set of real numbers R: the set of real numbers 35. 36. g(x) = — |x| 
greater than or equal to 0 greater than or equal to 0 
For each function, first sketch the graph of its associated 
function, f(x) = x”, f(x) = x°, or f(x) = |x|. Then draw each 
graph using a translation. See Examples 4-6. 
27. g(x) =x° -5 p> 28. g(x) = |x| — 2 
y 
37. > 38. 


g(x) =[x]-2 


Use graphing to solve each equation. See Example 8. 
39. 4(x — 1) = 3x 4 

> 40. 4(x - 3) -x=x-63 
41. 11x + 6(3 — x) =3 -3 
42. 2(x +2) =2(1 — x) 4 


10 2 


Graph each function using window settings of |—4, 4] for x and 

= [-4, 4] for y. The graph is not what it appears to be. Pick a better 
viewing window and find a better representation of the true 
graph. 


> 43. f(x) =x7 + 8 
ae 


7 


on oe 


45. f(x) = |x + 5| 


ee, - wr 


4s. f(x) = (x + 9)? 


50. f(x) =x° — 12 


44. f(x) =x? - 8 


46. f(x) = |x —5| 


49. f(x) =x° +8 


J 


I APPLICATIONS 


51. OPTICS The law of reflection states that the angle of 
reflection is equal to the angle of incidence. What 
function studied in this section mathematically 
models the path of the reflected light beam with an 
angle of incidence measuring 45°? /(x) = |x| 


Incident 
Reflected 
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> 52. BILLIARDS In the illustration below, a rectangular 
coordinate system has been superimposed over a 
billiard table. Write a function that mathematically 
models the path of the ball that is shown banking off 
of the far cushion. f(x) = —|x — 2| +4 


53. CENTER OF GRAVITY 
As a diver performs a 15 


somersault in the tuck 
position, her center of gravity 
follows a path that can be 
described by a graph 

shape studied in this 

section. What graph shape is 
that? a parabola 


54. LIGHT Light beams coming from a bulb are 
reflected outward by a parabolic mirror as parallel 
rays. 

a. The cross-sectional view of a parabolic mirror is 
given by the function f(x) = x for the following 
values of x: —0.7, —0.6, —0.5, —0.4, —0.3, —0.2, 
—0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7. Sketch the 
parabolic mirror using the graph below. 


b. From the light bulb filament at (0, 0.25), draw a 
line segment representing a beam of light that 
strikes the mirror at (—0.4, 0.16) and then reflects 
outward, parallel to the y-axis. 


200° | Chapter2 Graphs, Equations of Lines, and Functions 


I WRITING 


55. Explain how to graph a function by plotting points. 

56. Explain why the correct choice of window settings is 
important when using a graphing calculator. 

57. Explain how to solve the equation 2x + 6 = 0 

graphically. 

What does it mean when we say that the domain of a 

function is the set of all real numbers? 


> 58. 


I REVIEW 
Solve each formula for the indicated variable. 
59. T— W=mafor W W = T - ma 

> 60. a+ (n — 1)d = Iforn n='—4*4 


2(s — vt) 


1 
61. s = ze + vilotg == 


62. e = mc’ form nas 


STUDY SKILLS CHECKETS 7 


Preparing for the Chapter 2 Test 


> 63. BUDGETING Last year, Rock Valley College had 
an operating budget of $4.5 million. Due to salary 
increases and a new robotics program, the budget was 
increased by 20%. Find the operating budget for this 
year. $5.4 million 


64. In the illustration, the line passing through points 
R, C, and S is parallel to line segment AB. Find the 
measure of ACB. (Read ZACB as “angle ACB.” 
Hint: Recall from geometry that alternate interior 
angles have the same measure.) 45° 


There are common difficulties that students have when working with the topics of Chapter 2. To 
make sure you are prepared for the test and to help you overcome these difficulties, study the 


checklist below. 


When finding the slope of a line, if you are given 
two ordered pairs, use the formula: 


2 MA 


x2 7 X41 
Find the slope of the line that passes through 
(S24, =), C=). 


Yo Saya 


27 


The slope of the line is —3, 


When finding the slope of a line, if you are given an 
equation, isolate y, and the slope is the coefficient 
of x. 


2x + 3y =6 
3y = —2x +6 Subtract 2x from both sides. 


fe 
y= =a +2 Divide both sides by 3. 


The slope of the line is — z. 


[_] Remember, the slope of a line is a ratio, and the 
midpoint of a line segment is a point. To find the 
midpoint of the line segment connecting (—5, 4) 
and (—2, —3) use 


Mt VM +) 
M es 
( Dae 2 


(= i =e 4 i) 


el 
“= 


To graph a linear equation in two variables: 


1. Find three ordered pairs that are solutions of 
the equation by selecting three values for x 
and calculating the corresponding values of y. 
Plot these points on a rectangular coordinate 
system. 


Draw a straight line passing through them. 


(continued) 
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L] To graph a nonlinear equation in two variables: L] To find the value of a function at an x-value, 
replace each x in the function with the x-value and 


1. Find at least seven ordered pairs that are oulcnieredtansds, 


solutions of the equation by selecting seven 
values for x and calculating the corresponding UES) = Se ar 7 
values of y. f(—2) = -6(—2) +7 
Plot these points on a rectangular coordinate =D2A7 
system. =19 


3. Draw acurve passing through them. 
Thus, f(—2) = 19. 


L] To write an equation of a line, you: 


1. need the slope of the line, m. 

2. need a point that line passes through 
(41, 91)- 
input these values in the equation, 
y— Y= mx — x3). 


cHapteR 2. SUMMARY AND REVIEW 


SECTION 2.1 The Rectangular Coordinate System 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A rectangular coordinate system is formed by | To plot the point with coordinates (—2, 4), begin at the origin, move 
two intersecting perpendicular number lines 2 units to the left along the x-axis and then 4 units up, and draw a dot. 
called the x-axis and the y-axis. The x- and 


y-axes divide the plane into four quadrants. ee 2) ___ ee 


II I 
4 
The process of locating a point in the POs 1 
coordinate plane is called plotting or graphing : 
that point. 3 
+4 -3 2-1 123 4 
=| 0.9 
~,| Origin 
Quadrant 


-4 


Quadrant 
Ill IV 
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Midpoint formula: The midpoint of a line | To find the midpoint of the segment joining (—3,7) and (5, —8), let 
segment with endpoints at (x;, y,) and (x2, y2) | (%1,,) = (—3,7) and (%,y2) = (5,—-8) and substitute the 


is the point M with coordinates coordinates into the midpoint formula. 
(2 +X. Wt *) (2 + ¥2 Yt 22) (= as ~) 
2 2 2 * 2 2° 2 


23) 


1 
= (1 -3) This is the midpoint. 


| REVIEW EXERCISES 
Plot each point on the rectangular coordinate system shown The graph below shows how the height of the water in a flood 
below. control channel changed over a 7-day period. 
1. (0,3) 2. (—2, —4) 
3. G = 1.75) 4. the origin 
5. (2.5, 0) 
6. (—3.5, 2.5) 


Ft above 
normal 
orN WwW kh WN 


a 
1 3.4 5 67 
Day 


Ft below 
normal 


8. Describe the height of the water at the beginning of 
day 2. 1 ft below its normal level 


9. By how much did the water level increase or 
7. Use the information in the graph to complete the table. decrease from day 4 to day 5? decreased by 3 ft 


10. During what time period did the water level stay the 
= y @ y) same? from day 3 to the beginning of day 4 
: ° ( +a ) The dollar increments used by an auctioneer during the 
bidding process depend on what initial price the auctioneer 
began with for the item. See the step graph. 


-2 0 (-2,0) 


Price increments ($) 


123 45 67 8 9 10 
Initial bid ($100s) 
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11. What increments are used by the auctioneer if the 13. Find the midpoint of the line segment joining 
bidding on an item began at $150? $10 increments (8, —2) and (—4, 6). (2,2) 

12. If the first bid on an item being auctioned is 14. The midpoint of a line segment has coordinates 
$750, what will be the next price asked for by the of (- 5, 5). If one endpoint has coordinates of 


. 6 : 
AUCHOMEED Save (—3, 7), what are the coordinates of the other 


endpoint? (2, —6) 


SECTION 2.2 Graphing Linear Equations 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A solution of an equation in two variables is | To determine whether (1, —5) is a solution of 3x — y = 8, substitute 
an ordered pair of numbers that makes the _ the coordinates into the equation. 
equation a true statement when the pair is 


: : ; ‘ 3x-y=8 
substituted for the variables in the equation. y 5 
3(1) — (-5) =8 — Substitute 1 for x and —5 for y. 
3+548 Evaluate the left side. 
8=8 True 


Since the result is true, (1, —5) is a solution. 


The standard or general form of a linear Linear equations: 

equation in two variables is Ax + By =C, > 5 

where A, B, and C are real numbers and A 3x + 4y = —8, y=r>x—5, y=-7, and x=3 
and B are not both 0. 3 2 


Graphing Linear Equations Solved for y by To graph y = ox — 5, construct a table of solutions, plot the points, 


plotting points: and draw the line. 
1. Find three ordered pairs that are solutions a 5 
of the equation by selecting three values a os 
for x and calculating the corresponding 
values of y. x |y (x, y) 
2. Plot the solutions on a rectangular =e) 
coordinate system. 
: i ! | =s | (@,=s) 
3. Draw a line passing through the points. If 
the points do not lie on a line, check your a) 
computations. ‘. + t 
Select x Findy Plot (x, y) 


To find the y-intercept of a line, substitute 0 for | Use the y- and x-intercepts to graph 3x + 4y = —8. 
x in the equation and solve for y. To find the 


x-intercept of a line, substitute 0 for y in the p-nitencepe tet = 9 a-tercepblery = 0 


equation and solve for x. 3x + dy = —8 3x + dy = —8 
Plotting the x- and y-intercepts of a graph and 30) + 4y = —8 3x + 4(0) = —8 
drawing a line through them is called the 4y = —-8 3x = —8 
intercept method for graphing a line. y=-2 
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The y-intercept is (0, —2) and the 
x-intercept is (- 8 ; 0). 


x-intercept Y 


5| 3x + 4y = -8 


x 


1234" 
y-intercept 
(0, =2) 


The graph of the equation x = aisa Graph: x = 3 
vertical line with x-intercept at (a, 0). 
: : 5 
The graph of the equation y = bisa Graph: y = a) 
horizontal line with y-intercept at (0, 5). * #e% 
r 
4 
3 
2 
! (3, 0) 
+4 -3 2-1 1 2 4 
1 
- jade 
a 2 
(.-3)- 
J REVIEW EXERCISES 
Plot points to graph each equation. Graph each equation. 
1 19. y=4 20. x = —2 
15. y=3x+4 isa a al - - 
y 
A 
Ba 6 
ah : y=4 
3 3 
a 2 
a 1 
435 7234 4 Ved ee ee ee el x 
~ “It? 
2 eS 
. y= tat 1 
Complete the table of solutions for each equation. 
Use intercepts to graph each equation. 1 5 
21. y=- 22. y=5x-5 
17. 2x+y=4 18. 3x — 4y -8 =0 pass a ae 
a4 || Ay vy 
=3 | & =3| =4 
0} 0 0} -3 
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Rate of Change and the Slope of a Line 


| DEFINITIONS AND CONCEPTS EXAMPLES 
The slope m of a line is a ratio that compares | Find the slope of the line. 
the vertical and horizontal change as we move : 
: : rise 5 
along the line from one point to another. ee 
run 


vertical change rise Ay 


~ horizontal change run Ax 


Lines that rise from left to right have a positive 
slope. 


Lines that fall from left to right have a negative 
slope. 


Horizontal lines have zero slope. 


Vertical lines have undefined slope. 


> XxX > X 


m=0 Slope undefined 


We can also find the slope of a line using the | To find the slope of the line passing through (—5, —2) and (7, —14), 


slope formula: substitute into the slope formula. 
pee ec ae m=222! 
X2 — X1 X27 1% 
_ 714 - (-2) 
Bo) 
—12 
~ 12° 
=-1 


Parallel lines have the same slope. 


The slopes of two nonvertical perpendicular 
lines are negative reciprocals. The product of 
their slopes is —1. 


Parallel lines Perpendicular lines 
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J REVIEW EXERCISES 


23. Find the slope of lines /; and 
1, in the illustration. 


Find the slope of the line passing through the given points. 


‘i , 25. (2,5) and (5, 8) 26. (3, —2) and (—6, 12) 
Slope of /; = 5, slope of ly = —5§ 1 -\ 
27. (—2, 4) and (8, 4) 28. (—5, —4) and (—S, 8) 
0 undefined 
Find the slope of the graph of each equation, if one exists. 
2 
24. U.S. VEHICLE SALES On the graph below, draw a a= 18 30. 4x + 2y = 8 
line through the points (0, 21.2) and (20, 48.6). Use 2 ia 
this linear model to estimate the rate of increase in ” . 
the market share of minivans, sport utility vehicles, 31. x = 10 ae =) 
undefined 0 


and light trucks over the years 1980-2000. 


1.37% 
paar Determine whether the lines with the given slopes are parallel, 


50 perpendicular, or neither. 


Trucks, minivans, sport utility vehicles, 1 1 
40 and pickup trucks: Market share of 33. m, = 4,m, = —-— 34. m, = 0.5, m2 = = 
US. vehicle sales 4 2 
perpendicular parallel 
_ 30 
5 
o 
> 20 
10 
20 
Years after 1980 
Source: American Automotive Association and U.S. Bureau of Economic Analysis 
SECTION 2.4 Writing Equations of Lines 
| DEFINITIONS AND CONCEPTS EXAMPLES 
If a linear equation is written in slope-intercept | The equation of the line with slope j and y-intercept (0, 7) is: 
form 
ee, 
y=mx+b = 37 
the graph of the equation is a line with slope 
mand y-intercept (0, b). 
Slope can be used as an aid in graphing. To find the slope and y-intercept of the line whose equation is 
4x + 3y = 6, we solve the equation for y. 
4x + 3y = 6 


3y = —4x +6 Subtract 4x from both sides. 


4 
y= ae +2  Toisolate y, divide both sides by 3. 


The slope of the line is -3 and the y-intercept is (0, 2). 
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To graph the line, plot the y-intercept and use the rise and run 
components of the slope to locate other points on the graph. 


If a linear equation is written in point-slope To find the equation of the line with slope —5 that passes through 
form (—1,3), write the equation in point-slope form and substitute the 


coordinates of the point. 
yy = mo — x1) 


the graph of the equation is a line with slope POD TS 4) ih call li 
m and passing through the point with y—3=—S[x —(-1)] Substitute. 
coordinates of (x1, y,). y-3=—5(x + 1) Simplify within the brackets. 
y-3=-—5x-5 Distribute. 
y=—-5Sx -2 To isolate y, add 3 to both sides. This is 


slope-intercept form. 
Slopes can be used to identify parallel and The graph of the lines y= 7x +5 and y= 7x —3 are parallel 
perpendicular lines. because each line has a slope of 7. 


The graph of the lines y = 6x + 1 and y = —jx are perpendicular 
because their slopes are 6 and i, which are negative reciprocals. 


REVIEW EXERCISES 

Write an equation of the line with the given properties. Express 
the result in slope-intercept form. 

35. Slope of 3, passing through (—8,5) y = 3x + 29 

36. Passing through (—2, 4) and (6, —9) » = -Bx + ; 


Write an equation of the line with the given properties. Write 
the answer in standard (general) form. 


37. Passing through (—3, —5), parallel to the graph of 


$x— 2y= 7 3e—dy=1 40. DEPRECIATION A business purchased a copy 


machine for $8,700 and will depreciate it on a 
straight-line basis over the next 5 years. At the end 
of its useful life, it will be sold as scrap for $100. Find 
39. Write 3x + 4y = —12 in slope—intercept form. Give its depreciation equation. y = —1,720x + 8,700 

the slope and y-intercept of the graph of the 

equation. Then use this information to graph the 

line. y 2x 3;m , (0; =3) 


38. Passing through (—3, —5), perpendicular to the 
graph of 3x — 2y = 7 2x + 3y = —21 


SECTION 2.5 
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An Introduction to Functions 


| DEFINITIONS AND CONCEPTS 


A relation is a set of ordered pairs. The set of 
first components is called the domain of the 
relation and the set of second components is 
called the range. 


A function is a set of ordered pairs (a relation) 
in which to each first component there 
corresponds exactly one second component. 


y is a function of x: Given a relation in x and 
y, if to each value of x in the domain there 
corresponds exactly one value of y in the 
range, then y is said to be a function of x. 


Since y depends on x, we call x the 
independent variable and y the dependent 
variable. 


A function can be defined by an equation. 


Not all equations in two variables define 
functions. 


The function notation y = f(x) indicates that 
y is a function of x. It is read as “f of x.” 


The input-output pairs that a function 
generates can be written as ordered pairs and 
plotted on a rectangular coordinate system to 
give the graph of the function. 


A linear function is a function that can be 
written in the form f(x) = mx + b. 


The graph of a linear function is a straight line. 


EXAMPLES 


The relation {(2, 5), (7, —3), (4, 6)} has domain of {2, 4, 7} and range 
{-3, 5, 6}. 


The relation {(2, 5), (7, —3), (4, 6)} defines a function because to each 
first component there corresponds exactly one second component. 


The relation {(—9, 1), (3, 8), (0, 0), (3, 24)} does not define a function 
because to the first component 3 there corresponds two second 
components: 8 and 24. 


The arrow diagram does not define y as a function of x because to the 
x-value 4 there corresponds more than one y-value: 2 and 6. 


x y 


= 


The equation y = 2x — 7 defines y as a function of x because to each 
value of x there corresponds exactly one value of y. 


In the previous function, x is the independent variable and y is the 
dependent variable. 


The equation x = |y| does not define y as a function of x because 
more than one value of y corresponds to a single value of x. If x = 2, 
for example, the equation becomes 2 = |y| and y can be either 2 or 
—2. 


If f(x) = 2x + 1, find f(—2) and f(n + 1). 


f(x) =2x +1 f(x) =2x+1 

f(—2) = 2(-2) + 1 fa+1)=2(n+1)+1 
=-4+1 =In+2+1 
= 3 =2n +3 


Thus f(—2) = —3. Thus f(m + 1) = 2n + 3. 


To graph the linear function f(x) = —4x — 2, we can make a table of 
values, plot the points, and draw the line. 


x f@% 

= 2 -—+(-1,2) 
0| -2 + (0, -2) 
1;| -6 —(1, -6) 


Select x. Find f(x). Plot the point. 
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The domain of a function is the set of input | To find the domain of f(x) = — note that —3 cannot be 
values. substituted for x because that would make the denominator 0. Since 
The range is the set of output values. any real number except —3 can be substituted for x, the domain is the 


set of all real numbers except —3. 


The vertical line test: If a vertical line 
intersects a graph in more than one point, the 
graph is not the graph of a function. 


REVIEW EXERCISES 


Determine whether each equation determines y to bea 
function of x. 

41. y = 6x — 4 yes 42. y =4 — x” yes 
43. y? =x no 44. |y| =x no 


Assume that f(x) = 3x + 2and g(x) = sous and find 
each value. 


45. f(-3) -7 46. 2(8) 18 
47. 2(—2) 8 48. f(t) 3° +2 


Find the domain and range of each function. 


49. f(x) =4x -1 50. f(x) =x° +1 
D: the set of real numbers, D: the set of real numbers, 
R: the set of real numbers R: the set of all real 
numbers greater than or 
equal to 1 
4 
51. f(x) = 52. y= —|4x| 
2 x 
D: the set of all real D: the set of real numbers, 
numbers except 2, R: the set of nonpositive 
R: the set of all real real numbers 


numbers except 0 


function not a function 


Use the vertical line test to determine whether each graph 
represents a function. 


53. 


te 


4 3-2-1 123 4 


function not a function 


VIDEOS Avideo production company charges a $175 setup 
fee and $105 per hour to tape a wedding and reception. 


55. Write a function that gives the cost to tape a wedding 
and reception that lasts x hours. c(x) = 105x + 175 


56. Use your answer to Exercise 55 to find the cost to 
tape a wedding and reception lasting 6 hours. $805 


Determine which are linear functions. 
57. f(x) = 3x + 2 yes 58. f(x) =x? — 25 no 


| DEFINITIONS AND CONCEPTS 


We can find the domain and range of a function 
from its graph. The domain of a function is the 
projection of its graph onto the x-axis. The 
range of a function is the projection of its graph 
onto the y-axis. 


Squaring function: f(x) = x? 
Cubing function: f(x) = x° 


Absolute value function: f(x) = |x| 


A vertical translation shifts a graph upward or 
downward. A horizontal translation shifts a 
graph left or right. A reflection “flips” a graph 
about the x-axis. 


| REVIEW EXERCISES 


Graph each function. 
59. f(x) =x? —3 60. f(x) = (x — 2)° 
y 
A 
FOG 42 +1 
3 
- 
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Graphs of Functions 


EXAMPLES 


Find the domain and range of function f. 


vo 
oh 
| 
s 
a4 
Domain 
R: The set of nonpositive 
D: The set of real real numbers 
numbers 
A y far 
: A 
7 
_ w+ 4 g(x) = (x-3)° 
5 
x 
x 
i ies dy dos 123 4 
To graph g(x) =x" + 4, To graph g(x) = (x-3)°, 
translate each point on translate each point 
the graph of f(x) = x? the graph of f(x) =x” 
up 4 units. to the right 3 units. 
+1 62. Use the graph to find each function value. 


a. f(—2) —4 


61. Graph f(x) = |x + 2|, g(x) = |x — 2|, and 


h(x) = —|x|on the same coordinate system. 


b. f(3) 3 


Use the graphs below to solve each equation. 


63. 2(2-—x)+x=04 


64. 2(2 —x) +x 
65. 2(2 —x) +x 


5 -1 


x2 


y=2(2-x) +x 


Refer to the graph below, which shows the height of an object at 
different times after it was shot straight up into the air. 


h 


280 


240 


200 


3 160 


(5) 
120 


80 


40 


t 
012345678 9 
Seconds 


1. How high was the object 3 seconds into the flight? 240 ft 


2. At what times was the object about 110 feet above the 


ground? 1 sec and7 sec 


3. What was the maximum height reached by the 


object? about 260 ft 


4. How long did the flight take? 8 sec 


5. Find the coordinates of the midpoint of the line 


segment joining (—2, —5) and (7, 8). (3, 


2 
6. Graph: y = ~3t =D, 


Nw 
ae 


7. Find the x- and y-intercepts of the graph of 
2x — Sy = 10. Then graph the equation. (5, 0), (0, —2) 


y 


Dex 


—5y= 


8. Graph: y = —2 


9. Find the slope of the line shown below. 3 


y 


10. Find the rate of change of the temperature for 


the period of time shown in the graph 
below. —1.5 degree/hr 


35 
30 
25 


Temperature (°C) 


123 45 67 8 9 10 
Hours 


Find the slope of each line, if possible. 


11. 
12. 
13. 
14. 
15. 


16. 


17. 


The line that passes through (—2, 4) and (6, 8) + 
The graph of 2x — 3y = 8 = 

The graph of x = 12 undefined 

The graph of y = 12 0 

Write an equation of the line that has slope of § and 
passes through (4, —5). Give the answer in 


slope-intercept form. y = 4x — ¥ 


Write an equation of the line that passes through 
(—2, 6) and (—4, —10). Give the answer in general 
form. 8« = y = —22 


Find the slope and the y-intercept of the graph of 
—2x + 6=6y + 15. m= -4,(0, -3) 


3 


Chapter2 Test 


18. Determine whether the graphs of 4x — y = 12 
and y = ix + 3 are parallel, perpendicular, or 
neither. neither 


19. Write an equation of the line that passes through 


the origin and is parallel to the graph of 


3 
y=5x-7.y=3x 


20. ACCOUNTING After purchasing a new color 
copier, a business owner had his accountant prepare a 
depreciation worksheet for tax purposes. (See the 
illustration below.) 


a. Assuming straight-line depreciation, write an 
equation that gives the value v of the copier after 
x years of use. v = —600x + 4,000 


b. If the depreciation equation is graphed, explain 


the significance of its v-intercept. 
(0, 4,000): it gives the value of the copier when new: $4,000 


Depreciation Worksheet 


Color copier 
(new) 


Salvage value 
(in 6 years) 


21. Does|y| = x define y to be a function of x? no 
22. Does the table define y as a function of x? yes 


wily 

=3)/ 4 
Als 
lee 
2 


23. Find the domain and range of the function 


f(x) = |x|. 
D: the set of real numbers, R: the set of nonnegative real 
numbers 


24. Find the domain and range of the function f(x) = x°. 


D: the set of real numbers, R: the set of real numbers 


Let f(x) = 3x + Land g(x) = x” — 2x — 1. Find each value. 
25. f(3) 10 26. g(0) —1 


».i(2)3 


28. g(r)? —2r-1 


Determine whether each graph represents a function. 
29. 


function not a function 


31. Graph: f(x) =x? +3 32. Graph: g(x) = —|x + 2| 


4 
3 
2 


fo= x714+8 


x 


— 
+4-3-2-1 123 4 


33. a. See the illustration below. Explain how to solve 
3(x — 2) — 2(—2 + x) = 0 graphically. What is the 
solution? 

Find the x-coordinate of the x-intercept of the graph of 
y = 3(x = 2) = 20-2 + x)32 

b. See the illustration below. Explain how to solve 
3(x — 2) — 2(—2 + x) = 1 graphically. What is the 
solution? 


Find the x-coordinate of the point of intersection of the 
graph of y = 3(x — 2) — 2(—2 + x) andy = 1;3 


y= 3(x+2)\-2(-2 + x) 


34. Describe four different ways to represent a function. 
answetrs vary 


35. Explain why the graph of a circle does not represent a 


function. 
answers Var y 


36. Explain why the graph of a nonvertical line is a 


function. 
answers var ¥ 


cHAPTERS 1-2 CUMULATIVE REVIEW 


List the elements of { —2, 0, 1, 2, 8, 6, 7, V5, a} that belong to Solve each equation. [Section 1.5] 
the following set. [Section 1.2] 5x 36 
27. 2x-5=118 28, = +7 -27 
1. Natural numbers 2. Whole numbers . 
126.7 051,26; 7 
; ; 29. 4(y — 3) +4 = —3(y + 5) -1 
3. Rational numbers 4. Irrational numbers 
NE) 
=2,0,.1,.2; 75; 6,7 V5, 0 3(x = 2) Spe 
30. 2x 5) = 3 
5. Negative numbers 6. Real numbers 
-2 ~2,0,1,2,13, 6,7, V5, 7 9 
31, —3 = —9s : 
7. Prime numbers 8. Composite numbers 
2,7 6 
32. 0.04(24) + 0.02x = 0.04(12 + x) 24 
9. Even numbers 10. Odd numbers 
=2, 0, Z, 6 ile 7 
Solve each formula. [Section 1.6] 
n(a + 1) 28 28 — in 
Evaluate each expression. [Section 1.3] 33. 5 = 2 fora g=_ -iste=", 
Peleg! 
11. —|5| + |-3| -2 a 1 
34, A= aca + by) forh h = 4, 
13,.24+4-5” iq 
. “9-4 35. INVESTMENTS A woman invested part of 
$20,000 at 6% and the rest at 7%. If her annual 
16 | 10\ 24 (9 - 8)* +21 interest is $1,260, how much did she invest 
Re 3} 25 16. a (AE Vi6y 2 at 6%? [Section 1.8] $14,000 
36. DRIVING RATES John drove to a distant city in 
Evaluate each expression for x = 2and y = —3. [Section 1.3] 5 hours. When he returned, there was less traffic, 
x? — y? and the trip took only 3 hours. If he drove 26 mph 
17. —x — 2y 4 18. res —5 faster on the return trip, how fast did he drive each 
y way? [Section 1.6] 39 mph going, 65 mph returning 
Determine which property of real numbers justifies each 37. Graph: 2x — 3y = 6 [Section 2.2] 


statement. [Section 1.4] 
19. (a+ b) +c =a+ (b+ C) assoc. prop. of add. 


20. 3(x + y) = 3x + 3y distrib. prop. 


21. (a+ b) +c=c + (a+ dD) commut. prop. of add. 


22. (ab)c = a(bc) assoc. prop. of mult. 


Simplify each expression. [Section 1.4] 
23. 12y — 17y —Sy 24. —7s(—4t)(—1) —28sr 


25. 3x7 + 2x” — 5x7 0 26. -(4+ z)+2z2-4 


Chapter2 Cumulative Review 


38. Find the slope of the line shown below. [Section 2.3] -? 47. See the illustration below. Explain why there is not a 
linear relationship between the height of the antenna 
and its maximum range of reception. [Section 2.5] 


| 6-foot antenna: 
reception 
up to 60 
miles 
ie 3-foot antenna: 
a / reception 
39. Write an equation of the line passing through A a 0 itenna: 
(—2, 5) and (8, —9). Give the answer in <% yes ca reception 
slope-intercept form. [Section 2.4] y = -ly + a 


40. Write an equation of the line passing through (—2, 3) 
and parallel to the graph of 3x + y = 8. Give the 
answer in slope—intercept form. [Section 2.4] 


The points (2, 20), (3, 40) and (6, 60) do not lie on a straight 
line. 


yon 3 48. Explain how to use the following illustration to solve 
each equation. Give each solution. [Section 2.6] 

Let = 3x” + 2and = — 2x — 1. Find each value. a. —7 — S(x — 1) + 4x = 0 

FO) i se) ; — Find the x-coordinate of the x-intercept of the graph of 
[Section 2.5] y 7 = Me 1) + ay 2 
41. f(—-1) 5 42. g(0) -1 b. -7 —5(x —1) + 4x = —4 

Find the x-coordinate of the point of intersection of the 

43. g(—2) 3 44. f(—r) 3r° +2 graph of y= —7 — 5x — 1) + 4x andy = —4;2 


Graph each equation and determine whether it is a function. If it 
is a function, give the domain and range. [Section 2.6] 


45. y= -x' +1 


1 
y=—7|-5(x-1) + 4x 
> x 


1 2 3 


a function; D: the set of real numbers, R: the set of all real 
numbers less than or equal to 1 


46. y= |x —- 3] 


x 


> 
-l 125 45 6 7 
yeh 


a function; D: the set of real numbers, R: the set of nonnegative 
real numbers 
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from Campus to Careers 
Fashion Designer 


Fashion designers help create the billions of clothing articles, shoes, and 
accessories purchased every year by consumers. Fashion design 
relies heavily on mathematical skills, including knowledge 
of lines, angles, curves, and measurement. Designers also 
use mathematics in the manufacturing and marketing 
parts of the industry as they calculate labor costs and 
determine the markups and markdowns involved in retail 
pricing. 


In Problem 11 of Study Set 3.5, we will examine the 
production side of fashion design as we determine the 
number of coats, shirts, and slacks that can be made with the 

available labor. \ 
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Objectives HION 


1 | Determine whether an ordered Solvi ng System s of Eq uations by Gra p hi ng 
pair is a solution of a system. 

2 | Solve systems of linear 

equations by graphing. 


The red line in the graph shows the cost for a company to produce a given number 
: ; ee ® of skateboards. The blue line shows the revenue the company will earn for selling a 
3 | Use graphing to identify given number of those skateboards. The graph offers the company important 


inconsistent systems and fi ‘al ia ti 
Uepeadenuce anon nancial information. 
e The production costs exceed the revenue earned if fewer than 400 


skateboards are sold. In this case, the company loses money. 


e The revenue earned exceeds the production costs if more than 400 
skateboards are sold. In this case, the company makes a profit. 


e Production costs equal revenue earned if exactly 400 skateboards are sold. 
This fact is indicated by the point of intersection of the two lines, 
(400, 20,000), which is called the break-even point. 


Here, revenue 
Break-even exceeds 


point: Baa 

Cost equals 

Here, cost revenue, 
exceeds 
revenue. 


$40,000 


Revenue 
30,000 


20,000 


(400, 20,000) 


sales revenues 


Production costs and 


10,000 


| | | | | | Lyx 
100 200 300 400 500 600 700 800 


Number of skateboards 


From Chapter 2, we know that the lines in the graph that show the cost and the 
revenue can be modeled by linear equations in two variables. Together, such a set of 
equations is called a system of equations. 

In general, when two equations with the same variables are considered 
simultaneously (at the same time), we say that they form a system of equations. We 
will use a left brace { when writing a system of equations. An example is 


eaicae -1 


4 Read as “the system of equations 2x + 5y = —landx — y= —4.” 
x-y=r- 


fi} Determine whether an ordered pair is a solution of a system. 


A solution of a system of equations in two variables is an ordered pair that satisfies 
both equations of the system. 


Self Check 1 | EXAMPLE 1 | . ; ; ) 
Determine whether (—3, 1) is a solution of each system of 


Determine whether (6, —2) is a equations. 
solution of the system: 
x —2y = 10 7 Ho. 
y=3x-20" x-y=-4 y = 3x 
Now Try Problem 16 Strategy We will substitute the x- and y-coordinates of (—3,1) for the 


corresponding variables in both equations of the system. v 


3.1 Solving Systems of Equations by Graphing 


WHY If both equations are satisfied (made true) by the x- and y-coordinates, the Teaching Example 1 Determine 
ordered pair is a solution of the system. WhGIBEE a - e — oie 
x — 2y = 

: tem: 
Solution eee e = 3x 
a. To determine whether (—3, 1) is a solution, we substitute —3 for x and 1 for Answer: 

y in each equation. se 
Check: 2x+5y=-1 First x—y=-—4 Second 
equation. equation. 
2(-3) + 5(1) 4 -1 oie =A 
-6+52-1 —-4=-4 True 
—1=-1 True 


Since (—3, 1) satisfies both equations, it is a solution of the system. 


b. Again, we substitute —3 for x and 1 for y in each equation. 


Check: 5y=2- x First equation. y = 3x Second equation. 
5(1) 4 2 — (-3) 12 3(-3) 
522+3 1=-9 False 
5=5 True 


Although (—3, 1) satisfies the first equation, it does not satisfy the second. 
Because it does not satisfy both equations, (—3, 1) is not a solution of the 
system. @ 


9 Solve systems of linear equations by graphing. 


To solve a system of equations means to find all the solutions of the system. One way 
to solve a system of linear equations in two variables is to graph each equation and 
find where the graphs intersect. 


The Graphing Method 


Graph each equation on the same rectangular coordinate system. 


Find the coordinates of the point (or points) where the graphs intersect. 
These coordinates give the solution of the system. 


If the graphs have no point in common, the system has no solution. 


Check the proposed solution in both of the original equations. 


When a system of equations (as in Example 2) has at least one solution, the system is 
called a consistent system. 


+2y=4 
Solve the system by graphing: . 7 3 
x y= 


Strategy We will graph both equations on the same coordinate system. 


WHY The graph of a linear equation is a picture of its solutions. If both 
equations are graphed on the same coordinate system, we can see whether they 
have any common solutions. v 
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Self Check 2 Solution 


Solve the system by graphing: Although infinitely many ordered pairs (x, y) satisfy x + 2y = 4, and infinitely 
¢=3y==5 many ordered pairs (x, y) satisfy 2x — y = 3, only the coordinates of the point 
{ Sucka ch2) where the graphs intersect satisfy both equations. From the graph, it appears that 


the intersection point has coordinates (2, 1). To verify that it is the solution, we 
substitute 2 for x and 1 for y in both equations and verify that (2, 1) satisfies each 
one, as shown below. 


Use the intercept 


plies al csi shy method to graph 
x iy (x, y) x y (x, y) each line. 
EE») 2 0 (3,0) 
2 (0,2) Zz = 
Now Try Problem 21 O38) 40-3) 
Se eeee) (er) 


Teaching Example 2 Solve the system 
r— By =5 
by graphing: {° - 


y=-2x+3 
Answer: 
(2, -1) The point of 
intersection 
4 gives the 
{ solution of 
y= Fixe bal the system. 


Check: The first equation The second equation 


xt+2y=4 2x —-y=3 
24+2(1)24 2(2) -123 
2+224 4-123 
4=4 3=3 
Since (2, 1) makes both equations true, it is the solution of the system. a 


Success Tip Since accuracy is crucial when using the graphing method to 
solve a system: 


e Use graph paper. 


e Use a sharp pencil. 


e Use a straight edge. 


EB Use graphing to identify inconsistent systems 
and dependent equations. 


When a system has no solution (as in Example 3), it is called an inconsistent system. 


3.1 Solving Systems of Equations by Graphing eS 
Self Check 3 


2x + 3y = 6 
Solve the system { . d by graphing, if possible. 3y — 2x =6 
4x + 6y = 24 Solve the system . 3 6 
x — 3y= 
Strategy We will graph both equations on the same coordinate system. by graphing, if possible. 


WHY The graph of a linear equation is a picture of it solutions. If both equations 
are graphed on the same coordinate system, we can see whether they have any 
common solutions. 


Solution 
Using the intercept method, we graph both equations on one set of coordinate 
axes, as shown below. 


2x + 3y =6 4x + 6y = 24 Now Try Problem 23 
Self Check 3 Answer 
xy @y) x ly| @~y) no solutions 
3/0] (3,0) 6 0 (6,0) Teaching Example 3 Solve the system 
1 
=1,44 
Ua A) 0/4) @,4) .” : . by graphing, if possible. 
= = = = x-2y= 
sal eal pa, SHON aay) Answer: 
no solutions 
yy= bx+4 
ry 
y 
A 
xERy = 2 


4xi+ 6y = 24 


In this example, the graphs are parallel, because the slopes of the two lines 
are equal and they have different y-intercepts. We can see that the slope of each 


line is —3 by writing each equation in slope-intercept form. 


2x + 3y = 6 4x + 6y = 24 
3y = —2x + 6 6y = —4x + 24 

2 2 
aa ea de 


Since the graphs are parallel lines, the lines do not intersect, and the system does 
not have a solution. It is an inconsistent system. The solution set is the empty set, 
which is written @. & 


When the equations of a system of two equations in two variables have different 
graphs (as in Examples 2 and 3), the equations are called independent equations. 
Two equations with the same graph are called dependent equations. 
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OLS N a eleleisme Bachelor’s Degrees 


“Women now earn more associate's, bachelor’s and master’s degrees than their 
male counterparts. Women also earned nearly half of the Ph.D.s as well as 
professional degrees, which include medical, law and dental degrees.” 
CNN/Money, April 27,2004 


Examine the graph below. Determine the point of intersection of the graph 
and explain its importance. (Note: The y-axis does not need to be scaled for 


you to answer this question.) 
(1981, 50); in 1981, 50% of the bachelor’s degrees that were awarded went to men and 50% 
went to women. 


Percent of 
degrees 


1 1 1 
1974 1976 1978 


1980 1982 1984 1986 1988 1990 1992 1994 1996 1998 2000 
Academic year ending 


1970 1972 


Source: U.S. Department of Education, National Center for Education Statistics 


Self Check 4 


1 
, y=sxt+2 
Solve the system by graphing: Solve the system by graphing: - 
2x -—y=4 2x + 8 = 4y 
{ y=2x-4 Strategy We will graph both equations on the same coordinate system. 


WHY If both equations are graphed on the same coordinate system, we can see 
whether they have any common solutions. 


Solution 

We graph each equation on one set of coordinate axes, as shown below. Since the 
graphs coincide (are the same), the system has infinitely many solutions. Any 
ordered pair (x, y) that satisfies one equation also satisfies the other. From the 
graph we see that (—4,0), (0,2), and (2,3) are three of the infinitely many 
solutions. Because the two equations have the same graph, they are dependent 


Now Try Problem 25 equations. 
Self Check 4 Answer ; ‘ 
There are infinitely many solutions; Cra prkpuang ene eprana wintEan rt » 
three of them are (0, —4), (2, 0), and yrauxt2 
(4, 4). m= 5 b=2 
Teaching Example 4 Solve the system Slope = 5 y-intercept: (0, 2) 
ames 2x — Sy = 10 
ee ee y=ix-2 Graph by using the intercept method. 

Answer: 
There are infinitely many solutions; 2x + 8 = 4y 
three of them are (5, 0), (0, —2), and 
(=3,=4), x ly! Gy) 

y —4| 0 | (—4,0) 

bk tae R @|2| @,2) 

i 2|3| @s 
att (2, 3) a 


3.1 Solving Systems of Equations by Graphing 


We now summarize the possibilities that can occur when two linear equations, 
each in two variables, are graphed. 


Solving a System of Equations by the Graphing Method 


If the lines are different and intersect, the equations are 
independent, and the system is consistent. 
One solution exists. It is the point of intersection. 


If the lines are different and parallel, the equations are 
independent, and the system is inconsistent. 
No solution exists. 


If the lines coincide, the equations are dependent, and the 
system is consistent. 

Infinitely many solutions exist. Any point on the line is a 
solution. 


If each equation in one system is equivalent to a corresponding equation in 
another system, the systems are called equivalent. 


3 5 Self Check 5 


7X ~ Y= 35 = 
Solve the system by graphing: 


Solve the system by graphing: ‘ 
x+a5y=4 


Strategy We will use the multiplication property of equality to clear both 
equations of fractions and solve the resulting equivalent system by graphing. 


WHY It is usually easier to solve systems that do not contain fractions. 


Solution 
We multiply both sides of 3x -y= 3 by 2 to eliminate the fractions and obtain 


the equation 3x — 2y = 5. We multiply both sides of x + 5 y = 4by 2 to eliminate 
the fractions and obtain the equation 2x + y = 8. 


The original system The new system 
3 5 Multiply by 2 . (3 5\ Simpli 
= ultiply by 2 2( 7 y) _ 2( ) implify ( , ay =5 Now Try Problem 27 
2 2 2 2 
ew 2( : ) 2(4) 2 8 
6 fa = > 2( x4 = sf X+by= 
2 Multiply by 2 ae Simplify a 


is equivalent to the original system and is easier to solve, since it has no fractions. 
If we graph each equation in the new system, it appears that the lines intersect at 
(3, 2). Verify that (3, 2) is the solution by substituting 3 for x and 2 for y in each 
equation of the original system. v 
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Teaching Example 5 Solve the system 
one mie 3x —2y =5 

Pe oe —3y 

Q 3 = 

5 = ; = ae as | Vy (x, y) 


0 (3,0) 


0 | -3| (0, -5) 
ily al] Cs a) 


by graphing: 


Answer: 
(-2;3) 


Win 


2x+y=8 


x/y| y) 3 4 
4 0 (4,0) 
0 
1 


8 (0,8) 
6 (1,6) 


Caution! When checking a solution of a system of equations, always 


substitute the values of the variables into the original equations. 


Using Your CALCULATOR Solving Systems by Graphing 


The graphing method has limitations. First, the method is limited to equations 
with two variables. Systems with three or more variables cannot be solved 
graphically. Second, it is often difficult to find exact solutions graphically. 
However, the TRACE and ZOOM capabilities of graphing calculators enable 
us to get very good approximations of such solutions. 


3x + 2y = 12 


For example, to solve the system { ox — 3y = 12 


with a graphing calculator, we first solve each equation for y so that we can 
enter the equations into the calculator. After solving for y, we obtain the 
equivalent system: 


ete 


y=3x-4 


If we use window settings of [—10, 10] for x and [—10, 10] for y, the graphs of 
the equations will look like those in figure (a) on the next page. If we zoom in 
on the intersection point of the two lines and trace, we will get an approximate 
solution like the one shown in figure (b). To get better results, we can do more 
zooms. We would then find that, to the nearest hundredth, the solution is 
(4.62, —0.92). 


We can also find the intersection of the two lines by using the INTERSECT 
feature found under the CALC menu. After graphing the lines and using 
INTERSECT, we obtain the display shown in figure (c), which shows the 
approximate coordinates of the point of intersection to be (4.62, —0.92). 


3.1 Solving Systems of Equations by Graphing a 


reeetrar sey 


eS 


5 Intersection 
R=4.6276596 T=-.5414854 #=4,61 53646 Y=" Fes0F oo © 


(a) (b) (c) 


ANSWERS TO SELF CHECKS 


1. yes 2. (1,2) 3. no solutions 


Pol 


3y — 2x/=6 


4. There are infinitely many y 5. (2,3) 
solutions; three of them are 
(0, —4), (2, 0), and (4, 4). 


STUDY SET 


I VOCABULARY | CONCEPTS 

Fill in the blanks. 7. Refer to the illustration. Determine whether a true or 
x+2y=4 a false statement would be obtained when the 

1. { jee ys is called a system of linear equations. coordinates of 


a. point A are substituted into 


2. When a system of equations has one or more solutions, : : 
the equation for line /,. true 


it is called a _consistent_ system. 
b. point B are substituted 


into the equation for 
line /;. false 


3. If asystem has no solutions, it is called an _imconsistent 
system. 
p> 4. If two equations have different graphs, they are called 
_independent_ equations. 


> 5. Two equations with the same graph are called 
dependent equations. 


c. point C are substituted into 
the equation for line /,. true 


d. point C are substituted into 


. : . the equation for line /5. true 
p> 6. When solving a system of two linear equations by the 


graphing method, we look for the point of _intersection 
of the two lines. 


P Selected exercises available online at 
www.webassign.net/brookscole 
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8. Refer to the illustration. 


a. How many ordered pairs satisfy the equation 
3x + y = 3? Name three. 
infinitely many; (—1, 6), (0,3), (1, 0) 

b. How many ordered pairs satisfy the equation 
2 


Pane a —3? Name three. 


infinitely many; (—3, 1), (0, 3), (3, 5) 
c. How many ordered pairs satisfy both equations? 
Name it or them. one: (0,3) 


9. a. The intercept method can be used to graph the 
equation 2x — 4y = —8. Complete the following 


table. 
x ly! @y) 
240020) 
Oo) 
eyes) (3) 


b. What is the x-intercept of the graph of 
2x — 4y = —8? What is the y-intercept? (—4, 0), (0, 2) 


> 10. a. To graph y = 3x + 1, we can pick three numbers 


for x and find the corresponding values of y. 
Complete the following table. 


x) y| @y) 
—1 | -2 | (-1, -2) 
@ | il (0, 1) 
NG Coa) 


b. We can also graph y = 3x + 1 if we know the 
slope and the y-intercept of the line. What are 
they? m = 3, (0, 1) 


11. Write a system of two linear equations that has 
a. only one solution, (2, 3). 


x+y=5 
. ee (answers may vary) 


b. an infinite number of solutions. 


eae ) 
2x + 2y = 10 answers may vary 


c. no solution. 


xt+y=5 
{i ore (answers may vary) 


fy 12. Estimate the solution of the system of linear 


equations shown in the display below. Then check 
your answer. (—2, —1) 


Floll Flete Flot 
Sa [=| ees Deets, 1b eth a 


sWebd 329-4 
ps 
sty 
ste= 
tg = 


I NOTATION 
Fill in the blanks. 


13. A left _brace_is often used when writing a system of 
equations. 


> 14. The solution of a system of two linear equations in 


two variables is written as an ordered _Pait_. 


[| GUIDED PRACTICE 


Determine whether the ordered pair is a solution of the system 
of equations. See Example 1. 


2x —-y=0 =3x+5 
15. (1,2); 1,3 Pb» 16. (1.251? : 
yHaer 5 y=xt4 
yes no 
1 
yt2=5x see 
17. (2,—3); 18. (—4, 3); 
( See ( 13x + 2y = -6 
no yes 


Solve each system by graphing. See Example 2. 


oe 
20. 
a2x+y=5 


Solve each system by graphing. If a system is inconsistent or if 
the equations are dependent, so indicate. See Examples 3-4. 


{ +2y=6 

24. 

—10x — 4y = -12 
infinitely many solutions, 
dependent equations 


oa 
23. 
x-y=4 


no solution, inconsistent 


system 


> 26. 


i = 3|— Ry 
2x i+ dy = 6" 
4-3 2-1 
infinitely |~ 
many a 
solutions, > 
dependent~* 

equations 


1 


}_|9 
no solution, F 
inconsistent, 
system 


Solve each system by graphing. See Example 5. 
5 1 5 
y= 5x t5 5x + 3y=6 
27. oe 28. 4° 
2x —5y=5 


y=-2x+2 


4 
infinitely ~ 
many | |~ 
solutions, > 
dependent* 
equations 


29. > 30. 


2. 
no soliition, 
inconsiktent 
system 


2y =|12 4 3x" 
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[I TRY IT YOURSELF 


Solve each system by graphing. If a system is inconsistent or if 
the equations are dependent, so indicate. 


ae eee 
31. 32. 
2x + 3y =0 2x -—y=6 


xk+y=0 


Wx+3y=0* 
3 


> 33. 


432-1 
1 


4x+ 3y=35 


ras. | 


43 2-1 


Bx+ 2yE 0, 


37. 


BED + 4p, 
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x=2 
39. 
y=-3x+2 


43. 


> 47 {; + 3y = 6 infinitely many solutions, 


y= -ix + 2 dependent equations 
2x-y=—4 ee ae 

> 48. no solution, inconsistent system 
2y = 4x — 6 


w] Use a graphing calculator to solve each system. Give all answers 
to the nearest hundredth. 


aS eae ae > 50 - —0.45x + 5 
* Ly = -2.7x - 3.7 * Ly = 5.55x — 13.7 


(—0.37, —2.69) (3.12, 3.60) 
ie + 23y =3.2 og = 12.9y — 3.79 
y = 0.25x + 8.95 Tx — y = 35.76 


(—7.64, 7.04) (5.24, 1.41) 


I APPLICATIONS 


53. MAPS See the following illustration. Name the cities 
that lie along Interstate 40. Name the cities that lie 
along Interstate 25. What city lies on both interstate 
highways? 

Gallup, Grants, Albuquerque, Tucumcari; Las Vegas, Santa Fe, 
Albuquerque, Socorro, Las Cruces; Albuquerque 


Albuquerque 


; = 


eae 
o@ wae Sn S 
| 


54. THE INTERNET The graph on the next page shows 
the growing importance of the Internet in the daily 
lives of Americans. Determine when the time spent 
on the following activities was the same. 
Approximately how many hours per year were spent 
on each? 


. Internet and reading magazines 2001, 130 hr 


a 
b. Internet and reading newspapers 2005, 185 hr 


7 


Internet and reading books 2000, 105 hr 


a 


Reading newspapers and listening to recorded 
music 2002, 200 hr and 2007, 175 hr 


55. 


Hearing level (decibels) 


> 56 


300 - 
Recorded 


music 


250 ie 


Consumer 
Internet 
200 - ; 
Daily 
Newspapers 


150- Consumer 


Magazines 


Hours per year per person 


100F 
so- Video 
games 
a ed Ce a fc 
"99 '00 'O1 '02 '03 '04 '05 '06 '07 


Year 


Source: Veronis Suhler Stevenson 


HEARING TESTS See the illustration below. At 
what frequency and decibel level were the hearing 
test results the same for the left and right ear? Write 
your answer as an ordered pair. (2,000, 50) 


o Right ear 


Normal Hearing O bates 


30 


Range important for speech 


| 
500 1,000 2,000 4,000 
Frequency (cycles per second) 


70 


125 250 8,000 


. BUSINESS Estimate the break-even point (where 
cost = revenue) on the graph below. Then explain 
why is it called the break-even point. (250, 2,500) 


Vy 


5,000 4 
4,000 
3,000 


2,000 


revenues (in dollars) 


Production costs and sales 


1,000 


> 
0 100 200 300 400 500 


Number of widgets produced 


> 57. 


> 58. 


59. 
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SUPPLY AND DEMAND The demand function in 
the illustration describes the relationship between the 
price x of a certain camera and the demand for the 
camera. 

a. The supply function, S(x) = Bx — 525, describes 


the relationship between the price x of the camera 
and the number of cameras the manufacturer is 
willing to supply. Graph this function. 


b. For what price will the supply of cameras equal 
the demand? $140 


c. As the price of the camera is increased, what 


happens to supply and what happens to demand? 
Supply increases and demand decreases. 


600 F 
500 - 
400 F 


Demand 
function 


300 - 


200 - 


Number of cameras 


100 - 


| | | | ly x 


YE > 
100 120 140 160 180 200 


Price per camera ($) 


COST AND REVENUE The function 

C(x) = 200x + 400 gives the cost for a college to 
offer x sections of an introductory class in CPR 
(cardiopulmonary resuscitation). The function 

R(x) = 280x gives the amount of revenue the college 
brings in when offering x sections of CPR. 


a. Find the break-even point (where cost = revenue) 
by graphing each function on the same coordinate 
system. (5, 1,400) 

b. How many sections does the college need to 
offer to make a profit on the CPR training 
course? more than 5 


NAVIGATION The paths of two ships are tracked 
on the same coordinate system. One ship is following 
a path described by the equation 2x + 3y = 6, and 
the other is following a path described by the 


equation y = 2x =o 
a. Is there a possibility of a collision? yes 


b. What are the coordinates of the danger 
point? (3.75, —0.5) 


c. Is a collision a certainty? no 
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p> 60. 


AIR TRAFFIC CONTROL Two airplanes flying at 
the same altitude are tracked using the same 
coordinate system on a radar screen. One plane is 
following a path described by the equation 

y= 2x — 2, and the other is following a path 
described by the equation 2x = Sy + 7. Is there a 
possibility of a collision? no 


I WRITING 


61. 


> 62. 


Suppose the solution of a system of two linear 


equations is (4, -§). Knowing this, explain any 


drawbacks with solving the system by the graphing 
method. 

Can a system of two linear equations have exactly 
two solutions? Why or why not? 


J REVIEW 


2 
Let f(x) = —x° + 2x — Zand g(x) = oa Find each value. 


63. 
65. 


1 | Solve systems of linear 


| 2 | Solve systems of linear 


3 | Use substitution and addition 


| 4 | Determine the most efficient 


Objectives 


x 
il) = 
g(2) 0 


64. f(10) —982 
66. g(—20) —2 


CTION 


equations by substitution. 


equations by the addition 
(elimination) method. 


(elimination) to identify 
inconsistent systems and 
dependent equations. 


method to solve a linear system. 


67. 


> 68. 


69. 


70. 


Determine the domain and range of f(x) = x? — 2. 
D: the set of real numbers, R: the set of all real numbers greater 
than or equal to —2 

Find the slope of the line passing through the points 
(—4, 8) and (3, 8). 0 

The area of the square on the 

right is 81 square centimeters. 

Find the area of the shaded 

triangle. 40.5 cm* 


If the area of the circle on the 
right is 497 square centimeters, 
find the area of the square. 

196 cm? 


Solving Systems of Equations Algebraically 


The graphing method provides a way to visualize the process of solving systems of 
equations. However, it can sometimes be difficult to determine the exact coordinates 
of the point of intersection. We now discuss two other methods, called the 
substitution and the addition methods, that can be used to find the exact solutions of 
systems of equations. 


[kB Solve systems of linear equations by substitution. 


To solve a system of two equations in two variables by the substitution method, we 


follow these steps. 


The Substitution Method 


Solve one equation for a variable—preferably one with a coefficient of 
1 or —1. If this is already done, go to step 2. We call the equation found in 
step 1 the substitution equation. 


Substitute the expression for x or for y obtained in step 1 into the other 


equation and solve it. 


Substitute the value of the variable found in step 2 into the substitution 
equation to find the value of the remaining variable. 


State the solution. 


Check the proposed solution in both of the original equations. Write the 
solution as an ordered pair. 
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4x +y = 13 


Solve the system by substitution: { Oy + 3p = 17 


Strategy We will use the substitution method. Since the system does not contain 
an equation solved for x or for y, we must choose an equation and solve it for 
x or y. It is easiest to solve for y in the first equation, because y has a coefficient 
of 1 in that equation. 


WHY Solving 4x + y = 13 for x or solving —2x + 3y = —17 for x or for y would 
involve working with cumbersome fractions. 


Solution 
Step I We solve the first equation for y, because y has a coefficient of 1. 


4x + y=13 


y= —4x + 13 Toisolate y, subtract 4x from both sides. This is the 
substitution equation. 


Step 2 We then substitute —4x + 13 for y in the second equation of the system. 
This step will eliminate the variable y from that equation. The result will be an 
equation containing only one variable, x. 


—2x + 3y = -17 This is the second equation of the system. 
—2x + 3(-—4x + 13) = —-17 Substitute —4x + 13 for y. The variable y is 
{ i eliminated from the equation. 


Write parentheses so that the multiplication by 3 is 
distributed over both terms of —4x + 13. 


2x — 12x + 39 = -17 _ Distribute the multiplication by 3. 
—14x = —56 To Solve for x, first combine like terms and then 
subtract 39 from both sides. 
x=4 Divide both sides by —14. This is the x-value of the 
solution. 


Step 3 To find y, we substitute 4 for x in the substitution equation and simplify: 


y= —4x + 13 
= —4(4) + 13 Substitute 4 for x. 


This is the substitution equation. 


=-—3 This is the y-value of the solution. 


Step 4 The solution is (4, —3). The graphs of the equations of the given system 
would intersect at the point (4, —3). 


Step 5 To verify that this result satisfies both equations, we substitute 4 for x and 
—3 for y into the original equations of the system and simplify. 


Check: The first equation The second equation 


4x + y= 13 —2x + 3y = -17 
4(4) + (-3) 213 2(4) + 3(-3) 4 -17 
16 = 3-413 “S017 

13 =13 True —17=~—-17 True 


Since (4, —3) satisfies both equations of the system, it checks. 


Success Tip With this method, the objective is to use an appropriate 


substitution to obtain one equation in one variable. 


Self Check 1 


Solve the system by substitution: 
, +3y=9 


“G4 
ieee. iG “a 


Now Try Problems 14 and 16 


Teaching Example 1 Solve the system 


2x + Sy = -3 
by substitution: { . J 

3x -—y=4 
Answer: 
(1, ~1) 
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Self Check 2 


2,2, =2 
Solve the system by substitution: Solve the system by substitution: Pe 
7 0.1x = 0.2 — O.1y 
8'4~2 
0.01y = —0.02x + 0.04 Strategy We will use the multiplication property of equality to clear both 


equations of fractions and solve the resulting equivalent system by substitution. 
Now Try Problem 20 


Self _— 2 Answer WHY It is usually easier to solve a system of equations that involves only integers. 
(G 4 
373 


Solution 
Teaching Example 2 Solve the system To clear the first equation of fractions, we multiply both sides by 9, which is the 
Ae ax = dy = 5 least common denominator of the fractions in the equation. To clear the second 
ta O.1x = O.1y + 0.1 equation of the decimals, we multiply both sides by 10. 
Answer: oa . 
2,-4 The original system An equivalent system 
-* 2 2 2 Multiply by9 02 2 ) o(2) Simplify (4g 
9 9 3 9g 9) “\3 . = 
0.1x = 0.2 — O0.1y Multiply byl0 10(0.1x) = 10(0.2 — 0.1y) Simplify x=2-y 


These results form the following equivalent system, which has the same 
solution as the original one. 


(1) i —2y =6 
(2) lx= This is the substitution equation. 


Since the variable x is isolated in equation 2, we will substitute 2 — y for x in 
equation 1. This step will eliminate x from equation 1, leaving an equation 
containing only one variable, y. We then solve for y. 

2x — 2y =6 This is equation 1 of the equivalent system. 
2(2 — y) — 2y =6 Substitute 2 — y for x. 


4—2y—-2y=6 Distribute the multiplication by 2. 
—4y =2 To solve for y, combine like terms and then subtract 4 from 
both sides. 
1 
Vi 2 Divide both sides by —4 and then simplify the fraction. 


We can find x by substituting -3 for y in the substitution equation and 


simplifying: 
x=2-y 
1 F 1 
x=2- 3 Substitute — > for y. 
1 
=2+2> 
2 
5 tha Be as 
me) 2g = 5 Pg 5: 


The solution is G, —3). Verify that this solution satisfies both equations in the 
original system. a 


9 Solve systems of linear equations by the addition (elimination) 
method. 


Another method for solving a system of linear equations is the addition method. In 
this method, we combine the equations in a way that will eliminate the terms 
involving one of the variables. 


3.2 Solving Systems of Equations Algebraically 


The Addition Method 


Write both equations of the system in standard (general) form: 

Ax + By =C. 

Multiply the terms of one or both of the equations by nonzero numbers 
chosen to make the coefficients of x (or y) opposites. 


Add the equations to eliminate the terms involving x (or y). 


Solve the equation resulting from step 3. 
Substitute the value obtained in step 4 into either of the original equations 
and solve for the remaining variable. 


Check the proposed solution in both of the original equations. Write the 
solution as an ordered pair. 


4x + y= 13 


Solve the system by addition: e ye ay IT 


Strategy To use the addition method to solve this system, we will multiply both 
sides of the second equation by 2 and add the equations. This will eliminate the 
terms involving the variable x. 


WHY This will give one equation involving only the variable y. 
Solution 


Step 1 This is the system discussed in Example 1. In this example, we will solve it 
by the addition method. Since both equations are already written in general form, 
step 1 is unnecessary. 


Step 2 We note that the coefficient of x in the first equation is 4. If we multiply both 
sides of the second equation by 2, the coefficient of x in that equation will be —4. 
Then the coefficients of x will be opposites. 


{ 4x+ y= 13 
—4x + 6y = —34 


The original system An equivalent system 


Unchanged Unchanged 
> = 


4x+ y= 13 
4x + 6y = —34 


4x+ y= 1 
2x + 3y = 


4x+y=13 


7 Multiply bye 2(—2x + 3y) = 2(-17) 


> 
Simplify 
Step 3 When these equations are added, the terms involving x drop out (or are 
eliminated), and we get an equation that contains only the variable y. 


4x + y= 13° Add the like terms, column by column: 
+ —4xy + 6y = —34 4x + (-4x) = 0,y + 6y = Ty, and 13 + (—34) = —21. 
Ty = —21 


Step 4 Solve the resulting equation for y. 
Ty = -21 
yers 


To solve for y, divide both sides by 7. 


This is the y-value of the equation. 


Step 5 To find x, we substitute —3 for y in either of the original equations and solve 
for x. If we use the first equation, we have 


v 


Self Check 3 


Solve the system by addition: 
i +2y=0 


=) 3 
gapeT 3} 


Now Try Problems 24 and 28 


Teaching Example 3 Solve the system 


ae 3x —y=7 
by addition: ot aes 
Answer: 
(2, -1) 


Self Check 4 


Solve the system by addition: 
oe —y)=18 = 

3(x — 3) =2y—-1 : 
Now Try Problem 32 


Teaching Example 4 Solve the system 
by addition: 
ot 

—2(x + 4) = 2y 
Answer: 
(-1, -3) 
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4x +y = 13 
4x + (-—3) =13 Substitute —3 for y. 
4x = 16 To Solve for x, add 3 to both sides. 


x=4 Divide both sides by 4. This is the x-value of the equation. 


Step 6 The solution is (4, —3). The check was completed in Example 1. 


| EXAMPLE 4 | {is =3(2+y) 


Solve the system by addition: 3(x — 10) = —2y 


Strategy We will write each equation in standard (general) form and use the 
addition (elimination) method to solve the resulting equivalent system. 


WHY In their current form, the equations do not contain terms with coefficients 
that are opposites. 


Solution 
To write each equation in standard (general) form, we use the distributive 
property to remove the parentheses and then rearrange the terms. 


The first equation The second equation 
4x = 3(2 + y) 3(x — 10) = —2y 
4x = 6 + 3y 3x — 30 = —2y 

4x — 3y =6 3x + 2y = 30 


We now solve the equivalent system 


(D \. — 3y =6 
(2) (3x + 2y = 30 
Since the coefficients of y already have opposite signs, we choose to eliminate y. 


To make the y-terms drop out when we add the equations, we multiply both sides 
of equation 1 by 2 and both sides of equation 2 by 3 to get 


Gs 6 OS sae ayaa ee Gy 
3x + 2y = 30 Multiply bys 3(3x + 2y) = 3(30) Simplify 9x + 6y = 90 
When these equations are added, the y-terms drop out, and we can solve for x. 
8x — 6y = 12 
9x + 6y = 90 Add like terms, column by column: 
17x =102 8x+ 9x= 17x, — Gy + Gy = O,and12 + 90 = 102. 
X= 6. To solve for x, divide both sides by 17. 


To find y, we can substitute 6 for x in any equation that contains both 
variables. It appears the computations will be simplest if we use equation 2. 


3x + 2y = 30 
3(6) + 2y = 30 — Substitute G for x. 
18 + 2y = 30 Perform the multiplication. 
2y = 12 Subtract 18 from both sides. 


y=6 Divide both sides by 2. 
The solution is (6, 6). Check this result. 
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Success Tip We create the term —6y from —3y and the term 6y from 2y. 
Note that the least common multiple of 2 and 3 is 6. 


2, 4, 6, 8, 10, 12, 14,... 
36,9; 12... 


IER Use substitution and elimination (addition) to identify 
inconsistent systems and dependent equations. 


=2x+4 
Solve the system, if possible: ., 7 is =7 


Strategy We will use the substitution method to solve this system. 


WHY The substitution method works well when one of the equations of the 
system (in this case y = 2x + 4) is solved for a variable. 


Solution 
Because the first equation is already solved for y, we use the substitution method. 
8x — 4y =7 

8x — 4(2x + 4) =7 


This is the second equation. 
Substitute 2x + 4 for y. 
We then solve this equation for x: 
8x — 8x —-16=7 
—16#7 


Use the distributive property to remove parentheses. 
Combine like terms. 
The x-terms drop out. The false result, —16 = 7, indicates that the system has no 


solution and is, therefore, inconsistent. The solution set is @. Since the system has 
no solution, the graphs of the equations in the system will be parallel. 


| EXAMPLE 6 | 4x + 6y = 12 


Solve the system: ae — 3y = -6 


Strategy We will use the addition (elimination) method to solve this system. 


WHY The addition method works well when each equation is written in general 
form. 


Solution 
We copy the first equation and multiply both sides of the second equation by 
2 to get 


4x + 6y = 12° Whenwe adad like terms, column by column, the result is 
—4x — 6y = —12 Ox + Oy = O, which simplifies to O = O. 
0=0 


Here, both the x- and y-terms drop out. The true statement 0 = 0 indicates that 
the equations are dependent and that the system is consistent with infinitely 
many solutions. 

Note that the equations of the system are equivalent, because when the 
second equation is multiplied by —2, it becomes the first equation. The graphs of 
these equations would coincide. Any ordered pair that satisfies one of the 
equations also satisfies the other. To find some solutions, we can substitute 0, 3, 
and —3 for x in either original equation to obtain (0, 2), (3, 0), and (—3, 4). 


Solve the system, if possible: 
: = —25y+ 8 
y = —0.4x + 2 
Now Try Problem 35 


Self Check 5 Answer 
no solution, @; inconsistent system 


Teaching Example 5 Solve the system, 
4x —12y =5 

if ible: 

if possible tg 

Answer: 

no solution, @; inconsistent system 


Self Check 6 


Solve the system: 


Now Try Problem 37 

Self Check 6 Answer 

There are infinitely many solutions; 
three of them are (2, —3), (12, 1), 


and , 0). 


Teaching Example 6 Solve the system: 
Bs +y=-2 

14x —2y=4 
Answer: 
There are infinitely many solutions; 
three of them are (1, 5), (—1, —9), and 
(0; = 2), 
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Examples 5 and 6 illustrate the following facts. 


Inconsistent Systems and Dependent Equations 


When solving a system of two linear equations in two variables using 
substitution or addition (elimination): 


If the variables drop out and a true statement (identity) is obtained, the 


system has an infinite number of solutions. The equations are dependent 
and the system is consistent. 

If the variables drop out and a false statement (contradiction) is obtained, 
the system has no solution and is inconsistent. 


Z¥ Determine the most efficient method to use to solve a linear 


system. 


If no method is specified for solving a particular linear system, the following guidelines 
can be helpful in determining whether to use graphing, substitution, or addition. 


1. Ifyou want to show trends and see the point that two graphs have in common, 
use the graphing method. However, this method can be lengthy and is not exact. 


2. 


If one of the equations is solved for one of the variables, or easily solved for one 


of the variables, use the substitution method. 


If both equations are in standard (general) Ax + By = C form, and no variable 


has a coefficient of 1 or —1, use the addition (elimination) method. 


4. Ifthe coefficient of one of the variables is 1 or —1, you have a choice. You can 
write each equation in standard form (Ax + By = C) and use elimination, or 
you can solve for the variable with coefficient 1 or —1 and use substitution. 


Here are some examples of suggested approaches: 


air { 
y=x-4 


Substitution 


a-—16=5b ee ate on ae 
4a — 8b = -11 7x + 5y = —33 9x + 8y = 2 
Substitution Addition Addition or substitution 


ANSWERS TO SELF CHECKS 


1. (-3,4) 2. (4,4) 3 


.(-2,3) 4. (1, -3) 5. no solution, @; inconsistent system 


6. There are infinitely many solutions; three of them are (2, —3), (12, 1), and (2, 0) 


STUDY SET 


J VOCABULARY 


Fillin the blanks. 

1. Ax + By = Cis the standard (general) form of a linear 
equation. 

2. In the equation x + 3y = —1, the x-term has an 


understood coefficient of _|_. 
3. When we add the two equations of the system 
x+y=5 oe 
{ 4 , the y-terms are _climinated _, 
x-y=-3 


P Selected exercises available online at 
www.webassign.net/brookscole 


y = 3x 


we can Substitute 3x for y in the 
x+y=4 


> 4. To solve { 


second equation. 


I CONCEPTS 

4x —3y =7 
3x —y =6 
substitution method, what variable in what equation 
would it be easier to solve for? y:; second equation 


p> 5. Ifthe system { is to be solved using the 


4x —3y =7 
3x — 2y = 6 
elimination (addition) method, by what constants 
should each equation be multiplied if 


6. If the system { is to be solved using the 


a. the x-terms are to drop out? 3; —4 (answers may vary) 
b. the y-terms are to drop out? 2; —3 (answers may vary) 
2x + 5y =7 
4x — 3y = 16 
easily by the substitution or the addition 
method? addition method 


7. Can the system { be solved more 


8. Given the equation 3x + y = —4. 
-y-4 
a 


b. Solve for y. y = —3x — 4 


a. Solve for x. x = 


c. Which variable was easier to solve for? Explain 
why. y; it involved one less step 


9. The substitution method was used to solve three 
systems of linear equations. The results after y was 
eliminated and the remaining equation was solved for 
x are listed below. Match each result with a possible 
graph of the system from the illustration. 

a. —2 = 3 ii 
b. x = 3 iii 
« 3=3i 


Possible graphs 


| 12 3 4 


2 


10. Consider the system: 3 
0.03x + 0.02y = 0.03 


a. What algebraic step should be performed to clear 


the first equation of fractions? 
Multiply both sides by 18. 


b. What algebraic step should be performed to clear 


the second equation of decimals? 
Multiply both sides by 100. 


[| GUIDED PRACTICE 


Solve each system by substitution. See Example 1. 


"1 ie > 12 aaa 
x+y=4 " Lx + 2y = 16 
(2.3) (4, 6) 

13. ae eas 
2x +y=—5 3x —2y = -7 
(=1,>2) (3, 8) 

15. ata Ts eee 
2x + y = 13 3x — 2y = —5 
(5, 3) (3,7) 
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> 18. 


ie —y=-21 
4x + 5y =7 
(=2.)) 


Solve each system by substitution. See Example 2. 


i. a 
19, 238 9y 1 
0.1x = 0.3 — O.Ly 
(3, 0) 
0.3a + 0.1b = 0.5 
mien fa +34b=3 
(4, -7) 


" ae > 24 
xty=7 
(5, 2) 
ne +y=-10 
25. 26. 
2x —y = —-6 
(—4,=2) 
3x — 4y = 
2 { ‘ aad 28. 
x+2y= 
(5.3) 
+2y=11 
29. 30. 
7x + 6y = 
(3, —2) 


1 ul 
5 oe 


0.4y = 1.6 — 0.4x 
(0,4) 


ee + 0.2q = 1.2 


i. +y=1 

x-y=T7 

(4, -3) 

a +2y=—-9 
x—2y=— 

(—5, —2) 

a + 3y = —-15 
2x+ty=-9 

(—3, —3) 

{s + 4y = —24 
5x + 12y = —72 


Solve each system by addition (elimination). See Example 4. 


A(x — 2) = —9y 
31. 2. 
oe — 3y)=—-3 es 
12 
273 
2(x+y)+1=0 
33. 34. 
a ie + 4y =0 


(-2,3) 


ee + 3y)=5 
8x = 3(1 + 3y) 
(j 
(0 


x-y)-7=0 


3) 
3 
5x + 3y = —7 
3( 
= 


Solve each system, if possible. If a system is inconsistent or if the 
equations are dependent, so indicate. See Examples 5-6. 


3 
_ 5x +2=y 
6x — 4y = 


no solution, 
inconsistent system 

16x — 8y = 32 

2x -4=y 
infinitely many solutions, 
dependent equations 


37. 


I TRY IT YOURSELF 


> 36. 
—4 


38. 


2x = 3 =y 

4x —2y=5 
infinitely many solutions, 
dependent equations 


x=3y+5 
2x — 3y = 8 


no solution, 
inconsistent system 


Solve each system of equations. If a system is inconsistent or if 
the equations are dependent, so indicate. 


os +3y =8 
3x — 2y = -1 
(1, 2) 


{e — 2y = 19 
3x + 4y = 1 
(3,—2) 
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41. 


—_ 


43. 


45. 


47. 


49. 


51. 


> 53. 


55. 


57. 


59. 


oe — 2y = —-10 
6x + 5y = 25 
(0, 5) 


oe 
3(x-y—-1)-4=0 


x = 3y 
y=4x4+5 
(—2, —3) 
pay 
t+ 7=0 
(—2, 9) 
i —4y=-8 
0.5x — 0.375y = —9 
(—6, 16) 
3c = 2(6 — d) 
iv = 3(4 — c) 


infinitely many solutions, 
dependent equations 


= a 
(3.5) 

3a +b =5 

fa + 4b =3 
(4, -7) 


pa14h 
x =4(y + 10) 


no solution, inconsistent 
system 


(Be fyed 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


60. 


es +1=-2y 
3x + 4y = 0 


0.6y — 0.9x = —3.9 
= —17 =4y 
(3,=2) 

i + 0.5y = 6 


3 
a=14—-—2b 

no solution, inconsistent 
system 


‘epee 


3 Dies ae, LD 

ax — 3Y =e 

(2, -3) 

9p + 2q = 12 

3p +9q=1 
(25:39) 

3x +2 =2Ay + 6) 
3y + 5 =3(x — 4) 


infinitely many solutions, 
dependent equations 


x y_ 

a 

0.009x + 0.002y = 0 
(—2, 9) 


The following systems involve variables other than x and y. 
When writing the solution as an ordered pair, write the values 
for the variables in alphabetical order. 


61. 


> 63. 


3 1 

ap +3q = 2 

2 i 

3P + 9g =1 
(2, —3) 


mn m+n _ Fm Sot Ss 
5 + 2 = 6 res { 5 2 = 2 


m-n _ mtn 
2 


(9, -1) 


Solve each system. To do this, substitute a for 1 and b for ; and 


solve for a and b. Then find x and y using the fact that anda = 


=1 
andb=¥,. 
1 1 5 1 1 9 
See ee 
x y 6 x y 20 
> 65. 1_1_1 > 66. 1 41_1 
x y 6 x yy 20 
(2, 3) (4,5) 


Wi 2h as Ss Be 2 a 

a -ug oe a 30 

7 ee 2_3_ _39 
ae y x y 
1 11 
(—3.1) (-6.6) 
I WRITING 
69. Which method would you use to solve the system 
4x + 6y =5 
{ . _ . 7 3° Explain why. 
p> 70. Which method would you use to solve the system 
x—2y=5 : 
? Expl hy. 
a +3y=11° Paw 

71. When solving a problem using two variables, why 
must we write two equations? 

72. Write a problem that can be solved by solving the 
s stem {re 

” $1.29x + $2.29y = $72.44 

73. Write a problem to fit the information given in the 
table. 

% Amount of 
Solution Ounces insecticide insecticide 
Weak BX: 0.02 0.02x 
Strong y 0.10 0.10y 
Mixture 80 0.07 0.07(80) 

74. Make a table like the one below, listing one 
advantage and one disadvantage for each of the 
methods that can be used to solve a system of two 
linear equations. 

Method Advantage Disadvantage 
Graphing 
Substitution 
Addition 
[ REVIEW 


Find the slope of each line. 


75. 


77. 


> 78. 
79. 


p> 80. 


76. 


1 
2 5 
The line passing through (0, —8) and (—5, 0) —° 


The line with equation y = —3x + 4 —3 
The line with equation 4x — 3y = —3 4 
The line with equation y = 3 0 


3.3 Problem Solving Using Systems of Two Equations 


Problem Solving Using Systems of Two Equations 


In Chapter 1, we solved applied problems involving two unknown quantities by 
modeling the situation with an equation in one variable. It’s often easier to solve 
such problems using a two-variable approach. We write two equations in two 
variables to model the situation, and then we use the methods of this chapter to 
solve the system formed by the pair of equations. 


iB Assign variables to two unknowns. 


The following steps are helpful when solving problems involving two unknown 
quantities. 


Problem-Solving Strategy 


Analyze the problem by reading it carefully to understand the given facts. 
Often a diagram or table will help you visualize the facts of the problem. 


Pick different variables to represent two unknown quantities. Translate 
the words of the problem to form two equations involving each of the two 
variables. 


Solve the system of equations using graphing, substitution, or elimination. 
State the conclusion. 


Check the results in the words of the problem. 


| EXAMPLE 1 | Pets In 2007, there were 163 million dogs and cats owned 


in the United States. If the number of dogs was 13 million less than the number of 
cats, how many dogs and how many cats were owned in the United States that 
year? (Source: Humane Society) 


Analyze 
e In 2007, the total number of dogs and cats was 163 million. 
e The number of dogs was 13 million less than the number of cats. 
e Find the number of dogs and the number of cats that year. 
Form We will let x = the number of dogs (in millions) and y = the number of cats 


(in millions). We can translate the words of the problem into two equations, each 
involving x and y. 


163 million. 
a + y = 163 


The number of dogs plus thenumberofcats was 


less than the number of cats. 


13 million 


The number of dogs was 
x 


The resulting system is { 
x 


Solve Since the second equation is solved for x, we will use substitution to solve 


the system. v 


- Objectives 


i) Assign variables to two 
unknowns. 
i 2 | Use systems to solve geometry 
problems. 


3 | Use systems to solve number- 
value problems. 


4 | Use systems to find the break 
point. 
5 | Use systems to solve interest, 


uniform motion, and mixture 
problems. 


Self Check 1 


An iPod classic and iHome 
together cost $348. If the iPod is 
$150 more than the cost of the 
iHome, how much does each 
cost? iPod: $249, iHome: $99 


Now Try Problem 13 


Teaching Example 1 In 2008, there 
were 305.3 million people in the United 
States. If the number of females was 
4.1 million more than the number of 
males, how many males and how many 
females were in the United States in 
2008? (Source: U.S. Census Bureau, 
www.census.gov/popest/national/asrh/ 
2007-nat-res.html) 

Answer: 

150.6 million males, 154.7 million 
females 
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x + y = 163 © This is the first equation of the system. 


y—13+y=163 Substitute y — 13 for x. 
2y — 13 = 163 Combine like terms. 
2y = 176 Add 13 to both sides. 
y = 88 Divide both sides by 2. This is the number of cats (in millions). 
To find x, we substitute 88 for y in the second equation of the system. 
x=y-13 
= 88 — 13 Substitute 88 for y. 


= 75 This is the number of dogs (in millions). 


State In 2007, the number of dogs owned in the United States was 75 million and 
the number of cats was 88 million. 


Check Since 75 million + 88 million = 163 million and 75 million is 13 million less 
than 88 million, the results check. 


Caution! If two variables are used to represent two unknown quantities, we 


must form a system of two equations to find the unknowns. 


4) Use systems to solve geometry problems. 


Sometimes we can use geometric facts or formulas to solve application problems. 


Self Check 2 | EXAMPLE 2 | ; \ 
Ml a Parallelograms Refer to parallelogram ABCD. Find 


In a right triangle, the sum of the the unknown degree measures represented by x and y. 
two acute angles is 90°. If one of 


the acute angles is 36° more than 
the other, find the measure of the 
two angles. 27°, 63° 


Now Try Problem 19 


Teaching Example 2 Ina 

parallelogram, consecutive angles are 

supplementary, meaning their sum is Analyze To solve this problem, we will use two facts about parallelograms. 
180°. If one of the angles is twice the 

other, find the measure of the 

consecutive angles. 


Answer: 
60°, 120° 
Alternate interior angles Opposite angles 
When a diagonal intersects two parallel Opposite angles of a parallelogram have 
sides of a parallelogram, pairs of alternate the same measure. 


interior angles have the same measure. 


Form In the figure, 2BAC and ZDCA are alternate interior angles and therefore 
have the same measure. Thus, x — y = 30. Since 2B and ZD in the figure are 
opposite angles of the parallelogram, x + y = 110. 


Solve To find x and y, we solve the following system: 


oes 
x+y=110 v 
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Since the coefficients of the terms —y and y are opposites, we will use addition to 
solve the system. 


x —y = 30 
x+y=110 
2x = 140 = Add the equations. The y-terms drop out. 
x = 70 To solve for x, divide both sides by 2. 


We can substitute 70 for x in the second equation and solve for y. 


xt+y=110 
70+ y=110 Substitute 70 for x. 
y = 40 To solve for y, subtract 70 from both sides. 
State Thus, x = 70° and y = 40°. 
Check Since 70° — 40° = 30° and 70° + 40° = 110°, the results check. | 


IER Use systems to solve number-value problems. 


| EXAMPLE 3 | Wedding Pictures A professional photographer offers 


two different packages for wedding pictures. Use the information in the figure to 
determine the cost of one 8 X 10-inch photograph and the cost of one 5 X 7-inch 
photograph. 


Analyze 
e Eight 8 X 10 and twelve 
5 X 7 pictures cost $133. 


e Six 8 X 10 and twenty-two A Wackaged 
5 X 7 pictures cost $168. emt acxage 


6-8 x 10's 
e Find the cost of one 8 X 10 a: ae 
photograph and the cost of 
one 5 X 7 photograph. 


Wedding Pictures 


Form Let x = the cost of one 8 X 10 photograph (in dollars), and let y = the 
cost of one 5X7 photograph (in dollars). We can use the fact that 
Number - value = total value to write equations that model the cost of each 
package. For the first package, the cost of eight 8 X 10 photos is 8 - $x = $8x, and 
the cost of twelve 5 X 7 photos is 12 - $y = $12y. For the second package, the cost 
of six 8 X 10 photos is $6x, and the cost of twenty-two 5 X 7 photos is $22y. To find 
x and y, we must write and solve two equations. 


The cost of eight is the cost of twelve the cost of the 
8 X 10 photographs P 5 X 7 photographs first package. 
8x + 12y = 133 
The cost of six the cost of twenty-two the cost of the 
8 X 10 photographs 5 X 7 photographs second package. 
6x + 22y = 168 


Solve To find the cost of one 8 X 10 and one 5 X 7 photograph, we must solve the 
following system: 

(1) es + 12y = 133 
(2) 


6x + 22y = 168 v 


Self Check 3 


At a movie theater, 1 large 
popcorn and 2 medium drinks 
cost $10.50. Another package 
offers 1 large popcorn and 

3 medium drinks for $13.00. Find 
the cost of one large popcorn and 
1 medium drink. 


Now Try Problem 25 
Self Check 3 Answer 
popcorn: $5.50, medium drink: $2.50 


Teaching Example 3 A soccer picture 
package that includes one team photo 
and 8 trading cards cost $15.00. 
Another package that includes two 
team photos and 12 trading cards cost 
$25.00. Find the cost of one team photo 
and one trading card. 

Answer: 

team photo; $5.00, trading card: $1.25 
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We will use elimination to solve this system. To make the x-terms drop out, 
we multiply both sides of equation 1 by 3. Then we multiply both sides of 
equation 2 by —4, add the resulting equations, and solve for y: 

24x + 36y = 399 = This is 3(8x + 12y) = 3(133). 

—24x — 88y = —672 This is —4(6x + 22y) = —4(168). 


—52y = —273 Add the terms, column by column. The x-terms drop out. 
y =5.25 Divide both sides by —52. This is the cost of one 5 X 7 
photograph. 


To find x, we substitute 5.25 for y in equation 1 and solve for x: 


8x + 12y = 133 
8x + 12(5.25) = 133 Substitute 5.25 for y. 
8x + 63 = 133 Do the multiplication. 
8x = 70 Subtract 63 from both sides. 
x = 8.75 Divide both sides by 8. This is the cost of one & X 10 
photograph. 


State The cost of one 8 X 10 photo is $8.75, and the cost of one 5 X 7 photo is 
$5.25. 


Check If the first package contains eight 8 x 10 and twelve 5 X 7 photographs, 
the value of the package is 8($8.75) + 12($5.25) = $70 + $63 = $133. If the 
second package contains six 8 < 10 and twenty-two 5 X 7 photographs, the value 
of the package is 6($8.75) + 22($5.25) = $52.50 + $115.50 = $168. The results 
check. a 


Caution! In this problem we are to find two unknowns, the cost of an 8 X 10 


photo and the cost of a5 X 7 photo. Remember to give both in the State step 
of the solution. 


IZ9 Use systems to find the break point. 


Running a machine involves both setup costs and unit costs. Setup costs include the 
cost of preparing a machine to do a certain job. The costs to make one item are unit 
costs. They depend on the number of items to be manufactured, including costs of 
raw materials and labor. 


Self Check 4 | EXAMPLE 4 | : : a, 
- Manufacturing The setup cost of a machine that mills 


If in Example 4, the Setup Cost of brass plates is $750. After setup, it costs $0.25 to mill each plate. Management is 
the smaller machine is $600 with considering the purchase of a larger machine that can produce a plate at a cost of 
a $.30 cost to mill each plate, and $0.20 per plate. If the setup cost of the larger machine is $1,200, how many plates 


the larger machine’s setup is would the company have to produce to make the purchase worthwhile? 
$1,000 with $0.22 to mill each 


plate, what would the break Analyze We need to find the number of plates (called the break point) that will 
point be? 5,000 cost equal amounts to produce on either machine. v 
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Form We can let c = the cost (in dollars) of milling p plates. If we call the machine 
currently in use machine 1 and the new, larger one machine 2, we can form two 
equations. 


The cost of the setup the cost the number 
making p plates equals costof plus perplate of times of plates p to 
using machine 1 machine 1 machine 1 be made. 

c = 750 a 0.25 : 7) 

The cost of the setup the cost the number 
making p plates equals costof plus per plate of times of plates p to 
using machine 2 machine 2 machine 2 be made. 

ic = 1,200 + 0.20 , Pp 


c = 750 + 0.25p 


To find the break point t solve th t 
o find the break point, we must solve esystem (Oy ay 


Solve Since the costs are equal for the break point, we can use substitution to 
solve the system. 


Cc = 
{i = 1,200 + 0.20p 


750 + 0.25p = 1,200 + 0.20p Substitute 750 + 0.25p for c in the second 


equation. 
0.25p = 450 + 0.20p Subtract 750 from both sides. 
0.05p = 450 Subtract 0.20p from both sides. 
Dp = 9,000 Divide both sides by 0.05. 


State Since the cost will be the same on either machine when 9,000 plates are 
milled, 9,000 is the break point. 


Check We can check the result by substituting 9,000 for p in each equation of the 
system and verifying that 3,000 is the value of c in both cases. 
If we graph the two equations, we can illustrate the break point. 


Machine 1 
c = 750 + 0.25p 


Break point: 


Pp c (9,000, 3,000) 
O| ao 
3 Here, the overall cost to 
1,000 1,000 mill plates will be less 
3,000 1,500 Ci on the new machine. 
s 
= 2 
Se Here, the overall cost to 
Machine 2 & mill plates is less on the 


Wadnine 1 machine-currently in use. 


c = 1,200 + 0.20p 


Pp c 
0 1,200 


4,000 2,000 12345 67 8 9 101112 
12,000 3,600 Plates milled (1,000s) 


Now Try Problem 31 


Teaching Example 4 Find the break 
point for a smaller machine that has a 
setup of $550 with a per-unit cost of 
$0.45 compared to a larger machine 
that has a setup cost of $1,250 and a 
per-unit cost of $0.38. 

Answer: 

10,000 


Self Check 5 


Parents saving for their child’s 
college education decide to 
invest $12,000. They put some of 
the money in a 3.75% certificate 
of deposit and the rest ina 
money market paying 

4.25% annually. If the annual 
interest from the two accounts is 
$475, how much did they invest 
in each account? 

Now Try Problem 39 


Self Check 5 Answer 
$7,000 at 3.75%, $5,000 at 4.25% 


Teaching Example 5 A student has 
$15,000 to invest, some at 8% and the 
rest at 3.5%. If the annual interest 
earned from the two accounts is $840, 
how much was invested in each 
account? 

Answer: 

$7,000 at 8%, $8,000 at 3.5% 
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IE Use systems to solve interest, uniform motion, and mixture 
problems. 


To compare one-variable and two-variable approaches, we will solve the investment 
problem of Example 6 in Chapter 1 using two variables to find the unknown 
investment amounts. 


| EXAMPLE 5 | Interest Income To protect against a major loss, a 


financial analyst suggested the following plan for a client who has $50,000 to 
invest for 1 year. 


1. Alco Development, Inc. Builds mini-malls. High yield: 12% per year. Risky! 
2. Certificate of deposit (CD). Insured, safe. Low yield: 4.5% annual interest. 


If the client puts some money in each investment and wants to earn $3,600 in 
interest, how much should be invested at each rate? 


Analyze A total of $50,000 is invested at two different rates for 1 year. The total 
interest earned is $3,600. 


Form Let x = the number of dollars invested at 12% and y = the number of 
dollars invested at 4.5%. We will use the formula J = Prt to determine that $x 
invested at 12% for 1 year will earn $0.12x and $y invested at 4.5% for 1 year will 
earn $0.045y. This information is shown in the table. 


Pos pf t= £ 
Alco x OZ | il 0.12x 
CD y 0.045 1 0.045 
Total 50,000 3,600 
t t 


One equation comes 
from this column. 


The other equation comes 
from this column. 


Success Tip With a one-variable approach, we let x = the number of dollars 
invested at 12% and 50,000 — x = the number of dollars invested at 4.5%. 
With a two-variable approach, again we let x = the number of dollars invested 
at 12%, but then we let y = the number of dollars invested at 4.5%. 


The facts of the problem give the following two equations. 


The amount the amount invested 


invested in Alco pias in the CD s Pa 
x + y = 50,000 
The interest the interest 1 the total 
equals 
earned at 12% earned at 4.5% q interest earned. 
0.12x + 0.045y = 3,600 


Solve To find out how much was invested at each rate, we solve the following 
system: 

(1) : + y = 50,000 

(2) (0.12x + 0.045y = 3,600 v 
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To solve this system by substitution, we can solve equation 1 for y: 


x + y = 50,000 
y = 50,000 — x This is the substitution equation. 
Then we substitute 50,000 — x for y in equation 2 and solve for x. 


0.12x + 0.045y = 3,600 
0.12x + 0.045(50,000 — x) = 3,600 
120x + 45(50,000 — x) = 3,600,000 


Substitute 50,000 — x for y. 


To clear the equation of the decimals, 
multiply both sides by 1,000. 


120x + 2,250,000 — 45x = 3,600,000 
75x = 1,350,000 


Distribute the multiplication by 45. 


Combine like terms and subtract 
2,250,000 from both sides. 


Divide both sides by 75. This is the 
amount that should be invested at 12%. 


x = 18,000 


To find y, we can substitute 18,000 for x in the substitution equation: 


y = 50,000 — x 
= 50,000 — 18,000 Substitute 18,000 for x. 
= 32,000 This is the amount that should be invested at 4.5%. 


State $18,000 should be invested at 12% and $32,000 should be invested at 4.5%. 


Check We note that $18,000 plus $32,000 equals the required amount of 
money invested. The annual interest on $18,000 is 0.12($18,000) = $2,160. 
The interest earned on $32,000 is 0.045($32,000) = $1,440. The total interest is 
$2,160 + $1,440 = $3,600. The results check. 


Blimps The Spirit of 
America, one of the Goodyear blimps, flew 
175 miles in 5 hours with the wind. The 
return trip took 7 hours flying against the 
wind. Find the speed of the blimp in still air 
and the speed of the wind. 


> — 


Analyze Traveling with the wind, the 
speed of the blimp will be faster than it 
would be in still air. Traveling against the 
wind, the speed of the blimp will be slower 
than it would be in still air. 


Form Let s = the speed of the blimp (in mph) in still air and w = the speed of the 
wind (in mph). Then the speed of the blimp flying with the wind is s + w and the 
speed of the blimp flying against the wind is s — w. Using the formula d = rt, we 
find that 5(s + w) represents the distance traveled with the wind and 7(s — w) 
represents the distance traveled against the wind. This information is shown in the 
table. 


| roc:t= d 
With the wind sari? | S | S@ sew) 
Against the wind s—w 7 7(s—w) 
— 5 
Enter this Each of these expressions for 


information first. distance traveled is equal to 175. 


Self Check 6 


A boat traveled 63 miles 
downstream in 3 hours. The 
return trip took 7 hours going 
upstream. Find the speed of the 
boat in still water and the speed 
of the current. 


Now Try Problem 45 
Self Check 6 Answer 
boat: 15 mph, current: 6 mph 


Teaching Example 6 A boat traveled 
40 miles downstream in 2 hours. The 
return trip upstream took 5 hours. Find 
the speed of the boat in still water and 
the speed of the current. 

Answer: 

boat: 14 mph, current: 6 mph 
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Since each trip is 175 miles long, the information in the Distance column of 
the table can be used to form two equations in two variables. To write each 
equation in standard form, we use the distributive property. 


5s+ 5w=175 (DD 
7s — Tw =175 (2) 


+w) = 175 


7(s — w) = 175 > 


Distribute { 
> 
Distribute 


Solve Since the coefficients of w have opposite signs, we will eliminate w. To do 
this, we will create terms of 35w and —35w by multiplying both sides of the 
equation 1 by 7 and both sides of the equation 2 by 5. 
35s + 35w = 1,225 This is 7(5s + Sw) = 7(175). 
35s — 35w = 875 This is 5(7s — 7w) = 5(175). 
70s = 2,100 
s = 30 Divide both sides by 70. This is the speed of the blimp in still air. 


To find w, we will substitute 30 for s in equation 1. 


5s + Sw = 175 
5(30) + 5wW = 175 — Substitute 30 for s. 
150 + Sw =175 Do the multiplication. 
Sw = 25 Subtract 150 from both sides. 
w=5 Divide both sides by 5. This is the speed of the wind. 


State The speed of the blimp in still air is 30 mph and the speed of the wind is 
5 mph. 


Check The blimp’s speed traveling with a 5-mph wind will be 30 + 5 = 35 mph. 
In 5 hours, it will travel 35 - 5 = 175 miles. The blimp’s speed traveling against a 
5-mph wind will be 30 — 5 = 25 mph. In 7 hours, it will travel 25 -7 = 175 miles. 
The results check. fa 


Self Check 7 | EXAMPLE 7 | . . ) 
= = Popcorn A tin of jalapefio-flavored popcorn sells for $36, 


How many pounds of peanuts while the same size tin of cheddar cheese—flavored popcorn sells for $24. How 
(selling for $4 per pound) and many tins of each type of popcorn should be used to create 10 tins of a 


how many pounds of M&M's jalapefio-cheddar mix that can be sold for $27 per tin? 
(selling for $3.52 per pound) 
must be combined to get a Analyze We will use a two-variable approach to solve this dry mixture problem. 


12-pound mixture worth Form Let x = the number of tins of jalapefio popcorn and y = the number of tins 


$3.75 per pound? of cheddar cheese popcorn that should be mixed. The value of the mixture and the 
Now Try Problem 51 value of each of its components are given by 

Self Check 7 Answer . 

peanuts: 5 3 Ib, M&M’s: 6 ! Ib Amount - price = total value 


(dian Reaunle® tasnny Thus, the value of x tins of jalapefio popcorn is $36x and the value of y tins of 
pounds of cashews (selling for $5.25 per cheddar cheese popcorn is $24y. The sum of these values is also equal to the total 
pound) and how many pounds of value of the final mixture that is 10 - $27 or $270. This information is shown in the 
peanuts (selling for $4.00 per pound) table. 

must be combined to get a 15-pound 

mixture worth $4.50 per pound? 


Answer: Amount - Price = Total value 
cashews: 6 lb, peanuts: 9 lb 


Jalapefio popcorn by 36 36x 
Cheddar cheese popcorn y 24 24y 
Mixture 10 27 10(27) 
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The facts in the table give the following equations: 


The number of tins the number of tins of 


| 10. 
of jalapefio popcorn cheddar cheese popcorn nae 
x + y = 10 
The value of the the value of the the value of 
: ‘ uals ‘ 
jalapefio popcorn cheddar cheese popcorn the mixture. 


36x + 24y = 10(27) 


Solve To find how many tins of each popcorn are needed, we solve the following 
system: 


nee 


36x + 24y = 270 Multiply: 10(27) = 270. 


We will use elimination to solve this system. To make the y-terms drop out, 
we multiply both sides of the first equation of the system by —24 and add the 
resulting equations to solve for x: 

—24x — 24y = —240 

36x + 24y = 270 


This is —24(x + y) = —24(10). 


12x = 30 Add like terms, column by column. 
30 Divide both sides by 12 and simplify. This is the number 
x =—=25 : ; Pe 
12 of tins of jalapefio popcorn needed. 


To find y, we substitute 2.5 for x in the first equation of the system and solve 
for y: 


x+y=10 
2.5 + y= 10 Substitute 2.5 for x. 
y=7.5 Subtract 2.5 from both sides. This is the number of tins of cheddar 


cheese popcorn needed. 


State To obtain 10 tins of jalapefio-cheddar popcorn, 2.5 tins of japalefio and 
7.5 tins of cheddar cheese popcorn should be combined. 


Check When 2.5 tins and 7.5 tins are combined, the result is 10 tins. The 2.5 tins of 
jalapefio popcorn are valued at 2.5($36) = $90 and the 7.5 tins of cheddar cheese 
popcorn are valued at 7.5($24) = $180. The sum of those values, $90 + $180 = $270, 
is the same as the value of the mixture, 10($27) = $270. The results check. a 


| EXAMPLE 8 | 8 Water Treatment A technician determines that 100 fluid 


ounces of a 15% muriatic acid solution needs to be added to the water in a 
swimming pool to kill a growth of algae. If the technician has 5% and 20% muriatic 
solutions on hand, how many ounces of each must be combined to create the 
15% solution? 


Analyze We will use a two-variable approach to solve this liquid mixture 
problem. We need to find the number of ounces of a 5% solution and the number 
of ounces of a 20% solution that must be combined to obtain 100 ounces of a 
15% solution. 


Form Let x = the number of ounces of the 5% solution and let y = the number of 
ounces of the 20% solution that are to be mixed. The amount of pure muriatic acid 
in each solution is given by 


Amount of solution - strength = amount pure muriatic acid v 


Self Check 8 


A nutritionist suggested that 

20 fluid ounces of 4% butterfat 
milk should be included in an 
underweight toddler’s diet. If the 
mother has cream that is 
approximately 22% butterfat and 
2% milk, how many ounces of 
each must be combined to create 
the 4% solution? 

Now Try Problem 57 


Self Check 8 Answer 
cream: 2 0z,2% milk: 18 oz 
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Teaching Example 8 A container that 
is partially filled with 4% butterfat milk 
is to be mixed with 1% milk to obtain 
36 liters of 2% butterfat milk. How 
many liters of the 4% and the 1% milk 
must be combined to create the 2% 
milk? 

Answer: 

4% milk: 12 L,1% milk: 24 L 


Thus, the amount of muriatic acid in the 5% solution is 0.05x ounces, and the 
amount of muriatic acid in the 20% solution is 0.20y ounces. The sum of these 
amounts is also the amount of muriatic acid in the final mixture, which is 15% of 
100 ounces or 0.15(100). This information is shown in the table. 


Weak 
solution 


Strong 
solution 


Mixture 
Amount of 
Amount - Strength = muriatic acid 
Weak a 0.05 0.05x 
Strong y 0.20 0.20y 
Mixture 100 0.15 0.15(100) 
t t 


One equation 
comes from 
the information 
in this column. 


Another equation 
comes from 
the information 
in this column. 


The facts in the table give the following equations: 


The number the number the total number 


ofouncesof plus ofouncesof equals of ounces in the 

5% solution 20% solution 15% mixture. 
x + y = 100 

The number the number the number 
of ounces i of ounces ie of ounces 
ofacidin of acid in of acid in 

the 5% solution the 20% solution the 15% mixture. 

0.05x + 0.20y = 0.15(100) 


Solve To find out how many ounces of each are needed, we solve the following 
system: 


(1) {s +y = 100 

(2) (0.05x + 0.20y = 15 Multiply: 0.15(100) = 15. 

To solve this system by substitution, we can solve the first equation for y: 

x + y = 100 
y=100-x 


This is the substitution equation. 


Then we substitute 100 — x for y in equation 2 and solve for x. 
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0.05x + 0.20y = 15 


0.05x + 0.20(100 — x) = 15 Substitute 100 — x for y. 
5x + 20(100 — x) = 1,500 To clear the equation of decimals, multiply both 
sides by 100. 


ll 


5x + 2,000 — 20x = 1,500 Distribute the multiplication by 20. 


—15x = —500 Combine like terms and subtract 2,000 from 
both sides. 
—500 
x= 15 To solve for x, divide both sides by —15. 
_ 100 Simplify. This is the number of ounces of the 5% 
a= 3 acid solution that is needed. 


To find y, we can substitute 1 for x in the substitution equation: 


y=100-¥x 
100 
= 100 -— — Substitute ee for x. 
_ 200 To subtract, think: age - ee This is the number of ounces of the 
3 20% acid solution that is needed. 


State To obtain 100 ounces of a 15% solution, the technician must mix i or 334 
ounces of the 5% solution with 0 or 663 ounces of the 20% solution. 


Check We note that 334 ounces of solution plus 665 ounces of solution equals the 


required 100 ounces of solution. The 334 = ie ounces of 5% solution contains 
0.05(19) = 3 ounces of muriatic acid, and the 663 = aa ounces of 20% solution 


contains 0.20(222) = 2 ounces of muriatic acid—a total of 3 a 2 = = or 15 ounces 


of muriatic acid. The 100 ounces of the 15% mixture contains 0.15(100) = 15 
ounces of acid. The results check. si] 


"ANSWERS TO SELF CHECKS 


1. iPod: $249, iHome: $99 2. 27°, 63° 3. popcorn: $5.50, medium drink: $2.50 4. 5,000 
5. $7,000 at 3.75%, $5000 at 4.25% 6. boat: 15 mph, current: 6 mph 
7. peanuts: 53 lb, M&M’s: 64 lb 8. cream: 2 0z,2% milk: 18 oz 


STUDY SET 


I VOCABULARY I CONCEPTS 
Fill in the blanks. 3. a. Refer to the parallelogram below. Find the measure 


1. A parallelogram is a four-sided figure with two pairs of of ZSRU and ZTSU. 70°, 75° 
parallel sides. b. Fillin the blank: 2SUR and Z TSU are called 
alternate _interior_ angles. 


2. Suppose a hammer can be manufactured in two 
different ways. The number of hammers that will cost 
equal amounts to produce either way is called the 

break point. 


® Selected exercises available online at 
www.webassign.net/brookscole 
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4. A company charges a $75 setup fee plus $5.25 per 
shirt to silkscreen a design on specialty t-shirts. 
Write an equation which gives the cost of purchasing 
x shirts. c = 5.25x + 75 


5. Instill water, a person swims at the rate of x mph. Find 
the speed of the swimmer for each of the following 
situations. 


a. With the current x + c 


: 


b. Against the current x — c 


(ete 
ae 


6. a. Write an expression that represents the total 
value of x ounces of ginseng tea that costs $32 per 
pound. $32x 


b. Write an expression that represents the amount of 
hydrochloric acid in x gallons of a 3% hydrochloric 
acid solution. 0.03x gal 


I NOTATION 


7. Write each percent as a decimal. 


1 
a. 6% 0.06 b. 4.8% 0.048 c 135% 0.135 


8. What is the formula that finds 
a. Simple interest 7 = Prt 


b. Distance traveled d = ri 


[| GUIDED PRACTICE 


Complete each table and write a system of two equations that 
can be used to find x and y. DO NOT SOLVE THE SYSTEM. 
See Examples 5-8. 


p> 9. INVESTMENTS A total of $25,000 was invested in 
two accounts for 1 year and earned a total of $1,050 in 


interest. 
Principal - Rate - Time = Interest 
Township Bank eG 0.05 1 0.05x 
Ameritech Savings y 0.04 1 0.04y 
Total 25,000 1,050 


eatin 
0.05x + 0.04y = 1,050 


> 10. 


> 12. 


PHYSICAL FITNESS A jogger and cyclist started at 
the same point and traveled for 2 hours in opposite 
directions until they were 42 miles apart. The cyclist 
traveled 10 mph faster than the jogger. 


Rate - Time = Distance 


Jogger x 2 2G 
Cyclist | y 2 2y 
Total 42 
. + 2y = 42 
y=x+10 


. CANDY A company combines dark chocolate 


(selling for $13.90 per pound) with white chocolate 
(selling for $5.10 per pound) to get 6 pounds of a 
mixture that will sell for $10.25 per pound. 


Amount - Value = Total value 


Dark chocolate x 13.90 13.90x 
White chocolate y 5.10 5.10y 
Mixture 6 10.25 61.50 
{i +y=6 

13.90x + 5.10y = 61.50 


DISINFECTANTS A 1% bleach solution is to be 
mixed with a 5% bleach solution to obtain 15 ounces 
of a 3% bleach solution. 


Amount - Strength = Amount of bleach 


Weak x 0.01 0.01x 
Strong y 0.05 0.05y 
Mix i) 0.03 0.45 
{" +y=15 

0.01x + 0.05y = 0.45 


[ APPLICATIONS 


Write a system of two equations in two variables to solve each 
problem. 


> 13. 


ELECTRONICS In the illustration, two resistors 
in the voltage divider circuit have a total resistance 
of 1,375 ohms. To provide the required voltage, 

R, must be 125 ohms greater than R>. Find both 
resistances. 750 ohms, 625 ohms. 


©} O 


7 Voltage Voltmeter 
in 


Battery 


14. 


15. 


> 16. 


17. 


> 18. 


DESSERTS A slice of Mrs. Smith’s apple pie 
and one scoop of Haagen-Dazs vanilla bean ice 


cream totals 600 calories. The pie has 20 more calories 


than the ice cream. Find the number of calories in 
each. pie: 310, ice cream: 290 


AREA CODES The entire state of Montana has 
just one telephone area code. The same is true for 
Idaho. The sum of their area codes is 614 and 

the difference is 198, and Montana has the 
numerically larger one. Find the area code of each 
of these states. Montana: 406, Idaho: 208 


HIKING The Pacific Crest Trail runs from the 

US. border with Mexico to its border with Canada. 
The Appalachian Trail extends between Springer 
Mountain in Georgia and Mount Katahdin in 

Maine. The sum of the lengths of the trails is 

4,824 miles, the difference is 476 miles, and the Pacific 
Crest Trail is the longer. Find the length of each 

trail. Pacific Crest Trail: 2,650 mi, Appalachian Trail: 2,174 mi 


AVALANCHES For the 2005-2006 snow season, 
the total number of avalanche fatalities in the 
United States and Canada was 32. If the number 
in the United States was three times greater than 
the number in Canada, how many avalanche 
fatalities were there in each country? (Source: 
Avalanche.org) Canada: 8, United States: 24 


CLOTHING STORES During the years 2005 and 
2006, the Abercrombie and Fitch Company opened 
a total of 167 new stores. The number of new 
stores opened in 2006 was 22 less than twice the 
number opened in 2005. Find the number of new 
stores that the company opened each of those 
years. (Source: International Council of Shopping 
Centers) 2005: 63, 2006: 104 
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19. BRACING The bracing of a basketball backboard 
forms a parallelogram. Find the unknown degree 
measures represented by x and y. 75°, 25° 


20. DECORATIVE MIRRORS An interior designer is 
ordering a mirror that is the shape of a parallelogram 
as shown below. Find the unknown degree measures 
represented by x and y. 85°, 20° 


~105° 


a 
a 
- 


ac 
= 
- 


Bee" X+ VR 


> 21. TRAFFIC SIGNALS 
In the illustration, 
braces A and B are 
perpendicular. Find 
the values ofxandy. 
150°, 30" 


” Brace A r 
Oo 


y 


Brace B \ 


22. GEOMETRY An acute angle is an angle with 
measure less than 90°. In a right triangle, the measure 
of one acute angle is 15° greater than two times the 
measure of the other acute angle. Find the measure of 
each acute angle. 65°, 25° 


. FENCINGA FIELD The perimeter of a rectangular 
field is surrounded by 72 meters of fencing. If the field 
is partitioned into two parts as shown, a total of 
88 meters of fencing is required. Find the dimensions 
of the field. 16 m by 20m 
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25. 


> 26. 


NEW YORK CITY 
The triangular- 
shaped Flatiron 
Building in 
Manhattan has a 
perimeter of 

499 feet at its base. 
It is bordered on 
each side by a 
street. The Sth 
Avenue front of the 
building is 198 feet 
long. The Broadway 
front is 43 feet 
more than twice as long as the East 22nd Street front. 
Find the length of the Broadway front and East 

22nd Street front. (Source: New York Public Library) 
Broadway: 215 ft, East 22nd Street: 86 ft 

ADVERTISING Use the information in the ad to 
find the cost of a 15-second and a 30-second radio 


commercial on radio station KLIZ. 
15 sec: $475, 30 sec: $800 


© Bill Ross/Corbis 


Plan 1: 
Four 30-second spots, 
six 15-second spots 
Cost: $6,050 


Plan 2: 
Three 30-second spots, 
five 15-second spots 
Cost: $4,775 


TEMPORARY HELP A law firm hired several 
workers to help finish a large project. From the 
following billing records, determine the daily fee 
charged by the employment agency for a clerk-typist 


and for a computer programmer. 
Clerk-typist: $105, computer programmer: $185 


TEMPORARY EMPLOYMENT, INC. 


We meet your employment needs! 
Billed to:_Archer Law Offices Attn:_B. Kinsell 


Day Position/Employee Name Total cost 


Clerk-typists: K. Amad, B. Tran, 
S. Smith 
Programmers: T. Lee, C. Knox 


Mon. 
3/22 


$685 


Clerk-typists: K. Amad, B. Tran, 
S. Smith, W. Morada 
Programmers: T. Lee, C. Knox, 
B. Morales 


Tues. $975 


3/23 
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30. 
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PRODUCTION PLANNING A manufacturer 
builds racing bikes and mountain bikes, with the per 
unit manufacturing costs shown in the table. The 
company has budgeted $26,150 for materials and 
$31,800 for labor. How many bicycles of each type 
can be built? 85 racing bikes, 120 mountain bikes 


Model Cost of materials Cost of labor 
Racing $110 $120 
Mountain $140 $180 


FARMING A farmer keeps some animals on a 
strict diet. Each animal is to receive 15 grams of 
protein and 7.5 grams of carbohydrates. The farmer 
uses two food mixes, with nutrients as shown in the 
table. How many grams of each mix should be 

used to provide the correct nutrients for each 
animal? 50g of A, 60g of B 


Mix Protein Carbohydrates 
12% 9% 
15% 5% 


Mix A 
Mix B 


CONCERTS According to StubHub.com, in 

2006, two tickets to a Rolling Stones concert and 
two tickets to a Jimmy Buffet concert cost, on 
average, a total of $792. At those prices, four tickets 
to see the Stones and two tickets to see Jimmy 
Buffet cost $1,320. What was the average cost of a 
Rolling Stones ticket and a Jimmy Buffet ticket in 
2006? Rolling Stones: $264, Jimmy Buffet: $132 


MEASUREMENT A furlong is a measure of 
distance and is used to express the length of certain 
horse races. A fathom is a measure of distance and is 
used to express depths of water. Four furlongs and 
five fathoms is a total of 2,670 feet. Five furlongs and 
four fathoms is a total of 3,324 feet. Find the length of 
a furlong and a fathom. furlong: 660 ft, fathom: 6 ft 


MAKING TIRES A company has two molds to form 
tires. One mold has a setup cost of $1,000 and the 
other has a setup cost of $3,000. The cost to make 
each tire with the first mold is $15, and the cost to 
make each tire with the second mold is $10. 


a. Find the break point. 400 tires 


b. Check your result by graphing both equations on 
the coordinate system on the next page. 


c. If a production run of 500 tires is planned, 


determine which mold should be used. 
the second mold 


32. 


> 33. 


34. 


35. 


> 36. 


(400, 7,000) 


Cost ($1,000s) 
KEN W BUDA ~] CO 


1 2 3 4 5 6 7 
Tires (100s) 


CHOOSING A FURNACE A high-efficiency 90+ 
furnace can be purchased for $2,250 and costs an 
average of $824 per year to operate in Chicago, 
Illinois. An 80+ furnace can be purchased for only 
$1,710, but it costs $932 per year to operate. 


a. Find the break point. 5 yr 


b. If you intended to live in Chicago for 4 years, 
which furnace would you choose? 80+ 


PUBLISHING A printer has two presses. The older 
press has a setup cost of $210 and can print the pages 
of a certain book for $5.98. The newer press has a 
setup cost of $350 and can print the pages of the same 
book for $5.95. 


a. Find the break point. 4,666% books 


b. If the publisher has advanced orders for 
5,100 copies of the book, which press should be 
used? the newer press 


COSMETOLOGY A beauty shop specializing in 
permanents has fixed costs of $2,101.20 per month. 
The owner estimates that the cost for each permanent 
is $23.60, which covers labor, chemicals, and 
electricity. If her shop can give as many permanents 
as she wants at a price of $44 each, how many must be 
given each month to break even? 103 


RECORDING COMPANIES Three people invest a 
total of $105,000 to start a recording company that 
will produce reissues of classic jazz. Each release will 
be a set of 3 CDs that will retail for $45 per set. If 
each set can be produced for $18.95, how many sets 
must be sold for the investors to make a profit? 4,031 


PRODUCTION PLANNING A paint manufacturer 
can choose between two processes for manufacturing 
house paint, with monthly costs as shown in the table. 
Assume that the paint sells for $18 per gallon. 


Process Fixed costs Unit cost (per gallon) 
A $32,500 $13 
B $80,600 $5 


a. Find the break even point where production costs 


equal revenue earned for process A. 
6,500 gal per month 


37. 


3.3 


b. Find the break even point where production costs 
equal revenue earned for process B. 
6,200 gal per month 
c. If expected sales are 7,000 gallons per month, 
which process should the company use? 
B 
MANUFACTURING A manufacturer of 
automobile water pumps is considering retooling for 
one of two manufacturing processes, with monthly 
fixed costs and unit costs as indicated in the table. 
Each water pump can be sold for $50. 


Process Fixed costs Unit cost 
A $12,390 $29 
B $20,460 $17 


a. Find the break even point where production costs 
equal revenue earned for process A. 
590 units per month 

b. Find the break even point where production costs 
equal revenue earned for process B. 
620 units per month 

c. If expected sales are 550 per month, which process 


should be used? 
A (smaller loss) 


p> 38. SALARY OPTIONS A sales clerk can choose from 
two salary plans: 
1. astraight 7% commission 
2. $150 + 2% commission 
How much would the clerk have to sell for each plan 
to produce the same monthly paycheck? 
$3,000 
39. INVESTMENT CLUBS Part of $8,000 was invested 
by an investment club at 10% interest and the rest at 
12%. If the annual income from these investments is 
$900, how much was invested at each rate? 
$3,000 at 10%, $5,000 at 12% 
> 40. RETIREMENT INCOME A retired couple invested 
part of $12,000 at 6% interest and the rest at 7.5%. If 
their annual income from these investments is $810, 
how much was invested at each rate? 
$6,000 at 6%, $6,000 at 7.5% 
41. INVESTING A woman invested some money in a 


credit union paying 5% annual simple interest and 
three times as much in a money market account 
paying 4.25% annual simple interest. If she earned 
$1,420 interest in one year, how much did she invest 


in each account? 
credit union: $8,000, money market: $24,000 
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> 42. 


43. 


44. 


> 45. 


46. 


47. 


IRA ACCOUNTS A teacher started an Individual 
Retirement Account (IRA) by investing a total of 
$30,500 in two municipal bond funds, one paying 

5% annual interest and the other paying 55 % annual 
interest. At the end of the year, the funds earned a 
total of $1,615 in interest. How much did the teacher 
invest in each fund? 

$12,500 at 5%, $18,000 at 55% 

CREDIT CARDS A couple stopped using their 
VISA credit card charging 1.5% per month interest 
and their Robinsons-May credit card charging 

1.75% per month interest because they had built up a 
combined debt of $16,500 on the two cards. For 

1 month, they made no purchases or payments on the 
accounts. If the total amount of interest the credit 
cards accumulated during the month was 

$259.25, what amount did they owe on each card 
when they stopped using them? 

VISA: $11,800, Robinsons-May: $4,700 

LOANS A student had a car loan charging 

0.75% interest per month and a tuition loan charging 
0.5% interest per month. How much did he owe on 
each account if he paid a total of $95.50 monthly 
interest on a total debt of $14,200? 

car loan: $9,800, tuition loan: $4,400 

AVIATION The jet stream is a wind current that 
flows across the United States from west to east. 
Flying with the jet stream, an airplane flew 

2,700 miles in 4.5 hours. Against the same wind, the 
return trip took 6 hours. Find the speed of the plane 
in still air and the speed of the jet stream. 

525 mph, 75 mph 

SALMON It takes a salmon 40 minutes to swim 
10,000 feet upstream and 8 minutes to swim that same 
portion of a river downstream. Find the speed of the 
salmon in still water and the speed of the current. 

750 ft/min, 500 ft/min 

AIRPORT WALKWAYS A man walks at a steady 
pace as he steps onto a moving walkway. It takes him 
40 seconds to reach the end, 320 feet away. If he walks 
at the same rate against the flow of the walkway, it 
would take him 80 seconds to reach the end. Find his 


rate of walking and the rate of the moving walkway. 
walking: 6 ft per sec, moving walkway: 2 ft per sec 


Y 
N 
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53. 


54. 


SNOWMOBILING A man rode a snowmobile at the 
rate of 20 mph and then skied cross country at the rate 
of 4 mph. During the 6-hour trip, he traveled 48 miles. 
How long did he snowmobile, and how long did he ski? 
snowmobile: 1.5 hr, ski: 4.5 hr 

JET SKIS A Jet Ski rider can travel 10 miles against 


the current of the lower Mississippi River in 5 hour 


and make the return trip with the current in ; hour. 


Find the speed of the Jet Ski in still water and the 
speed of the current. 

25 mph, 5 mph 

ROLLERBLADING An in-line skater headed west 
at the rate of 6 mph. One hour later, a moped rider 
left the same spot and headed west on the same road 
at 30 mph. How long will it take the moped rider to 
catch the skater? 

j hr 


. MIXING CANDY How many pounds of each candy 


shown must be mixed to obtain 60 pounds of candy 


that would be worth $4 per pound? 
gummy bears: 45 Ib, jelly beans: 15 lb 


— 
in ” Roa 
mt 1 


GASOLINE A truck owner drove his pickup to a 
service station to fill the nearly empty 24-gallon gas 
tank. If the truck runs on 89-octane gasoline, but the 
station only sells 87-octane and 93-octane gas, how 
many gallons of each should be pumped to fill the 
tank with an 89-octane blend? 

87-octane: 16 gal, 93-octane: 8 gal 

MIXING COFFEE How many pounds of regular 
coffee (selling for $4 per pound) and how many 
pounds of Kona coffee (selling for $11.50 per pound) 
must be combined to get 20 pounds of a mixture 
worth $6 per pound? 

regular: 142 lb, Kona: 55 Ib 

ROOM FRESHENER A florist sells mixtures of 
dried, fragrant plant material that provides a gentle 
natural scent for houses. She wants to mix lilac (that 
sells for $18.25 a pound) with lavender (that sells for 
$12.25 a pound) to create 30 pounds of a blend that 
sells for $15 a pound. How many pounds of each 
should the florist use? 

lilac: 133 Ib, lavender: 164 Ib 


55. 
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CONFETTI How many pounds of $14.50-per-pound 
small flake confetti should be mixed with 
$24.50-per-pound mylar confetti stars to obtain one 
ton of a confetti mix that would be worth $20 per 
pound? (Hint: How many pounds equal one ton?) 
small flake: 900 Ib, mylar: 1,100 lb 

BATH SALTS The owner of a kitchen and bath store 
wants to combine $7.92-per-pound eucalyptus bath 
salt with 88¢-per-pound Epsom salt to create 

40 pounds of a $2.64-per-pound bath salt mix. How 
many pounds of each should be used? 

eucalyptus salt: 10 lb, Epsom salt: 30 Ib 

ANTIFREEZE How many pints of a 10% antifreeze 
solution and how many pints of a 40% antifreeze 
solution must be mixed to obtain 24 pints of a 

30% solution? 

10%: 8 pints, 40%: 16 pints 

MIXING SOLUTIONS How many ounces of the 
two alcohol solutions must be mixed to obtain 


100 ounces of a 12.2% solution? 
40 oz of 8% solution, 60 oz of 15% solution 


DERMATOLOGY Tests of an antibacterial face 
wash cream showed that a mixture containing 

0.3% Triclosan (active ingredient) gave the best 
results. How many grams of cream from each tube 
shown in the illustration should be used to make an 


equal-size tube of the 0.3% cream? 
148 g of the 0.2%, 37 g of the 0.7% 


Daily Face Daily Face 
Wash Wash 
0.2% 0.7% 
Triclosan Triclosan 


SALADS A chef wants to make 1 gallon 

(128 ounces) of a 50% vinegar-to-oil salad dressing. 
He only has pure vinegar and a mild 4% vinegar-to- 
oil salad dressing on hand. How many ounces of each 
should he mix to make the desired dressing? 

4% dressing: 665 oz, pure vinegar: 614 OZ 
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I WRITING 
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Write a problem that can be solved by solving the 
system: 


. +y = 36 
$1.29x + $2.29y = $72.44 


Write a problem to fit the information given in the 
table. 


Amount of 
Ounces - Strength = insecticide 
Weak ay 0.02 0.02x 
Strong y 0.10 0.10y 
Mixture 80 0.07 0.07(80) 


What is a break point? Give an example. 


A woman paid $219 for two blouses and four pairs of 
pants. If we let x = the cost of a blouse and y = the 
cost of a pair of pants, an equation modeling the 
purchase is 2x + 4y = 219. Explain why there is not 
enough information to determine the cost of a blouse 
or the cost of a pair of pants. 


To solve mixture problems, do you prefer the one- 
variable or two-variable solution strategy? Explain 
why. 

Write a system of two equations in two variables to 
attempt to solve the following problem. Then explain 
why the problem has no solution. 


How many gallons of a 20% salt solution and 
how many gallons of a 30% salt solution should be 
mixed to obtain 10 gallons of a50% salt solution? 


| REVIEW 
Fill in the blanks. 
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72. 


A tational number is any number that can be written 
as a fraction with an integer numerator and a nonzero 
integer denominator. 

The coefficient_ of the term —8c is —8. 

An equation that is true for all values of its variable is 
called an _identity 

The _volume_ of a three-dimensional geometric solid is 
the amount of space it encloses. 

If a triangle has two sides with equal measures, it is 
called an _isosceles_ triangle. 


The _teciprocal_ of 3 is 2. 
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Objectives : 
D1 [matin intents Solving Systems of Equations in Three Variables 
triple is a solution of a system. 


| 2 | Solve systems of three linear 
equations in three variables. 


In previous sections, we solved systems of linear equations in two variables. We will 
now extend this discussion to consider systems of linear equations in three variables. 


3 | Solve systems of equations with 
missing variable terms. 


WB i ceraryinconsstenteycteme iB Determine whether an ordered triple is a solution of a system. 


and dependent equations. The equation x — 5y + 7z = 10, where each variable is raised to the first power, is 
an example of a linear equation in three variables. In general, we have the following 
definition. 


Standard (General) Form 


A linear equation in three variables is an equation that can be written in the form 


Ax + By + Cz =D 


where A, B, C, and D are real numbers and A, B, and C are not all 0. 


A solution of a linear equation in three variables is an ordered triple of numbers 
of the form (x, y, z) whose coordinates satisfy the equation. For example, (2, 0, 1) is a 
solution of x + y + z = 3 because a true statement results when we substitute 2 for 
x, 0 for y,and1 for z:2+04+1=3. 

A solution of a system of three linear equations in three variables is an ordered 
triple that satisfies each equation of the system. 


Self Check 1 | EXAMPLE 1 | ; ; : ) 
— ie Determine whether (—4, 2, 5) is a solution of the system: 


Determine whether (6, —3, 1) is 2x + 3y + 4z = 18 
a solution of Lees system: 3x + 4y+z=1 
‘ ‘ aie no oa 
3x —y + 4z = 24 Strategy We will substitute the x-, y-, and z-coordinates of (—4,2,5) for the 


Now Try Problem 11 corresponding variables in each equation of the system. 


WHY If each equation is satisfied by the x-, y-, and z-coordinates, the ordered 


Seaching Example t Dictenuine triple is a solution of the system. 


whether (—2, 3, —1) is a solution of the 


3x —y +2z= —-11 Solution 
system: : — is - ‘| We substitute —4 for x ,2 for y, and 5 for z in each equation. 
Answer: —* The first equation The second equation 
2x + 3y + 4z = 18 3x + 4y+z=1 
2(-4) + 3(2) + 4(5) = 18 3(-4) + 422) +521 
-8+6+20418 -12+8+521 
18 =18 True 1=1 True 
The third equation 
x+y+3z=13 
-4+2+4 3(5) = 13 
44+2+15213 
13 =13 True 


Since (—4, 2, 5) satisfies each equation, it is a solution of the system. a 
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The graph of an equation of the form Ax + By + Cz = Disa flat surface called 
a plane. A system of three linear equations with three variables is consistent or 
inconsistent, depending on how the three planes corresponding to the three 
equations intersect. The following illustration shows some of the possibilities. A 
system of three linear equations in three variables can have exactly one solution, no 
solution, or infinitely many solutions. 


Consistent system Consistent system Inconsistent systems 


l 


ay , YY 4 


aay 
Y 


A 


The three planes intersect at a The three planes have a line / The three planes have no point 
single point P: one solution in common: infinitely many in common: no solutions 
solutions 


(a) (b) (c) 


The Language of Algebra Recall that when a system of equations has at 


least one solution, the system is called a consistent system, and if a system has 
no solution, the system is called inconsistent. 


9 Solve systems of three linear equations in three variables. 


To solve a system of three linear equations in three variables means to find all of the 
solutions of the system. Solving such a system by graphing is not practical because 
we would need a coordinate system with three axes. 

The substitution method is useful to solve systems of three equations where one 
or more equations have only two variables. However, the best way to solve systems 
of three linear equations in three variables is usually the addition method. 


Solving a System of Three Linear Equations by Addition 


Write each equation in standard (general) form Ax + By + Cz = D and 
clear any decimals or fractions. 


Pick any two equations and eliminate a variable. 


Pick a different pair of equations and eliminate the same variable as in 
step 1. 


Solve the resulting pair of two equations in two variables. 


To find the value of the third variable, substitute the values of the two 
variables found in step 4 into any equation containing all three variables 
and solve the equation. 


Check the proposed solution in all three of the original equations. Write 
the solution as an ordered triple. 
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Self Check 2 | EXAMPLE 2 | ) 
2x +y + 4z = 12 


Solve the system: 
2x +y+4z= 16 
x+2y+2z=11 (1,2,3) 
3x — 3y — 2z = -9 

Now Try Problem 16 


Solve the system: (x + 2y +2z=9 
3x — 3y —2z =1 


Strategy Since the coefficients of the z-terms are opposites in the second and third 
equations, we will add the left and right sides of those equations to eliminate z. Then 
Teaching Example 2 Solve the system: we will choose another pair of equations and eliminate z again. 

2o= sy > 22 =F 


x+4y—z=10 : , : 
3x a WHY The result will be a system of two equations in x and y that we can solve by 
x+2y+z=4 


Answer: addition. 
(2,1, =4) 


Solution 


Step 1 We can skip step 1 because each equation is written in standard form and 
there are no fractions or decimals to clear. We will number each equation and move 
to step 2. 

QQ) (2x+y+4z=12 

(2) jx+2y+2z=9 

(3) (3x —- 3y —-2z=1 


Step 2 If we pick equations 2 and 3 and add them, the variable z is eliminated. 
(2) x+2y+2z= 9 


(3) 3x — 3y — 2z 1 
(4) 4x - y = 10 = This equation does not contain z. 


Step 3 We now pick a different pair of equations (equations 1 and 3) and eliminate 
z again. If each side of equation 3 is multiplied by 2, and the resulting equation is 
added to equation 1, z is eliminated. 
(1) 2x+ y+4z=12 

6x — 6by — 4z = 2° Thisis 2(3x — 3y — 2z) = 2(1). 


(5) 8x — 5y = 14 | This equation does not contain z. 
Step 4 Equations 4 and 5 form a system of two equations in two variables, x and y. 
(4) es —y=10 
(5) (8x — Sy = 14 

To solve this system, we multiply equation 4 by —5 and add the resulting 
equation to equation 5 to eliminate y: 

—20x + 5y = —50 This is —5(4x — y) = —5(10). 
(5) 8x —Sy= 14 

—12x = —36 


x=3 Divide both sides by —12. This is the x-value of the solution. 


To find y, we substitute 3 for x in any equation containing x and y only (such 
as equation 5) and solve for y: 


(5) 8—S5y=14 
8(3) — 5y = 14 Substitute 3 for x. 
24 — 5y = 14 Simplify. 
—5y = —-10 Subtract 24 from both sides. 


y=2 Divide both sides by —5. This is the y-value of the solution. v 
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Step 5 To find z, we substitute 3 for x and 2 for y in any equation containing 
x, y, and z (such as equation 1) and solve for z: 


Q@) @&t+y+4z=12 
2(3) +2+4z=12 Substitute 3 for x and 2 for y. 
8+ 4z=12 Simplify. 
4z =4 Subtract 8 from both sides. 


z=1 Divide both sides by 4. This is the z-value of the solution. 


The solution of the system is (x, y,z) = (3,2,1). Because this system has a 
solution, it is a consistent system. 


Step 6 Verify that these values satisfy each equation in the original system. ia 


EB Solve systems of equations with missing variable terms. 


When one or more of the equations of a system is missing a term, the elimination of a 
variable that is normally performed in step 2 of the solution process can be skipped. 


| EXAMPLE 3 | 3x =6-—2y+z 


Solve the system: —-y—-—2z=-8-x 
x=1-2z 


Strategy Since the third equation does not contain the variable y, we will work 
with the first and second equations to obtain another equation that does not 
contain y. 


WHY Then we can use the elimination method to solve the resulting system of 
two equations in x and z. 


Solution 
Step 1 First, we write each equation in Ax + By + Cz = D form. 


(QQ) (3x+2y—z=6 = Add 2y and subtract z from both sides of 3x = 6 — 2y + z. 
(2) (x —y—2z=-8 Add x to both sides of -y — 2z = —8 — x. 
(3) \x+2z=1 Add 2z to both sides of x = 1 — 2z. 


Step 2 Since equation 3 does not have a y-term, we can proceed to step 3, where 
we will find another equation that does not contain a y-term. 


Step 3 If each side of equation 2 is multiplied by 2 and the resulting equation is 
added to equation 1, y is eliminated. 


(J) 3x +2y- z= 6 
2x — 2y — 4z = —16_ Thisis 2(x — y — 2z) = 2(-8). 
(4) 5x = 5z= =10 
Step 4 Equations 3 and 4 form a system of two equations with two variables, x and z: 
(3) : +2z=1 
(4) (Sx — 5z = —10 


To solve this system, we multiply equation 3 by —5 and add the resulting 
equation to equation 4 to eliminate x: 


—5x —10z = —S5 _ Thisis —5(x + 2z) = —5(1) 
(4) 5x — 5z=—10 
—15z = -15 


z=1 Divide both sides by —15. This is the z-value of the solution. Vv 


Self Check 3 


Solve the system: 


x+2y—-z=1 
2x —y+z=3 (11,2) 
x+z=3 


Now Try Problem 24 


Teaching Example 3 Solve the system: 
y + 3z=35 —x 


x + 3y = —20 
ays =e = 35 
Answer: 
(40, —20, 5) 


Solve the system, if possible: 
2a+b—3c=8 
3a — 2b + 4c = 10 
4a + 2b — 6¢ = —5 

Now Try Problem 28 


Self Check 4 Answer 
no solution, @; inconsistent system 


Teaching Example 4 Solve the system, 


4a+2b+c=1 
—9at+b-c=3 
14a —-4b+c=-2 


if possible: 


Answer: 
no solution, @; inconsistent system 
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To find x, we substitute 1 for z in equation 3. 


(3) x+2z=1 


x+2(1) =1 Substitute 1 for z. 
x+2=1 Multiply. 
x =-—1 Subtract 2 from both sides. This is the x-value of the solution. 


Step 5 To find y, we substitute —1 for x and 1 for z in equation 1: 
(1) 3x + 2y —-z=6 
3(-1) + 2yv -1=6 
—3+2y—-1=6 

2y = 10 

y=5 Divide both sides by 2. This is the y-value of the solution. 


Substitute —1 for x and 1 for z. 
Multiply. 
Add 4 to both sides. 


The solution of the system is (—1, 5, 1). 


Step 6 Check the solution in all three of the original equations. | 


J Identify inconsistent systems and dependent equations. 


Recall that when a system has no solution, it is called an inconsistent system. 


| EXAMPLE 4 | 2a+b—-—3c=-3 


3a —2b+ 4c =2 
4a + 2b — 6c = —-7 


Solve the system, if possible: 


Strategy Since the coefficient of the b-term is 1, we will eliminate the variable b. 


WHY It is easier to determine the number needed to multiply to both sides of 
the equation to force opposites when one of the coefficients is 1. Then we will 
have a system of two equations in a and c. 


Solution 
We can multiply the first equation of the system by 2 and add the resulting 
equation to the second equation to eliminate b: 
4a + 2b — 6c = —6 
3a -2b+4c= 2 
(1) 7a — 2c = —-4 


Multiply both sides of the first equation by 2. 


Now add the second and third equations of the system to eliminate b again: 


3a-2b+4c= 2 


4a + 2b — 6¢ = —7 
(2) 7a —2c=—-5 
Equations 1 and 2 form the system 
() {n —2c= —4 
(2) (7a — 2c = —-5 
Since 7a — 2c cannot equal both —4 and —5, the system is inconsistent and has 
no solution. | 


When the equations in a system of two equations in two variables are dependent, the 
system has infinitely many solutions. This is not always true for systems of three 
equations in three variables. In fact, a system can have dependent equations and still 
be inconsistent. The figure illustrates the different possibilities. 
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Inconsistent system 


yl 
=Iy 


When two planes coincide and are parallel 
to a third plane, the system is 
inconsistent, and there are 
no solutions. 


Consistent system 


—_ & 


When three planes intersect in a 
common line, the equations are 
dependent, and there are 
infinitely many solutions. 


(a) (b) (c) 


Consistent system 


When three planes coincide, the 
equations are dependent, and there 
are infinitely many solutions. 


3x —-2y+z=—-1 
2x+y-z=5 
Sx —y=4 


Solve the system: 


Strategy Since the third equation does not contain the variable z, we will work 
with the first and second equations to obtain another equation that does not 
contain Zz. 


WHY Then we can use the addition method to solve the resulting system of two 
equations in x and y. 


Solution 

We can add the first two equations to get 
3x —-2y+z=- 
2x+ y-z= 5 

(QQ) 5x- y = 4 


Since equation 1 is the same as the third equation of the system, the equations of 
the system are dependent, and there will be infinitely many solutions. From a 
graphical perspective, the equations represent three planes that intersect in a 
common line, as shown in figure (b). 

To write the general solution of this system, we can solve equation 1 for y to 
get 


Sx -—y=4 
—y=-—5x +4 — Subtract 5x from both sides. 
y=5x-4 Multiply both sides by —1. 


We can then substitute 5x — 4 for y in the first equation of the system and solve 
for z to get 

3x —2y+z=-1 

3x — 2(5x -4)+z=-1 

3x —10x+8+z=-1 

Ix+8+z=-1 

zZ=7x—9 Add 7x and —8 to both sides. 


Substitute 5x — 4 for y. 


Use the distributive property to remove parentheses. 


Combine like terms. 


Since we have found the values of y and z in terms of x, every solution of the 
system has the form (x, 5x — 4, 7x — 9), where x can be any real number. For 
example, 

If x = 1, asolution is (1,1, —-2). 5(1) - 4 =1, and 7(1) - 9 = -2. 

If x = 2,a solution is (2,6,5). 5(2) — 4 = 6, and 7(2) -9 =5. 

If x = 3, a solution is (3,11,12). 5(3) — 4 = !, and 7(3) — 9 = 12. 


Self Check 5 


Solve the system: 
3x + 2y+z=-1 
2x-y-z=5 


Sx +y=4 


Now Try Problem 30 

Self Check 5 Answer 

Infinitely many solutions. A general 
solution is (x, 4 — 5x, —9 + 7x). Three 
solutions are (1, —1, —2), (2, —6, 5), 
and (3, =11, 12), 


Teaching Example 5 Solve the system: 


at ee ale 

x—2y-—z=8 

0.2x — 0.3y + 0.1z = 2.3 
Answer: 


There are infinitely many solutions. A 
oh ok Sct 22) 
a a a 


general solution is (x, 
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ANSWERS TO SELF CHECKS 


|} 1.no 2. (1,2,3) 3. (1,1,2) 4. no solution, @; inconsistent system 
| 5. infinitely many solutions, (x, 4 — 5x, —9 + 7x); three solutions are (1, —1, —2), 
| (2, -6, 5), and (3, —11, 12) 


STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. 


> 6. 


2x + y — 3z =0 
3x —y + 4z =5 iscalleda_sys'e™ of three linear 
4x + 2y — 6z =0 

equations. 


. If the first two equations of the system in Exercise 1 


are added, the variable y is eliminated _, 


. The equation 2x + 3y + 4z = 5 isa linear equation in 


_three_ variables. 


. The graph of the equation 2x + 3y + 4z = Sisa flat 


surface called a _plane_, 


. When three planes coincide, the equations of the 


system are _dependent_, and there are infinitely many 
solutions. 


When three planes intersect in a line, the system will 
have _infinitely many solutions. 


| CONCEPTS 


7. 


. Consider the system: jx — y + 2z =1 


For each graph of a system of three equations, tell 
whether the solution set contains one solution, 
infinitely many solutions, or no solution. 


no solution 
—2x+y+4z=3 
(2) 
x+y—3z=2 (3) 
a. What is the result if equation 1 and equation 2 are 
added? —x + 6z =4 


no solution 


b. What is the result if equation 2 and equation 3 are 
added? 2x — z =3 


c. What variable was eliminated in the steps 
performed in parts a and b? y 


P Selected exercises available online at 
www.webassign.net/brookscole 


I NOTATION 


> 9. 


> 10. 


Write the equation 3z — 2y = x + 6in 

Ax + By + Cz = D form. x + 2y — 3z = —6 

Fill in the blank to make a true statement: Solutions 
of a system of three equations in three variables, x, y, 
and z, are written in the form (x, y, z) and are called 
ordered triples , 


[| GUIDED PRACTICE 


Determine whether the given ordered triple is a solution of given 
system. See Example 1. 


11. 


p> 12. 


13. 


> 14. 


x-ytz=2 
(2,1,1),42x +y—z=4 yes 


2x -3y+z=2 

2x + 2y+3z=-1 

3x +y—-—zZz=-6 no 

x+y+2z=1 

3x — 2y — z = 37 

(6, -7, —5), 4x — 3y = 27 no 
2x + Ty + 2z = —48 


(-3,2,~1), 


x + 2y — 3z = -31 
2x + by = 46 no 
3x —y = —-12 


(=4,0;9), 


Solve each system. See Example 2. 


21. 


XPY ZS xtytz= 
2x+y-z= 16. {x -yrZz= 
2x—-3y+z= x-y-z= 
(11,2) (2,4,,1) 

3x + 2y —5z =3 5x + 4y + 2z = —2 
4x —2y —3z = —-10 18. {3x + 4y — 3z = —-27 
5x — 2y —-2z = -11 2x — 4y — 7z = —23 
(=1,3,0) (0, =3;5) 

2x + 2y + 3z = 10 x-ytz=4 

3x +y—z=0 > 20. jx +2y-z=—-1 
x+y+2z=6 x+y-3z=-2 
(0,2, 2) (2, =1,1) 

4x — Sy — 8z = —52 2x + 6by + 3z =9 
2x — 3y — 4z = —26 22. (5x — 3y —5z =3 
3x + Ty + 8z = 31 4x + 3y + 2z = 15 
(=35 5) (2,:=1,3) 


Solve each system. See Example 3. 


3x + 3z = 6 — 4y 


23. )7x —5z=46+2y 24. 


4x = 31-—z 
(7, -6, 3) 
2x+z=-2+y 
p> 25. 
6x — 2y + 3z = —4 
(4.2, -1) 


8x — 3y = —2 26. 


5x + 6z = 4y — 21 
9x + 2y = 3z — 47 


Solve each system. If a system is inconsistent or if the equations 
are dependent, so indicate. See Examples 4-5. 


a2x+y-z=1 
27. (x +2y+2z=2 28. 
4x + 5y + 3z =3 
no solution, inconsistent 
system 
2x + 3y + 4z =6 
29. {2x — 3y — 4z = —4 > 30. 
4x + 6y + 8z = 12 


infinitely many solutions, 
dependent equations 


I TRY IT YOURSELF 


2a=2-—3b- ec 
4a+ 6b +2c -5=0 


a+c=3+2b 
no solution, inconsistent 
system 


x—3y+4z=2 

2x +y+2z=3 

4x — 5y + 10z = 7 
infinitely many solutions, 
dependent equations 


Solve each system, if possible. If a system is inconsistent or if the 


equations are dependent, so state. 
2a + 3b — 2c = 18 


P31. \5a-—6b+c=21 32. 
4b —2c —-6=0 
(8, 4, 5) 
a+b+c= 180 
b 
33.45 +5 +5 = 60 34. 
2b + 3c — 330 =0 
(60, 30, 90) 


0.5a + 0.3b = 2.2 
35. ( 1.2c — 8.5b = —24.4 > 36. 
3.3c + 1.3a = 29 
(2, 4, 8) 


37. 44x -y+hz=-2 38. 
1 


r-s+t=0 
r+2s—t=-5 
r+s-—3t=-6 
(=2.:—=1, 1) 


2a + 3b — 2c = 18 


Sa —- 6b+c=21 
4b — 2c -6=0 
(8, 4, 5) 

4a —- 3b=1 

6a — 8C = 1 

2b — 4c = 0 
eee 
x-ay-z= 
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r+s+4t=3 2x + 3y + 4z =6 


39. (3r+ 7t=0 40. \ 2x — 3y —-4z = -4 
3s + 5t=0 4x + 6y + 8z = 12 
no solution, inconsistent infinitely many solutions, 
system dependent equations 
x-y=3 2x+t+y-z=1 

41. (2x -y+z=1 42. \x+2y+2z=2 
x+z=-2 4x + 5y + 3z =3 


infinitely many solutions, no solution, inconsistent 


dependent equations system 
b+2c=7-a 4x + 3z =4 

43. (a +c=8-—2b > 44. \2y —-6z = —-1 
2a+b+c=9 8x + 4y + 3z =9 
(3,2, 1) (3.2-3) 

I WRITING 


45. Explain how a system of three equations in three 
variables can be reduced to a system of two equations 
in two variables. 


p> 46. What makes a system of three equations in three 
variables inconsistent? 


J REVIEW 
Graph each function. 


47. f(x) = |x| 


> 50. S(x) =x 
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Objectives 

11 | Assign variables to three 
unknowns. 

| 2 | Use systems to solve 

curve-fitting problems. 


Self Check 1 


A manufacturer of memory cards 
makes 1-GB, 2-GB, and 4-GB 
storage size cards. The cost of 
manufacturing each is $2, $3, and 
$5, respectively. Each day the 
cost of manufacturing 500 cards 
is $1,500. The cards sell for 

$15, $20, and $30, respectively, 
with a daily revenue of 

$10,000. How many memory 
cards of each type are 
manufactured? 


Now Try Problem 7 
Self Check 1 Answer 
1-GB: 200, 2-GB: 200, 4-GB: 100 


Teaching Example 1 At a local bakery 
3 price levels of pies are available. 
Cream pies sell for $10 per pie, fruit 
pies sell for $12 per pie, and specialty 
pies sell for $15 per pie. The cost of 
producing the pies is $4.00, $4.50, and 
$5.00, respectively. Each day, the 
revenue from the 50 pies sold is $585 
and the cost to make them is $220. How 
many pies of each type are made? 
Answer: 

cream: 15, fruit: 30, specialty: 5 


-TION 


Problem Solving Using Systems of Three Equations 


Problems that involve three unknown quantities can be solved using a strategy 
similar to that for solving problems involving two unknowns. To solve such problems, 
we will write three equations in three variables to model the situation and then we 
will use the methods of Section 3.4 to solve the system formed by the three equations. 


IB Assign variables to three unknowns. 


| EXAMPLE 1 | Tool Manufacturing A company makes three types of 


hammers, which are marketed as “good,” “better,” and “best.” The cost of 
manufacturing each type of hammer is $4, $6, and $7, respectively, and the 
hammers sell for $6, $9, and $12. Each day, the cost of manufacturing 100 
hammers is $520, and the daily revenue from their sale is $810. How many 
hammers of each type are manufactured? 


Analyze We need to find how many of each type of hammer are manufactured 
daily. Since there are three unknowns, we must write three equations to find them. 


Form Let x = the number of good hammers, y = the number of better hammers, 
and z = the number of best hammers. We know that 


The cost of manufacturing 


e the good hammers is $4x ($4 times x hammers). 
e the better hammers is $6y ($6 times y hammers). 
e the best hammers is $7z ($7 times z hammers). 
The revenue received by selling 

e the good hammers is $6x ($6 times x hammers). 
e the better hammers is $9y ($9 times y hammers). 


e the best hammers is $12z ($12 times z hammers). 


We can use the facts of the problem to write three equations. 


The number the number the number the total 
of good plus of better plus of best is number of 
hammers hammers hammers hammers. 
x + y + z = 100 
The cost the cost the cost the 
of good plus ofbetter plus of best is total 
hammers hammers hammers cost. 
4x + 6y + Tz = 520 
The revenue the revenue the revenue the 
from good plus frombetter plus — from best is total 
hammers hammers hammers revenue. 


6x + Oy + 12z = 810 v 
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Solve To find how many hammers of each type are manufactured, we must solve 
the following system of three equations in three variables: 


Q) (x+y+z= 100 
(2) \ 4x + 6y + 7z = 520 
(3) (6x + 9y + 12z = 810 


If we multiply equation 1 by —7 and add the result to equation 2, we get 


7x — Ty — 7z = —700 This is —7(x + y + z) = —7(100). 
(2) 4x+6y+7z= 520 
(4) -—3x—- y = —180 


If we multiply equation 1 by —12 and add the result to equation 3, we get 


12x — 12y — 12z = —-1,200 This is —12(x + y + z) = —12(100). 
(3) 6x + Dy + 12z 810 
(5) —6x— 3y = —390 


We can multiply equation 4 by —3 and add it to equation 5 to eliminate y. 
9x + 3y = 540 This is —3(—3x — y) = —3(—-180). 
(5) —6x — 3y = —390 
3x = 150 


x = 50 To solve for x, divide both sides by 3. 
This is the number of good hammers manufactured. 


To find y, we substitute 50 for x in equation 4: 
—3x — y = —180 
—3(50) — y = —180 Substitute 50 for x. 
—150 — y = —180 
—y = —30 Add 150 to both sides. 


y = 30 To solve for y, divide both sides by —1. 
This is the number of better hammers manufactured. 


To find z, we substitute 50 for x and 30 for y in equation 1: 
x+y+z= 100 
50 + 30 + z = 100 


z=20 To solve for z, subtract &O from both sides. 
This is the number of best hammers manufactured. 


State Each day, the company manufactures 50 good hammers, 30 better hammers, 
and 20 best hammers. 


Check If the company manufactures 50 good hammers, 30 better hammers, and 
20 best hammers each day, that is a total of 50 + 30 + 20 = 100 hammers. The cost 
of manufacturing the three types of hammers is $4(50) + $6(30) + $7(20) = 
$200 + $180 + $140 or $520. The revenue from the sale of the hammers is 
$6(50) + $9(30) + $12(20) = $300 + $270 + $240 or $810. The results check. a 


Success Tip If three variables are used to represent three unknowns, then 


three equations must be formed, and a three-part check must be performed to 
verify the results. 


Self Check 2 


The three countries that are at 
the top of the list for the most 
all-time medal wins are the 
United States, the Soviet 
Union/Unified Team, and Great 
Britain. Together they won 
3,996.5 medals, with the U.S. 
medal count 1,075 more than the 
Soviet Union/Unified’s, and the 
Soviet Union/Unified’s medal 
count 444.5 more than Great 
Britain. Find the number of 
medals won by each country. 
Now Try Problem 13 

Self Check 2 Answer 


US.: 2,197, Soviet Union/Unified: 
1,122, Great Britain: 677.5 


Teaching Example 2 In the 2008 
summer Olympic games, the top three 
countries that won the most medals 
were the United States, China, and 
Russia. Together they won a total of 
282 medals, with the U.S. medal count 
10 more than China’s, and China’s 


medal count was 28 more than Russia’s. 


Find the number of medals won by 
each country. 

Answer: 

United States: 110, China: 100, 
Russia: 72 

(Source: nbcolympics.com/medals/ 
alltime/index.html) 


264 | Chapter3 Systems of Equations 


| EXAMPLE 2 | The Olympics The three countries that won the most 


medals in the 2004 summer Olympic games were the United States, Russia, and 
China. Together they won a total of 258 medals, with the U.S. medal count 
11 more than Russia’s and Russia’s medal count 29 more than China’s. Find the 
number of medals won by each country. 


Analyze We need to find how many medals the United States, Russia, and China 
won. Since there are three unknowns, we must write three equations to find them. 


Form Let x = the number of medals won by the United States, y = the number of 
medals won by Russia, and z = the number of medals won by China. 


We can use the facts of the problem to write three equations. 


the number of 
plus medals wonby plus medals wonby was 258. 


The number of the number of 


medals won by 


the United States Russia China 
7 4 y ae Zz = 258 
The United States’ Russia’s 


was 11 more than 


medal count medal count. 


x = y + 11 


China’s 
medal count. 


Russia’s 
was 29 more than 
medal count 


y = Z + 29 


Solve We can use substitution to solve the resulting system of three equations. If 
we solve equation 3 for z, then the resulting equation 4 and equation 2 can serve as 
substitution equations. 


Unchanged 
QQ) (xt+y e208: ; 
Q) (x=y4+ll nchanged 
GB) ly=zt29 Solve for z 


When we substitute for x and z in equation 1, we obtain an equation in one 
variable, y. 


x+ytz= 258 
yti11+yty — 29 = 258 


This is equation 1. 


Substitute y + 11 for x and y — 29 for z. 


3y — 18 = 258 On the left side, combine like terms. 
3y = 276 Add 18 to both sides. 
y= 92 To solve for y, divide both sides by 3. 


This is the number of medals won by Russia. 


To find x, we substitute 92 for y in equation 2. To find z, we substitute 92 for 
y in equation 4. 


x=yt+1l This is equation 2. zZ=y-—29 This is equation 4. 
x =92+ 11 z= 92-29 
x = 103 This is the U.S. g= 63 This is China's 


medal count. medal count. v 
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State In the 2004 summer Olympics, the United States won 103 medals, Russia 
won 92, and China won 63. 


Check The sum of 103 + 92 + 63 is 258. Furthermore, 103 is 11 more than 92, and 
92 is 29 more than 63. The results check. 


9 Use systems to solve curve-fitting problems. 


The process of determining an equation whose graph contains given points is called 
curve fitting. 


| EXAMPLE 3 | The equation of a parabola y 


opening upward or downward is of the form 4 
y = ax’ +bx +c. Find the equation of the 
parabola graphed on the right by determining the 
values of a, b, and c. 


Strategy We will substitute the x- and 
y-coordinates of three points that lie on the 
graph into the equation y = ax* + bx + c. This 
will produce a system of three equations in three 
variables that we can solve to find a, b, and c. 


3 2 -l 1 2 3 4 


WHY Once we know a, b, and c, we can write 
the equation. 


Solution 
Since the parabola passes through the points (—1, 5), (1, 1), and (2, 2), each pair 
of coordinates must satisfy the equation y = ax” + bx + c. If we substitute each 
pair into y = ax’ + bx +c, we will get a system of three equations in three 
variables. 


Substitute (—1, 5) Substitute (1, 1) Substitute (2, 2) 
y=ax°t+bxet+e y=ax’+bxrt+ce y=ax’+bxt+e 
=a(-1 + b(-I) +e} 1=a(ly’+b0)t+e 2=a(2)+b2) +c 
S5=a-—b+t+ec l=at+bt+e 2=4a+2b+c 
This is equation 1. This is equation 2. This is equation 3. 


Success Tip Ifa point lies on the graph of an equation, it is a solution of the 
equation, and the coordinates of the point satisfy the equation. 


The three equations above give the system, which we can solve to find a, b, and c. 
Ql) (a-b+c=5 

(2) §at+b+c=1 

(3) \4a+ 2b+c=2 


If we add equations 1 and 2, we obtain 
a-—b+ c=5 
at+b+ c=1 
(4) 2a +2c=6 
If we multiply equation 1 by 2 and add the result to equation 3, we get 
2a — 2b + 2c = 10 
(3) 4a+2b+ c= 2 


(5) 6a + 3c = 12 v 


Self Check 3 


Find the equation of the 
parabola, y = ax* + bx + c, that 
passes through (1, 6), (—4, 1), 
and (—3, —2). y=x7+ 4x41 


Now Try Problem 25 


Teaching Example 3 Find the equation 
of the parabola, y = ax? + bx +c, that 
passes through (—2, 0), (—1, 1), and 


(i; =3): 
Answer: 
y= —-x? — 2x 
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We can then divide both sides of equation 4 by 2 to get equation 6 and divide 
both sides of equation 5 by 3 to get equation 7. We now have the system 


(6) . +c=3 
(7) \Qat+c=4 
To eliminate c, we multiply equation 6 by —1 and add the result to equation 7. 
We get 
—a-—c=-—3 _ Thisis -1(a + c) = —1(3). 
2Zat+c= 4 
a = 1 


To find c, we can substitute 1 for a in equation 6 and find that c = 2. To find 
b, we can substitute 1 for a and 2 for c in equation 2 and find that b = —2. 

After we substitute these values of a, b, and c into the equation 
y = ax’ + bx + c, we have the equation of the parabola. 

y=ax’t+bxt+e 

y=? -2x+2 

y=x°-2x4+2 a 


ANSWERS TO SELF CHECKS 


1. 1-GB: 200, 2-GB: 200, 4-GB:100 2. U.S.:2,197, Soviet Union/Unified: 1,122, Great 
Britain:677.5 3. y=x* + 4x +1 


STUDY SET 


J VOCABULARY p> 4. FAST FOODS Let x = the number of calories in a 
Fillinthe blanks. Big Mac hamburger, y = the number of calories in a 
small order of french fries, and z = the number of 


1. Ifa point lies on the graph of an equation, it is a Calories in-aimedium oeacCala. 


solution of the equation, and the coordinates of the 
point satisfy the equation. e The total number of calories in a Big Mac 


hamburger, a small order of french fries, and a 
medium Coke is 1,000. 


e The number of calories in a Big Mac is 260 more 


2. The process of determining an equation whose graph 
contains given points is called curve fitting, 


| CONCEPTS than in a small order of french fries. 
Write a system of three equations in three variables that models ¢ The number of calories in a small order of french 
the situation. Do not solve the system. fries is 40 more than in a medium Coke. (Source: 
: : McDonald’s USA) 
> 3. DESSERTS A bakery makes three kinds of pies: reyes iw 
chocolate cream, which sells for $5; apple, which sells gag SOR 
for $6; and cherry, which sells for $7. The cost to make waeg aude 


the pies is $2, $3, and $4, respectively. Let x = the 
number of chocolate cream pies made daily, y = the 
number of apple pies made daily, and z = the number 
of cherry pies made daily. 


e Each day, the bakery makes 50 pies. 


e Each day, the revenue from the sale of the pies is 
$295. 


e Each day, the cost to make the pies is $145. 
x+y+z=50 

5x + 6y + 7z = 295 
2x + 3y + 4z = 145 


P Selected exercises available online at 
www.webassign.net/brookscole 


. What equation results when the coordinates of 


the point (2, —3) are substituted into 
y =ax? + bx +c? -3=4a+2bt+ce 


. The equation y = 5x* — 6x + 1 is written in the form 


y = ax* + bx + c. What are a, b, and c? 5, —6,1 


I APPLICATIONS 


> 7. 


> 10. 


MAKING STATUES An artist makes three 

types of ceramic statues (large, medium, and small) 

at a monthly cost of $650 for 180 statues. The 
manufacturing costs for the three types are $5, $4, and 
$3. If the statues sell for $20, $12, and $9, respectively, 
how many of each type should be made to produce 


$2,100 in monthly revenue? 
30 large, 50 medium, 100 small 


. PUPPETS A toy company makes a total of 


500 puppets in three sizes during a production run. 
The small puppets cost $5 to make and sell for 

$8 each, the standard size puppets cost $10 to make 
and sell for $16 each, and the super-size puppets cost 
$15 to make and sell for $25. The total cost to make 
the puppets is $4,750 and the revenue from their sale 
is $7,700. How many small, standard, and super-size 


puppets are made during a production run? 
small: 150, standard: 250, super-size: 100 


. NUTRITION A dietitian is to design a meal that will 


provide a patient with exactly 14 grams (g) of fat, 9 g 
of carbohydrates, and 9 g of protein. She is to use a 
combination of the three foods listed in the table. If 
one ounce of each of the foods has the nutrient 
content shown in the table, how many ounces of each 


food should be used? 
Food A: 2, Food B: 3, Food C:1 


Food Fat Carbohydrates Protein 
A |2¢ 1g 2g 
B 3g 2g 1g 
Coes: 1g 22g 


(g stands for gram) 


NUTRITIONAL PLANNING One ounce of each of 
three foods has the vitamin and mineral content 
shown in the table. How many ounces of each must 
be used to provide exactly 22 milligrams (mg) of 


niacin, 12 mg of zinc, and 20 mg of vitamin C? 
Food A: 2, Food B: 4, Food C: 6 


Food Niacin Zinc Vitamin C 


A 1lmg l1mg 2 mg 
B 2mg 11mg 1 mg 
C 2mg 1mg 2 mg 


(mg stands for milligram) 


3.5 


> 12. 


> 13. 


> 14. 


Problem Solving Using Systems of Three Equations 


. Aclothing manufacturer 
makes coats, shirts, and 
slacks. The time required 
for cutting, sewing, and 
packaging each item is 
shown in the table. How 
many of each should be 
made to use all available 


labor hours? 
120 coats, 200 shirts, 150 slacks 


from Campus to Careers 
Fashion Designer 


© Radius Images/Alamy 


Coats Shirts Slacks 


Time available 
115 hr 
280 hr 
65 hr 


Cutting 20min 15min 10min 


Sewing 60 min 30min 24 min 


Packaging Smin 12min 6min 
SCULPTING A wood sculptor carves three types of 
statues with a chainsaw. The number of hours 
required for carving, sanding, and painting a totem 
pole, a bear, and a deer are shown in the table. How 
many of each should be produced to use all available 


labor hours? 3 poles, 2 bears, 4 deer 


Totem pole Bear Deer Time available 


2 hr 
1hr 
3 hr 


2 hr 
2 nie 
2) \vie 


1 hr 
Palit: 
Palit: 


14 hr 
iS) Jovie 
ilove 


Carving 
Sanding 


Painting 


NFL RECORDS Jerry Rice, who played the 
majority of his career with the San Francisco 49ers 
and the Oakland Raiders, holds the all-time record 
for touchdown (TD) passes caught. Here are some 
interesting facts about this feat. 


e He caught 30 more TD passes from Steve 
Young than he did from Joe Montana. 


e He caught 39 more TD passes from Joe 
Montana than he did from Rich Gannon. 


e He caught a total of 156 TD passes from 
Young, Montana, and Gannon. 


Determine the number of touchdown passes Rice has 
caught from Young, from Montana, and from 
Gannon. Young: 85, Montana: 55, Gannon: 16 


HOT DOGS In 12 minutes, the top three finishers in 
the 2007 Nathan’s Hot Dog Eating Contest consumed 
a total of 178 hot dogs. The winner, Joey Chestnut, ate 
3 more hot dogs than the runner-up, Takeru 
Kobayashi. Pat Bertoletti finished a distant third, 

14 hot dogs behind Kobayashi. How many hot dogs 


did each person eat? 
Chestnut: 66, Kobayashi: 63, Bertoletti: 49 
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> 15. 


> 16. 


17. 


EARTH’S ATMOSPHERE Use the information in 
the circle graph to determine what percent of Earth’s 


atmosphere is nitrogen, is oxygen, and is other gases. 
nitrogen: 78%, oxygen: 21%, other gases: 1% 


Nitrogen: This is 12% more 
than three times the sum 
of the percent oxygen 
and the percent 
other gases. 


Nitrogen 


Other gases a7 : 
va \ 
Other gases: This is 
20% less than the 
percent oxygen. 


DECEASED CELEBRITIES Between October 
2005 and October 2006, the estates of Kurt Cobain, 
Elvis Presley, and Charles M. Schultz (Snoopy 
cartoonist) earned a total of $127 million. Together, 
the Presley and Schultz estates earned $27 million 
more than the Cobain estate. If the Schultz estate had 
earned $15 million more, it would equal the value of 
the Cobain estate. Use this information to label the 


vertical axis of the graph below. (Source: Forbes.com) 
Cobain: $50 million, Presley: $42 million, Schultz: $35 million 


The Three Top-Earning 
Deceased Celebrities 
(2005-2006) 


Millions of dollars 
~~ 


Kurt Elvis Charles M. 
Cobain Presley Schultz 
(1967-1994) (1935-1977) (1922-2000) 


TRIANGLES The sum of the measures of the 
angles of any triangle is 180°. In AABC, ZA 
measures 100° less than the sum of the measures of 
ZB and ZC, and the measure of ZC is 40° less than 
twice the measure of ZB. Find the measure of each 


angle of the triangle. 
ZA = 40°, 2B = 60°, ZC = 80° 


> 18. 


> 19. 


> 20. 


> 21. 


p> 22. 


> 23. 


QUADRILATERALS A quadrilateral is a four- 
sided polygon. The sum of the measures of the angles 
of any quadrilateral is 360°. In the illustration below, 
the measures of 7A and ZB are the same. The 
measure of ZC is 20° greater than the measure of 
ZA, and the measure of Z D is 60° less than 2B. Find 
the measure of 2A, 2B, ZC, and ZD. 

ZA = 100°, 2B = 100°, ZC = 120°, 2D = 40° 


Cc 


A D 


TV HISTORY X-Files, Will & Grace, and Seinfeld 
are three of the most popular television shows of all 
time. The total number of episodes of these three 
shows is 575. There are 21 more episodes of X-Files 
than Seinfeld, and the difference between the number 
of episodes of Will & Grace and Seinfeld is 14. Find 
the number of episodes of each show. 

X-Files: 201, Will & Grace: 194, Seinfeld: 180 

TRAFFIC LIGHTS At a traffic light, one cycle 
through green-yellow-red lasts for 80 seconds. The 
green light is on eight times longer than the yellow 
light, and the red light is on eleven times longer than 
the yellow light. For how long is each colored light on 
during one cycle? 

green: 32 sec, yellow: 4 sec, red: 44 sec 

POTPOURRI The owner of a home decorating shop 
wants to mix dried rose petals selling for $6 per 
pound, dried lavender selling for $5 per pound, and 
buckwheat hulls selling for $4 per pound to get 

10 pounds of a mixture that would sell for $5.50 per 
pound. She wants to use twice as many pounds of rose 
petals as lavender. How many pounds of each should 
she use? 

6 lb rose petals, 3 Ib lavender, 1 Ib buckwheat hulls 

MIXING NUTS The owner of a candy store wants to 
mix some peanuts worth $3 per pound, some cashews 
worth $9 per pound, and some Brazil nuts worth 

$9 per pound to get 50 pounds of a mixture that will 
sell for $6 per pound. She uses 15 fewer pounds of 
cashews than peanuts. How many pounds of each did 
she use? 

25 Ib peanuts, 10 Ib cashews, 15 lb Brazil nuts 

PIGGY BANKS When a child breaks open her piggy 
bank, she finds a total of 64 coins, consisting of 
nickels, dimes, and quarters. The total value of the 
coins is $6. If the nickels were dimes, and the dimes 
were nickels, the value of the coins would be $5. How 
many nickels, dimes, and quarters were in the piggy 
bank? nickels: 20, dimes: 40, quarters: 4 


p> 24. THEATER SEATING The illustration shows the 


25. 


> 26. 


cash receipts and the ticket prices from two sold-out 
Sunday performances of a play. Find the number of 
seats in each of the three sections of the 800-seat 


theater. 
founder’s circle: 100, box seats: 300, promenade: 400 


Sunday Ticket Receipts 


Matinee | $13,000 
Evening | $23,000 


Row 1 
‘ounder's circle tickets 
Matinee $30 
Evening $40 
Row 8 


Row I 


Promenade tickets 

Matinee $10 

Evening $25 
Row 15 


ASTRONOMY Comets have elliptical orbits, but the 
orbits of some comets are so large that they are 
indistinguishable from parabolas. Find an equation of 
the form y = ax* + bx + c for the parabola that 
closely describes the orbit of the comet shown in the 
illustration. y = 5x = ined 


(-2, 5) 


CURVE FITTING Find an 
equation of the form 

y = ax’ + bx + c for the 
parabola shown in the 
illustration. y = —x* +.x-1 
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> 27. 


> 28. 


WALKWAYS A circular sidewalk is to be 
constructed in a city park. The walk is to pass by three 
particular areas of the park, as shown in the 
illustration. If an equation of a circle is of the form 

x? + y? + Cx + Dy + E = 0, find an equation that 
describes the path of the sidewalk by determining 
C, D, and E. x? + y? - 2x -2y -2=0 


| 
~~ City Park 


T T r 
Circular walkway 


CURVE FITTING The 
equation of a circle is of the form 
x t+y?+Cx+Dy+E=0. 
Find an equation of the circle 
shown in the illustration by 
determining C, D, and E. 

x -— 6x +y*=0 


I WRITING 


29. 


30. 


Explain why the following problem does not give 
enough information to answer the question: The sum 
of three integers is 48. If the first integer is doubled, 
the sum is 60. Find the integers. 


Write an application problem that can be solved 
using a system of three equations in three variables. 


I REVIEW 


Determine whether each equation defines y to be a function 
of x. If it does not, find two ordered pairs where more than one 
value of y corresponds to a single value of x. 


31. 


33. 


35. 


37. y 


wt 32 4 _ 
y= es oy =x 
yes no; (1,1); 0), =1) 
xy =9 34. y = |x| 
yes yes 
1 
x+1=|y| 36. y= 
xX 
Ho, 2) (1, =2) yes 
Pi a 38. x = |y| 


no; (4, 2), (4, -2) no; (1,1), C1, =1) 
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Objectives 


1 | Define a matrix and determine 
its order. 

| 2 | Write the augmented matrix 
for a system. 

3 | Perform elementary row 
operations on matrices. 

| 4 | Use matrices to solve a system 
of two equations. 

5 | Use matrices to solve a system 
of three equations. 

6 | Use matrices to identify 
inconsistent systems and 
dependent equations. 


Chapter3 Systems of Equations 


Solving Systems of Equations Using Matrices 


In this section, we will discuss another way to solve systems of linear equations. This 
technique uses a mathematical tool called a matrix in a series of steps that are based 
on the elimination (addition) method. 


iB Define a matrix and determine its order. 


Another method of solving systems of equations involves rectangular arrays of 
numbers called matrices (plural for matrix). 


Matrices 


A matrix is any rectangular array of numbers arranged in rows and columns, 
written within brackets. 


Some examples of matrices are 


il 4 =2 —4 | «+ Row1 
1 —3 8 | <— Row1 
A= B=] 6 —2 6 1 | <—Row2 
2 5 —1]|<Row2 
3 8 =3 12 | <Row3 
q t t t t t t 
Column Column Column Column Column Column Column 
1 2 Ks) 1 2 Ks) 4 


The numbers in each matrix are called elements. A matrix with m rows and n 
columns has order m X n, which is read “m by n.” Because matrix A has two rows 
and three columns, its order is a 2 X 3 matrix (read “2 by 3” matrix). Matrix B is a 
3 X 4 matrix (three rows and four columns). 


EA Write the augmented matrix for a system. 


To show how to use matrices to solve systems of linear equations, we consider the 
system 


i. —-y=4 
2x+y=5 
which can be represented by the following matrix, called an augmented matrix: 


err 
2 1: 5 


Each row of the augmented matrix represents one equation of the system. The 
first two columns of the augmented matrix are determined by the coefficients of 
x and y in the equations of the system. The last column is determined by the 
constants in the equations. 


1 -1 4 This row represents the equation x — y = 4. 
9} 1 5 This row represents the equation 2x + y = 5. 


a 


Coefficients Coefficients Constants 
of x ofy 


3.6 Solving Systems of Equations Using Matrices 


| EXAMPLE 1 | 2 : \ Self Check 1 
Represent each system of equations using an augmented 


matrix: Represent each system using an 
44.536 = =3 augmented matrix: 
3xt+y=11 —4y= 
he = 5B 9a + 4c = 2 a. {e a 
x —-8y= Sree 
? a-b-6c=~-7 Sx—y= 2 


at+b-c=-4 
b. { —2b + 7c = 0 
10a + 8b — 4c =5 


Strategy First we note that each of the equations are in general form. Then we 
will write the coefficients of the variables and the constants from each equation in 
rows to form a matrix. The coefficients are written to the left of the vertical 


dashed line and constants to the right. Now Try Problems 18 and 20 
Self Check 1 Answers 
WHY In an augmented matrix, each row represents one equation of the system. P & =4 | | 
F a =) 2 
Solution | ft hea 
Caer o F Ee | b| ea F 4° 6 
“|x-8¥=0 © [1 -8: O 10 8 -4: 5 
2at+b—3e=-3 © 2 LS 8 Teaching Example 1 Represent each 
b. (9a + 4c = 2 o 9 0 4 2 system using an augmented matrix: 
a-b-6c=-7 © [1 -1 -6 | -7 a a eas 
3a + 5b =2 
2a+b-3c=1 
IE Perform elementary row operations on matrices ae ein ee 
y p 7 3a+b-—4c=2 
To solve a 2 X 2 system of equations by Gaussian elimination, we transform the ne as 
augmented matrix into the following matrix, which has 1’s down its main diagonal a. 4% 4 
and a 0 below the 1 in the first column. > 4 a 14 
lai b oe eee 
k 1 , a, b, and c represent real numbers 3 2 
Main diagonal 


To write the augmented matrix in this form, called row echelon form, we use three 
operations called elementary row operations. 


Elementary Row Operations 


Any two rows of a matrix can be interchanged. 

Any row of a matrix can be multiplied by a nonzero constant. 
Any row of a matrix can be changed by adding a nonzero constant 
multiple of another row to it. 


e A type 1 row operation corresponds to interchanging two equations of the 
system. 


e A type 2 row operation corresponds to multiplying both sides of an equation 
by a nonzero constant. 


e A type 3 row operation corresponds to adding a nonzero multiple of one 
equation to another. 


None of these row operations will change the solution of the given system of 
equations. 


The Language of Algebra ‘Two matrices are equivalent if they represent 


systems that have the same solution set. 
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Self Check 2 


Refer to Example 2. 

a. Interchange the rows of 
matrix B. 

b. To the numbers in row 1 of 
matrix A, add the results 
of multiplying each number in 
row 2 by —2. 

c. Interchange rows 2 and 3 of 
matrix C. 


Now Try Problems 22 and 24 


Self Check 2 Answers 
4 =8. 7 0 
aa ee | 
(Oo 20 : -3 
a age 4 | 
(2 1 -8 4 
Ge | OG a =e 4 1 
ii a ee Se 


Teaching Example 2 Refer to 

Example 2. 

a. Interchange rows 1 and 2 of 
matrix C. 

b. Multiply row 2 of matrix B by i. 

c. To the numbers in row 1 of matrix 
A, add the results of multiplying 
each number in row 2 by —2. 

Answers: 


01 4: -2 
|. ft =8 5 4 
LO 0 -6 |! 24 
a eg re 
Tit 9 4 00. 
ee as 
Cc i 
1-8 |} O 


Self Check 3 
Solve the system using matrices: 
ee —2y=-5 
(3,7) 
x-y=-4 
Now Try Problem 30 


Teaching Example 3 Solve the system 
. F ‘- +4y=11 

using matrices: 
f= 3p = =5 


Answer: 
(1,2) 
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| EXAMPLE 2 | Consider the matrices: 


a ee { 2% 4-9 nan 
Aa\, 2a 4| Sale -e gl CHIe te See 
0 -6 | 24 


a. Interchange rows 1 and 2 of matrix A. 

b. Multiply row 3 of matrix C by — é 

c. To the numbers in row 2 of matrix B, add the results of multiplying each 
number in row | by —4. 


Strategy We will perform elementary row operations on each matrix as if we 
were performing those operations on the equations of a system. 


WHY The rows of an augmented matrix correspond to the equations of a system. 
Solution 


1-8 : 0 
a. Interchanging the rows of matrix A, we obtain: > A bo | 


b. We multiply each number in row 3 of matrix C by — ‘. Rows 1 and 2 remain 
unchanged. 


2 1 -8 | 
01 4 ' ) We can represent the instruction to multiply the third 
0 0 1 to row by -4 with the notation —J Rs 


c. If we multiply each number in row 1 of matrix B by —4, we get 
-4 4 -8 
We then add these numbers to row 2. (Note that row 1 remains unchanged.) 


We can abbreviate this procedure using 


1 -1 2 the notation —4R, + Rz, which means 
4+(-4) -8+4 ' 0+(-8) “Multiply row 1 by —4 and add the result 
to row 2.” 


After simplifying, we have the matrix 


Lao 3 
a | 


IZ¥ Use matrices to solve a system of two equations. 


We now solve a system of two linear equations using the Gaussian elimination 
process, which involves a series of elementary row operations. 


2xt+y=5 


Solve th t i trices: 
olve the system using matrices rere, 


Strategy We will represent the system with an augmented matrix and use a 
series of elementary row operations to produce an equivalent matrix in row 
echelon form. 


WHY When the resulting row echelon form matrix is written as a system of two 
equations, we will know the value of one variable, and the value of the other can 
be found using substitution. v 


3.6 Solving Systems of Equations Using Matrices 


Solution 
We can represent the system with the following augmented matrix: 
F 7 
1-1: 4 


First, we want to get a 1 in the top row of the first column where the red 2 is. This 


can be achieved by applying a type 1 row operation: Interchange rows 1 and 2. 
E -1: 4 
2 M2. s 


Interchanging row 1 and row 2 can be abbreviated as R, <> Rp. 


To get a 0 under the 1 in the first column, we use a type 3 row operation. To row 2, 
we add the results of multiplying each number in row 1 by —2. 

6. | i 2R, + R 

. 2% 3 nite 
To get a 1 in the bottom row of the second column, we use a type 2 row 
operation: Multiply row 2 by i. 


Be ell | | co 

© 2} =i) e* 

This augmented matrix represents the equations 
Ix -ly =4 
Ox + ly = -1 


Writing the equations without the coefficients of 1 and —1, we have 


QM x-y=4 
(2) y=—1 
From Equation 2, we see that y = —1. We can back substitute —1 for y in 


Equation 1 to find x. 


x-y=4 
x—(-1) = Substitute —1 for y. 
x+1= -(-1) =1. 


x =3 Subtract 1 from both sides. 


The solution of the system is (3, —1). Verify that this ordered pair satisfies the 
original system. al 


In general, if a system of linear equations has a single solution, we can use the 
following steps to solve the system using matrices. 


Solving Systems of Linear Equations Using Matrices 


Write an augmented matrix for the system. 


Use elementary row operations to transform the augmented matrix into a 
matrix with 1’s down its main diagonal and 0’s under the 1’s. 


When step 2 is complete, write the resulting system. Then use back 
substitution to find the solution. 


Check the proposed solution in each equation of the original system. 
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Self Check 4 


Use matrices to solve the system: 
2x-y+tz=5 
x+y-z=-2 
—x+2y+2z=1 

Now Try Problem 34 


(1, -1,2) 


Teaching Example 4 Use matrices to 
solve the system: 
2 toy = 2S =s 
xe yo gS=—2 
—4x + 3y+z7=6 
Answer: 
(2, =, 2) 


IE Use matrices to solve a system of three equations. 


To show how to use matrices to solve systems of three linear equations containing 
three variables, we consider the system that can be represented by the augmented 
matrix to its right. 


x—2y-z=6 1-2 -1 ! 6 
2x+2y-z=1 2 @ af t4 
—x-y+2z=1 -1 -1 2:1 


To solve a 3 X 3 system by Gaussian elimination, we transform the augmented 
matrix into a matrix with 1’s down its main diagonal and 0’s below its main diagonal. 


b 


a, b, G,..., f represent real numbers 


Main diagonal 


| EXAMPLE 4 | 3x + y+ 5z=8 


2x + 3y-—z=6 
x + 2y + 2z = 10 


Use matrices to solve the system: 


Strategy We will represent the system with an augmented matrix and use a series 
of elementary row operations to produce an equivalent matrix in row echelon form. 


WHY When the resulting row echelon form matrix is written as a system of three 
equations, we will know the value of one variable, and the values of the other two 
can be found using substitution. 


Solution 

This system can be represented by the augmented matrix shown on the left 
below. To get a 1 in the first column in place of the red 3, we perform a type 1 row 
operation and interchange rows | and 3, as shown on the right. 


31 #5 8 1. <2 -  D O R, Rs 
23 -1': 6 23 -1' 6 
12 2 10 31 =°5 8 


To get a 0 under the 1 in the first column in place of the red 2, we perform a type 
3 row operation: Multiply row 1 by —2 to get 


-2 -4 -4 -20 


and add these numbers to the entries in row 2. 


1 2 2 10 
2+(-2) 3+(-4) -1+(-4 6+ (-20) 
L 3 1 5 8 
After simplifying we get 
fi 2 2 AO 
0 -1 -5 -14 =2K, + Rp 
3 1 5 8 


To get a 0 under the 0 in the first column in place of the red 3, we perform 
another type 3 row operation: Multiply row 1 by —3 and add the results to row 3. 
Row 1 remains the same. (See below right.) 


1 2 2: 10 12 2: 10 
6 -t =—3 + ]14 G <8 =9 > <4 
S £ = 3 8 6 = 1) 42 8k, +R v 


3.6 Solving Systems of Equations Using Matrices 


To get a 1 under the 2 in the second column in place of the red —1, we perform a 
type 2 row operation: Multiply row 2 by —1. (See below left.) 


To get a 0 under the 1 in the second column in place of the red —5, we perform a 
type 3 row operation: Multiply row 2 by 5 and add the results to row 3. Row 2 
remains the same. (See below right.) 


if 2 2s. ip i 2. 2 ip 
0 1 5: 14] -1R. 01 5°: 14 
0 -5 -1 : -22 0 0 24} 48| 5R, +R, 


To get a 1 under the 5 in the third column in place of the red 24, we perform a 


type 2 row operation: Multiply row 3 by a: 


m2 2: 10 
oS : 14 
oo! 2 ARs 


The final matrix represents the system 


_ + 4 = 
a fd - which can be written without rey a is = : ad 
- y <= ** the coefficients of 0 and 1 as y —— (2) 
Ox + Oy + 1z =2 z=2 (3) 


From equation 3, we can read that z is 2. To find y, we back substitute 2 for z in 
equation 2 and solve for y: 
y+5z=14 This is equation 2. 
y + 5(2) = 14 — Substitute 2 for z. 
y+10= 14 
y=4 Subtract 10 from both sides. 


Thus, y is 4. To find x, we back substitute 2 for z and 4 for y in equation 1 and 
solve for x: 


x+2y+2z=10 © This is equation. 
x + 2(4) + 2(2) =10 Substitute 2 for z and 4 for y. 


x+8+4=10 
x +12 = 10 
xX =-—2 Subtract 12 from both sides. 


Thus, x is —2. The solution of the given system is (—2,4,2). Verify that this 
ordered triple satisfies each equation of the original system. 


[al Use matrices to identify inconsistent systems and dependent 
equations. 


In the next example, we consider a system with no solution. 


x+y=-l1 


Use matrices to solve the system: { ay ays 


Strategy We will represent the system with an augmented matrix and use a 
series of elementary row operations to produce an equivalent matrix in row 
echelon form. 


WHY When the resulting row echelon form matrix is written as a system of two 
equations, we can determine whether the system is consistent or inconsistent and 
whether the equations are dependent or independent. 


Use matrices to solve the system: 
i — 8y=9 

x —2y = —5 
Now Try Problem 38 


Self Check 5 Answer 
no solution, , inconsistent system 
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Teaching Example 5 Use matrices to 
x + 3y =4 
Ive th tem: 
solve the system oe ~ip=% 
Answer: 


no solution, @; inconsistent system 


Self Check 6 


Use matrices to solve the system: 


5x — 10y + 15z = 35 
3x + 6by — 9z = —21 
2x — 4y + 6z = 14 
Now Try Problem 42 
Self Check 6 Answer 


There are infinitely many solutions, 
dependent equations 


Teaching Example 6 Use matrices to 
3x t+y-—z=4 
x-ytz=4 

6x + 2y — 2z = 8 


solve the system: 


Answer: 
infinitely many solutions, dependent 
equations 


Chapter3 Systems of Equations 


Solution 
This system can be represented by the augmented matrix 
1 1. =1 
-3 -3 : -5 


Since the matrix has a 1 in the top row of the first column, we proceed to get a 0 
under it by multiplying row 1 by 3 and adding the results to row 2. 


1 1: -1 | 
00: -8| 3k +R, 
This matrix represents the system 
x+y=-1 
0+0= —-8 
This system has no solution, because the second equation is never true. Therefore, 
the system is inconsistent. It has no solutions. 


In the next example, we consider a system with infinitely many solutions. 


| EXAMPLE 6 | 2x + 3y — 4z =6 


Use matrices to solve the system: (4x + 6y — 8z = 12 


6x — 9y + 12z = -18 


Strategy We will represent the system with an augmented matrix and use a 
series of elementary row operations to produce an equivalent matrix in row 
echelon form. 


WHY When the resulting row echelon form matrix is written as a system of three 
equations, we can determine whether the system is consistent or inconsistent and 
whether the equations are dependent or independent. 


Solution 
This system can be represented by the augmented matrix 
2 3 -4 : 6 
4 6 -8 : 12 
-6 -9 12 |} -18 
To get a 1 in the top row of the first column, we multiply row 1 by 5. 
I 5 = 3) ae 
4 6 -8 +: 12 
-6 -9 12 | -18 


Next, we want to get 0’s under the 1 in the first column. This can be achieved by 
multiplying row 1 by —4 and adding the results to row 2, and multiplying row 1 by 
6 and adding the results to row 3. 


1 3-2: 3 
0 0 ' O| -4R, + Ro 
0 0 | O} GR, + Rs. 


The last matrix represents the system 
x+ 5 y—2z=3 
Ox + Oy + 0z =0 
Ox + Oy + 0z =0 


If we clear the first equation of fractions, we have the system 
2x + 3y — 4z =6 
0=0 
0=0 


3.6 Solving Systems of Equations Using Matrices 


This system has dependent equations and infinitely many solutions. 


V4 


ANSWERS TO SELF CHECKS 


_ 5. no solution, ©; inconsistent system 6. infinitely many solutions, dependent equations | 


a ae ae 
1a: F = | b| 0 -2 7; O| 2a i = a 
10 8 -4! 5 
4 <8 4 
202 = 
b. k oe ;| (0: Oo 6 Oa) 3. GF) eek, <1) 
01 4: -2 | 


I VOCABULARY 
Fill in the blanks. 
1. A_matrix js a rectangular array of numbers. 
The numbers in a matrix are called its elements _, 
A3 X 4 matrix has 3 tows and 4 columns _, 


Elementary row operations are used to produce new 
matrices that lead to the solution of a system. 


A matrix that represents the equations of a system is 
called an augmented matrix. 


3: -2 
6. The augmented matrix 04 ‘ has 1’s down 


its main diagonal | 


| CONCEPTS 


For each matrix, tell the number of rows and the number 
of columns. 


f =2. 3% 2 
46; -1 
Ve 4 2x3 8/0 1 6: 4/34 
a a 
0 O01: § 


9. Write the system of equations represented by the 
augmented matrix. Then use back substitution to find 


the solution. 
a] {* === 
6| ly=6 


1 -1 

0 1 

> 10. Write the system of equations represented by the 
augmented matrix. Then use back substitution to find 
the solution. 


m (—4, 6) 


i <2 2) 16] fyodre ee ag 
0 12: 8 prez: 
G OT) z= 4 


(—20, 0, 4) 
P Selected exercises available online at 
www.webassign.net/brookscole 


11. Matrices were used to solve a system of two linear 
equations. The final matrix is shown here. Explain 
what the result tells about the system. 


be ae 
00:7. 2 


> 12. Matrices were used to solve a system of two linear 
equations. The final matrix is shown here. What does 
the result tell about the equations? 


It has no solution. The system 
is inconsistent. 


1 2 : —4] They are dependent.The system 
0 0 Q| has infinitely many solutions. 
I NOTATION 
3.6 -9: 0 
13. Consider the matrix: A = 15 -2: 1 
—2 2 -2: 5 


a. Explain what is meant by ER. Then perform the 
operation on matrix A. 


it 2 = 0 
multiply row 1 by i, lS =2¢ 2 
=f 2 S24 2 


b. Explain what is meant by —R,; + R,. Then 
perform the operation on the answer to part a. 


2. =3 


i 0 
add —1 times row 1 to row 2, 0 3 ti 2 
ae Do agit 3 
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3 1: 2 
1-4: 4 
a. Explain what is meant by R; < R>. Then perform 
the operation on matrix B. 


> 14. Consider the matrix: B = 


t =a-h 4 
interchange rows | and 2, E 1! 4 

b. Explain what is meant by 3R, + R. Then perform 
the operation on the answer to part a. 

; =4 ) 4 

add 3 times row 1 to row 2, 5 yi! | 


Complete each solution to solve the system. 


15. Solve: iC eae 
x+y=6 
co 
l1 1: 6 
[1 °| Sead 
4-1) 4) “7% 
[1 o1: 
[Oo Be: -10| -4R,+R, 
[1 1: | 
lO 1: 2 -iR, 


This matrix represents the system 


{" +y=6 
m= 2 
The solution is (4, 2). 
16. Solve: 2 "ay 28 
x-y= 
) 2 2: "| 
m-l : § 
il 1: | aR, 
lm@ -1: 5 
[1 1: 1] 
lO -2 : -4] -R,+R 
ft 1 | 
io 1: @ —3Ro 


This matrix represents the system 
: +y=9 
y=2 
The solution is ( 7, 2). 


[| GUIDED PRACTICE 


Represent each system with an augmented matrix. 
See Example 1. 


x+y+z=4 


+2y=6 
17. e 7 10 P18. (2x +y-z=1 
} i => 
4 2x —3y =1 
. % P 1 a ae 
E Sa an oe 
2-3 0:81 


For each augmented matrix, give the system of equations that it 
represents. 


\ 2 —2 1 
16:7 a 
Pi.) 4 2,/3 i 7: @ 
2-6 8! -7 
- 2x —2y+9z=1 
i. erect 
a 2x — 6y +82 = -7 


Perform each of the following elementary row operations 


= 1 a 
on the augmented matrix | : - Ar See Example 2. 
P21. Ri OR, 22. 5R> 
| ‘a oer - ye 1 a 
= 1 } =6 s =20 7 20 
1 
23. 3k > 24. 3R> + R, 
1-312 - -11 ‘| 
i Sa} 1-4: 4 
Perform each of the following elementary row operations on the 
3 6 -9: 0 
augmented matrix 15 -2 1 |.See Example 2. 
—2.2 -2! 5 
1 
25. RoR; > 26. — 5s 
3 6 ‘=o 0 3 Go =) y 0 
=2. 2 29) & 1 S=3 2 i 
i <4 4 1-1 1: -3 
> 27. —R, + R, 28. 2R> +f R3 
[Ss oh SOD a a at) 
=2. =1 f a 8 hee 2g 
| =2 2 2 f.S 0 2 =6 } 7 


Use matrices to solve each system. See Example 3. 
x+y=3 
30. { : (1,2) 
x-y=-l 


5x — 4y = 10 


7 _ 42 ~3) > 32. a ly =2 (2, 0) 


Use matrices to solve each system. See Example 4. 


x+ty+z=6 x-ytz=2 

> 33. (x+2y+z=8 > 34. (x + 2y—-—z=6 
x+yt+2z=9 2x-y-z=3 
(1,.2,3) (352;.1) 


3x +y—3z=5 

35. jx —2y+4z=10 p36. (3x -2y-—z=-5 
x+yt+z=13 
(4,5, 4) 


Use matrices to solve each system. If the equations of a system 
are dependent or if a system is inconsistent, so indicate. 
See Examples 5-6. 


a0 i . > 38 eee” 
* [-2x + 6y = 18 * |2x — 4y =8 
no solution, inconsistent no solution, inconsistent 
system system 
a5 es + 4y = 12 > 40 ee — 15y = 10 
. —x-y=-3 . 2x — 6y =4 


infinitely many solutions, 
dependent equations 


infinitely many solutions, 
dependent equations 


x—3y+ 4z=2 
2x +y+2z=3 
4x — 5y + 10z = 7 


infinitely many solutions, 


2x+y-z=1 
41. (x +2y+2z=2 
4x + 5y + 3z =3 


no solution, inconsistent 


> 42. 


system dependent equations 
x-y=1 x+y—3z=4 
43. (2x —z=0 44. \2x + 2y —-6z =5 
2y—-z=-2 —3xt+y—-—z7=2 
infinitely many solutions, no solution, inconsistent 
dependent equations system 


I TRY IT YOURSELF 


Use matrices to solve each system of equations. If the equations 
of a system are dependent or if the system is inconsistent, so 
state. 


> 45 os > 46 ge 
“|x -2y=1 “lety=3 
(=)=%) Gz) 
4 oe —12 > 48 ome 16 
* (9x — 2y =6 * [-4x + y = -22 
(0, =3) (oS, =2) 
3x — 2y + 4z =4 2x + 3y —z= —8 
49. jx+y+z=3 P50. (x -y-z=-2 


6x — 2y — 3z = 10 
(2, 1, 0) 


2a+b+3c=3 


—4x+ 3y+z=6 
(=2,.=1,.1) 


3a+2b+c¢=8 


& 51. §-2a-—b+c=5 p52. \6a—b+2c= 16 
4a — 2b + 2c =2 9a +b —c = —20 
(1, =1,2) (2;,0,,2) 


6x +y—z=-2 2x + 3y — 2z = 18 


53. jx + 2y+z=5 p> 54. (5x — 6by + z = 21 
Sy —-z=2 4y —2z = 6 
(0, 1, 3) (8, 4, 5) 


3.6 Solving Systems of Equations Using Matrices 


5x + 3y =4 y+2z=-2 
55. (3y —4z7 =4 56. jx +y=1 
x+z=1 2x -—z=0 
(—4, 8, 5) (=1,2,.=2) 
2a—b+4c= —-2 2a + 3b + 4c =6 
57. \5Sa+8b+7c=-—8 58. (2a — 3b —- 4c = —4 
at+3b+c=-3 4a + 6b + 8c = 12 
no solution, inconsistent dependent equations, 


system infinitely many solutions 


J APPLICATIONS 


Remember these facts from geometry: The sum of the measures 
of complementary angles is 90°, the sum of the measures of 
supplementary angles is 180°, and the sum of the measures of 
the interior angles of a triangle is 180°. 


59. One angle measures 46° more than the measure of its 
complement. Find the measure of each angle. 22, 68 


60. One angle measures 14° more than the measure of its 
supplement. Find the measure of each angle. 97, 83 


In the illustration, C 
ZB measures 25° more 

than the measure of 

ZA, and the measure of 

ZC is 5° less than twice the 

measure of ZA. Find the 

measure of each angle of A 

the triangle. 40, 65,75 


> 61. 


62. In the illustration, C 
ZA measures 10° less than 
the measure of 7B, and 
the measure of ZB is 
10° less than the measure 
of ZC. Find the measure 
of each angle of the 
triangle. 50, 60,70 


Write a system of equations to solve each problem. Then use 
matrices to solve it. 


63. PHYSICAL THERAPY 
After an elbow injury, a 
volleyball player has 
restricted movement of 
her arm. Her range of 
motion (angle 1) is 28° less 
than angle 2. Find the 
measure of each angle. 76, 104 


Range of 
motion 


Angle 2 
Angle | 
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p> 64. ICE SKATING Three circles were traced out by a J REVIEW — | 


figure skater during her performa 
the circles are the given distances 


radius of each circle. 3 yd,7 yd, 11 yd 


E WRITING — 


nce. If the centers of 


apart, find the 67. What is the formula used to find the slope of a line, 
given two points on the line? m = = = zs (ox) 
2° #1 


68. What is the form of the equation of a horizontal line? 
Of a vertical line? y = b,x =a 
69. What is the point-slope form of the equation of a 
line? y — y, = m(x — x) 
> 70. What is the slope—intercept form of the equation of a 
line? y=mx+b 


65. Explain what is meant by the phrase back 


substitution. 


p> 66. Explain how a type 3 row operation is similar to the 
addition method of solving a system of equations. 


ECT 


Solving Systems of Equations Using Determinants 


In this section, we will discuss another method for solving systems of linear 
equations. With this method, called Cramer's rule, we work with combinations of the 
coefficients and the constants of the equations written as determinants. 


iB Evaluate 2 x 2and3 x 3 determinants. 


An idea closely related to the concept of matrix is the determinant. A determinant is 
a number that is associated with a square matrix, a matrix that has the same number 
of rows and columns. For any square matrix A, the symbol |A| represents the 
determinant of A. To write a determinant, we put the elements of a square matrix 
between two vertical lines. 


Brackets Vertical lines Brackets Vertical lines 
39 32 1 3 -2 13 =2 
6 9 6 9 2 1 3 2 1 3 

1 2 3 1 2 3 
Matrix Determinant Matrix Determinant 


Like matrices, determinants are classified according to the number of rows and 
columns they contain. The determinant on the left is a 2 X 2 determinant. The other 
isa3 X 3 determinant. 


The determinant of a 2 X 2 matrix is the number that is equal to the product of the 
numbers on the main diagonal minus the product of the numbers on the other 
diagonal. 

a b 
c d 


a b 
c d 
Main diagonal Other diagonal 


3.7 Solving Systems of Equations Using Determinants = 


Value of a2 xX 2 Determinant 


b 
If a, b, c, and d represent numbers, the determinant of the matrix i A iS 
Cc 


Self Check 1 


Evaluate: 


3 2 5 $ 
Evaluate: a. | | 3 


6 9 -1 0 


=9 
2 1 
Now Try Problems 18 and 22 


10 


Strategy We will multiply the two numbers on the main diagonal and then 
multiply the numbers along the other diagonal and subtract the results. 
Teaching Example 1 Evaluate: 
is ad — be. fe | 

-1 4 
Answer: 
=5 


b 
WHY The value of a determinant of the form| : d 


Solution 
From the product of the numbers along the main diagonal, we subtract the 
product of the numbers along the other diagonal. 


This is always minus. 


x2). —5 3 | _ 1 
a. OG | = 30) 2(6) b| 3% = —5(0) a 1) 
=27-12 aga 
= 15 2 
4 
“2 a 


A3 X 3 determinant is evaluated by expanding by minors. 


Value of a3 x 3 Determinant 


Minor of a, Minor of b, Minor of c 


To find the minor of a,, we cross out the elements of the determinant that are in 
the same row and column as a: 


9 bo Co The minor of aj is 
3 bs 63 


To find the minor of b,, we cross out the elements of the determinant that are in 
the same row and column as b;: 


A ag C2 
a, by © The minor of 5, is 


a3 C3 


Self Check 2 


2 =), i) 
Evaluate: 1 2? = 2.10 
a 1 il 


Now Try Problem 26 


Teaching Example 2 Evaluate: 
=2 3 2 
-1 4 5 

L.F © 


Answer: 
33 


Self Check 3 


L 3 2 
Evaluate] 2 1 3 | by 
12 3 


expanding along the last 
column. —18 


Now Try Problem 30 
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To find the minor of c;, we cross out the elements of the determinant that are in 
the same row and column as ¢: 


b 
a by The minor of c, is 7 be : 
3 503 
a3 bz 43 
1 3 -2 
Evaluate: | 2 1 3 
1 2 3 


Strategy We will expand the determinant along the first row using the numbers 
in the first row and their corresponding minors. 


WHY We can then evaluate the resulting 2 x 2 determinants and simplify. 


Solution 
We evaluate this determinant by expanding by minors along the first row of the 
determinant. 

Minor of 1 Minor of 3 


{ 


Minor of —2 


i 2 = 

1 3 2 3 2 1 
21 3/=a)) 3|-3]7 3|+cal7 3 
io 4 2 3 1 3 1 2 


= 1(3 — 6) — 3(6 — 3) — 2(4 - 1) Evaluate each 2 x 2 


determinant. 


= 1(~3) — 33) — 23) 
=3=9=6 
=-18 | 


We can evaluate a3 X 3 determinant by expanding it along any row or column. 
To determine the signs between the terms of the expansion of a 3 X 3 determinant, 
we use the following array of signs. 


Array of Signs for a3 x 3 Determinant 


This array of signs is often called the checkerboard pattern. 


To remember the sign pattern, note that there is a + sign in the upper left 
position and the signs alternate for all the positions that follow. 


| EXAMPLE 3 | 1. 3-2 


Evaluate the determinant] 2 1 3 | by expanding along 


tL 2 3 
the middle column. 


Strategy We will expand the determinant along the middle column using the 
numbers in the middle column and their corresponding minors. 


WHY We can then evaluate the resulting 2 < 2 determinants and simplify. v 
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Solution Teaching Example 3 Evaluate 
This is the determinant of Example 2. To expand it along the middle column, we _ ; 
use the signs of the middle column of the array of signs: : . : py Crpaaaing seg 
Minor of 3 Minor of 1 Minor of 2 Use the middle eas: caw. 
column of the Answers ; 
1B 2 checkerboard 24 
24 3|=-3/7 3]aa)t ~2]-2]) 1 72] pattem: 
1 3 1 3 2.3 + = + 
12 3 _B- 
= -3(6 — 3) + 1[3 — (-2)] - 23 - (-4)] + B+ 
= —3(3) + 1(5) — 2(7) Evaluate each 
=-9+5-14 re 
determinant. 
= —18 
As expected, we get the same value as in Example 2. a 


Using Your CALCULATOR Evaluating Determinants 

It is possible to use a graphing calculator to evaluate determinants. For 
example, to evaluate the determinant in Example 3, we first enter the matrix 
by pressing the |MATRIX| key, selecting EDIT, and pressing the |ENTER 
key. Next, we enter the dimensions and the elements of the matrix to get 
figure (a). We then press to clear the screen, press [MATRIX], 
select MATH, and press 1 to get figure (b). We then press |MATRIX|, select 
NAMES, press 1, and press )] and ENTER |to get the value of the 
determinant. Figure (c) shows that the value of the determinant is —18. 


MATRIATA] 3 x3 det cll detclAl> 
3 Re 


ci 1 
[Te 1 1 
ri 5 i | Z 


23235 


(a) (b) (c) 


4 Use Cramer’s rule to solve systems of two equations. 


The method of using determinants to solve systems of linear equations is called 
Cramer’s rule, named after the 18th-century mathematician Gabriel Cramer. To 
develop Cramet’s rule, we consider the system 


ene ae 
cx +dy=f 


where x and y are variables and a, b, c, d, e, and f are constants. 
If we multiply both sides of the first equation by d and multiply both sides of the 
second equation by —b, we can add the equations and eliminate y: 


adx + bdy = ed This is d(ax + by) = d(e). 
—bcx — bdy = —bf This is —b(cx + dy) = —D(f). 
adx — bcx = ed — bf 
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Self Check 4 


Use Cramer’s rule to solve: 
— 3y = -16 

3x + 5y = 14 
Now Try Problem 34 


(-2,4) 


To solve for x, we use the distributive property to write adx — bcx as (ad — bc)x on 
the left-hand side and divide each side by ad — be: 


(ad — bc)x = ed — bf 


=. #ideal-texr 0 
———— ere ad — bc 
* ad — be m a 
We can find y in a similar manner. After eliminating the variable x, we get 
a eet 
ar se where a c 


Determinants provide an easy way of remembering these formulas. Note that 
the denominator for both x and y is 


a b 
c d 


| = ad ~ be 


The numerators can be expressed as determinants also: 


e b ae 

ed — bf f ; | af — ec c f 

«ad — be a b me y ad — be a b 
c ; | c | 


If we compare these formulas with the original system 


ee 
cx + dy=f 


we note that in the expressions for x and y on the preceding page, the denominator 
determinant is formed by using the coefficients a, b, c, and d of the variables in the 
equations. The numerator determinants are the same as the denominator 
determinant, except that the column of coefficients of the variable for which we are 
solving is replaced with the column of constants e and f. 


Cramer's Rule for Two Equations in Two Variables 


a4 


c d 


If every determinant is 0, the system is consistent, but the equations are 
dependent. The system has infinitely many solutions. 


If D = 0 and D, or D, is nonzero, the system is inconsistent and does not have 
a solution. 


4x —3y = 
Use Cramer’s rule to solve: { 7 V=* 
—2x + 5y =4 


Strategy We will evaluate three determinants, D, D,, and Dy. 


WHY The x-value of the solution of the system is the quotient of D, and D, and 
the y-value of the solution is the quotient of the two determinants D, and D. 
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Solution 
The value of x is the quotient of two determinants, D and D,. The denominator 
determinant D is made up of the coefficients of x and y: 


ear 


D= 
a 5 


To solve for x, we form the numerator determinant D, from D by replacing 
its first column (the coefficients of x) with the column of constants (6 and 4). 

To solve for y, we form the numerator determinant D, from D by replacing 
its second column (the coefficients of y) with the column of constants (6 and 4). 

To find the values of x and y, we evaluate each determinant: 


‘= 
Di, P jl 6(5) — (-3)(4)  304+12 42 
a=") A =a) aGy SIG” =e a 
la 
4 6 
D, & | 4(4)-6(-2) 16+12 28 
aa ane le 14 = te ya 
la 


The solution of this system is (3,2). Verify that x = 3 and y = 2 satisfy both 
equations. a 


Tx =8—4y 
Use Cramet’s rule to solve: 7 
2y =3— 5x 


Strategy We will evaluate three determinants, D, D,, and Dy. 


WHY The x-value of the solution of the system is the quotient of D, and D, and 
the y-value of the solution is the quotient of the two determinants D, and D. 


Solution 
We multiply both sides of the second equation by 2 to eliminate the fraction and 
write the system in the form 


+4y=8 
7x + 4y =6 
When we attempt to use Cramer’s rule to solve this system for x, we obtain 
8 4 
Dy, 6 4 bas : 
x= = = which is undefined. 
D 7 4 0 
7 4 


Since the denominator determinant D is 0 and the numerator determinant D, is 
not 0, the system is inconsistent. It has no solutions. 

We can see directly from the system that it is inconsistent. For any values of 
x and y, it is impossible that 7 times x plus 4 times y could be both 8 and 6. H 


IEW Use Cramer’s rule to solve systems of three equations. 


Cramer’s rule can be extended to solve systems of three linear equations in three 
variables. 


Teaching Example 4 Use Cramer’s rule 
ae alias in —2y=6 

0 solve: jaw ad 

Answer: 


(3.43) 


Self Check 5 


Use Cramer’s rule to solve: 
3x = 8 — 4y 
_5 3 
y~277 4% 
Now Try Problem 38 


Self Check 5 Answer 
no solutions, @; inconsistent 


Teaching Example 5 Use Cramer’s rule 
2x=7+ 

to solve: { ae: 
y=2x+5 

Answer: 

no solution, ©; inconsistent 
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Self Check 6 


Use Cramer’s rule to solve: 


x+y+2z=6 
2x-yt+z=9 (2,-2,3) 
x+y—2z=-6 


Now Try Problem 42 


Teaching Example 6 Use Cramer’s rule 
6x +y—-z=-2 


tosolve: {Sy -—z=2 
x+2y+<z2=5 

Answer: 

(0, 1, 3) 


Cramer’s Rule for Three Equations in Three Variables 


ax + by + cz =j 


The solution of the system { dx + ey + fz = kis given by 


ex thy +iz=l1 


Only the 
coefficients D, 
of the variables. 


Replace the x-term 
coefficients with 
the constants. 


Replace the z-term 
coefficients with 
the constants. 


Replace the y-term 
f coefficients with D: 
the constants. gh 


i 
If every determinant is 0, the system is consistent, but the equations are 
dependent. The system has infinitely many solutions. 


If D = 0 and D, or D, or D, is nonzero, the system is inconsistent and does 
not have a solution. 


| EXAMPLE 6 | 2x +y + 4z = 12 


x+2y+2z=9 
3x — 3y —2z =1 


Use Cramer’s rule to solve: 


Strategy We will evaluate four determinants, D, D,, Dy, and D,. 


WHY The x-value of the solution of the system is the quotient of D, and D, the 
y-value of the solution is the quotient of the two determinants D, and D, and 
the z-value of the solution is the quotient of the two determinants D, and D. 


Solution 

The denominator determinant D is the determinant formed by the coefficients of 
the variables. The numerator determinants, D,, D,, and D,, are formed by 
replacing the coefficients of the variable being solved for by the column of 
constants. We form the quotients for x, y, and z and evaluate each determinant by 
expanding by minors about the first row: 


12 1 4 
9 2 2 
pe || a =o =e 
x= = 
D Pe 1 4 
1 2 2. 
3 =3 =—2 
2 2 9 2 9 2 
- + 
2| © ft S| {7 S| 
2: 2 1 2: 1 2: 
2 -1 4 
3 3 l-a3 Sets | 


12(2) — 1(—20) + 4(—29) 
~— 2(2) — 1(-8) + 4(-9) 
-72 
=A 
3 v 


ae be | 
i 9 9 
D, |3 1 -2 
“Dp |e i 4 
1 2 2 
5 =e 
1 2 19 
te |= 2 3 Jl +4]; 
—24 
2(—20) — 12(—8) + 4(—26) 
7 —24 
_ -48 
~ =A 
5a oes 
{ 2 9 
D, |3 7-3 1 
“"D |2 1 4 
i & 2 
@ 223 =o 
29 19 i 4 
2| 2 1] =] 3 | +] 3 ~3 
7 —24 
2(29) — 1(—26) + 12(—9) 
54 
_ 24 
= od 


The solution of this system is (3, 2, 1). 


ANSWERS TO SELF CHECKS 


3.7 Solving Systems of Equations Using Determinants 


1.10 2.0 3. —-18 4. (—2,4) 5. no solution, @; the system is inconsistent 


6. (2, —2, 3) 


3.7. STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. isa 2 X 2 determinant , 


-6 1 
2. A_sguare_ matrix has the same number of rows and 
columns. 
a bh CY 
3. The ™mor of bin} a> by c |is 
a3 bz 63 


P Selected exercises available online at 
www.webassign.net/brookscole 


7 -3 
1 2 
5. A3 X 3 determinant has 3 ‘ws and3 columns , 


6. _Cramer’s_ rule uses determinants to solve systems of 
linear equations. 


> 4. In , 7 and 2 lie along the main diagonal _, 


I CONCEPTS 
Fill in the blanks. 


7. If the denominator determinant D for a system of 
equations is zero, the equations of the system are 
dependent_oy the system is _inconsistent_, 


288 


10. 


11. 


13. 


> 14. 
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. To find the minor of 5, we cross out the elements of 


the determinant that are in the S#™°_ row and 
column as 5. 


6 —-2 2 
8 -l 4 
. What is the value of . ? ad — be 
5 1 -l 
87 4 --1|§ | =a] 3 | +6] 3 : 
9 7 6 


In evaluating this determinant, about what row or 
column was it expanded? the third column 
What is the denominator determinant D for the 
3x + 4y=7./3 4 
system ? | 
¥ i. ~3y=5'|2 -3 


. What is the denominator determinant D for the 


x+2y = -8 12 0 
system 43x +y—z=-2?)/3 1 -1 
8x + 4y —z=6 s 4 <1 


3x + 2y = 1 
4x -—y=3 
D = —11. Find the solution of the system. (4. -) 
2x + 3y —-z=—-8 
LeypogH=—2 
—4x + 3y+z=6 
D, = —14, D, = 14and D = 14. Find the 
solution. (—2, —1, 1) 


For the system { , D, = —7, D, = 5, and 


For the system , D, = —28, 


J NOTATION 


Complete the evaluation of each determinant. 


15. 


5-2 
= «| = AM) - 2-2) 
= 30-4 
= 26 
21 3 
342 
iS 3 
4 8 3 2 a 4 
-as slg alt: gl 
= 2(i2 - 10) - 1/9 - 2) + 3(15 - 4) 
= 2(2) — 1(7) + 3(11) 
=4-7+ 83 


= 30 


[| GUIDED PRACTICE 


Evaluate each determinant. See Example 1. 


7.| 7 3] 3 
a (ea | 
> 19 = ce 
a 
21 os ° 200 
"| 4 20 
ge 2 
"| 45 4 


> 18. 


20. 


22. 


> 24. 


3p 2 
—2 4 
—4 


—1 
—3 


3-2 
12 —-8 


Evaluate each determinant. See Examples 2-3. 


12 0 
25.0 1 2] 1 
001 
1 -2 3 
27.|-2 1 1|2 
-3 -2 1 
101 
29.0 1 O|o 
111 
i2 4 
p31.|-3 7 3] -79 
-4 3 -5 


26. 


28. 


> 32. 


=1 2 1 
2 1 
1 1 1 


=13 


—48 


WNrF DADW WNP 
| 
N 
N 


Use Cramer's rule to solve each system of equations. 


See Example 4. 


ete 

a2x+y=5 

Cy-]}} 

{e 3y = -1 
8x + 3y = 

(3.3) 

43 


Use Cramer's rule to solve each system of equations. If a system 
is inconsistent or if the equations are dependent, so indicate. 


See Example 5. 


3x + 2y = 11 
37. 
6x + 4y = 11 
no solution, inconsistent 
system 


tx =2-y 
” [10x + 12y = 24 


infinitely many solutions, 


dependent equations 


> 38. 


40. 


. — Ay = 20 

10x — 8y = 30 

no solution, inconsistent 
system 


16x — 8y = 32 
x-2= : 
infinitely many solutions, 
dependent equations 


Use Cramer's rule to solve each system of equations. 
See Example 6. 


x+yt+z=4 x+y+z=4 
41. )x+ty—z=0 42.\x-ytz=2 
YS Vk eo LS y= 20 
1, 1, (2, 1,1) 
x+y+2z=7 x + 2y + 2z = 10 
43. (x +2y+z7= > 44. )2x + y+2z=9 
2xt+ty+z=9 2x+2y+z=1 
(3, 2, 1) (-2, -1,7) 
I TRY IT YOURSELF 
eee 2x + 3y = -1 
i a rs | y-9 
3x — 2y =8 —* 
Q,=1) (=2,;1) 
2xt+ty+z=5 3x +2y—z=-8 
47. \x —2y+3z=10 p> 48. feo p ere 
x+y-—4z=-3 2x + 2y — 3z = -10 
3, =2;1) (=2,,0;2) 
4x —3y =1 4x +3z=4 
49. (6x — 8z = 50. \2y — 6z = -1 
2y —4z = 8x + 4y + 3z =9 
-$.-4,-) ve 
2x + 3y + 4z =6 x —3y+4z-2=0 
51. 92x —3y-—4z=-4 52. 42x +y+2z-3=0 
4x + 6y + 8z = 12 4x — 5y + 10z -7 =0 


infinitely many solutions, 
dependent equations 


infinitely many solutions, 
dependent equations 


1 3 
x+y=1 ax ty+z+5=0 
53. sy +z =3 p54. 4 xrt+syt+z2-5=0 
ree a 
X—& 3 x+tyt5z+5=0 
(-2,3,1) ae g) 


2x+y—-—z-1=0 
55. (x + 2y + 2z — 2 =0  nosolutions, inconsistent system 


4x + 5y + 3z -3 =0 
2x -—y+4z+2=0 
p> 56. (5x + 8y + 7z = —8 no solutions, inconsistent system 


x+3y+z+3=0 


I APPLICATIONS 


Write a system of equations to solve each problem. Then use 
Cramer's rule to solve it. 


57. INVENTORIES The table in the next column shows 
an end-of-the-year inventory report for a warehouse 
that supplies electronics stores. If the warehouse 
stocks two models of cordless telephones, one valued 
at $67 and the other at $100, how many of each model 
of phone did the warehouse have at the time of the 
inventory? 200 of the $67 phones, 160 of the $100 phones 
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Item Number Merchandise value 
Televisions 800 $1,005,450 
Radios 200 $15,785 
Cordless phones 360 $29,400 


p> 58. SIGNALING A system of sending signals uses two 
flags held in various positions to represent letters 
of the alphabet. The illustration shows how the 
letter U is signaled. Find x and y, if y is to be 
30° more than x. 50°, 80° 


vo 


re 


59. INVESTING A student wants to average a 
6.6% return in the first year by investing $20,000 in 
the three stocks listed in the table. Because HiTech is 
a high-risk investment, he wants to invest three times 
as much in SaveTel and OilCo combined as he 
invests in HiTech. How much should he invest in each 
stock? $5,000 in HiTech, $8,000 in SaveTel, $7,000 in OilCo 


Stock Rate of return 


HiTech 10% 
SaveTel 5% 
OilCo 6% 


p» 60. INVESTING A woman wants to average a 

7% % return in the first year by investing $30,000 in 
three certificates of deposit. She wants to invest five 
times as much in the 8% CD as in the 6% CD. How 


much should she invest in each CD? 
$2,500 in a 12-month CD, $15,000 in a 24-month CD, $12,500 in 
a 36-month CD 


Type of CD Rate of return 


12-month 6% 
24-month T% 
36-month 8% 


wy Usea calculator with matrix capabilities to evaluate each 
“= determinant. 
2 -3 4 —3 2. =9 
61. | —1 2 4)|-23 p> 62. 3. =2 6 |=7 
Bo 3. AL ft. 3 4 
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2- di =3 4 2 -3 
63./ -2 2 41)]26 p64.) 2 —-5 6 | -108 
1-2 2 2 5 -2 
] WRITING 
65. Explain how to find the minor of an element of a 
determinant. 


66. Explain how to find x when solving a system of three 
linear equations by Cramet’s rule. Use the words 
coefficients and constants in your explanation. 


J REVIEW 


67. Are the lines y = 2x — 7andx — 2y =7 
perpendicular? no 


p> 68. Are the lines y = 2x — 7 and 2x — y = 10 
parallel? yes 


STUOY SRILLES CHECKLIST 


Preparing for the Chapter 3 Test 


69. Are the equations y = 2x — 7 and f(x) = 2x — 7 the 
same? yes 

70. How are the graphs of f(x) = x” and g(x) = x” — 2 
related? The graph of g is 2 units below the graph of f. 

71. For the linear function y = 2x — 7, what variable is 
associated with the domain? x 

72. Is the graph of a circle the graph of a function? no 

73. The graph of a line passes through (0, —3). Is this the 
x-intercept or the y-intercept of the line? y-intercept 

74. What is the name of the function 
f(x) = |x)? the absolute value function 

75. For y = 2x” + 6x + 1, what is the independent 
variable and what is the dependent variable? x, y 


> 76. If f(x) = x° — x, find f(-1). 0 


In Chapter 3 you learned five methods to solve a system of linear equations. You also learned 
how to solve problems using systems of equations. As you prepare for the exam over this 
material, make sure you also review the following checklist. 


To check a proposed solution of a system of 
equations, be sure the coordinates of the ordered 
pair satisfies both equations. 


+ 4y=1 
Is (3, —2) a solution of the system vn me = 
3(3) + 4(-2) =1 
9-8=1 
1=1 


3 + 2(-2) = -1 
3-4=-1 
-1=-1 


True True 


Yes, (3, —2) is a solution of the system. 


When using the substitution or the addition 
(elimination) method, remember to find the value 
of both the variables. 


x=2y—-3 
x + 4y = 3° 
the y-coordinate of the solution is y = 1. 


For the system of linear equations { 


To find the x-value, substitute 1 for y in either 
equation: 


= Dye 
= 20) = 3 
GS = 3} 
x=-1 


The solution is (—1, 1). 


The equations of a system must be written in 
standard form before the corresponding augmented 
matrix can be written. 


ee 
y=-2x+5 Add 2x 


eee i | 
Mt y=5 2 1:5 
_] To evaluate a2 X 2 determinant, multiply the 


numbers on the main diagonal minus multiply the 
numbers on the other diagonal and simplify. 


Subtract y 


| 3 
3 


x4] = 3-9 - I) 


=12 — (-10) 
(2-10 
=2 


Teaching Guide: Refer to the Instructor’s Resource Binder to find activities, worksheets 
on key concepts, more examples, instruction tips, overheads, and assessments. 


CHAPTER 3 


SECTION 3.1 


SUMMARY AND REVIEW 


| DEFINITIONS AND CONCEPTS 


When two equations are considered at the 
same time, we say that they form a system of 
equations. 


A solution of a system of equations in two 
variables is an ordered pair that satisfies both 
equations of the system. 


To solve a system graphically: 


1. Graph each equation on the same 
rectangular coordinate system. 


2. Find the coordinates of the point (or 
points) where the graphs intersect. These 
ordered pairs give the solution. 


3. Ifthe graphs have no point in common, 
the system has no solution. If the graphs 
are the same line, there are infinitely 
many solutions. 


4. Check the proposed solution in each 
equation of the original system. 


A system of equations that has at least one 
solution is called a consistent system. If the 
graphs are parallel lines, the system has no 
solution and is called an inconsistent system. 


Equations with different graphs are called 
independent equations. If the graphs are the 
same line, the system has infinitely many 
solutions. The equations are called dependent 
equations. 


Solving Systems of Equations by Graphing 


EXAMPLES 
: : ; x+y=-1 
The ordered pair (2, —3) is a solution of the system 5 3 
x—-2y= 
because its coordinates x = 2 and y = —3 satisfy both equations of 
the system. 
x+y=-1 First equation x — 2y =8 Second equation 
24+(-3)2-1 2-2(-3) 28 
—1=-1 True 8=8 True 


+y=-l 
To solve the system P graphically, graph each equation as 
x-—2y= 


shown in the illustration. 


The graphs appear to intersect at the point (2, —3). The check shown 
above verifies that (2, —3) is the solution of the system. 


Since the system shown above has a solution, it is a consistent system. 
Since the graphs are different, the equations are independent. 


y y y 


Consistent System 
Independent Equations 


Inconsistent System 
Independent Equations 


Consistent System 
Dependent Equations 
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J REVIEW EXERCISES 


Determine whether the ordered pair is a solution of the system Solve each system by the graphing method, if possible. If a 

of equations. system is inconsistent or if the equations are dependent, so 
1 +2y =0 indicate. 

1. (-1.5). . y yes 
2 x+4y=1 a ain a 

7A CL) nn 

Pee | abide Ba ead. 
See the illustration. 


3. Give three points that satisfy the equation 
2x + y =5. (1,3), (2, 1), (4, -3) (answers may vary) 


4. Give three points that satisfy the equation 
x7 ys 4. (0, —4), (2, —2), (4, 0) (answers may vary) 


; : 2x+y=5 
5. Find the solution of: { a (3, -1) 
x-y=4 fig 
DB 
9. 
y=6—-—5x 
y y 
A infinitely many 
solutions, dependent no solution,” 6x SV =3 
\ equations inconsistent 
. system . 
4 Th 1 
‘s 3° ae 4 -3 -2 -1 ale 
2 8 | a 
1 y= 6 ral : =t 
6. POLITICS Explain the importance of the points | 12 3 AG 67 
of intersection of the graphs shown below. 
President Clinton’s job approval and disapproval ratings were 
the same: approximately 47% in 5/94 and approximately 
48% in 5/95. 
President Clinton’s Job Approval Rating* 
70 
Approve 
60 ts a 2 
50 (== so nnn | 
40 ee Disapprove 
oo 
*“Don’t knows” not shown ee ee _ 
0 
9/93 9/94 9/95 9/96 9/97 9/98 9/99 9/00 
Source: Los Angeles Times (September 12, 1997) 
SECTION 3.2 Solving Systems of Equations Algebraically 
| DEFINITIONS AND CONCEPTS EXAMPLES 
To solve a system of two linear equations in x+y=-l1 Secu 
y aur 4 To solve the system : by substitution, follow these steps: 
x and y by the substitution method: x—2y=8 
1. Solve one equation for either x or ytoget 1. Solve x + y = —1 for y. 


the substitution equation. 
y= -x-—1 | Thisis the substitution equation. 
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2. Substitute the resulting expression for 2. Substitute —x — 1 for y in the second equation and solve for x. 
that variable into the other equation and 
4 x —2(-x -1) =8 
solve it. 
: : +2x+2= istribute. 
3. Substitute the value of the variable found . ‘ isan 
in step 2 into the substitution equation 3x + 2=8 Combine like terms. 
and solve that equation. 3x = Subtract 2 from both sides. 
4. Check the proposed solution in each of x= Divide both sides by 3. 
the original equations. Write the solutions 
as an ordered pair. 3. Substitute 2 for x in the substitution equation and solve for y. 
If in step 2 the variable drops out and a false y=-x-1 
statement results, the system has no solution. y=-2-1 


If a true statement results, the system has y=-3 
infinitely many solutions. 
4. The solution is (2, —3). Verify this by checking it in each of the 


original equations. 


To solve a system of two linear equations in x+y=-l1 


To use addition to solve the system { follow these 


x and y by the addition (elimination) method: x — 2y = 8’ 
1. Write both equations in general form: ae) 
Ax + By = C. 1. Since both equations are in general form, we move to step 2. 
2. Ifnecessary, multiply one or both of the 2. Multiply both sides of the first equation by 2 to get the 
equations by a nonzero number to make coefficients of y to be opposites. 
the coefficients of x (or y) opposites. Multiply by 2 
3. Add the equations to eliminate the terms () {" bye] ~ f2x + 2y=—2 (3) 
involving x (or y). (2) (x -2y= Unchanged x—-—2y=8 (2) 
4. Solve the equation resulting from step 3. 3. Add equations 3 and 2 to eliminate y. 
Find the value of the remaining variable , oy = -2 
by substituting the solution found in step ea ae, 
4 into any equation containing both x-2y= 8 
variables. Or, repeat steps 2-4 to 3x = 6. Add the terms, column-by-column. 


eliminate the other variable. . ; : : . 
oo, 4. Since the resulting equation has only one variable, solve it for x. 
6. Check the proposed solution in each of 


the original equations. Write the solutions 3x = 6 
as an ordered pair. x =2 Divide both sides by 3. 


5. To find y, substitute 2 for x in equation 1. 


x+y=-l 
2+y=-1 
y = -—3 Subtract 2 from both sides. 


6. The solution is (2, —3). Verify this by checking it in each of the 
original equations. 


REVIEW EXERCISES 
0.x + 0.2y = 1.1 =-2-3 
Solve each system using the substitution method. If a system is 13. { . . 14. e ” 
i istent or if the equations are dependent, so indicate a oe ee ane 
cee q P ’ : (3, 4) infinitely many solutions, 
; : =y-4 ; . =2x+5 dependent equations 
2x + 3y =7 * [3x = Sy = =4 


(-1,3) (=3,=1) 
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x 


2 
5x — 2y = 19 
3x + 4y =1 
or substitution, would you use? Explain. 


19. To solve { 


Using the addition method, the computations are easier. 


Solve each system using the addition method. If a system is ey 
inconsistent or if the equations are dependent, so indicate. 20. Estimate the solution of the system 5 - 4 
x — 3y = — 
15. i. ty=—2 16. os me from the graphs in the illustration. Then solve the 
2x + 3y = —3 2x — 3y = 8 ; system algebraically. 
(=3; 1) no solution, inconsistent (1, 0.7) (answers may vary); ( =4 4 
system _ oe 
D eats) 
diets MoS 
xray = 2 1 
2 
17 (9,-4) 18. 4, ) 
enna _2yt7T\°2 


, which method, addition 


Problem Solving Using Systems 


of Two Equations 


DEFINITIONS AND CONCEPTS 


To solve problems involving two unknown 
quantities, use the following problem-solving 
strategy: 


1. Analyze the facts of the problem. 


2. Pick different variables to represent the 
two unknown quantities. Form two 
equations involving those variables. 


3. Solve the system of equations by 
graphing, substitution, or elimination. 


4. State the conclusion. 


5. Check the result in the words of the 
problem. 


EXAMPLES 


RETIREMENT INCOME A retired office manager invested 
$10,000 in two accounts, one paying 5% annual interest and the other 
6%. If the interest earned for the first year was $540, how much did 
she invest at each rate? 


Analyze A total of $10,000 is invested at two different rates for 1 year. 
The total interest earned was $540. 


Form Let x = the number of dollars invested at 5% and y = the 
number of dollars invested at 6%. We can use the formula J = Prt to 
determine that the interest earned on the 5% investment is $0.05x and 
the interest earned on the 6% investment is $0.06y. This information 
leads to two equations: 
The sum of the two amounts invested is 
e + y = 10,000 $10,000. 
0.05x + 0.06y = 540 The sum of the two amounts of interest 
earned is $540. 


Solve To solve by elimination we can multiply both sides of the first 
equation by —6, multiply the second equation by 100, and add the 
equations. 
—6x — 6y = —60,000 = This is —6(x + y) = —6(10,000). 
5x + 6y = 54,000 This is 100(0.05x + 0.06y) = 100(540). 
Xx = —6,000 
x= 6,000 


State The amount invested at 5% was $6,000 and the amount invested 
at 6% was $10,000 — $6,000, or $4,000. 


Check The sum of $6,000 and $4,000 is $10,000. 

$6,000 invested at 5% for 1 year would earn $6,000 - 0.05 = $300. 
$4,000 invested at 6% for 1 year would earn $4,000 - 0.06 = $240. 
The total interest earned is $300 + $240 = $540. The results check. 


J REVIEW EXERCISES 


Use two equations to solve each problem. 


21. 


22. 


MAPS The distance between Austin and Houston is 
4 miles less than twice the distance between Austin 
and San Antonio. The round trip from Houston to 
Austin to San Antonio and back to Houston is 

442 miles. Determine the mileages between Austin 


and Houston and between Austin and San Antonio. 
162 mi, 83 mi 


Corpus Christi 


RIVERBOATS A Mississippi riverboat travels 
30 miles downstream in 3 hours and then makes the 
return trip upstream in 5 hours. Find the speed of 


23. 


24. 


25. 


26. 
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MIXING SOLUTIONS How many fluid ounces of 
6% sucrose solution must be mixed with 

18% sucrose solution to make 750 ounces of a 

10% sucrose solution? 500 oz of 6%, 250 oz of 18% 


INVESTING One year, a couple invested a total of 
$10,000 in two projects. Their first investment, a 
mini-mall, made a 6% profit. Their other 
investment, a skateboard park, made a 12% profit. If 
their combined income was $960, how much did 
they invest at each rate? $4,000 at 6%, $6,000 at 12% 


COOKING Two teaspoons and five tablespoons is 
equivalent to 85 milliliters of liquid. Five teaspoons 
and two tablespoons is equivalent to 55 milliliters of 
liquid. Find the number of milliliters in one 
teaspoon and the number of milliliters in one 
tablespoon. teaspoon: 5 ml, tablespoon: 15 ml 


BREAK POINTS A bottling company is 
considering purchasing a new piece of equipment 
for their production line. The machine they 
currently use has a setup cost of $250 and a cost of 
$0.04 per bottle. The new machine has a setup cost 
of $600 and a cost of $0.02 per bottle. Find the break 
point. 17,500 bottles 


the riverboat in still water and the speed of the 
current. 8 mph,2 mph 


Solving Systems of Equations in Three 


Variables 
| DEFINITIONS AND CONCEPTS EXAMPLES 
The graph of an equation of the form x+y-z=7 
Ax + By + Cz = Dis a flat surface, called a | The ordered triple (4,0,—3) is a solution of (x-y+z=1 
plane. 2x+ytz=5 
A solution of a system of three linear equations | because its coordinates, x = 4, y= 0, and z = —3, satisfy each 
in three variables is an ordered triple that | equation: 
satisfies each equation of the system. xty-z=7 x-yt+z=1 Spiess 
4+0-(-3)27 4-0+(-3)41 2(4)+0+(-3)25 
7=7 1=1 5=5 
True True True 
To solve a system of three linear equations x+2y-z=1 (I) 


with three variables: Solve the system: §2x —y+z=6 (2) 


1. Write each equation in standard form Ay = 22. 3) 
Ax + By + Cz = D and clear any 
decimal or fractions. 


Step 1 Each equation is written in standard form. 


Chapter3 Systems of Equations 


2. Pick any two equations and eliminate a Step 2 To eliminate z, we add equations 1 and 2. 

variable. hie iy ae St 
3. Pick a different pair of equations and _ _ 

eliminate the same variable as in step 1. a a a 
4. Solve the resulting pair of two equations, Oe rd =e 

each with two variables. Step 3 To eliminate z again, we add equations 2 and 3. 
5. To find the value of the third variable, (2) 2x-y+z=6 

substitute the values of the two variables 

(@) x+3y-z=2 

found in step 4 into any equation ——— 

containing all three variables and solve (5) 3x + 2y =8 

the equation. Step 4 Equations 4 and 5 form a system of two equations in x and y. To 
6. Check the proposed solution in all three solve this system, we multiply equation 4 by —1 and add the resulting 


of the original equations. Write the 
solution as an ordered triple. 


equation to equation 5 to eliminate x. 


—3x — y=-—7 This is —1(3x + y) = —-1(7). 
If at any time in the elimination process the (5) 3x+2y= 8 
variables drop out and a false statement ve 4 


results, the system has no solution. If a true 


statement results, the system has infinitely To find x, we substitute 1 for y in any equation containing x and y 


many solutions. 


J REVIEW EXERCISES 


27. Determine whether (2, —1, 1) is a solution of the 


x-ytz=4 
system: jx + 2y — z = —1 no 


(such as equation 4) and solve for x: 


3x +y=7 This is equation 4. 
3x +1=7 Substitute 1 for y. 
x =2 Solve for x. 


Step 5 To find z, we substitute 2 for x and 1 for y in any equation 
containing x, y, and z (such as equation 2) and solve for z: 


2x —y+z=6 | Thisis equation 2. 
2(2) -1+z=6 Substitute for x and y. 
4-1+z=6 
Z=3 Solve for z. 


Step 6 The solution is (2, 1, 3). Verify this by checking it in each of the 
original equations. 


Solve each system. If a system is inconsistent or if the equations 
are dependent, so indicate. 


x—2y+3z=-7 xty+z=4 


Ley 36 = 1 29. §-x + 3y +2z=-8 30. (x-2y-z=1 
28. A system of three linear 2x-y-z=7 2x -—y—2z=-1 
equations in three variables is (2,0, —3) (2, -1, 3) 
graphed on the right. Does I xt+y+z=-1 x +3y+z=-5 
the equation have a solution? iN 31. 46x — 3y — 2z =3 32. x+2y-z=-6 
If so, how many solutions 4x -—y—z=4 8x +y+22=4 
does - have? . G. 4, -6) no solution, inconsistent 
yes; infinitely many solutions = system 
x+ty-z=-3 3x + 3y + 6z = —6 
33. jx +z=2 34.) -x -—y-—2z=2 
2x —-y+2z=3 2x + 2y + 4z = —4 
(=i, 1,3) infinitely many solutions, 


dependent equations 
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Problem Solving Using Systems of Three 


Equations 


| DEFINITIONS AND CONCEPTS 


Problems that involve three unknown quantities 
can be solved using a strategy similar to that for 
solving problems involving two unknowns. 


EXAMPLES 


BATTERIES A hardware store sells three types of batteries: AA size 
for $1 each, C size for $1.50 each, and D size for $2.00 each. One 
Saturday, the store sold 25 batteries for a total of $34. If the number 
of C batteries that were sold was four less than the number of AA 
batteries that were sold, how many of each size battery were sold? 


Analyze To find the three unknowns we will write a system of three 
equations in three variables. 


Form Let A = the number of AA batteries sold, C = the number of C 
batteries sold, and D = the number of D batteries sold. The given 
information leads to three equations: 


A+C+D=25 The total number of batteries sold was 25. 
1A + 1.50C + 2D = 34 The total value of the batteries sold was $34. 
CHaA=—a The number of C batteries sold was 4 less 


than AA batteries sold. 


If we multiply the second equation by 10 to clear the decimal and 
write the third equation in standard form, we have the system: 


(l) (A+C+D=25 
(2) 410A + 15C + 20D = 340 
3) |-A+c=-4 


Solve Since equation 3 does not contain a D-term, we will find 
another equation that does not contain a D-term. If each side of 
equation 1 is multiplied by —20 and the resulting equation is added to 
the equation 2, D is eliminated, and we obtain 
20A — 20C — 20D = —500_  Thisis -20(A + C+D) = 
2) 104 +15C+20D= 340 ~—20(29). 
(4) -10A — 5C = —160 


Equations 3 and 4 form a system of two equations in A and C that can 
be solved in the usual manner. (The remaining work is left to the 
reader.) 


ane — 5C = -160 
-A+C=-4 


State There were 12 AA batteries, 8 C batteries, and 5 D batteries 
sold. 


Check Verify that these results are correct by checking them in the 
words of the problem. 
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J REVIEW EXERCISES 


35. VETERINARY MEDICINE The daily 
requirements of a balanced diet for an animal are 
shown in the nutritional pyramid below. The number 
of grams per cup of nutrients in three food mixes 
are shown in the table. How many cups of each mix 
should be used to meet the daily requirements for 
protein, carbohydrates, and essential fatty acids in 
the animal’s diet? To answer this problem, write a 
system of three equations and solve it using 
Cramer’s rule. 2 cups mix A, 1 cup mix B, 1 cup mix C 


LN 


Essential fatty acids: 5 grams 


Carbohydrates: 10 grams 
Quality protein: 24 grams 


Grams per cup 


Protein Carbohydrates Fatty acids 


Mix A 5) 2 1 
Mix B 6 3) 2 
Mix C 8 3 1 


SECTION 3.6 


| DEFINITIONS AND CONCEPTS 


A matrix is a rectangular array of numbers. 
Each number in a matrix is called an element 
or an entry of the matrix. A matrix with m 
rows and n columns has order m X n. 


A system of linear equations can _ be 
represented by an augmented matrix. Each 
row of the augmented matrix represents one 
equation of the system. 


Systems of linear equations can be solved 
using Gaussian elimination and elementary 
row operations: 


1. Any two rows can be interchanged. | 2 


2. Any row can be multiplied by a nonzero 1 


constant. 


EXAMPLES 


36. 


37. 


38. 


2 
A2 X 3 matrix: [_ 


The system of equations { 


mae, 
augmented matrix 7 


2 
To solve the system { - 


TEDDY BEARS A toy company produces three 
sizes of teddy bears. Each day, the total cost to 
produce the bears is $850, the total time needed to 
stuff them is 480 minutes, and the total time needed 
to sew them is 1,260 minutes. Use the information in 
the table to determine how many of each type of 
bear is produced daily. 


50 small bears, 60 medium bears, 40 large bears 


Size 
of teddy Production Stuffing Sewing 
bear cost time time 
Small $3 2 min 6 min 
Medium $5 3 min 8 min 
Large $10 Smin 12min 


FINANCIAL PLANNING A financial planner 
invested $22,000 in three accounts, paying 

5%, 6%, and 7% annual interest. She invested 
$2,000 more at 6% than she did at 5%. If the total 
interest earned in one year was $1,370, how much 
was invested at each rate? 

$5,000 at 5%, $7,000 at 6%, and $10,000 at 7% 
BALLISTICS The path of a thrown object is a 
parabola with an equation of y = ax” + bx + c. The 
parabola passes through the points (0, 0), (8, 12), 
and (12, 15). Find the equation of the parabola. 
y= ~ 5x + 2¢ 


Solving Systems of Equations Using Matrices 


75 5 -3 12 
3 4 | A3 X 3 matrix: | 4 7 —5 
1 -4 2 


3x +5y = 12 
2 . = 5 can be represented by the 
5 | 
= a | 
= 3y = 


0 
, proceed as follows: 
x+2y=7 


This system is represented by the augmented matrix 


| 
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3. Any row can be changed by adding a We can use elementary row operations to transform the matrix into 

nonzero constant multiple of another row | the following forms: 

to it. r 

. . : I h land 2.1 bols: R. R. 
To solve a system of two linear equations in [2 -3 0 REG Oe) HON SP ele ae iat 
two variables using matrices, we transform the Bl a: 4 7 iduleiay Mow by <B dnd aad tavewe: 
augmented matrix into an equivalent matrix 1 saa 
: : ‘ 0 -7 : -14 In symbols: —2R, + Ro. 
that has 1’s down its main diagonal and a 0 - 
7 : m2: 7 

below the 1 in the first column. The resulting Multiply row 2 by -i. In symbols: —FRe 
matrix represents a system that can be solved LOW: 2 


by back substitution. x+2y=7 


This augmented matrix represents the system: { 7 
y = 


Matrices can also be used to solve systems of 
three linear equations containing three 


; Thus, y = 2, and, by back substitution, x = 3. The solution of the 
variables. 


system is (3, 2). 


J REVIEW EXERCISES 
x+2y-3z2=5 


Represent each system of equations using an augmented 


matrix. 42. )\x+ty+z=0 (5, -3, -2) 
3x + 4y + 2z = —-1 
Sx+4y=3/5 43: 3 
oF: x-y=-3 |! i) 3 16x — 8y = 32 infinitely many solutions, dependent 
43. =Jx 4: y= =4 equations 


x+2y+2z=2 


40. jx —-3y-z=4 1) =3- = 4 
44. § 4x + Sy + 3z = 3 no solution, inconsistent system 


x+2y+3z=6 : 2 a | 
6x+y—-22=-116 1 -2 | -1 


2x+y-z=1 
Solve each system using matrices, if possible. 


a1 en ee 
gee Te ag Oe 


Solving Systems of Equations Using 


Determinants 
| DEFINITIONS AND CONCEPTS EXAMPLES 
A determinant of a square matrix is a number. 3 3 8 3 
A2 X 2 determinant: = | A3 X 3determinant:| 7 2 2 
1 5 1 
To evaluate a 2 X 2 determinant: Evaluate: 
a b 3.,-3 
e 7 | = ad ~ be | 4x 3 [= 36) - C3\-4) = 15 - 12=3 


To evaluate a3 X 3 determinant, we expand it | Evaluate: 


by minors along any row or column. 
Minor of 3 Minor of & Minor of 3 


ral | 


1 5 


= 3(—-8) — 8(5) + 3(33) = —24 — 40 + 99 = 35 
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Cramer’s rule can be used to solve systems of 2x — 3y = 0 
. . Use Cramer’s rule to solve: 
linear equations. x+2y=7 
=3 
The denominator determinant is D: | ; 3 | =4-—(-3)=7 
; . =3 
The numerator determinant for x is D,: 7 2\|7 0 — (-3)(7) = 21 
: ; 2 0 
The numerator determinant for y is D,: 17\> 14-0= 14 
Thus, we have 
| 0 -3 | | 2 6 | 
dD, 7 2 21 Dy, 1 7 14 
Be 3 sy = =2 
D 2° -=3 7 D 2° 3 7 
1 2 1 2 


The solution of the system is (3, 2). 


J REVIEW EXERCISES 


Evaluate each determinant. Use Cramer’s rule to solve each system, if possible. 


2 3 | ae oe 
45. | 18 a. | 38 2x — 3y =1 * (3x + 2y =5 
wa 48 a 0 (2, 1) no solution, inconsistent 
1 9) 1 3 2 2 system 
Are) 2S Slee aed <2 S2-/a ay a= © ax + 3y+z=2 
12 2 aa | 51. (2x +y+z=3 x+3y +2z=7 
x+yt+2z=5 x-y-z=-7 


(1, —2, 3) 


(=3,.2,.2) 


2xt+y=5 


1. Solve b hing: 
olve by grap ne {nt 3 


2. Use substitution to solve: os i sii (7, 0) 
x+2y=7 
Oe eee +3y= = 
3. Use addition (elimination) to solve: ee =) : 
3x — 2y = 12 


(2, -3) 


4. Are the equations of the following system dependent 
or independent? 


3(x+y)=x-3 


2x +3 dependent 
7: ar a 
i x-2y+z=5 
5. Is (-1 -1.5) a solution of 2x + 4y = —4 ? no 
—6y + 4z = 22 


6. Solve the following system using the addition method. 


x+y+z=4 
x+y-z=6 
2x —-3y+z=—-1 


3.2,=1 


Write a system of equations to solve each problem. 


7. In the EXIT sign, find 
x and y, if y is 15 more 
than x. 55,70 


8. ANTIFREEZE How much of a 40% antifreeze 
solution must a mechanic mix with an 80% antifreeze 
solution if 20 gallons of a 50% antifreeze solution are 
needed? 15 gal 40%, 5 gal 80% 


Use matrices to solve each system. 
x+yt+2z=-1 


+y=4 
9. ae 25 10. (x + 3y —-6z=7 
- 2x —y +2 =0 
(2,2) (1,0, -1) 


Evaluate each determinant. 


2.-=3 


‘| 5 


1 
22 12. | 2 
1 


For Problems 13-16, consider the system e =e » which 
3x +y = —-6 


is to be solved using Cramer's rule. 


13. When solving for x, what is the numerator 
determinant D,? (Don’t evaluate it.) 
=6 =! 
4 


14. 


15. 


16. 


17. 


18. 


19. 


Chapter3 Test 


When solving for y, what is the denominator 


determinant D? (Don’t evaluate it.) 
sa 


Solve the system for x. —3 
Solve the system for y. 3 


Solve the following system for z only, using Cramer’s 
rule. —1 


x+yt+z=4 


x+y-—z=6 
2x —-3y+z=-1 


MOVIETICKETS The receipts for one showing of a 
movie were $410 for an audience of 100 people. The 
ticket prices are given in the table. If twice as many 
children’s tickets as general admission tickets were 
purchased, how many of each type of ticket were 
sold? C: 60, GA: 30, S: 10 


Ticket prices 


Children $3.00 
General Admission $6.00 
Seniors $5.00 


MIXING NUTS The owner of a produce store 
wanted to mix peanuts selling for $3 per pound, 
cashews selling for $9 per pound, and Brazil nuts 
selling for $9 per pound to get 50 pounds of a mixture 
that would sell for $6 per pound. She used 15 fewer 
pounds of cashews than peanuts. How many pounds 


of each did she use? 
25 lb peanuts, 10 lb cashews, 15 Ib Brazil nuts 


20. Which method, substitution or addition, would you 


21. 


22. 


23. 


use to solve the following system? Explain. 


y_ 
j-y=-4 
y=-2-x 


Substitution, the second equation is solved for y. 


What does it mean to say that a system of two linear 


equations in two variables is an inconsistent system? 
The system has no solution. 


Suppose that two variables are used to solve an 
application problem. Why must two equations be 
written to solve the problem? 


POPULATION PROJECTIONS If the population 
trends for the years 2005-2015 continue as projected, 
estimate the point of intersection of the graphs. 
Interpret your answer. (2035, 25) 


Children under age 18 and adults 65 and older as a percent 
of the U.S. population 
604 


I 

I 

I 

I 

4o| Children under 18 
I 

I 

I 


Percent 


20 


Adults 65 and older, 
I 


I 
| | | | | | | | | | ] | | | | | | | 
1950 1960 1970 1980 1990 2000 2010 2020 2030 2040 2050 


|<—— Projected ——>- 


So 


Source: U.S. Bureau of the Census 


cHAPTERS 1-3 CUMULATIVE REVIEW 


1. Complete the illustration by labeling the rational 7. COMMUTING Use the following facts to determine 
numbers, irrational numbers, integers, whole numbers, a commuter’s average speed when she drives to work. 
and natural numbers. [Section 1.2] [Section 1.8] 

Real numbers e Ifshe drives her car, it takes a quarter of an 
Irrational numbers Rational numbers hour to get to work. 
e Ifshe rides the bus, it takes half an hour to get 
Integers 
to work. 


Whole numbers 


Natural e When she drives, her average speed is 10 miles 
numbers per hour faster than that of the bus. 20 mph 


8. DRIED FRUITS Dried apple slices cost $4.60 per 
pound, and dried banana chips sell for $3.40 per 


2. FEDERAL BUDGET The President’s proposed pound. How many pounds of each should be used to 
budget for the fiscal year 2005 was $2.4 trillion. The create a 10-pound mixture that sells for $4 per 
illustration shows how a typical dollar of the budget pound? [Section 1.8] 5 lb apple slices, 5 Ib banana chips 
was to be spent. Determine the amount he proposed to 
spend on Social Security. [Section 1.6] $504,000,000,000 


Other Medi- Medi- = Other 
Social Security: Defense: entitlements: care: Interest: caid: spending: Solve each equation, if possible. If an equation is an identity, 
21¢ 18¢ log = 12s 7¢SsS 7G 19¢ eeindivaté 


3 
9. a" + 1.5 = —19.5 [Section 1.5] —28 


10.7 —x—x—x = 8 [Section 1.5] -} 


Source: Budget of the United States Government FY 2005 


Wo ee [Section 1.5] —2 
. = ion 1. ma 
3 5 iS eee 
Evaluate each expression fora = —3andb = —5. 
14 + 2[2a -(b-a 
3. —|b| —ab? 4. a y 
[Section 1.3] 70 [Section 1.3] 2 12. 3p — 6 = 4(p — 2) + 2 — p [Section 1.5] 


all real numbers, identity 


Simplify each expression. 


Solve each equation for the indicated variable. 
5. 0.5x7 — 6(2.1x? — x) + 6.7x [Section 1.4] —12.1x? + 12.7x 


13. C = Ax + AB for B [Section 1.6] B = © “ck 


2 SD) == tontay <a 
eT?) 2 >) ent 14. 1=a+ (n—1)d forn [Section 1.6] 


| a et! L=@ 
n d orn a + 1 
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Graph each equation. 22. Determine whether the 
following graph is the graph 


15. 3x = 4y —- 11 16. y= —4 ; : 
[Section 2.2] [Section 2.2] of a function. Explain. 
[Section 2.5] no 

y 
A 
3 
1 

Phy 1 2 74a 3 e* 
a 
= ye+4 

ee ee 
5 


23. Does x = y* define a function? [Section 2.5] no 


17. Find the slope of the line in 
the graph. [Section 2.3] ~< 24. COLLECTIBLES A collector Seen 
buys the Hummel figurine 
shown in the illustration, 
anticipating that it will be 
worth $650 in 20 years. 
Assuming straight-line 
appreciation, write an equation 
that gives the value v of the 
figurine x years after it is 

18. Write an equation of the line that passes through purchased. [Section 2.4] 

(4, 5) and is parallel to the graph of y = —3x. Answer v = 17.5x + 300 
in slope-intercept form. [Section 2.4] y = —3x + 17 


| 
F 25. Solve: # 3 [Section 3.2] (2, -1) 
If f(x) = -x? - 3: find each value. 3x — 2y =8 


19. f(10) [Section 2.5] —105 20. f(—10) [Section 2.5] —95 


—x +3y+2z=5 
26. Solve: {3x + 2y + z = —1 [Section 3.4] (—1,0, 2) 


21. We can think of a function as a machine. Write a 5 aceon 
function that turns the given input in the illustration oe = 


into the given output. [Section 2.5] 
f(x) = x° (answer may vary) 


Evaluate each determinant. 


e 5 2 1 = 
27.) 5 « 2s.|-2 2 4 
1 2 2 


[Section 3.7] 26 [Section 3.7] 26 


Inequalities 


4.1 Solving Linear Inequalities 
in One Variable 


4.2 Solving Compound 
Inequalities 


4.3 Solving Absolute Value 
Equations and 
Inequalities 


4.4 Linear Inequalities in Two 
Variables 


4.5 Systems of Linear 
Inequalities 


Chapter Summary 
and Review 


Chapter Test 
Cumulative Review 


© Andrew Brookes/Corbis 


Heating, Ventilation, and Air 
Conditioning Technician 


HVAC technicians make sure that we are warm in the winter and 
cool in the summer. They install, maintain, and repair 
heating and cooling systems in residential, commercial, 

and industrial buildings. HVAC technicians constantly work 
with numbers as they take measurements, read blueprints, 
and prepare work estimates. The installation instructions 
and diagrams they follow require strong mathematical skills 
in algebra and geometry. 


HVAC technicians adjust heating /cooling system controls to Ne) 
recommended temperature settings. In Problem 84 of ' 
Study Set 4.2, you will use interval notation to express the \ 
temperature range for a room by interpreting the settings ona \ 
thermostat. \ 
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Objectives 
1 | Read and interpret inequality 
symbols. 


| 2 | Graph intervals and use interval 
and set-builder notation. 

3 | Solve linear inequalities using 
properties of inequality. 


| 4 | Use linear inequalities to solve 
problems. 


Solving Linear Inequalities in One Variable 


Traffic signs often appear in front of schools. From the figure a 
motorist knows that 


e Aspeed greater than 25 miles per hour breaks the law and 
could possibly result in a ticket for speeding. 

e A speed less than or equal to 25 miles per hour is within 
the posted speed limit. 


Statements such as these can be expressed using inequality 
symbols. 


iB Read and interpret inequality symbols. 


Inequalities are statements indicating that two quantities are unequal. Inequalities 
contain one or more of the following symbols. 


Inequality Symbols 


“a is not equal to b.” 
“ais less than b.” 


“a is greater than b.” 
“a is less than or equal to b.” 
“a is greater than or equal to b.” 


By definition, a < b means that “a is less than b,” but it also means that b > a. 
Furthermore, if a is to the left of b on a number line, then a < b. If ais to the right of 
b ona number line, then a > b. 

By definition, a = 5 is true if a is less than b or if a is equal to b. For example, 
the inequality —2 = 4 is true, and so is 4 = 4. 

We can use a variable and inequality symbols to describe the warning that the 
traffic sign above gives to drivers. If x represents the motorist’s speed in miles per 
hour, he or she is in danger of receiving a speeding ticket if x > 25, and he or she is 
observing the posted speed limit if x = 25. 


4 Graph intervals and use interval and set-builder notation. 


The graph of a set of real numbers that is a portion of a number line is called an 
interval. The graph shown below represents all real numbers that are greater than 
—5. This interval contains numbers that satisfy the inequality x > —5, such as 
—4,99, —3, —1.8, 0, 23, a, and 1,050. The left parenthesis at —5 indicates that —S is 
not included in the interval. 


We can also express this interval in interval notation as (—5, ©), where » (read 
as positive infinity) indicates that the interval extends indefinitely to the right. The 
left parenthesis is used to show that the endpoint —5 is not included. 


4.1 Solving Linear Inequalities in One Variable 


Set-builder notation is another way of describing the set of real numbers 
graphed on the previous page. With this notation, the condition for membership in 
the set is specified using a variable. For example, the set of real numbers greater than 
—5 is written in set-builder notation as 


{x|x > —5} 
Pa a 
the set of all real numbers x such that x is greater than —5 


OLS eleLei ams Changing Values 


College students are more interested in making money than ever before and less 
interested in developing a personal take on life. The rising trend to be financially 
sound is attributed to several major changes, including a steady rise in students’ 
desire to raise a family. 

Lindsey Bowers, The Daily Cougar (U. Houston), 2004 


The graph below shows the results of the annual survey conducted by the 
Higher Education Research Institute. The study has been conducted for 38 
years and is the longest-running survey of its kind. A total of 267,449 incoming 
freshmen at 413 colleges and universities were asked about their attitudes and 
priorities. For which years is the following true? from 1979 to 2003 


The percent citing that being well The percent citing that developing 


off financially is very = a meaningful philosophy of 
important life is very important 


Contrasting Value Trends 


90 
Be very well off 


financiall. 
70 


50 


Percent citing 
Very/Important/Essential 


Develop a meaningful 


a philosophy of life 


10 > 
19671970 1975 1980 1985 1990 1995 2000 2003 


The interval shown in the figure below is the graph of the real numbers less than 
or equal to 7. This interval contains numbers that satisfy the inequality x = 7. The 
right bracket at 7 indicates that 7 is included in the interval. To express this interval 
in interval notation, we write (—%, 7], where —° (read as negative infinity) indicates 
that the interval extends indefinitely to the left. The bracket is used to show that 7 is 
included in the interval. To describe the interval using set-builder notation, we write 
{xe = 7}. 


Caution! The symbol ~ does not represent a number. It indicates that an 
interval extends indefinitely to the right. We always use a parenthesis after the 
symbol ~. For similar reasons, a parenthesis is always used in front of the 
symbol —~ when writing interval notation. 
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Self Check 1 | EXAMPLE 1 | \ 
Represent the set of real numbers greater than or equal to 8 


Represent the net of negative using interval notation, with a graph, and using set-builder notation. 
real numbers using interval 
notation, with a graph, and using Strategy To graph the set of numbers on a number line, we will first determine 


set-builder notation. whether the endpoint is included. Then we will determine whether the real 


Now Try Problem 38 numbers to the right or the left of the endpoint should be shaded. 


Self Check 1 Answer WHY We draw the graph first because the corresponding interval notation and 
a Da } tele <0} set-builder notation follow directly from it. 


Teaching Example 1 Represent the set Solution 


Sioa Sele Wes UAne The set of all real numbers that are greater than or equal to 8 is graphed below. 
interval notation, with a graph, and 


using set-builder notation. Because the set includes 8, a bracket is used at 8 on the number line. The numbers 
Answer: to the right of 8 are shaded because they are greater than 8. 
(—2, ©) {x|x > —2} 


ee ee ee aa 


-—- 0 1 2 3 4 5 6 7 8 9 10 11 


The interval is written as [8, ©) and the set-builder notation is written as 
{x|x = 8}. oO 


If an interval extends forever in one direction, as in the previous examples, it is 
called an unbounded interval. The following chart illustrates the types of unbounded 
intervals and shows how they are described using an inequality and a graph. 


Unbounded Intervals 


The interval (a, ©) includes all real numbers x such that x > a. 
The interval [a, 2°) includes all real numbers x such that x = a. 
The interval (—~, a) includes all real numbers x such that x < a. 


The interval (—~, a] includes all real numbers x such that x < a. 


The interval (—%, %) includes all real numbers x. The graph of 
this interval is the entire number line. 


When graphing intervals, an open circle can be used to show that a point is not 
included in a graph, and a solid circle can be used to show that a point is included. 
For example, 


<~—o— > isequivalentto ~—(——» 


a a 


<—e——> is equivalent to ~—_—» 
a 


a 


In this book, we will use parentheses and brackets when graphing intervals, 
because they are consistent with interval notation. 


EB Solve linear inequalities using properties of inequality. 


In this section, we will work with linear inequalities in one variable. 
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Linear Inequalities 


A linear inequality in one variable (say, x) is any inequality that can be 


expressed in one of the following forms, where a, b, and c represent real 
numbers and a # 0. 


ax +b<c ax+bsc ax+b>c or ax+b=c 


Some examples of linear inequalities are 
3x < 0, 3(2x — 9) < 9, and —12x —-18= 16 


To solve a linear inequality means to find all the values that, when substituted 
for the variable, make the inequality true. The set of all solutions of an inequality is 
called its solution set. Most of the inequalities we will solve have infinitely many 
solutions. We will use the following properties to solve inequalities. 


Addition and Subtraction Properties of Inequality 


Adding the same number to, or subtracting the same number from, both sides 
of an inequality does not change the solutions. 


For any real numbers a, b, and c, 


Ifa<b,thena+c<b+te. 
Ifa<b,thena-—c<b-—ce. 


Similar statements can be made for the symbols =, >, or =. 


As with equations, there are properties for multiplying and dividing both sides 
of an inequality by the same number. To develop what is called the multiplication 
property of inequality, consider the true statement 2 < 5. If both sides are multiplied 
by a positive number, such as 3, another true inequality results. 

2<5 
3°2<3:+5 Multiply both sides by 3. 
6<15 This is a true inequality. 
However, if we multiply both sides of 2 <5 by a negative number, such as —3, the 
direction of the inequality symbol must be reversed to produce another true inequality. 
25 
—3-2>-3:+5 Multiply both sides by the negative number —3 and reverse the 
direction of the inequality. 
=§ > =15 This is a true inequality. 
The inequality —6 > —15 is true because —6 is to the right of —15 on the number 
line. 

Dividing both sides of an inequality by the same negative number also requires 

that the direction of the inequality symbol be reversed. 


-4<6 This is a true inequality. 

—4 6 

2 = 22 Divide both sides by —2 and change < to >. 
2>-3 This is a true inequality. 


These examples illustrate the multiplication and division properties of inequality. 
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Multiplication and Division Properties of Inequality 


Multiplying or dividing both sides of an inequality by the same positive 
number does not change the solutions. 


For any real numbers a, b, and c, where c is positive, 


If a < b, thenac < be. 
Ifa <b, then£ <2. 


If we multiply or divide both sides of an inequality by a negative number, the 
direction of the inequality symbol must be reversed for the inequalities to 
have the same solutions. 


For any real numbers a, b, and c, where c is negative, 


Ifa < b, thenac > be. 
Ifa <b, then > 2. 


Similar statements can be made for the symbols =, >, or =. 


After applying one of the properties of inequality, the resulting inequality is 
equivalent to the original one. Like equivalent equations, equivalent inequalities 
have the same solution set. 


Self Check 2 | EXAMPLE 2 | ; : ee ) 
: a Solve 3(2x — 9) <9. Write the solution set in interval 


Solve 2(3x + 2) > —44. Write notation and then graph it. 
the solution set in interval 
notation and then graph it. Strategy We will use the distributive property to remove the parentheses and 


Now Try Problem 49 use the properties of inequality to isolate the variable on one side. 


Self Check 2 Answer WHY Once we have obtained an equivalent inequality with the variable isolated 
8%) ¢ . on one side, the solution set is obvious. 
Solution 


Teaching Example 2 Solve 


42x = 3) > 4, Waite the solution-set in To isolate x on the left-hand side of the inequality, we use the same strategy as we 


interval notation and then graph it. used to solve equations. 
oo 3(2x — 9) <9 This is the inequality to solve. 
6x — 27 <9 Distribute the multiplication by 3. 
= 6x — 27 +27<9+27  Toundo the subtraction of 27, add 27 to both sides. 
6x < 36 Simplify each side. 
6x — 36 
- < ry To undo the multiplication by 6, divide both sides by 6. 
x <6 Simplify each side. 


The solution set is the interval (—~, 6), whose graph is shown ) 
to the right. We can also write the solution set using set-builder 6 
notation: {x |x < 6}. 

The solution set contains infinitely many real numbers. We cannot check to see 
whether all of them satisfy the original inequality. As an informal check, we pick 
one number in the graph, such as 4, and see whether it satisfies the inequality. 


Check: 3(2x — 9) <9 This is the original inequality. 
3[2(4) — 9] <9 Substitute 4 for x. Read & as “te possibly less than.” 
3(8 — 9) <9 
3(-1) <9 


—3 <9  Thisis a true statement. 


Since —3 < 9,4 satisfies the inequality. The solution appears to be correct. 3 
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| EXAMPLE 3 | Solve —12x —8 = 16. Write the solution set in interval 


notation and then graph it. 


Strategy We will use the properties of inequality to isolate the variable on one 
side. 


WHY Once we have obtained an equivalent inequality with the variable isolated 
on one side, the solution set is obvious. 


Solution 
To solve this inequality, we need to isolate x. 
—12x-8=16 This is the inequality to solve. 
—12x —-8+8=16+8 Toundo the subtraction of 8, add & to both sides. 
—12x = 24 Simplify each side. 
~12x 24 To undo the multiplication by —12, divide both sides by 
R = “=p —12. Because we are dividing by a negative number, we 
~ ~ reverse the = symbol. 
x=-2 Simplify each side. 
The solution set is {x |x = —2} or the interval [—2, ©), whose — 
graph is shown to the right. -2 a 


2 4 
Solve =(x + 2) > 5 3). Write the solution set in 


3 
interval notation and then graph it. 


Strategy we will clear the inequality of fractions by multiplying both sides by 
the LCD of § and §. 


WHY It is easier to solve an inequality that involves only integers. 


Solution 


This is the inequality to solve. 


4 
(x +2)> 5 3) 


Multiply both sides by the LCD of and , which is 15. 


=" 
177) 
Wl NY 
as, 
x 
i 


4 
+ 2) > 15+ (x — 3) 


10(x + 2) > 12(x — 3) 
10x + 20 > 12x — 36 


Simplify: 15 «2 = 10 and 15 - 4 = 12. 


Distribute the multiplication by 10 and 12. 


—2x + 20 > —36 To eliminate 12x on the right-hand side, subtract 
12x from both sides. 

—2x > —56 Subtract 20 from both sides. 

—2x _ —56 

= < = Divide both sides by —2 and reverse the > symbol. 

x < 28 Simplify each side. 
The solution set is the interval (—%, 28), whose graph is ) 
shown to the right. 28 fl 


Success Tip When solving an inequality, the variable sometimes ends up on 
the right-hand side. For instance, suppose we solve an inequality and obtain 


—3 < x. This inequality can be expressed in the equivalent form x > —3, 
which most students find easier to graph and to express in interval notation. 


Self Check 3 


Solve —6x + 6 S 0. Write the 
solution set in interval notation 
and then graph it. 


Now Try Problem 56 
Self Check 3 Answer 


[1, ») —— 


Teaching Example 3 Solve 

—15x + 3 = 33. Write the solution set 
in interval notation and then graph it. 
Answer: 

(-», -2] 


Self Check 4 


3 3 
t < . 
Solve 5 (x + 2) 5 (x — 3) 


Write the solution set in interval 
notation and then graph it. 


Now Try Problem 61 


Self Check 4 Answer 
16 “ 
es) 163 


Teaching Example 4 Solve 
3 (x te 3h > are + 2). Write the 
solution set in interval notation and 


then graph it. 
Answer: 
a, 
i 
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When solving equations, we have seen that some are true for all real numbers 
while others have no solution. Similar situations can occur when solving inequalities. 


Self Check 5 | EXAMPLE 5 | : : ; vost, 
= — Solve each inequality. Graph the solution set and write it 


Solve each inequality. Graph the using interval notation. 
solution set and write it using 


interval notation. a. 3a — 4 > 3a + 15 b. 1 — 2a = 2(1 — a) 
a. —82 + 1021 — 2(4n — 2) =) =3 
4d —5 _ 2(2d — 3) Strategy We will use properties of inequality to isolate the variable on one side. 
—10 —10 


WHY Once we have obtained an equivalent inequality, with the variable isolated 


Now Try Problems 65 and 66 on one side, the solution set is obvious. 
Self Check 5 Answer 
a. (—, ©), R <> Solution 
A ee 3a-4_ 3a4 15 

b. no solution, © a. —5 = —5 This is the inequality to solve. 
Teaching Example 5 Solve each _ To clear the inequality of fractions, multiply both sides 
inequality. Graph the solution set and 3a — 4 3a + 15 ; ee : 

Pig aae ines ; —5 = :—<——— by —5. Since we are multiplying both sides by a 
write it using interval notation. =5 =5 ; i Sele orn hetie’ ‘ 
a. 4(a — 5) <4a +2 negative number, reverse the direction of the inequality. 

2x +3 - 3x +1 3a -4<3a+ 15 Simplify each side. 

@ 2 3a —4-—3a<3a+15—3a Subtract 3a from both sides. 
Answer: 
a -4< 15 This is a true statement. 
-l oO 1 

b. no solution, The terms involving the variable a drop out. The resulting «tt, 


true statement indicates that the original inequality is true 

for all values of a. Therefore, the solution set is the set of 

real numbers, denoted (—~, ~) or R, and its graph is as shown. 
b. 1 — 2a = 2(1 — a) This is the inequality to solve. 

1 — 2a=2— 2a Distribute the multiplication by 2. 
1-—2a+2a=2-—2a+2a Add 2ato both sides. 
1=2 This is a false statement. 
The terms involving the variable a drop out. The resulting false statement 


indicates that the original inequality is false for all values of a. Therefore, the 
inequality has no solution. The solution set has no elements and is denoted @. 


Using Your CALCULATOR Solving Linear Inequalities in One Variable 


There are several ways to solve linear inequalities graphically. For example, to 
solve 3(2x — 9) < 9 we can subtract 9 from both sides and solve instead the 
equivalent inequality 3(2x — 9) — 9 < 0. Using standard window settings of 
[-10, 10] for x and [—10, 10] for y, we graph y = 3(2x — 9) — 9 and then use 
TRACE. Moving the cursor closer and closer to the x-axis, as shown in figure 
(a), we see that the graph is below the x-axis for x-values in the interval 

(—, 6). This interval is the solution, because in this interval, 

3(2x — 9) -9 <0. 


W=Esten-9I-9 WIEsten-9) 


HES.SEP44oR WS -.2bESL9L H=6.957446R IY=8.744eH09 H=E.SEP44oR HL 


(a) (b) (c) 
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Another way to solve 3(2x — 9) < 9is to graph y = 3(2x — 9) and y = 9. We 
can then trace to see that the graph of y = 3(2x — 9) is below the graph of 

y = 9 for x-values in the interval (—~, 6). See figure (b). This interval is the 
solution, because in this interval, 3(2x — 9) < 9. 


A third approach is to enter and then graph 
Y, = 3(2x i 9) 
Y> =9 
Y3 = Y; < Yo To do this, use the VARS key. Consult your owner's manual for 


the specific directions. 


The graphs of y = 3(2x — 9), y = 9, and a horizontal line 1 unit above the 
x-axis will be displayed, as shown in figure (c). In the TRACE mode, we then 
move the cursor to the rightmost endpoint of the horizontal line to determine 
that the interval (—~, 6) is the solution of 3(2x — 9) < 9. 


IJ Use linear inequalities to solve problems. 


In previous chapters, we have used a five-step problem-solving strategy to solve 
problems. This process involved writing and then solving equations. We will now 
show how inequalities can be used to solve problems. To decide whether to use an 
equation or an inequality to solve a problem, you must look for key words and 
phrases. Here are some common statements that translate to inequalities. 


The statement Translates to The statement Translates to 
a does not exceed b. a=b ais at least b. a=b 
ais at most b. a=b ais not less than b. a=b 
ais no more than b. a<b a will exceed b. a>b 


| EXAMPLE 6 | Translate the sentence to mathematical symbols: The 


instructor said that the test would take no more than 50 minutes. 
Strategy We will look for key words or phrases. 


WHY Key phrases can be translated into mathematical symbols. 


Solution 

Since the test will take no more than 50 minutes, it will take 50 minutes 

or less to complete. If we let t represent the time it takes to complete the test, 
then ¢ = SO. al 


Political Contributions Some volunteers are making 
long-distance telephone calls to solicit contributions for their candidate. The calls 
are billed at the rate of 25¢ for the first three minutes and 7¢ for each additional 
minute or part thereof. If the campaign chairperson has ordered that the cost of 
each call is not to exceed $1.00, for how many minutes can a volunteer talk to a 
prospective donor on the phone? 


Self Check 6 


Translate the sentence to 
mathematical symbols: 

A PG-13 movie rating means that 
you must be at least 13 years old 
to see the movie. a= 13 


Now Try Problem 70 


Teaching Example 6 Translate the 
sentence to mathematical symbols: You 
must be at least 18 years old to vote. 
Answer: a = 18 
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Self Check 7 


MOONBOUNCE RENTAL A rental 
company charges $50.00 for the 
first 2 hours of renting a moon- 
bounce and $9.95 per hour for 
each additional hour or part 
thereof. How long can the 
moonbounce be rented if 
$132.00 is budgeted for this 
expense? 10 hr 


Now Try Problem 91 


Teaching Example 7 PARKING A 
parking garage charges $10.00 for the 
first 3 hours and $1.95 for each 
additional hour or part thereof. How 
long can the owner park her car if 
$15.00 was budgeted for parking? 
Answer: 

5 hr 


Analyze We are given the rate at which a call is billed. Since the cost of a call is 
not to exceed $1.00, the cost must be less than or equal to $1.00. This phrase 
indicates that we should write an inequality to find how long a volunteer can talk 
to a prospective donor. 


Form We will let x = the total number of minutes that a call can last. Then the cost 
of a call will be 25¢ for the first three minutes plus 7¢ times the number of 
additional minutes, where the number of additional minutes is x — 3 (the total 
number of minutes minus the first 3 minutes). With this information, we can form 
an inequality. 


The cost of the the cost of the is not to $1.00 
first three minutes additional minutes exceed nail 
0.25 + 0.07(x — 3) < 1 


Solve To simplify the computations, we first clear the inequality of decimals. 


0.25 + 0.07(x — 3) <1 
25 + 7(x — 3) = 100 


To eliminate the decimals, multiply both sides 
by 100. 


25 + 7x — 21 = 100 
Tx +4<= 100 
7x = 96 

x = 13.714285 


Distribute the multiplication by 7. 

Combine like terms. 

Subtract 4 from both sides. 

Divide both sides by 7. 

State Since the phone company doesn’t bill for part of a minute, the longest time 


a call can last is 13 minutes. If a call lasts for 13.714285 minutes, it will be charged 
as a 14-minute call, and the cost will be $0.25 + $0.07(11) = $1.02. 


Check If the call lasts 13 minutes, the cost will be $0.25 + $0.07(10) = $0.95. This 
is less than $1.00. The result checks. | 


~ ANSWERS TO SELF CHECKS 


1. (=, 0) <>, fx |x <0} 2. (—8, 20) <<a 3. [1 20) << 
0 -8 1 


4. ( 2, 16) 5 > 5. a. (—0, ©) ~<a b. nosolution,® 6. a= 13 
-16/3 0 7. 10hr 


STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. #,<, >, <, and = are _inequality symbols. 


> 2. 


7. The symbol for “_is less than _” jg <, The symbol for 
« is greater than or equal to ” jg >, 


8. _Equivalent_jnequalities are inequalities that have the 
same solution set. 


(—°, 5) is an example of an unbounded _interval_, 


3. The _parenthesis_on the right of the interval notation 


(—°°, 5) indicates that 5 is not included in the interval. 


4. To Solve an inequality means to find all values of the 
variable that make the inequality true. 


5. 3x + 2 =7is an example of a _ine@r_ inequality. 


6. © is asymbol representing positive _ifinity 


P Selected exercises available online at 
www.webassign.net/brookscole 


[I CONCEPTS 


Classify each of the following as an equation, an expression, 
or an inequality. 


9. -6—-5x=8 10. 5 — 2x 
equation expression 

11. 7x — 5x > —4x 12. —(7x — 9) 
inequality expression 


13. 3 + 1 = 3(x + 7) inequality 
14. Match each interval with its graph. 


a. (—%, —1) iii (_ 
0 1 2 

a. (—,1) i ii, <__—_—_» 
2 -1 O 

c. [-1, ©) ii iii. 
2-1 O 


In the illustration, determine which of the following are true and 
which are false. 


a -l 0 1 b 
15. b > 0 true 16. a—b <0 true 
17. ab > 0 false 18. b —a> 0 true 
19. ab <0 true 20. b —a <0 false 


Perform each step listed below on the inequality 4 > —2. Do not 
reverse the inequality symbol. Determine whether the resulting 
statement is true. 


21. Add 2 to both sides. yes 

22. Subtract 4 from both sides. yes 
23. Multiply both sides by 4. yes 
24. Divide both sides by —2. no 


Consider the linear inequality 3x + 6 = 6. Determine whether 
each value is a solution of the inequality. 


2 

25. 0 yes 26. — no 
3 

27. —10 yes 28. 1.5 no 


The solution set of a linear inequality in x is graphed in the 
illustration. For that inequality, determine whether a true or 
false statement results when 


29. —4 is substituted for x. false f 
30. —3 is substituted for x. false = 


31. Ois substituted for x. true 


I NOTATION 
Complete each solution to solve the inequality. 


32. —5x -12=2-11 


—5x = -10 

—5x —10 

5S 
x= 


Using interval notation, the result is ( 0, 2), 


Using set-builder notation, the result is {x |x<2 \. 


33. 
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3—6x <17+x 
3 — fa < 17 
—7Tx < 14 
—7x 14 
-7 = 7 
x> Be 


Using interval notation, the result is (—2, °). 


Using set-builder notation, 


the result is {x |x > —2}. 


Write each inequality with the variable on the left side. 


> 34. 


36. 


7 
—-10 >x x<-10 35. -—<xx>- 


0O=xx=0 


I GUIDED PRACTICE 


Represent each set of real numbers using interval notation, with 
agraph, and using set-builder notation. See Example 1. 


37. 


38. 


39. 


> 40. 


7 
8 8 


All real numbers greater than 4 


—_ (4, »); {x |x > 4} 
4 


All real numbers less than —4 


— (=~, —4): ele < 
4 


All real numbers less than or equal to 4 


a (—%, 4]; {x |x = 4} 


4 


All real numbers greater than or equal to —6 


~~ [-6, ©) {x|x= = 


-6 


6] 


Solve each inequality. Write the solution set in interval notation 
and then graph it. See Example 2. 


41. 


43. 


45. 


47. 


49. 


51. 


x+4<5 (-~,1) 42. x —5>2 (7,%) 
1 7 
3x > —9 (-3, «) Pm 44. 4x < —36 (—~, -9) 
3 
- -9 
2x — 7 = —29 [-11,~) 46. 6x + 8 < —16 (—~, —4] 
<< ——* 
=i 4 
9a + 11 < 29 (—~,2] > 48. 3b — 26 = 4 [10, ~) 
——> = 
we) 10 
3(4x + 1) < 15 (-~,1) 50. 2(3x + 4) = 11 (-~,5) 
——}__ so 
1 
3(5x —7) 29 [2,~) 52. S(x- 1) > —4 (1, «) 
—<———— 


2 


316 | Chapter4 Inequalities 


Solve each inequality. Write the solution set in interval notation J TRY IT YOURSELF 


and then graph it. See Example 3. 
iia ° Solve each inequality. Write the solution set in interval notation 


53. —30y = —600 54. —6y = —600 and then graph it. 
a eka 0.6x = 36 [ 74, 0.2x <8 
73. 0.6x = 60, ~) - O.2x <8 (—~~, 40) 
—_— <_+}— 
20 100 —_ — 
55. —-¢+3<5 56. —9 + 6= 16 ; 4 
2 
[-3.-) (-=-# ee ee ee ee 
SS —_—}— 
2/5 -10/9 << — —— 
-10/3 1/2 
57. —3x —1L=5 58. —2y + 6< 16 5 7 
[-2.%) ae 77. 7< 3a -3 (6%) 78. 5 > 54-9 (-»,4) 
<> —————_— 
=) 5 —— —_ — 
p59 r+1—3=t-20 60.a+4-10a>a— 16 6 ? 
i =) 79. 0.4x + 0.4 < 0.1x + 0.85 (—~, 1.5] <_—> 
——|_- ——— 1.5 
7 2 


Pm 80. 0.05 — 0.5x = —0.7 — 0.8x (—~, -2.5] <<} 
-2.5 


Solve each inequality. Write the solution set in interval notation 


and then graph it. See Example 4. 81. 3(z — 2) = 2(z + 7) (-~, 20] oo 
11 
61. 2(2b + 2) > 5 (2 b) (=, 10) <_——> pm 82. 5(3 + z) > —3(z + 3) (-3, 0) <—_— 
10 3 
5 3 "5 
62. 2(4-h)= 7h 3) 4 ah co, 5] <> 83. = 4 : no solution, @ 
B) 


84. 5(2n + 2) —n>3n- 3(1 = 2n) (—2, ©), << 
0 


1 1 
63. 3 12) =>y + 2 [—36, 20) <—fommp 


—36 2 3 
1 4 1 28 85. ae + Pic = 5) =x (-=.9| 
> 64. (: )s (3x + 6) | ,) << 45/7 
4 3/3 9 -28/9 5 4 
pas. (x +3) — 3 aex—1(-2,4| 
Solve each inequality. Write the solution set in interval notation in 
and then graph it. See Example 5. 
[I APPLICATIONS 
Sa+2_ Sat+1 ; ; 
= ee 87. REAL ESTATE Refer to the graph below. For which 
regions of the country was the following inequality 
p> 66. 2(5x — 6) > 4x — 15 + 6x (—~, ©), <i true in the year 2007? Midwest, South 
0 
67. 3(4x — 2) > 14x — 7 — 2x (—~, ©), <_e Median sales price < US. median price 
0 
Tn V-n 
68. eS 6 > =e no solution, ia) 2007 Median Price of Existing Single-Family Homes 
r 
360,000 
Translate each sentence into mathematical symbols. 330,000 
See Example 6. ane 
270,000 
69. As many as 16 people were seriously injured. 240,000 Galea reaeyri 
the number of seriously injured = 16 210,000 b=-fam== === ———— == = 
70. There are no fewer than 10 references to carpools in rie 
the speech. 6 GR 
the number of references to carpools = 10 $90,000 
71. The car is at least 25 years old. $60,000 
the age of the car = 25 $30,000 
p> 72. The age of the house does not exceed 90 years. Northeasaaicwest «ees <soull 


Source: National Association of Realtors (First Quarter) 


the age of the house = 90 


> 88. PUBLIC EDUCATION Refer to the illustration. 
For which years is the following inequality true? 


1999-2005 
Enrollment Enrollment 
in grade 4 in grade 1 
A 
od | Enrollment / 
| in public 
3.8 | Grade 1 | elementary 


; Schools 


Millions of students 
Ww 
fon 


| projected 


“Zz Grade 4 
> 
'94 '96 '98 '00 '02 '04'06 '08 '10'12 '14 
Year 


Source: National Center for Education Statistics 


89. GEOMETRY The triangle inequality states an 
important relationship between the sides of any 


triangle: 
The sum of the lenths of the length of 
two sides of a triangle the third side. 


Use the triangle inequality to show that the 
dimensions of the shuffleboard court shown in the 
next column must be mislabeled. 6 + 45 > 52 
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> 90. COMPUTER PROGRAMMING Flowcharts like 
the one below are used by programmers to show the 
step-by-step instructions of a computer program. For 
row | in the table, work through the steps of the flow 
chart using the values of a, b, and c, and determine 
what the computer printout would be. Do the same 
for row 2 and for row 3. 
d is negative, d is zero, d is positive 


PEE 
Rowl 1 1. 1 
Row2| 9|-12| 4 
~ Row3 | 11 | -25 | -24 


Compute b? — 4ac. 


Call the result d. 
es no 
ia Isd=0? — a 
yes no 


> 91. FUNDRAISING A school PTA wants to rent a 
dunking tank for its annual school fundraising 
carnival. The cost is $85.00 for the first three hours 
and then $19.50 for each additional hour or part 
thereof. How long can the tank be rented if up to 
$185 is budgeted for this expense? 8 hr 


p> 92. INVESTMENTS If a woman has invested 
$10,000 at 8% annual interest, how much more must 
she invest at 9% so that her annual income will 
exceed $1,250? more than $5,000 

> 93. GRADES A student has scores of 70,77, and 85 on 
three government exams. What score does she need 
on a fourth exam to give her an average of 80 or 
better? 88 or higher 
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94. WIKIPEDIA The Web-based encyclopedia called [Ry Use a graphing calculator to solve each inequality. 
Wikipedia was launched in January of 2001. The size ~~ 99. 2x +3<5 100. 3x -2>4 
of the English language edition can be modeled by x<l x= 2 
the equation a = 0.56¢ + 0.40, where a is the number 101. 5x +224x—-2 102. 3x -4=2x +4 
of articles in millions and ¢ is the number of years eee =a x28 
since 2005. If the current trend continues, when will 
the number of articles exceed 6 million. (Source: | WRITING 


Wilapedia aruiblenSige/ Wikipedia) aul 103. The techniques for solving linear equations and 

95. WORK SCHEDULES A student works two part- linear inequalities are similar, yet different. Explain. 
time jobs. He earns $7 an hour for working at the 
college library and $12 an hour for construction work. 
To save time for study, he limits his work to 20 hours 
a week. If he enjoys working at the library more, how 
many hours can he work at the library and still earn 
at least $175 a week? 13 hr 


96. VIDEO GAME SYSTEMS A student who can 
afford to spend up to $1,000 sees the ad shown in the 
illustration. If she decides to buy the video game 
system, find the greatest number of video games that 
she can also purchase. Disregard sales tax. 11 


> 104. Explain how the symbol ~ is used in this section. Is 
o a real number? 


105. Explain how to use the y 


following graph to solve 
a2ax+1<3. 


106. Explain each property of inequalities. 


a. Ifa < 5, and c is any real number, then 


VIDEO GAME SYSTEM a+c<brte. 
99 
only $449°° b. Ifa < b, and c is any negative real number, then 
ac > be. 
[I REVIEW 
Use the graph to find f(—1), f(0), and f(2). 


YOUR FAVORITE GAMES 
only $45 each 


107. 108. 


> 97. SCHEDULING EQUIPMENT An excavating 
company charges $300 an hour for the use of a 
backhoe and $500 an hour for the use of a bulldozer. 
(Part of an hour counts as a full hour.) The company 
employs one operator for 40 hours per week to 
operate the machinery. If the company wants to bring Complete each table. 
in at least $18,500 each week from equipment rental, 7 
how many hours per week can it schedule the 109. f(x) =x — x? 110. g(t) = 
operator to use a backhoe? 7 hr 


p> 98. MEDICAL PLANS To save costs, a college raised 
the employee deductible as shown below. For what 
size hospital bills is Plan 2 better for the employee =e 6 —6 7 
than Plan 1? (Hint: The cost to the employee 2 6 4 3 
includes both the deductible payment and the 
employee’s coinsurance payment.) anything over $1,800 


1,1,4 


5 


Input Output Input Output 


Plan 1 Plan 2 
Employee pays $200 Employee pays $400 
Plan pays 70% of the rest Plan pays 80% of the rest 
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- Objectives 
Solvi ng Compou nd Inequalities Find the intersection and the 


union of two sets. 


B Solve compound inequalities 
containing the word and. 


3 | Solve double linear inequalities. 


The label on the tube of antibiotic ointment, shown in the figure below, advises the 
user about the temperature at which the medication should be stored. A careful 
reading of the statement reveals that the storage instruction consists of two parts: 


The storage temperature should be at least 59°F. | 4 | Solve compound inequalities 


containing the word or. 
and 9g 


The storage temperature should be at most 77°F. 


area of the tip of a finger) on 


at 59° 


When the words and or or are used to connect pairs of inequalities, we call these 
statements compound inequalities. To solve compound inequalities, we need to know 
how to find the intersection and union of two sets. 


iB Find the intersection and the union of two sets. 


Just as operations such as addition and multiplication are performed on real 
numbers, operations can also be performed on sets. The operation of intersection of 
two sets produces a new third set that consists of all of the elements that the two 
given sets have in common. 


The Intersection of Two Sets 


The intersection of set A and set B, written A M B, is the set of all elements 
that are common to set A and set B. 


The Language of Algebra The intersection of two sets is the collection of 
elements that they have in common. When two streets cross, we call the area of 
pavement that they have in common an intersection. 


The operation of union of two sets produces a third set that is a combination of 
all of the elements of the two given sets. 


The Union of Two Sets 


The union of set A and set B, written A U B, is the set of elements that belong 
to set A or set B or both. 


The Language of Algebra _ The union of two sets is the collection of elements 
that belong to either set. The concept is similar to that of a family reunion, 
which brings together the members of several families. 
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Venn diagrams can be used to illustrate the intersection and union of sets. The 
area shown in purple in figure (a) represents A M B and the area shown in both 
shades of red in figure (b) represents A U B. 


ANB AUB 


SeInched | EXAMPLE 1 a 0, 1, 2, 3, 4, 5, 6} and B = {—4, —2,0,2, 4}. 
Let C = {8,9, 10, 11} and 
D = {3, 6,9, 12, 15}. a. Find AN B. b. Find A U B. 


a. Find CM D. Strategy In part a, we will find the elements that sets A and B have in common, 


b. Find C U D. and in part b, we will find the elements that are in one set or the other. 
Now Try Problems 32 and 36 ‘ : : 
Gall Cheak 1 Asmwen WHY The symbol N means intersection, and the symbol U means union. 
a Solution 


bs 13:6, 8, 9, 10; 11,12, 15 : 
| a. Since the numbers 0, 2, and 4 are common to both sets A and B, we have 


Teaching Example 1 Let = 

A = {-5, —3, -1, 1,3, 5} and ABS ea 

B= 0,1,2, 3} b. Since the numbers in either or both sets are —4, —2, 0, 1, 2, 3, 4,5, and 6, we 

a. Find ANB have 

b. Find A UB 

Answers: A U B = {-4, —2,0, 1, 2, 3, 4, 5, 6} al 
a. {1,3} 


b. {-5, 3, -1, 0, 1, 2, 3, 5} 
3 Solve compound inequalities containing the word and. 


When two inequalities are joined with the word and, we call the statement a 
compound inequality. Some examples are 


x= =3 and x=6 
sale’ and 2x -3<5 


x+3s=2x-1 and 3x —2<45x -—4 


The solution set of these inequalities contains the numbers that make both of 
the inequalities true. For example, we can find the solution set of the compound 
inequality x = —3 and x = 6 by first graphing the solution sets of each inequality on 
the same number line and then looking for the numbers common to both graphs. 

In figure (a) below, the graph of the solution set of x = —3 is shown in red, and 
the graph of the solution set of x < 6 is shown in blue. Figure (b) shows the graph of 
the solution of x = —3 and x = 6. The purple shaded interval in figure (b) is where 
the red and blue graphs overlap in figure (a). It represents the numbers common to 
the graphs of x = —3 and x = 6. 
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The solution set of x = —3 and x = 6 can be denoted by the bounded interval 
[-3, 6], where the brackets indicate that the endpoints, —3 and 6, are included. It 
represents all real numbers between —3 and 6, including —3 and 6. Intervals such as 
this, which contain both endpoints, are called closed intervals. 

When solving a compound inequality containing and, the solution set is the 
intersection of the solution sets of the two inequalities. The intersection of two sets is 
the set of elements that are common to both sets. We can denote the intersection of 
two sets using the symbol M, which is read as “intersection.” For the compound 
inequality x = —3 and x = 6, we can write 


[=3; 00) a (=e, 6] = [=3; 6] 


The solution set of the compound inequality x = —3 and x =6 can be 
expressed in several ways: 


1. Asa graph: f j 
-3 6 


2. In interval notation: |—3, 6] 
In words: all real numbers between —3 and 6, including —3 and 6 


Using set-builder notation: {x |x = —3 and x < 6} 


x ‘ 
Solve 5 + 1>0and 2x — 3 < 5. Graph the solution set and 
write it using interval notation. 


Strategy We will solve each inequality separately. Then we will graph the two 
solution sets on the same number line and determine their intersection. 


WHY The solution set of a compound inequality containing the word and is the 
intersection of the solution sets of the two inequalities. 


Solution 
In each case, we can use properties of inequality to isolate the variable on one 
side of the inequality. 


SiS and 2x -3<5 
ool 2x <8 
x S =? x<4 


Next, we graph the solutions of each inequality on the same number line and 
determine their intersection. 


x<4 x>-2 


4-3 2-10 i412 3 4 «5 6 


The intersection of the graphs in the figure is the set of all real numbers 
between —2 and 4. Using interval notation, the solution set is the interval (—2, 4), 
whose graph is shown in purple below. This bounded interval, which does not 
include either endpoint, is called an open interval. 


Self Check 2 
Solve 3x > —18 and = a1, 


Graph the solution set and write 
it using interval notation. 


Now Try Problem 40 
Self Check 2 Answer 


(—6, 10] <_—{on} —>- 


-6 10 


Teaching Example 2 Solve 2x + 3 = 5 
and 3 — 2 < 1. Graph the solution set 
and write it using interval notation. 
Answer: 


[1, 9) + 
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Self Check 3 


Solve 2x + 3 < 4x + 2 and 
3x + 1 < 5x + 3. Graph the 
solution set and write it using 
interval notation. 


Now Try Problem 44 
Self Check 3 Answer 


po) 


0 1/2 1 


Teaching Example 3 Solve 


ay 4 4 2 + Gand Sx — 2 > Fx 2. 


Graph the solution set and write it 
using interval notation. 
Answer: 


(-%, —2) =————S— 


The Language of Algebra When graphing on a number line, (—2, 4) 


represents an interval when graphing on a rectangular coordinate system, 
(—2, 4) is an ordered pair that gives the coordinates of a point. 


The solution of the compound inequality in the Self Check of Example 2 is the 
interval (—6, 10]. A bounded interval such as this, which includes only one endpoint, 
is called a half-open interval. The following chart shows the various types of 
bounded intervals, along with the inequalities and interval notation that describe 
them. 


Intervals 


Open intervals The interval (a, b) includes all real 
numbers x such that a <x < b. 


Half-open intervals The interval [a, b) includes all real 
numbers x such thata = x < b. 


The interval (a, b] includes all real 
numbers x such thata <x = b. 


Closed intervals The interval [a, b] includes all real 
numbers x such thata =x = b. 


| EXAMPLE 3 | Solve x +3=2x—1 and 3x —-2<5x-—4. Graph the 


solution set and write it using interval notation. 


Strategy We will solve each inequality separately. Then we will graph the two 
solution sets on the same number line and determine their intersection. 


WHY The solution set of a compound inequality containing the word and is the 
intersection of the solution sets of the two inequalities. 


Solution 
In each case, we can use properties of inequality to isolate the variable on one 
side. 


x+352x-1 and 3x —2<5x —4 This is the compound inequality 


ee a ty to solve. 
x24 1<x 
x > 1 


The graph of x = 4 is shown below in red and the graph of x > 1 is shown 
below in blue. 


Only those x where x = 4 and x > 1 are in the solution set of the compound 
inequality. Since all numbers greater than or equal to 4 are also greater than 1, 
the solutions are the numbers x where x = 4. The solution set is the interval 
[4, °°), whose graph is shown below. 
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Self Check 4 
MSC soive x — 1 > —3 and 2x < —8, if possible. ee 


Solve 2x — 3 <x — 2 and 
Strategy We will solve each inequality separately. Then we will graph the two 0 < x — 3.5, if possible. 


solution sets on the same number line and determine their intersection. 
Now Try Problem 48 


WHY The solution set of a compound inequality containing the word and is the Self Check 4 Answer 
intersection of the solution sets of the two inequalities. nenonion 


Solution Teaching Example 4 Solve 6x — 3 <6 
In each case, we can use properties of inequality to isolate the variable on one side. ihe os lilt posable 
nswer: 
x—-1>--3 and 2x < -8 no solution, @ 


x>-2 | x<-4 


We note that the graphs of the solution sets shown below do not intersect. 


This means that there are no numbers that make both parts of the original 
compound inequality true. So the solution set is the empty set, which can be 
denoted as ©. a 


EB Solve double linear inequalities. 


Inequalities that contain two inequality symbols are called double inequalities. An 
example of a double inequality is 


—-3=2x+5<7 Read as “—3 is less than or equal to 2x + 5 and 2x + 5is less 
than 7.” 


Any double linear inequality can be rewritten as a compound inequality 
containing the word and. In general, the following is true. 


Double Linear Inequalities 


The compound inequality c < x < dis equivalent toc < x andx < d. 


Solve —3 = 2x + 5 < 7. Graph the solution set. Self Check 5 


Solve —5 = 3x — 8 =7. Graph 
Strategy We will solve the double inequality by applying properties of the solution set and write it in 
inequality to all three of its parts to isolate x in the middle. interval notation. 
WHY This double inequality —3 = 2x + 5 <7 means that —3 = 2x +5 and Now Try Problem 51 
2x + 5 <7. We can solve this double inequality more easily by leaving it in its Self Check 5 Answer 
original form. (3) —— 
Solution 
—-3<2x+5<7 Teaching Example 5 Solve 
2 < 3x — 1 = 8. Graph the solution set 
—-3-—-552x+5—-—5<7-—S5  Toundo the addition of 5, subtract 5 from all and write it in interval notation: 
three parts. Answer: 
—-8=2x <2 Perform the subtractions. G3] ——-_ 
-—8 = 2x 2 2 To undo the multiplication by 2, divide all three 
2° 2 °2 parts by 2. 
-4sx<1 Perform the divisions. 
The solution set is the half-open interval [—4, 1), whose graph is shown below. 


Chapter 4 Inequalities 


Caution! When multiplying or dividing all three parts of a double inequality 


by a negative number, don’t forget to reverse the direction of both inequalities. 
As an example, we will solve —15 < —Sx = 25. 


=15 <= =$5x:=25 This is the inequality to solve. 


—15 Ss =x mm 25 Divide all three parts by —5 to isolate x in the middle. 
—5 —5  —5__ Reverse both inequality signs. 
3>x2-5 Perform the divisions. 
= =x <3 Write an equivalent compound inequality with the smaller number, 
—5, on the left. 


IZ¥ Solve compound inequalities containing the word or. 


A warning on the water temperature gauge of a commercial dishwasher cautions the 
operator to shut down the unit if 


The water temperature goes below 140° 
or 


The water temperature goes above 160° 


WARNING! WARNING! 
Dishes not Scalding 
sterilized; danger; 

shut down unit. shut down unit. 


When two inequalities are joined with the word ov, we also call the statement a 
compound inequality. Some examples are 


x < 140 or x > 160 


S38 or x=2 
2 
3 or —(x — 2) >3 


The solution set of a compound inequality containing the word or contains the 
numbers that make one or the other or both inequalities true. For example, we can 
find the solution set of the compound inequality x = —3 or x = 2 by putting the 
graphs of each inequality on the same number line. 

In figure (a), the graph of the solution set of x = —3 is shown in red, and the 
graph of the solution set of x = 2 is shown in blue. Figure (b) shows the graph of the 
solution set of x = —3 or x = 2. This graph is a combination of the graph of x = —3 
with the graph of x = 2. 
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When solving a compound inequality containing ov, the solution set is the union 
of the solution sets of the two inequalities. The union of two sets is the set of 
elements that are in either of the sets or both. We can denote the union of two sets 
using the symbol U , which is read as “union.” For the compound inequality x = —3 
or x = 2, we can write the solution set using interval notation: 


(-%, —3] U [2, ) 


We can express the solution set of the compound inequality x = —3 or x = 2 in 
several ways: 


1. Asa graph: <———_! — 
=$3 yi 


In interval notation: (—~, —3] U [2, ©) 
In words: all real numbers less than or equal to —3 or greater than or equal to 2 


In set-builder notation: {x |x = —3 or x = 2} 


Caution! Inthe statement x < —3 or x = 2, it is incorrect to string the 


—3, because that would imply that 2 = —3, 


inequalities together as 2 = x 
which is false. 


2 
Solve S = 3 or —(x — 2) > 3. Graph the solution set. 
Strategy We will solve each inequality separately. Then we will graph the two 
solution sets on the same number line to show their union. 


WHY The solution set of a compound inequality containing the word or is the 
union of the solution sets of the two inequalities. 


Solution 
To solve each inequality, we proceed as follows: 
x = 2 ee oe This is the compound inequality to 
a7 72 solve. 
x>2 —x+2>3 
—x>1 
x<—l 


The graph of the solution set is obtained by graphing the solution sets of each 
inequality on the same number line, as shown. 


x<-l 
5 -4 -3 2-10 412 3 4 =5 
The union of the two solution sets consists of all real numbers less than —1 or 


greater than 2. Using interval notation, the solution set is the interval 
(—~*, —1) U (2, *). Its graph appears below. 


Self Check 6 
Solve 5 >2or —3(x — 2) > 0. 


Graph the solution set and write 
it in interval notation. 


Now Try Problem 58 
Self Check 6 Answer 
(—%, 2) U (4, ») 


fo 


2 4 


1 
Teaching Example 6 Solve - = zor 


—2(x + 1) > 4. Graph the solution set 
and write it in interval notation. 
Answer: 


(-#,=3): UB, °) —}—$ fer 
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Self Check 7 | EXAMPLE 7 | \ 
= = Solve x + 3 = —30r -x > 0. 


Solve x — 1 <5 or —2x = 10. 
Graph the solution set. Strategy We will solve each inequality separately. Then we will graph the two 


Now Try Problem 62 solution sets on the same number line to show their union. 


Self Check 7 Answer WHY The solution set of a compound inequality containing the word or is the 
eed union of the solution sets of the two inequalities. 


eee 
ae ot Solution 
Teaching Example 7 Solve: —3x < 12 We solve each inequality separately. 
ee se x+32-3 or —x >0 This is the compound inequality to solve. 
Answer: 
(0, 0) gel x=-6 | x<0 
-1 0 1 


We graph the solution set of each inequality on the same number line. 


The entire number line is shaded, which indicates that all real numbers 
satisfy the original compound inequality. Using interval notation, the solution set 
is denoted (—, ~). Its graph is shown below. 


THINK IT THROUGH 9 RYOTE CoYe [| 


“American students are studying abroad in growing numbers despite economic 
and security concerns post-Sept 11.” 
Open Doors Report 2003, Institute of International Education 


Recent figures released by Institute of International Education show that the 
United Kingdom, Spain, and Italy are the top three destinations for American 
students studying abroad. For what year, or years, was 


the number of American students studying in the United Kingdom greater 
than 30,000 and the number of American students studying in Spain 


in r than 1 ? 2001, 2002 
greater than 13,000 1999, 2001, 2002 


the number of American students studying in Spain greater than 15,000 or 
the number of American students studying in Italy less than 12,000? 


the number of American students studying in Spain greater than the 
number studying in Italy and the number of American students studying in 
the United Kingdom at least twice the number studying in Italy? 1999, 2000 


American Students Studying in... 


ANSWERS TO SELF CHECKS 


4.2 Solving Compound Inequalities 


1. a. {9} b. {3, 6,8, 9, 10,11, 12,15} 2. (—6, 10] +> 


-6 
3. G, x) 4. nosolution,@ 5. [1,5] <—_+»"_ > 
0 1/2 1 il ) 
6. (—%, 2) U (4, 20) ~<a} 7, (00, 00) ea 
\ 2 4 -l oO 1 


STUDY SET 


I VOCABULARY 
Fill in the blanks. 


> 1. The imtersection of two sets is the set of elements that 
are common to both sets. The "!0"_ of two sets is the 
set of elements that are in one set, or the other, or both. 


x =3andx <4isa compound jnequality. 
—6<x+1<1isa_double linear inequality. 


(2, 8) is an example of an open interval. 


we WN 


The bounded interval [—4, 0] is an example of a 
_closed_ interval. 


6. (0, 9] is an example of a _half-open_ interval. 


I CONCEPTS 
Fill in the blanks. 

7. The word and between two inequality statements 
requires that both of the inequalities must be true 
for the entire statement to be true. 

> 8. The word or between two inequality statements 


requires that only _°"° of the inequalities must be 
true for the entire statement to be true. 


9. If the three parts of a double inequality are divided 
by a negative number, the direction of both inequality 
symbols must be _feversed_, 


10. The double inequality —2 < 3x + 4 < 10 can be 
written as —2 < 3x + 4_and 3x +4< 10. 


11. In each case, determine whether —3 is a solution of 
the compound inequality. 


a. 5 +12 0and 2x — 3 < —10 no 


b. 2x = O or —3x < —5 yes 


> 12. In each case, determine whether —3 is a solution of 
the double linear inequality. 


a. -1< —-3x +4< 12 no 
b. -1< —3x+4< 14 yes 


13. Give the solution set of each inequality in interval 
notation, if possible. 


a. x < —3 and x > 3 nosolution 
b. x <3 0rx > —3 (-~, ~) 


P Selected exercises available online at 
www.webassign.net/brookscole 


14. Give the solution set of each inequality in interval 
notation, if possible. 


a. x <Oorx =0 (—~,~) 
b. x < Oandx > 0 no solution 


15. Match each interval with its corresponding graph. 


a. [2, 3) ii i, ———___- 
Zz 3 

b. (2,3) iii ih gs 
2 3 

ce. [2,3] i iy 
2 3 


Give the interval notation that describes each set. Then graph it. 
16. The real numbers between —3 and 3 


(=323) ( ) 
-3 3 


17. The real numbers less than —3 or greater than 3 


(-*,-3)UG*) yg 
a) ) 


18. The real numbers between —3 and 3, including 3 


(=3,3] ( J 
-3 ce) 


19. {x|x = —3 andx <3} 
[-3,3] . j 
-3 3 
20. {x|x = —3 orx = 3} 
(==, =3] U3, ©) r f 
3 3 
I NOTATION 


21. The intersection of set A and set B is denoted as 
ANB 


22. The union of set A and set Bis denoted as 4U . 


23. Graph: (—°, 2) U [3, ©) ens} 
2 3 

24. Graph: (—%, 3) M [—2, 2%) <fesp—_> 
2 3 


25. Graph: (0,8) M (2, 10) <—___ey—_> 
2 8 


26. Graph: (—5, 7] U [2, 9] ——(—___j—_> 
5 9 
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Classify each interval as open, half-open, or closed. 
27. (—2, 15] half-open 28. [—2, 15] closed 
29. (—2, 15) open 30. [—2, 15) half-open 


[| GUIDED PRACTICE 


Let A = {0, 1, 2, 3, 4,5, 6}, B = {4, 6, 8, 10}, 
C = {-3, —1, 0, 1, 2}, and D = {—3, 1, 2, 5, 8}. Find each set. 
See Example 1. 


31. ANB 32. AND 
4, 6} {1, 2, 5} 
> 33. CND 34.BNC 
{-3, 1, 2} a) 
35. BUC 36. AUC 
{—3, -1, 0, 1,2, 4, 6, 8, 10} {-3, -1, 0, 1, 2,3, 4, 5, 6} 


37. AUD > 38. CUD 
(3,0, 1, 2,3, 4, 5,6, St {-3, -1, 0, 1,2, 5, 8} 


Solve each compound inequality. Write the solution set in 
interval notation and then graph it. See Example 2. 


39. x > —2and x = 5 (—2,5] «(mmm —_> 


2 ) 


40. x = —4andx = —7 [-7, -4] «—_}_—»|_ _> 
= 4 


1 
p> 41. —x =2 and 0.75x = —6 [-8,4] ___}_—_ 
2 8 4 


42. 4x = -—x + 5and6 = 4x-3 [1.3] =} 


1 9/4 


Solve each compound inequality. Write the solution set in 
interval notation and then graph it. See Example 3. 


43. S(x — 2) = Oand —3x <9 [2,%) «fi 
Z 


> 44. 6x + 1<5x ~3and> +9 <6 (-»,-6] ——j— 
-6 


45. x —1=2(x + 2) andx S 2x — 5 [5,~) ~ pe» 
5 
46. 5(x + 1) S$ 4(x + 3) andx + 12 < —3 
(—%, —15) —<__—§$> 
-15 


Find the solution set of each compound inequality. 
See Example 4. 


1 
3% and 6x < 9x @ 


48. —x < —2x and 3x > 2x © 


47,.x+2< 


3 1 
> 49. at te Sands FI oe 


50. = > —2.5 and 9x > 2(4x + 5) 


Solve each double inequality. Write the solution set in interval 
notation and then graph it. See Example 5. 


1 4 
8 11 


1 
3 —21 -3 
4 — 
4 4 


Solve each compound inequality. Write the solution set (if one 
exists) in interval notation and then graph it. See Examples 6-7. 


55. x = —-2orx >6 


(=, —2] U (6, °°) gem $f 
2 6 


56. x= -lorxs-3 


(—%, —3] U [=1, ©) —e-_—foee 
a at 
57. x —3<-4orx -—2>0 


(1) UG.) ep $f 
-1 2 


> 58. 4x < “12015 >4 
(2,3) U8.) a ae 
3 8 


59. —A(x + 2) = 120r3x + 8<11 


(—%, 1) <—<—}_> 
1 
> 60. 4.5x —1< —-100r6—-2x=12 
(07, = 2) <=) 
—2 


61. 4.5x —2>2.5 ors <=1 
—00, 00) fa 
( ? ) 0 


> 62. 0<xor3x-—5>4x—-7 
(—%, 0) 
0 


— TRY IT YOURSELF 


Solve each compound inequality and write the solution set in 
interval notation. If the solution set is nonempty, graph it. 


63. 2x < —18 and —4x < 40 
Sa ———— 
-10 -9 


64. x +3 < 3x —land4x -—3 = 3x 


(2,3) <———} —> 
2 3 


65. —5.3<x-23<—-1.3 
-3 1 


66. 25 >3x -2>7 
a —_ — 
3 9 


67. —2<-b+3<5 


—2 3 


68. 2< -t-2<9 
(—11, 4) <n > 


-11 —-4 
69. —6 < —3(x — 4) < 24 
4 6 


70. —4 < -2(x + 8) <8 


a — 
-12 -6 


> 71. 2x + 1 = Sand —3(x + 1) = —9 


[2,2] —_— 


72; (=) = 3x— lend dn = 1 = 1 = 3 


[-1, -1] <——»—_> 


x 3x 
73, ~-+5>4and -48 < 
0.7 ag —0.125 
(0.7, 0.2] <—femm} — > 
—0.7 She 
2 
74, —4>5x—2>-6 


(—6, —3) <p —$> 
s 4 


> 75. -25 


76. 3x +2<8o0r2x -—3>11 
(—%, 2) U (7, °°) ems) —$§$fomo 
2 7 


77. 3x + 4<—2or3x+4> 10 


(=, =2) U (2, ©) een} $f 
—2 2 
78. x >30rx <5 
(—2, 0) 
0 
79. x < —15o0rx > —100 
(—2, 0) 
0 
80. 3x + 4<3and2x —-3212 04 


I APPLICATIONS 


> 81. BABY FURNITURE A company manufactures 
various sizes of playpens having perimeters between 
128 and 192 inches, inclusive. See next column. 
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a. Complete the double 
inequality that 
mathematically 
describes the range 
of the perimeters of 
the playpens. 


128 = 4s = 192 


b. Solve the double inequality to find the range of 
the side lengths of the playpens. 32 = s = 48 


> 82. TRUCKING The distance that a truck can travel in 
8 hours, at a constant rate of r mph, is given by 87. A 
trucker wants to travel at least 350 miles, and 
company regulations don’t allow him to exceed 
450 miles in one 8-hour shift. 


a. Complete the double inequality that describes the 
mileage range of the truck. 350 = 8r = 450 


b. Solve the double inequality to find the range of 
the average rate (speed) of the truck for the 
8-hour trip. 43.75 = r = 56.25 


> 83. TREATINGA FEVER Use the following flowchart 
to determine what action should be taken for a 
13-month-old child who has had a 99.8° temperature 
for 3 days and is not suffering any other symptoms. 
T represents the child’s temperature, A the child’s 
age in months, and S$ the number of hours the child 
has experienced the symptoms. See doctor today. 


yes 


Is T= 101° and A < 3? —> See doctor now. | 


is 


Is there stiffness of the 
neck, confusion, marked 
irritability, rapid breathing, 
lethargy, or a seizure? 


igs 
yes 


Is3<A<12andS>242 ——» Call doctor today. 


a 


Has fever shown no yes : 
improvement in last 72 ——> See doctor today. 
hours or is S > 120? aa _ 


i 


Is there sore throat, ear ' , 
pain, cough, abdominal yes See the applicable - 
pains, skin rash, diarrhea, ———> article about the © 
urinary frequency, or other specific problem. 
symptoms? : ; 


les 


Apply home treatment. 


— +» See doctor now. | 


Based on information from Take Care of Yourself (Addison-Wesley, 1993) 
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p> 84. THERMOSTATS The 
Temp range control on the 
thermostat shown below 
directs the heater to come 
on when the room 
temperature gets 5 degrees 
below the Temp setting; it 
directs the air conditioner 
to come on when the room 
temperature gets 5 degrees 
above the Temp setting. Use 
interval notation to describe 


from Campus to Careers 


Conditioning Technician 


© Andrew Brooks/Corbis 


a. the temperature range for the room when 
neither the heater nor the air conditioner will 
be on. (67,77) 


b. the temperature range 
for the room when 
either the heater or the 
air conditioner will be 
on. (Note: The lowest 
temperature 
theoretically possible is 
—460°F, called absolute zero.) (—460, 67] U [77, ~) 


Temp setting 


Temp range 


> 85. HEALTH CARE Refer to the illustration. Let P 
represent the percent of children covered by private 
insurance, M the percent covered by Medicaid, and N 
the percent not covered. For what years are the 
following true? 


a. P= 68 and M = 18 b. P= 68 or M = 18 
1999 1998-2001 


« P2=67andN2=125 d.P267orN=125 
1999, 2000 1998-2000 


U.S. Health Care Coverage for Persons 
Under 18 Years of Age (in percent) 


Private insurance Medicaid | 
Not covered 
1998 68.4 171 
1999 68.8 18.1 119 
2000 67.0 19.4 12.4 
2001 66.7 21.2 11.0 


Source: U.S. Department of Health and Human Services 


> 86. POLLS For each response to the poll question shown 
in the illustration, the margin of error is +/— (read as 
“plus or minus”) 3.2%. This means that for the 
statistical methods used to do the polling, the actual 
response could be as much as 3.2 points more or 
3.2 points less than shown. Use interval notation to 
describe the possible interval (in percent) for each 


response. 
crime: [22.8, 29.2], economy: [5.8, 12.2], jobs: [3.8, 10.2], 
unemployment: [3.8, 10.2], drugs: [2.8, 9.2] 


Heating, Ventilation, and Air 


1,000 adults were asked, "What is America's biggest 
problem?" The top responses were as follows. 


(Crime 26% 
(Economy) 9% 
ee 7% 
(Unemployment) 7% 
Dries 6x 


I WRITING 


87. Explain how to find the union and how to find the 
intersection of (—%, 5) and (—2, %) graphically. 


p> 88. Explain why the double inequality 2 < x < 8 can be 


written in the form 2 < x and x < 8. 


89. Each of the shaded regions in the Venn diagram in 
the illustration below represents a set. Describe the 
intersection of set A and set B. 


90. See Exercise 89. Describe the union of set A and 
set B. 


| REVIEW 


Refer to the illustration below, which shows the results of each of 
the games of the eventual champion, the University of Kentucky, 
in the 1998 NCAA Men’s Basketball Tournament. Round to the 
nearest tenth when necessary. 


91. What are the mean, median, and mode of the set of 
Kentucky scores? 85.7, 86, 86 


> 92. What are the mean and the median of the set of 


scores of Kentucky’s opponents? 72.3, 68.5 


93. Find the margin of victory for Kentucky in each of its 
games. Then find the average (mean) margin of 
victory for Kentucky in the tournament. 13.3 pts/game 


94. What was the average (mean) combined score for 
Kentucky and its opponents in the tournament? 158 


1st Round 
Kentucky 82| 2nd Round Regional 
S. Carolina 67 Kentucky 88} Semifinal 
St. Louis _61}||Kentucky 94 
UCLA 68 
Regional 
Final National 
Kentucky 86 Semifinal 
Duke 84||[Kentucky 86] Championship 
Stanford 85]|[Kentucky 78 
Utah 69 
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SEC HI 


Solving Absolute Value Equations and Inequalities 


Many quantities in mathematics, science, and engineering are expressed as positive 
numbers. To guarantee that a quantity is positive, we often use absolute value. In this 
section, we will work with equations and inequalities involving the absolute value of 
algebraic expressions. Using the definition of absolute value, we will develop 
procedures to solve absolute value equations and absolute value inequalities. 


EB Find absolute values. 


Recall that the absolute value of any real number 4 units 4 units 

is the distance between the number and zero on Z —-- 7 ore 
the number line. For example, the points shown afl 0 4 

to the right with coordinates of 4 and —4 both lie 

4 units from 0. Thus,|4| = |—4| = 4. 


The absolute value of a real number can be defined more formally as follows. 


Absolute Value 


If x = 0, then|x| = x. 


Ifx <0, then|x| = —x. 


This definition gives a way to associate a nonnegative real number with any real 
number. 


e If x = 0, then x (which is positive or 0) is its own absolute value. 


e Ifx <0, then —x (which is positive) is the absolute value. 


Either way, |x| is positive or 0. That is,|x| = 0 for all real numbers x. 


Find: a.|9| — b. | —5.68} 


Strategy We will use the definition of absolute value. 


c.|O| and = d. 2|—8| 


WHY The absolute value definition gives another way to find the absolute value 
of a number. 


Solution 
a. Since 9 = 0, the number 9 is its own absolute value:|9| = 9. 
b. Since —5.68 < 0, the opposite (negative) of —5.68 is the absolute value: 
|-5.68| = —(—5.68) = 5.68 
c. Since 0 = 0, 0 is its own absolute value:|0| = 0. 
d. 2|—8| =2:-|-8| 
=2-8 
= 16 it 


Caution! The placement of a — sign in an expression containing an absolute 


value symbol is important. For example,|—19| = 19, but —|19| = —19. 


: Objectives 


i) Find absolute values. 


j 2 | Solve equations of the form 
|x| =k. 


3 | Solve equations with two 
absolute values. 


4 | Solve inequalities of the form 
kal =e 


5 | Solve inequalities of the form 
Ee] Ske 


Self Check 1 


Find: 
a. |—3| 


1 
a [2 a 
c|-2n| a 5|-6 


b. | 100.99 | 


Now Try Problems 26 and 36 
Self Check 1 Answers 
a. 3 b. 100.99 ce 27 d. 2 


Teaching Example 1 Find: 
a.|—7| b. [27.54] e. —2|—7| 
Answers: 

a. 7 b. 27.54 ce. —14 
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EB Solve equations of the form|x| = k. 


The absolute value of a real number represents 5 units 5 units 

the distance on a number line from a point to the eee 
origin. To solve the absolute value equation -5 0 5 

|x| = 5, we must find the coordinates of all points (a) 

on a number line that are exactly 5 units from 

zero. See figure (a). The only two points that i k 

satisfy this condition have coordinates 5 and —5. 7 as, ey | 7 
That is,x = Sor x = —5. r 0 k 


In general, the solution set of the absolute 
value equation |x| = k, where k = 0, includes the 
coordinates of the points on the number line that 
are k units from the origin. See figure (b). 


Absolute Value Equations 


If k = 0, then 


|x} =k  isequivalentto x=korx 


Self Check 2 


Solve: a. |x| = 8 b. |s| = 0.003 « |c| = —15 
Solve: 
1 Strategy To solve each of these absolute value equations, we will write and 

a. |y| = 24 b. |x| = 2 solve an equivalent compound equation. For part (c), we will solve the equation 
c. |a| = —1.1 by inspection. 
Now Try Problem 38 WHY We can use this approach because an equation of the form |x| = k, where 
Self Check 2 Answers k is not negative, is equivalent to x = k or x = —k. 
a. 24,-24 b. 4,-5 

, ie . 
c. no solution Solution 

a. If|x| = 8, then x = 8orx = —8. 

a a = b. If|s| = 0.003, then s = 0.003 or s = —0.003. 
a. |x| = ly) =— 
«|r| = 2 c. The absolute value of a number is either positive or zero but never negative. 
Answers: Therefore, there is no value for c for which|c| = —15. This equation has no 
a. 7,—7 b. nosolution solution. a 

22 
Cc 755 


The equation |x — 3| = 7 indicates that a point on a number line with a 
coordinate of x — 3 is 7 units from the origin. Thus, x — 3 can be either 7 or —7. 


x-3=7 or x-3=-7 
x = 10 | x=-4 
The solutions of the absolute value equation are 10 < 
and —4. We can graph them on a number line, as shown in 


the figure. If either of these numbers is substituted for x in 
|x — 3| = 7, the equation is satisfied. 


he 
ok 
a 
cS 


Check: |x — 3| =7 jx —3| =7 
10 — 3| 27 |-4-—3| 27 
|7| 47 |-7| £7 


= = 


4.3 Solving Absolute Value Equations and Inequalities | 333 


Self Check 3 


Solve: a. |3x — 2| =5 b. |5 — x| = —10 


Solve: 
Strategy To solve the first absolute value equation, we will write and then solve a. |2x — 3| =75,-2 
an equivalent compound equation. We will solve the second equation by i 
inspection. b. i 7 = —3 no solution 


WHY Both equations are of the form |x| = k. However, the standard method for Now Try Problem 41 


solving absolute value equations cannot be applied to|5 — x| = —10 because k is 
negative. Teaching Example 3 Solve: 
x+1 
Solution a. |6 — 2x| =12 b. | =-4 
a. We can solve |3x — 2| = 5 by writing and then solving an equivalent Answers: 
compound equation: a. —3,9 b. —9,7 


3x -2=5 or 3x —-2 = —-5 


Now we solve each equation for x. 


3x -2=5 or 3x —2 = —5 This is the compound equation to solve. 
3x = 7 3x = —3 
7 
x= 5 x=-1 


Verify that both solutions, 4 and —1, check. 


b. For any real number x,|5 — x| will be nonnegative. For this reason, 
|5 — x| = —10 has no solution. @ 


Success Tip Since the absolute value of a quantity cannot be negative, 


equations such as |7x at | = —4have no solution. Their solution sets are 
empty. 


When solving absolute value equations, we want the absolute value isolated on 
one side. To isolate an absolute value, we can use the equation-solving procedures 
studied earlier. 


| EXAMPLE 4 | | > | \ Self Check 4 


Solve: 3 +3/+4=10 Solve: 
|0.4x — 2| — 0.6 = 0.4 


Strategy We will isolate [3x + 3| on the left side of the equation and then write Now Try Problem 50 


and solve an equivalent compound equation. Self Check 4 Answer 
: : : : p20 

WHY After isolating the absolute value expression on the left, the resulting ee 
equation will have the desired form|x| = k. Teaching Example 4 Solve: 

‘ 3x = Fees 
Solution | +4] -3=-2 

: a : , : Answer: 

We can isolate 3x + 3| on the left-hand side of the equation by subtracting 4 Ww _» 
from both sides. a 


2 
| 3° +3 | +4=10 © This is the equation to solve. 


2 
| 3% +3 | =6 Subtract 4 from both sides. 
With the absolute value now isolated, we can solve [3x + 3| = 6 by writing and 
then solving an equivalent compound equation. 

2 2 


=y+3= =~y+3=- 
qt 8 or roe 6 v 


Self Check 5 


2x 
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Solve: 5 + 4 

| 3 | 
Now Try Problem 54 
Self Check 5 Answer 
= 


Teaching Example 5 Solve: 
-2|4x + 5] +6=6 
Answer: 

=15 


Now we solve each equation for x: 
2 2 
sf. or zo a= 
2 
5° = a. = —9 
2x = 9 2x = —27 
2 ae 
2 2 
Verify that both solutions, 3 and — z, check by substituting them into the original 
equation. al 
| EXAMPLE 5 | 1 
Solve: 3 rad 5 4=-4 


Strategy We will isolate [3x = 5| on the left side of the equation and then write 
and solve an equivalent compound equation. 


WHY After isolating the absolute value expression on the left, the resulting 
equation will have the desired form |x| = k. 


Solution 
1 
3 a* 5 4 = —4 This is the equation to solve. 
1 
3 3% —5]|=0 Add 4 to both sides. 
1 
3% —5]|=0 Divide both sides by 3. 


Since 0 is the only number whose absolute value is 0, the expression 5x — 5 must 
be 0, and we have 


1 
5x -5=0 
5 
1 
a 5 Add 5 to both sides. 
x= 10 Multiply both sides by 2. 
The solution is 10. Verify that it satisfies the original equation. 4 


IER Solve equations with two absolute values. 


The equation |a| = |b|is true when a = b or when a = —b. For example, 
[3] = |3| or (3) =\|=3| 
1 | t t 
These are the same number. These numbers are opposites. 


In general, the following statement is true. 


Solving Equations with Two Absolute Values 


If X and Y represent algebraic expressions, the equation|X| = | Y|is 
equivalent to 


X=Y 
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| EXAMPLE 6 | Solve: |5x + 3] = |3x + 25| 


Strategy We will write and solve an equivalent compound equation. 
WHY We can use this approach because the equation is of the form|X]| = | Y]. 


Solution 
This equation is true when 5x + 3 = 3x + 25, or when 5x + 3 = —(3x + 25). We 
solve each equation for x. 


Sx +3 = 3x + 25 or 5x +3 = —(3x + 25) 


2x = 22 5x +3 = —3x — 25 
x=11 8x = —28 
28 
oa, 
7 
ra 


Verify that both solutions, 11 and — i check by substituting them into the original 
equation. i 


IZ3 Solve inequalities of the form|x| < k. 


To solve the absolute value inequality |x| <5, we 5 units 5 units 
must find the coordinates of all points on a number ¢ ) 


line that are less than 5 units from the origin. See aks 0 6 
the figure. Thus, x is between —5 and 5, and 


|x] <5 isequivalentto -5<x<5 


In general, the solution set of the absolute 
value inequality |x| < k where k > 0 includes the -k 0 k 
coordinates of the points on the number line that 
are less than & units from the origin. See the figure. 


Solving |x| < k and|x| =k 


—-k<x<k 


—-ksxsk 


where k > 0 


where k = 0 


lx] <k 


|x] =k 


is equivalent to 


is equivalent to 


| EXAMPLE 7 | Solve |2x — 3| < 9 and graph the solution set. 


Strategy To solve this absolute value inequality, we will write and solve an 
equivalent double inequality. 


WHY We can use this approach because the inequality is of the form |x| < k, 
and k is positive. 


Solution 
The absolute value inequality |2x — 3| < 9 is equivalent to the double inequality. 
=9: 25 = 3-9 


Now we solve for x. 


—9<2x-3<9 
-6<2x < 12 Add 3 to all three parts. 
—3<x<6 Divide all parts by 2. 


Any number between —3 and 6 is in the solution set. 
This is the interval (—3, 6); its graph is shown in the as 6 
figure to the right. al 


Self Check 6 
Solve: |2x — 3| = |4x + 9| 


Now Try Problem 58 
Self Check 6 Answer 
=i =6 


Teaching Example 6 Solve: 
|4x + 2| = |x -4| 
Answer: 

2 
-2, 3 


Self Check 7 


Solve |3x + 2| <4 and graph the 
solution set. 


Now Try Problem 68 


Self Check 7 Answer 
3 
(= 2, 5) <<) > 
=) 2/3 


Teaching Example 7 Solve 
|3x — 1| < 8 and graph the solution 
set. 
Answer: 
(-2,3)-——j-_—- 
# =f 3 
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Self Check 8 


TOLERANCES Refer to Example 8. 


Find the tolerance range if the 
tolerance is + 0.0015. 


Now Try Problem 103 
Self Check 8 Answer 
[2.8985, 2.9015] 


Teaching Example 8 TOLERANCES 
Refer to Example 8. Find the tolerance 
range if the tolerance is + 0.00015. 
Answer: 

[2.89985, 2.90015] 


SUAS Tolerances 
When manufactured parts are 2.900 —>] 
inspected by a quality control 
engineer, they are classified as 
acceptable if each dimension falls 
within a given tolerance range of the rs -Pe 
dimensions listed on the blueprint. 
For the bracket shown in_ the 
diagram below, the distance between 
the two drilled holes is given as 2.900 
inches. Because the tolerance is Unless otherwise | Bracket Assembly 
+0.015 inch, this distance can be as specified, dimen- _ | Drawing CC14-568 
much as 0.015 inch longer or 0.015 Eaake ones EAE SS , 

| Tolerances +0.015 Sheet 1 | Size A 


inch shorter, and the part will be 
considered acceptable. The accept- 
able distance d between holes can be 
represented by the absolute value inequality |d — 2.900| = 0.015. Solve the 
inequality and explain the result. 


Strategy To solve |d — 2.900| = 0.015, we will write and solve an equivalent 
double inequality. 


WHY We can use this approach because the inequality is of the form |x| < k, 
and k is positive. 


Solution 
|d — 2.900| = 0.015 is equivalent to —0.015 = d — 2.900 = 0.015 
Now we solve for d. 
—0.015 = d — 2.900 = 0.015 


2.885 = d = 2.915 


This is the double inequality to solve. 


To isolate d, add 2.900 to all three parts. 


The solution set is the interval [2.885, 2.915]. This means that the distance 
between the two holes should be between 2.885 and 2.915 inches, inclusive. If the 
distance is less than 2.885 inches or more than 2.915 inches, the part should be 
rejected. a 


EB Solve inequalities of the form|x| > k. 


To solve the absolute value inequality |x| > 5, we must find the coordinates of all 
points on a number line that are more than 5 units from the origin. These numbers 
are left of —5 or right of 5. 


The solution set can be written as the compound inequality x < —5 or x > 5. In 
interval notation the solution set can be written as (~~, —5) U (5, ~). 
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In general, the solution set of |x| >k ) é 


includes the coordinates of the points on the -k k 
number line that are more than k units from the 


origin. See the figure. Thus, 
|x| >k isequivalentto x<—korx>k 


The word or indicates an either/or situation. It is only necessary that x satisfy 
one of the two conditions to be in the solution set. 


Solving |x| > k and|x| =k 


If k = 0, then 


x<—-k or x>k 


x=-k or x=k 


|x| >k 


|x] =k 


is equivalent to 


is equivalent to 


Solve 


3 

ae | = 6 and graph the solution set. 

Strategy To solve this absolute value inequality, we will write and solve an 
equivalent compound inequality. 


WHY We can use this approach because the inequality is of the form |x| = k, 
and k is positive. 


Solution 


3 
The absolute value inequality = | = 6 is equivalent to 


Now we solve each inequality for x. 


3x 


; = -6 or 5 26 
3 —x = —30 3 —x = 30 Multiply both sides by 5. 
—x = —33 —x =27 Subtract 3 from both sides. 
x = 33 xX = —27 _ Divide both sides by —1 and reverse the 


direction of the inequality symbol. 


The solution set is the interval (—%, —27] U [33, ©). 


Its graph appears in the figure to the right. 27 33 ia 


Solve 


2 
qe =2 | — 3 > 6 and graph the solution set. 


2 
Strategy We will first isolate 3x 2 | on the left side of the inequality and 


write and solve an equivalent compound inequality. 


WHY After isolating the absolute value expression, the resulting inequality will 
have the form|x| > k, and k is positive. 


Solution 


We add 3 to both sides to isolate the absolute value on the left-hand side. Vv 


Self Check 9 


2 — 
Solve 3 | = land graph 


the solution set. 


Now Try Problem 77 
Self Check 9 Answer 
(=3;,=2] U6, *) 


—SS4 oR 


2 6 


Teaching Example 9 Solve 


ad > 3 and graph the solution set. 
Answer: 


(3% EW 1) ee} — ee 
al 


Self Check 10 


Solve ox +2 —1>3and 


graph the solution set. 


Now Try Problem 78 
Self Check 10 Answer 


(-=, -8) U (5, =) 


-8 8/3 
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Teaching Example 10 Solve 
[3x - 1| +2 7and graph the 5x -—2|-—3>6  Thisis the inequality to solve. 


3 
solution set. 
Answer: 2 
=x —2 | >9 Add 3to both sides to isolate the absolute value. 
(- 3] U [10, 20) Fae 3 
3 20 
3 
We then proceed as follows: 


2 2 
a 2 or ge 
2 2 
3% a7] 3% > 11 = Add 2 to both sides. 
2K = = 21. 2x > 33 Multiply both sides by 3. 
21 33 
SS xX > — _ Divide both sides by 2. 
2 2 
The solution set is (-~, -21) U (3, oo). Its graph ) ¢ 
appears to the right. -21/2 33/2 a 


The following summary shows how we can interpret absolute value in three 
ways. Assume k is positive. 


Geometric description Graphic description Algebraic description 
1. |x| = k means that a a cs a |x| = kis equivalent to 
x is k units from 0 x =korx = —k. 


on the number line. 


2. |x| <A means that x ————— |x| < kis equivalent to 


is less than k units —k<x<k. 
from 0 on the number line. 


3. |x| > k means that x . > ¢ » |x| > kis equivalent to 


is more than k units x >korx< —k. 
from 0 on the number line. 


Using Your CALCULATOR Solving Absolute Value Inequalities 


We can also solve absolute value inequalities 
using a graphing calculator. For example, to solve 
|2x — 3| < 9, we graph the equations 

y = |2x — 3]|and y = 9 on the same coordinate 
system. If we use settings of [—5, 15] for x and 
[—5, 15] for y, we get the graph shown to the right. 


The inequality |2x — 3| < 9 will be true for all 

x-coordinates of points that lie on the graph of y = |2x — 3|and below the 
graph of y = 9. Using the TRACE or INTERSECT feature, we can see that 
these values of x are in the interval (—3, 6). 


1.a.3 b. 100.99 «27 d.2 2. a. 24,-24 b. 3,- 


1 
2 
b. nosolution 4, 7.5,2.5 5.-6 6. —1,-6 7. (—2,3)<—¢——_—_ ys 


-2 2/3 


8. [2.8985, 2.9015] 9. (—%, —2] U [6, ©) qm 


10. (—0, -8) U (§, 0) een 


STUDY SET 
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I VOCABULARY 
Fill in the blanks. 
1. |2x — 1| = 10 is an absolute value equation _, 


2. |2x — 1| > 10 is an absolute value inequality _, 


| CONCEPTS 
Fill in the blanks. 


3. To _isolate_ the absolute value in|3 — x| — 4 = 5, we 
add 4 to both sides. 


4. |x| = 2 is equivalent tox = 2orx = —2. 

5. |x| = 0 for all real numbers x. 

6. Ifx <0, |x| = —x. 

7. Tosolve|x| > 5, we must find the coordinates of all 


points on a number line that are _more than_ 5 units 
from 0. 


8. To solve|x| = 5, we must find the coordinates of all 
points on a number line that are _5_ units from 0. 


9. To solve |x| < 5, we must find the coordinates of all 
points on a number line that are _!ess than 5_ ynits 
from 0. 


10. The equation|a| = |b|is true when a = b or when 
a= ig. 


Determine whether —3 is a solution of the given equation or 
inequality. 

11. |x — 1| =4 yes 
13. |x —1| <4 yes 


12. |x —1| >4 no 
14. |5 — x| = |x + 12] no 


For each absolute value equation or inequality, write an 
equivalent compound equation or inequality. 


15. |x| =8 16. |x| =8 
x = 8orx = —8 = -SOrx Ss 
17. |x| =8 18. [5x — 1| = |x + 3| 
=827=5 y= 124+ 30r5% = 1 (z+ 3) 
I NOTATION 
19. Match each equation or inequality with its graph. 
a. |x| = 1 ii i, <_———_}_> 
-1 1 
b. |x| > 1 iii ii, <— —— —> 
-1 1 
« |x| <1 i ii. <——j—_—> 


20. Match each graph with its corresponding equation or 


inequality. 

a. <—e—_e—_> iii i. |x| =2 
a 

bt} $f i ii. |x| = 2 
2 2 

Cc <«—_L—_—_- li iii. |x| =2 
2 2 


Write each compound inequality as an inequality containing 
absolute value symbols. 


21. -4<x <4 |x| <4 

22. x < —4o0rx > 4 |x| >4 

23. x +3 < —-60rx+3>6|x+3|>6 
24. -5=x-3=5|x-3\| <5 


[| GUIDED PRACTICE 


Find the value of each expression. See Example 1. 


25. |8| 8 26. |—18] 1s 
27. —|0.02| —0.02 p> 28. —|—3.14| -3.14 
31 25 ‘ 
29. -| 2 -i 30. -| a -2 
a TT 
31. |a| 7 32.) — > | 5 
33. 5|—5| 25 34. 9|-1] 9 
1 1 
. —5|-4| -2 . —16| —— | -4 
35. —5 | 36 5 i | 


Solve each equation. See Example 2. 
p> 37. |x| = 23 23, -23 38. 
39. |t| = —5 © 40. 


x| = 90 90, -90 
m| = —-7@ 


Solve each equation. See Example 3. 


41, 3x + 2| = 16 3-6 p 42. |Sx — 3| = 225,-2 


2. 
> 43. in+3|=-50 44. 5 #10 =0 -15 
45. |3 — 4x| =52 -9.3 46. |8 — 5x| = 18 2, -2 
1 
47. 5x2] =04 48. |4x + 3| = -2 © 


Solve each equation. See Examples 4-5. 
49. |x + 3| +7= 10 50. |x — 2| +3 =5 


Oi =6 0,4 
+4 Ax — 64 

e+) _4=8 ps2 BoA) a= 34 
3 4 

—4, —28 48, —16 
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1 
53, [3x +1|+2=6 s4.2| x-1| 41-5 


5 
=F 


55. 2|3x + 24| =0 -8 


6, -2 
56. 5|x — 21| = -8 @ 


Solve each equation. See Example 6. 


57. |2x + 1| = |3x + 3| B58. [5x —7| = |4x +1 
4 8 as 
x 5 *3 
59. |2 —x| = |3x + 2| 60. |4x + 3| = |9 — 2x 
a 1-6 
61. Z42| = za 2 62. |5x — 3] = [5 — 3x 
0 t=] 
6s ke) Sees) ek ems ee 
-|e4taz]} =k ema ye 
4 —15 
= 8 


Solve each inequality. Write the solution set in interval notation 
and if it is nonempty, graph it. See Examples 7-8. 


65. |x| <4 66. |x| <9 
(—4, 4) {es} > (—9, 9) <n} $< 
—4 4 = 9 
> 67. |x + 9| = 12 68. |x — 8| = 12 
CC _ re  — —— oe 
—21 3 -4 20 
69. [3x — 2| < 10 70. |4 — 3x| = 13 
(-5.4) [-3.3] 
-8/3 4 2 17/3 
71, (3x + 2| =-3 © > 72. [5x — 12| < -5 @ 


Solve each inequality. Write the solution set in interval notation 
and if it is nonempty, graph it. See Examples 9-10. 


73. |x| >3 74, |x| +2>9 
(—%, —3) U (3, ©) (—%, —7) U (7, #) 
—}H$H ——_$_—_—_ 
=3 3 -7 7 


75. |x — 12| > 24 
(—%, —12) U (36, ) 


> 76. |x + 5| =7 
(—~, —12] U [2, ~) 


<= = 2 a 

ae >7 70, | = 2355 

(-~, 1) U (4, %) (—%, —10) U (15, ) 
—16/3 4 -10 15 


79. |4x + 3| > —-5 
ier) (2) 


0 0 


80. |7x + 2| > -8 


I TRY IT YOURSELF 


Solve each equation or inequality. For the inequalities, write the 
solution set in interval notation and graph it. 


82. |x + 4.3| = 8.9 


81. 


83. 


85. 


> 87. 


89. 


91. 


> 93. 


95. 


97. 


99. 


|x — 3.1] =6 
oA, =29 


8 = -1 + |0.3x — 3| 
40, —20 


|2 —3x| =8 > 


—|2e-3|<-7 p> 


7=2 
40, —20 


|0.3x — 3| 


x—-2 
3 
[-10, 14] 


| <4 


|7x + 12| = |x — 6| 
3 


=a = 


1 
jx+7| +5>6 


(—%, —24) U (-18, ~) 


|0.5x +1) +2<0 
a 


I APPLICATIONS 


> 101. TEMPERATURE RANGES The temperatures on 
a summer day satisfied the inequality |t — 78°| = 8°, 
where f is a temperature in degrees Fahrenheit. 
Solve this inequality and express the range of 
temperatures as a double inequality. 70° <7 = 86° 


OPERATING TEMPERATURES A car CD 
player has an operating temperature of 

|t — 40°| < 80°, where ¢ is a temperature in degrees 
Fahrenheit. Solve the inequality and express this 
range of temperatures as an interval. (—40°, 120°) 


> 102. 


84. 


86. 


92. 


96. 


98. 


100. 


4.6, —13.2 


1=1 
=60;,,—100 


|O.1x + 8| 


|-1 —2x| >5 


(—», —3) U (2, ) 


<—<—}-_$_— 


-3 Zz 


. —|3x + 1| < -8 


(—», -3) U (3, =) 


-3 71/3 
2=3-|02x%+4| 
=, =45 


| >4 


(—2, —10) U (14, ~) 


-10 14 


~|8 —x| = |x +2] 


3 


-2|3x — 4| < 16 


(—~, 2) 
es 

0 
-70=5+ |x+4| 
2) 
15 =7— |1.4x + 9| 
(=e) 


0 
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> 103. AUTO MECHANICS On most cars, the bottoms of P 106. ERROR ANALYSIS See Exercise 105. 


the front wheels are closer together than the tops, a. Which measurements satisfy the absolute value 
creating a camber angle. This lessens road shock to inequality |p — 25.46| > 1.00? 

the steering system. The specifications for a certain 22.91%, 26.49% 

car state that the camber angle c of its wheels should b. What can be said about the amount of error for 


° ° 
De tie anes each of the trials listed in part a? 
a. Express the range with an inequality containing It is more than 1%. 
absolute value symbols. |c — 0.6°) = 0.5° 


b. Solve the inequality and express this range of f WRITING 
camber angles as an interval. {0.1°, 1.1°| 107. Explain how to find the absolute value of a given 
number. 
p> 108. Explain why the equation|x — 4| = —5 has no 
solutions. 


109. Explain the use of parentheses and brackets when 
graphing inequalities. 

110. Explain the differences between the solution set of 
|x| <8 and the solution set of |x| > 8. 

111. Explain how to use the 
graph to solve|x — 2| <3. 

> 104. STEEL PRODUCTION A sheet of steel is to be 112. Explain how to use the 

0.250 inch thick with a tolerance of 0.025 inch. graph to solve |x — 2| = 3. 


a. Express this specification with an 
inequality containing absolute value symbols, 
using x to represent the thickness of a sheet of 
steel. |x — 0.250| < 0.025 


b. Solve the inequality and express the range of J REVIEW 
thickness as an interval. 0.225, 0.275] 


> 105. ERROR ANALYSIS In a lab, students measured 
the percent of copper p in a sample of copper 
sulfate. The students know that copper sulfate is 
actually 25.46% copper by mass. They are to 
compare their results to the actual value and find the 
amount of experimental error. 


For problems 113 and 114 refer to the illustration. 


113. RAILROAD 
CROSSINGS The 
warning sign in the 
illustration is to be 
painted on the street in 
front of a railroad 
crossing. If y is 30° 
more than twice x, find 
x and y. 50°, 130° 


a. Which measurements shown satisfy the 


absolute value inequality |p — 25.46] < 1.00? 
26.45%, 24.76% 


b. What can be said about the amount of error for 


each of the trials listed in part a? > 114. GEOMETRY Refer to the illustration. Find 
It is less than or equal to 1%. 2x + 2y. 360° 


Lab 4 Section A 
Title: 

"Percent copper (Cu) in 

copper sulfate (CuS04'5H0)" 


Results 
‘% Copper 
Trial #1: 22.91% 
Trial #2: 26.45% 
Trial #3: 26.49% 


Trial #4: 24.76% 
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Objectives 
1 | Graph linear inequalities. 


| 2 | Graph inequalities with a 
boundary through the origin. 

3 | Graph inequalities having 
horizontal and vertical boundary 
lines. 


| 4 | Solve applied problems 
involving linear inequalities 
in two variables. 


Linear Inequalities in Two Variables 


In the first three sections of this chapter, we have worked with linear inequalities in 
one variable. Some examples are 


t= 7, 5< oi —=9: and 5(3 + z) > —3(z + 3) 


These inequalities have infinitely many solutions. When their solutions are graphed 
on a real number line, we obtain an interval. 

In this section, we will discuss linear inequalities in two variables. Some 
examples are 


y > 3x 4+ 2, 2x4 — 3y = 6, and y<2x 


Linear Inequalities in Two Variables 


A linear inequality in x and y is any inequality that can be written in the form 
Ax+By<C or Ax+By>C or Ax+ By=C or Ax+ By=C 


where A, B, and C represent real numbers and A and B are not both 0. 


The solutions of these inequalities are ordered pairs whose coordinates satisfy the 
inequality. We can graph their solutions on a rectangular coordinate system. 


iB Graph linear inequalities. 


The graph of a linear inequality in x and y is the graph of all ordered pairs (x, y) that 
satisfy the inequality. 

To graph the linear inequality y > 3x + 2, we begin by graphing the linear 
equation y = 3x + 2. Its graph, shown in figure (a) on the next page, is a boundary line 
that separates the rectangular coordinate plane into two regions called half-planes. It is 
drawn with a dashed line to show that it is not part of the graph of y > 3x + 2. 

To find which half-plane is the graph of y > 3x + 2, we can substitute the 
coordinates of any point in either half-plane. We will choose the origin as the test 
point because its coordinates, (0, 0), make the computations easy. We substitute 0 for 
x and 0 for y into the inequality and simplify. 


Check the test point (0, 0): 

y>3x+2 This is the original inequality. 

o> 3(0) + 2 Substitute O for y and O for x. 

0>2 This statement is false. 
Since the coordinates of the origin do not satisfy y > 3x + 2, the origin and all the 
other points on that side of the boundary are not part of the graph of the inequality. 


Thus, the half-plane on the other side of the dashed line is the graph. We shade that 
region, as shown in figure (b). 
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The shaded half-plane The boundary line 
represents all the solutions is not included in 
y of the inequality y > 3x + 2 y the graph. 
i 
4) 4 
Half- y> 3x2), Af 
plane ; 7 
Test point 2 
(0,|0) A 
/ 
> xX L > xX 
4° 3~«43 2 3 4 23) 2) i 2 3 4 
1+ 
Halt A 4 
n 
; plane an 
/ This is the boundary 4 4 
H line ly = Bx +4 2. ji y=3x}-2 


Self Check 1 

Graph: 2x — 3y <6 oe 

Graph: 3x — 2y 26 
Strategy We will graph the equation 2x — 3y = 6 to establish a boundary line 
between two regions of the coordinate plane. Since the inequality symbol = includes 
an equal symbol, the graph of the boundary is drawn solid to show that it is part of 
the solution. Then we will determine which region contains points whose 
coordinates satisfy 2x — 3y = 6. 


WHY To graph a linear inequality in two variables means to draw a “picture” of 
the ordered pairs (x, y) that make the inequality true. 


Solution 
This inequality is the combination of the inequality 2x — 3y < 6 and the equation Now Try Problem 24 
2x — 3y = 6. 
We begin by graphing 2x — 3y = 6 to find the boundary line that separates Teaching Example 1 Graph: 
the two half-planes. We do so by noting that the line’s x-intercept is (3, 0) and its a 
y-intercept is (0, —2). This time, we draw the solid line shown in figure (a), sialic 
because equality is permitted by the symbol =. To decide which half-plane to ¥ 
shade, we check to see whether the coordinates of the origin satisfy the inequality. { a. 


Check the test point (0, 0): 


2x — 3y =6 This is the original inequality. 
2 
2(0) — 3(0) S$ 6 — Substitute O for x and O for y. 


0=6 This statement is true. 


The coordinates of the origin satisfy the inequality. In fact, the coordinates of 
every point on the same side of the boundary line as the origin satisfy the 
inequality. We then shade that half-plane to complete the graph of 2x — 3y = 6, 
shown in figure (b). 


Dx + 3yl< 6 
2 Test point | a 


(0,0) 


In this case, 
the edge is 
included. 
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Self Check 2 


Graph: y>-—x 


ha 
Ny a 
N 3 
2| 
St 
MN 
> 
a+ aoe © 
=| ~ 
—2. SS 
3 bh 
4 Sy 
X 


Now Try Problem 31 


Teaching Example 2 Graph: 
a ~}x 


Answer: 


Ema 
at 


4 Graph inequalities with a boundary through the origin. 


| EXAMPLE 2 | Graph: y < 2x 


Strategy We will graph the equation y = 2x to establish a boundary line. Since 
the inequality symbol < does not include an equal symbol, the graph of the 
boundary is drawn dashed to show that it is not part of the solution. Then we will 
determine which region contains points whose coordinates satisfy y < 2x. 


WHY To graph a linear inequality in two variables means to draw a “picture” of 
the ordered pairs (x, y) that make the inequality true. 


Solution 

To graph y = 2x, we use the fact that the equation is in slope-intercept form and 
that m = 2 = : and b = 0. Since the symbol < does not include an equal symbol, 
the points on the graph of y = 2x are not on the graph of y < 2x. We draw the 
boundary line as a dashed line to show this, as in figure (a) below. 

To decide which half-plane is the graph of y < 2x, we check to see whether 
the coordinates of some fixed point satisfy the inequality. We cannot use the 
origin as a test point, because the boundary line passes through the origin. 
However, we can choose a different point—say, (3, 1). 


Check the test point (3,1): 
y<2v This is the original inequality. 
2 
1< 2(3) Substitute 1 for y and 3 for x. 
1<6 This is a true statement. 
Since 1 < 6 is a true inequality, the point (3, 1) satisfies the inequality and is in 


the graph of y < 2x. We then shade the half-plane containing (3, 1), as shown in 
figure (b). 


y BA 
4 A 4 
4 i 4 4 
3 / Test point 3 d 
0 (ects / 
2. 7 2 T 


na ooo. x 
4+ 4 2 4 {ae 
a 
y= 2x 2 
’ 

ols 

/ 

: e y<2x 
i 
In this case, the edge is 
(a) not included. (b) 


The following is a summary of the procedure for graphing linear inequalities. 


Graphing Linear Inequalities in Two Variables 


Graph the boundary line of the region. If the inequality allows the 
possibility of equality (the symbol is either = or =), draw the boundary 
line as a solid line. If equality is not allowed (< or >), draw the boundary 
line as a dashed line. 


Pick a test point that is on one side of the boundary line. (Use the origin if 
possible.) Replace x and y in the original inequality with the coordinates 
of that point. If the inequality is satisfied, shade the side that contains that 
point. If the inequality is not satisfied, shade the other side. 
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EE Graph inequalities having horizontal and vertical 
boundary lines. 


Recall from Chapter 2 that the graph of the equation x = a is a vertical line with 
x-intercept at (a,0), and the graph of the equation y = 5 is a horizontal line 
with y-intercept at (0, b). 


Graph: x =-1 Self Check 3 


Graph: y<4 
Strategy We will graph the equation x = —1 to establish the boundary line. 
Then we will determine which region contains points whose coordinates satisfy 
the inequality x = —1. 6 
5 
WHY To graph a linear inequality in two variables means to draw a “picture” of Rel Ben aE paps zl 
the ordered pairs (x, y) that make the inequality true. GIES" 
2. 
Solution ESTs ow 
The graph of the boundary x = —1 is a vertical line passing through (—1, 0). We EB 
draw the boundary as a solid line to show that it is part of the solution. See 
figure (a). Now Try Problem 36 
In this case, we need not pick a test point. The inequality x = —1 is satisfied 
by points with an x-coordinate greater than or equal to —1. Points satisfying this Teaching Example 3 Graph: x <2 
condition lie to the right of the boundary. We shade that half-plane, as shown in Answer: 
figure (b), to complete the graph of x = —1. r 
X 
y y es EI 
A ang 
4 4 
3 3 { 
: 5 x 2|-1 
1 uy 
> XxX > XxX 
43 2 4 a ae coe ay af a i eo eh ee 
kK=-1 ” x=-1 i‘ 
2 2 
3 -3 
aaa 4 
(a) (b) i 


IZ¥ Solve applied problems involving linear inequalities 
in two variables. 


In the next example, we will solve a problem by writing a linear inequality in two 
variables to model a situation mathematically. 


| EXAMPLE 4 | Social Security Retirees, ages 62-65, can earn as much 


as $11,640 and still receive their full Social Security benefits. If their annual 
earnings exceed $11,640, their benefits are reduced. A 64-year-old retired woman 
receiving Social Security works two part-time jobs: one at the library, paying $485 
per week, and another at a pet store, paying $388 per week. Write an inequality 
representing the number of weeks the woman can work at each job during the 
year without losing any of her benefits. 


Analyze We need to find the various combinations of weeks she can work at the 
library and at the pet store so that her annual income is less than or equal to 
$11,640. v 
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Self Check 4 


BABYSITTING One babysitter 
charges $10 per hour and 
another charges $12 per hour. 
Marie can afford no more than 
$180 per month for babysitting. 
Write an inequality representing 
the number of hours Marie can 
hire the first babysitter, (x) and 
the number of hours that she can 
hire the second babysitter (y). 


x 
2 4 6 8 10 12 1416 18 20 


Now Try Problem 58 
Self Check 4 Answer 
10x + 12y < 180 


Teaching Example 4 GARDENING 
A nursery sells annuals for $1.00 per 
plant and perennials for $3.00 per 
plant. Beverly has budgeted no more 
than $30.00 on garden plants. Write an 
inequality that describes the possible 
combinations of number of annuals (x) 
and perennials (y) that she can 
purchase. Graph the inequality. 
Answer: 

x By = 30 


y 
f 


! 
3 YO 19 20' 2 30 


aX 


Form If we let x = the number of weeks she works at the library, she will earn 
$485x annually. If we let y = the number of weeks she works at the pet store, she 
will earn $388y annually. Combining the income from these jobs, the total is not to 
exceed $11,640. 


the weeks the weekl the weeks 
The weekly y should 
worked on rate on worked on 
rateonthe - ' us . not $11,640. 
: : the library the pet the pet 
library job ; : ; exceed 
job store job store job 
$485 . x + $388 . y < $11,640 


Solve The graph of 485x + 388y <= 11,640 is shown in the figure below. Since she 
cannot work a negative number of weeks, the graph has no meaning when x or y is 
negative, so only the first quadrant is used. 


State Any point in the shaded region indicates a way that she can schedule her 
work weeks and earn $11,640 or less annually. For example, if she works 8 weeks at 
the library and 16 weeks at the pet store, represented by the ordered pair (8, 16), 
she will earn 


$485(8) + $388(16) = $3,880 + $6,208 y 
= $10,088 
Check If she works 18 weeks at the library 
and 4 weeks at the pet store, represented by 
(18, 4), she will earn 
$485(18) + $388(4) = $8,730 + $1,552 
= $10,282 
which is less than $11,640. 
As an informal check, we will consider 


the earnings represented by a point that lies 
in the graph. 


485x + 388y < 11,640 


Weeks worked at the pet store 
No 
= 


4 8 12 16 20 24 28 
Weeks worked at the library 


Using Your CALCULATOR _ Graphing Inequalities 


Some graphing calculators (such as the TI-83 PLUS) have a graph style icon in 
the Y = editor. Some of the different graph styles are 


\ | line A straight line or curved graph is shown. | \Y; = 
NM above Shading covers the area aboveagraph. “WY, = 
& «below Shading covers the area belowa graph. b& Y; = 


We can change the icon in front of Y; by placing the cursor on it and pressing 
the |ENTER| key. 


To graph 2x — 3y = 6 of Example 1, we first write it in an equivalent form, 
with y isolated on the left-hand side. 


2x — 3y =6 
—3y = —-2x+6 Subtract 2x from both sides. 
Divide both sides by —3. Change the direction of the 
y2zyr- 


3 inequality symbol. 


4.4 Linear Inequalities in Two Variables 


We then change the graph style icon to above (“), because the inequality 

= 2x — 2 contains a = symbol. Using window settings of [—10, 10] for x and 
[—10, 10] for y, we enter the boundary equation y = bx — 2. See figure (a). 
Finally, we press the |GRAPH| key to get figure (b). 


To graph y < 2x from Example 2, we change the graph style icon to below 
(m), because the inequality contains a < symbol. Using window settings of 
[—10, 10] for x and [—10, 10] for y, we enter the boundary equation y = 2x 


and press the |GRAPH| key to get figure (c). 


Pioti Fake Plots 


(b) (c) 


If your calculator does not have a graph style icon, you can graph linear 
inequalities with a SHADE feature. To do so, consult your owner’s manual. 


It is important to note that graphing calculators do not distinguish between 
solid and broken lines to show whether or not the edge of a region is included 
within the graph. 


ANSWERS TO SELF CHECKS 


‘. 7 2. 
A 


3x +2y > 6 


> X 
2 4 6 8 10 12 1416 18 20 


STUDY SET 


| VOCABULARY p> 2. Graphs of linear inequalities are _half-planes_, 

Fillin the blanks. 3. The boundary line of a half-plane is called an _ge_. 

1. 4x — 2y = —8 is an example of a _linear_ inequality in 4. The graph of a linear inequality in x and y contains the 
_two_ variables. points (x, y) whose coordinates _satisly_ the inequality. 


P Selected exercises available online at 
www.webassign.net/brookscole 
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[| CONCEPTS I NOTATION 
Determine whether each ordered pair is a solution 17. Solve 2x + 4 = 8 (an inequality in one f 
of 3x — 2y = 5. variable) and graph its solution set. pi 
5. (3,1) yes 6. (0,3) no 18. Graph 2x + 4y = 8 (an 
1 inequality in two variables). 
7. (-1, -4) yes 8. (1.5) no 


Refer to the graph of a linear inequality shown below. Determine 
whether each point satisfies the inequality. 


9. (—1,4) yes ; ai 
10. (3, —2) no 
11. (0,0) yes 
12. (—3, —3) no 


Determine whether the graph of each inequality includes the 
boundary line. In each case, would the boundary be a solid ora 
dashed line? 


p> 19. y < 3x — 1 no,dashed p> 20. 2x + 3y = —6 yes,solid 
p> 21. y = —10 yes, solid p> 22. x > 1 no, dashed 


13. To graph the inequality y > 3x — 1, we begin by 
graphing the boundary line y = 3x — 1 Find the slope I GUIDED PRACTICE 


m of the line and find its y-intercept. m = 3, (0, —1) Graph each inequality. See Example 1. 


> 14. To graph the inequality 2x + 3y S —6, we begin by 23. x+y <6 24. x—2y=4 
graphing the boundary line 2x + 3y = —6. Find 
its x- and y-intercepts. (—3, 0), (0, —2) y y 

15. ZOOS To determine the allowable number of 
juvenile chimpanzees x and adult chimpanzees y that 
can live in an enclosure, a zookeeper refers to the 
following graph. Can 7 juvenile and 4 adult chimps be 
kept in the enclosure? no 


y 


Unacceptable 


eENWEKRUN AX 0 


Number of adult chimps 


x 
1234567 89101112 
Number of juvenile chimps 


ax <—3y= 12 

> 16. The dashed boundary for the 
graph of a linear inequality is 
shown. Why can’t the origin be 
used as a test point to determine 


which side to shade? By y 
The test point must be on one side al 4 f 
yon + 1 ? 7 
of the boundary. ae 3|— 6 
Ey ¢- 2 4 
Ay=HxX+1 / 
: ty 
43441, i3447)* 44-1 |e eal * 
“ad ie yl= Rx|- ly 
7 3 (33 
2 4 cA ee feo aL 
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I TRY IT YOURSELF 


Simplify each expression and graph the resulting inequality. 


39. 3x ty >2+x > 40. 3x -y>ot+y 
y BY 
¥ F ah | 
\axty>242 33L-2y = 6,7 
2 q 2 7 
1 \ 1 cA 
3 2-1 ieee * -3 -2 -1 1 a % 
+ 4 \ {$+ 14 tf 
2. 4 244 
wty=2\ Fi 3x-y>6+y 
Graph each inequality. See Example 2. MN E 


31. y=x > 32. y= 2x 
41. ax +1) =3( -%) 42. 3x +1<—2(y+ 1) 


=3|—S- 
\ 
33. 2y < —-x 34. 3y >x Ax+1)> B(v- +) eq Ie MO FD 
y y 
xy x yy 
43. >+>=2 44.>- 21 
: ‘) By bx 2 2 if 3 2 
2y == : 
—= $ 2 2 
ae 1 1 i 
+3341 MO2 3 yri* “1 oi 12 § ali 
5 Bp a7 By |= Ko 
=3 3 
5 | Peyiss 4 
Graph each inequality. See Example 3. 
35. x <4 > 36. y= -2 
y y Find the equation of the boundary line and find the inequality 
A } A ; 
d x<4 | : ye whose graph is shown. 
1 ! 2 45. > 46. y 
2-1 ee 5 6 x : 
me 1 ine eel * 2 
re 1x = 4 ide PO Ul 
4 } 3 Y=r4 1 ss 
5 ! 4 += 
t 
3x + 2y > 6 
47. y > 48. 
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Use a graphing calculator to graph each inequality. 


49. 


51. 


y <027x - 1 


y= 2.37% +15 


I APPLICATIONS 


> 53. GEOGRAPHY A region of the continental United 
States is shaded in the following map. 


54. 


50. y > —3.5x + 2.7 


52. y <3.37x — 1.7 


. What is the boundary that separates the shaded 


and unshaded regions? the Mississippi River 


S 


In words, describe the shaded area with respect to 


the boundary. 
the area of the U.S. west of the Mississippi River 


THE KOREAN WAR 
After World War II, the 
38th parallel of north 
latitude was established 
as the boundary between 
North Korea and South 
Korea. The Korean War 
began on June 25, 1950, 
when the North Korean 
army crossed this line and 
invaded South Korea. In 
the illustration, shade the 
region of the Korean 
Peninsula south of the 
38th parallel. 


North 


Korea | 


e 
~ Pyongyong 


* Seoul 


Yellow South 


Sea Korea 


Write a linear inequality that models the situation. Then graph 
each inequality for nonnegative values of x and y and give three 
ordered pairs that satisfy the inequality. 


> 55. 


> 56. 


> 57. 


RESTAURANT 


y 
SEATING As part of a 4 
remodeling project, a 40 
restaurant owner will install 30 


new booths that seat 4 
persons, and new tables that 7° 4x4 6y $120 

seat 6 persons. The overall 10 a 

seating must conform to the wl x 
sign shown below. Write an 10 20 30 40 
inequality that describes the 

possible combinations of booths (x) and tables (y) that 


the owner can install. (5, 15), (15, 10), (20, 5); 
answers may vary 


GARDENING During an y 
Arbor Day sale, a garden 


store sold more than 20) 100x + 125y > 2,000 
$2,000 worth of maple and iskx 

pine trees. If a 6-foot maple ~AS 

costs $100 and a 5-foot _ I 

pine costs $125, write an 5 tS 
inequality that shows the “Sa =. 
possible ways that maple 2D ty 20 


trees (x) and pine trees (y) 
were sold. (0, 17), (5, 20), (15, 10); answers may vary 


SPORTING GOODS A y 
sporting goods manufacturer A 
allocates at least 1,200 units 120 
of time per day to make go 10x + 15y = 1,200 
fishing rods and reels. If it 
takes 10 units of time to 
make a rod and 15 units of 
time to make a reel, write an 
inequality that describes the 
possible ways to schedule the time to make rods 


(x) and reels (y). 
(40, 80), (80, 80), (120, 40); answers may vary 


40 


40. 80 120 
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> 58. HOUSEKEEPING One y p> 60. Explain how to determine which side of the boundary 
housekeeper charges $12 per + of the graph of a linear inequality should be shaded. 
hour, and another charges $9 
per hour. If Sarah can afford J REVIEW 
no more than $54 per month Determine whether the ordered pair ( — 4, 3) is a solution of the 
to clean her house, write an 12x +/9y <'54 system of linear equations. 
inequality that describes the byiae gine 49 y=2+11 
possible number of hours mx 61. yes PB 62. 4; no 
that she can hire the first 3x + 2y = —6 2+y=0 


housekeeper (x) and the second housekeeper (y). 
12x + 9y = 54; (2, 3), (3, 2), (1, 4); answers may vary 


x+y=4 x , =-2 
I WRITING ee: e seni ams ae + 0.02y = 0.03 
G, 1) (=1,2) 


Solve each system of equations. 


59. Explain how to determine where to draw the 
boundary of the graph of a linear inequality, and 
whether to draw it as a solid or a dashed line. 


-TION 


q Objectives 


Systems of Linear Inequalities [IB Solve systems of linear 
inequalities. 


| 2 | Graph compound inequalities. 


We have discussed how to solve systems of linear equations by the graphing method. 
For example, to solve 


3 | Solve problems involving 
{ y=-xt+1 systems of linear inequalities. 
2x -—y=2 


we graph both equations on the same set of coordinate axes and find the coordinates 
of the point of intersection of the straight lines. 

In this section, we will discuss how to solve systems of linear inequalities 
graphically such as 


aa 
2x —y>2 


EB Solve systems of linear inequalities. 


When the solution of a linear inequality in x and y is graphed, the result is a half- 
plane. To solve a system of linear inequalities, we graph each of the inequalities on 
one set of coordinate axes and look for the intersection, or overlap, of the shaded 


half-planes. 
Self Check 1 
Graph the solution set of: . aia +y2=1 
P " [2x -y>2 Graph: . oe 
2x -—y<2 

Strategy We will graph the solutions of y< —x +1 in one color and the 

solutions of 2x — y >2 in another color on the same rectangular coordinate 
system. : 


WHY We can then see where the graphs of the two inequalities intersect. This is 
the solution set on the system. 


4324/7 


Solution 2 yea 
To graph y = —x + 1, we graph the boundary y = —x + 1, as shown in figure (a) ans 
on the next page. Since the edge is to be included, we draw it as a solid line. To 
determine which half-plane to shade, we use the origin as a test point. Because the VY = Now Try Problem 22 
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Teaching Example 1 Graph: 


. >2x-1 
ae y= 6 
Answer: 


Ayi=Px=1 


mS 
Y 


coordinates of the origin satisfy y = 
containing the origin. 


—x + 1, we shade (in red) the half-plane 


In figure (b), we superimpose the graph of 2x — y >2 on the graph of 
y = —x + 1so that we can determine the points that the graphs have in common. 
To graph 2x — y > 2, we graph the boundary 2x — y = 2 as a dashed line. Since 
the test point (0, 0) does not satisfy 2x — y > 2, we then shade (in blue) the half- 


plane that does not contain (0, 0). 


The area that is shaded twice represents the solutions of the given system. 
Any point in the doubly shaded region in purple (including the purple portion of 
one of the boundaries) has coordinates that satisfy both inequalities. 


y= -xti1 
We graph this line using 
the slope and y-intercept. 


1 
b=1 0 
y-intercept: (0, 1) 1 


2x-y=2 


We graph this line using 
the intercept method. 


y @y) 

—2| ©, -2) 

0 | 40) 
y 


The solutions of the 
system are shaded 
+ in purple. The purple 
y region is the intersection 
or overlap of the red and 
blue regions. 


yar l 2x yl= 2 
7 


The graph of yS—x + 1 
is shaded in red. 


(a) 


The graph of 2x — y > 2 is shaded in blue. 
It is drawn over the graph of y <—x + 1. 


(b) @ 


Using Your CALCULATOR Solving Systems of Inequalities 


To solve the system of Example 1 with a graphing calculator, we can use 
window settings of x = [—10, 10] and y = [—10, 10]. To graph y S —x + 1, we 
enter the boundary equation y = —x + 1 and change the graph style icon to 
below (m). See figure (a). To graph 2x — y > 2, we first write it in equivalent 
form as y < 2x — 2. Then we enter the boundary equation y = 2x — 2 and 
change the graph style icon to below (). See figure (a). Finally, we press the 


GRAPH | key to obtain figure (b). 


Floti Floti Plots 
wi -K+1 
wrebea-Z 
ac 

a 


sos 
a= 
ships 
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In general, to solve systems of linear inequalities, we will follow these steps. 


Solving Systems of Linear Inequalities 


Graph each inequality on the same rectangular coordinate system. 

Use shading to highlight the intersection of the graphs (the region where the 
graphs overlap). The points in this region are the solutions of the system. 

As an informal check, pick a point from the region and verify that its 
coordinates satisfy each inequality of the original system. 


| EXAMPLE 2 | x=1 


Graph the solution set of: {y= x 


4x + 5y < 20 


Strategy We will graph the solutions of x = 1, y = x, and 4x + 5y < 20 on the 
same coordinate system. 


WHY We can then see where the graphs of the three inequalities intersect. This 
is the solution set of the system. 


Solution 
We will find the graph of the solution set of the system in stages, using three graphs. 
The graph of x = 1 includes the points that lie on the graph of x = 1 and to 
the right, as shown in red in figure (a). 
Figure (b) shows the graph of x = 1 and the graph of y = x. The graph of 
y = x, in blue, includes the points that lie on the graph of the boundary y = x and 
above it. 


The graph of x 2 1 is shaded in red. 
(a) (b) 


The graph of y = x is shaded in blue. 


x y 
A A 
>. 5 5 
nN. 
s Baal 
a 4 
N yox 
3 3 
2 2 
T 1 
bet > XxX > X 
-l -l 1 2 3 4 5 6 7 
i— -1 
—2. —2 
—3- 3 


The graph of 4x + Sy < 20 
is shaded in grey. 


(c) 


This is the graph of the 
solution of the system. 


(d) 


Self Check 2 


Graph the solution set of: 
x=0 
ys 0 


Now Try Problem 26 


Teaching Example 2 Graph the 


2=0 
solution set of: jy =—x+3 
2x = 3y <6 
Answer: 
y 
x|=| Of ne 
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Figure (c) shows the graph of x = 1, y = x, and 4x + Sy < 20. The graph of 
4x + Sy < 20 includes the points that lie below the graph of the boundary 
4x + Sy = 20. 

The graph of the solution of the system includes the points that lie within the 
shaded triangle together with the points on the two sides of the triangle that are 
drawn with solid line segments, as shown in figure (d). 


Check: Pick a point in the shaded region, such as (1.5, 2), and show that it satisfies 
each inequality of the system. i 


3 Graph compound inequalities. 


We have graphed the solution set of double linear inequalities, such as 2 < x = 5, on 
a number line. These inequalities contained only one variable. In the next example, 
we will graph the solution set of 2 <= x = 5 in the context of two variables. In this 
case, we use the rectangular coordinate system. 


Self Check 3 | EXAMPLE 3 | : ) 
a a Graph 2 < x = 5 on the rectangular coordinate plane. 


Graph: -2=y<3 
Strategy We will write the double inequality 2 < x <5 as an equivalent system 


of inequalities. Then we will graph the system. 
, 4 . . . . 
Pe ~ WHY The compound inequality 2 < x < 5 is equivalent to2 <x andx <5. 
i minded Solution 
= SSE ol . . . . . 
Sem meee maa ~ The compound inequality 2 < x = 5 is equivalent to the following system of two 
Mie linear inequalities: 
sl Sa 3 
+ ° <x 
x=5 
Now Try Problem 30 
The graph of 2 < x, shown in the figure in y x=2 x=5 
Teaching Example 3 Graph red, is the half-plane to the right of the vertical i t 
= ; ‘ 5 asia 
died nb inhiliciadiasa ane line x = 2. The graph of x = 5, shown in the | 
coordinate plane 4 —— 


figure in blue, includes the line x = 5 and the 
half-plane to its left. The graph of 2<x=5 
will contain all points in the plane that satisfy 
the inequalities 2 = x and x = 5 simultaneously 
(at the same time). These points are in the 
purple-shaded region of the figure. 


|_| 


Answer: 


Sl estos iaeiaetaslont pieeta plete iene ion 


a 
To graph a compound inequality containing 4=3 
the word or in the rectangular coordinate system, i 
we sketch the union of the solution sets of the | 
inequalities involved. For example, the figure xg-2 | 
shows the graph of the compound inequality ae | 
t 
x= -2orx>3 ~~ 
> xX 


7 


in the rectangular coordinate system. + 


|e -p-fe-- 
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EB Solve problems involving systems of linear inequalities. 


| EXAMPLE 4 | Landscaping A homeowner has a budget of $300 to 


$600 for trees and bushes to landscape his yard. After some shopping, he finds 
that good trees cost $150 and mature bushes cost $75. What combinations of trees 
and bushes can he afford to buy? 


Analyze We need to find the number of trees and the number of bushes that the 
homeowner can afford. This suggests we should use two variables. We know that he 
is willing to spend at least $300 and at most $600 for trees and bushes. These phrases 
suggest that we should write two inequalities that model the situation. 


Form If x = the number of trees purchased, then $150x will be the cost of the 
trees. If y = the number of bushes purchased, then $75y will be the cost of the 
bushes. We know that the homeowner wants the sum of these costs to be from $300 
to $600. We can then form the following system of linear inequalities. 


the number the number should 
The cost the cost 
of trees _ plus ofbushes beat $300. 
of a tree of a bush 
purchased purchased least 
$150 x + $75 y = $300 
the number the number should 
The cost the cost 
of trees _ plus ofbushes beat $600. 
of a tree of a bush 
purchased purchased most 
$150 + x + $75 y < $600 


Solve We graph the system 


ae + 75y = 300 
150x + 75y < 600 


as in the figure. The coordinates of each point shown in the red-shaded graph give 
a possible combination of trees (x) and bushes (y) that can be purchased. 


State The possible combinations of trees and bushes that can be purchased are 
given by 
(0, 4), (0, 5), (0, 6), (0, 7), (0, 8) 
(1, 2), (1, 3), (1, 4), (1, 5), (1, 6) 
(2, 0), (2, 1), (2, 2), (2, 3), (2, 4) 
(3, 0), (3, 1), (3, 2), (4, 0) 


The ordered pair (1, 6), for example, indicates that 
the homeowner can afford 1 tree and 6 bushes. 


Only these points can be used, because the 


y 
homeowner cannot buy a portion of a tree or A 
8 
a bush. 7 \150x + 75y = 600 
Check Check some of the ordered pairs to 3 6 
verify that they satisfy both inequalities. BB 5 
ml 
Because the homeowner cannot buy a Ce 
. oOo 
negative number of trees or bushes, we graph £83 
=} 
the system only for x = 0 and y = 0. Z 9 
150x + 75y = 300 


S > x 
123 45 6 
Number of trees 


purchased a 


Self Check 4 


BUYING MEDIA An electronics 
store sells CDs for $10 and 
DVDs for $20. Laurie wants to 
spend at least $100 but no more 
than $200 on (x) CDs and (y) 
DVDs. What combinations of 
CDs and DVDs can she afford to 
buy? 


Number of DVDs 
sa 8 


wn 


> Xx 
5 10 15 20 
Number of CDs 


Now Try Problem 51 

Self Check 4 Answer 

Some possible combinations are (2, 5), 
(3,5); answers may vary 


Teaching Example 4 INVESTING 
Marcia has at least $500 but no more 
than $1,000 to invest in stocks from two 
companies. Each share of ABC stock 
costs $5 per share, and each share of 
General Supply costs $20 per share. 
What combinations of shares of ABC 
and General Supply can she afford to 
buy? 

Answer: 

Some possible combinations are 

(25, 25) (30, 25); answers may vary 


100 


Number of shares 
of General Supply 


25 50 75 100 125 150175200 * 
Number of shares of ABC 
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"ANSWERS TO SELF CHECKS | 
. 2 y ca F ; ) 
| h 
4 4 
y=3 ” 
x=. bi a on —— ais Q 20 
SeRRRErOAS ee 
inna . BS Fi 
YiEHr4_3 y= ot a = F 
st a Z 


> xX 
5 10 15 20 
Number of CDs 


STUDY SET 


I VOCABULARY 15. C, inequality 1 true 16. C, inequality 2 irue 


Fill in the blanks. y 


4 e +y=2 Inequality it 

* lx = By > 10 

p 2. Ifa boundary line is included in the graph of an 
inequality, we draw it as a Solid _ line. 


is a system of linear _itequalities 


Inequality 2 


3. To solve a system of inequalities by graphing, we 
graph each inequality. The solution is the region 
where the graphs overlap or _intersect_, 


> 4. To determine which half-plane to shade when Match each equation, inequality, or system with the graph of its 


graphing a linear inequality, we see whether the solution. 
coordinates of a test Point satisfy the inequality. 17. 2x + y = 2 iii 18. 2x + y=2ii 
I CONCEPTS 19. ales 20. i tei 
x—~ y= a co 
Determine whether each ordered pair satisfies the system 
+y<2 
of linear inequalities . . . 10, 
Pm 5. (2, —3) yes pm 6. (12,-1) no 
p> 7. (0, —3) no > 8. (—0.5, —5) yes 


p> 9. Determine whether (—3, 10) satisfies the compound 
inequality —5 < x = 8 in the rectangular coordinate 
system. yes 


p> 10. Determine whether (—3, 3) satisfies the compound 
inequality y = O or y > 4 in the rectangular 
coordinate system. no 


In the illustration, the solution of one linear inequality is shaded 
in red, and the solution of a second linear inequality is shaded in 
blue. The intersection of these two regions is shaded in purple. 
Determine whether a true or false statement results if the 
coordinates of each point are substituted into the given 
inequality. 


11. A, inequality 1 false 12. A, inequality 2 true 
13. B, inequality 1 true 14. B, inequality 2 false 


P Selected exercises available online at 
www.webassign.net/brookscole 


[| GUIDED PRACTICE 


Graph the solution set of each system. See Example 1. 


ae one 
y2=2x4+1 


eee 
21. 
ys =2n + 3 


N 
—4 
3x +2y=165 


> 22. 


> XxX 
Io 2 


3a+ly = 1 


Graph the solution set of each system. See Example 2. 


yroueesS2 
p> 25. 
x<2 


> 27. 


y>-2 26. 


2x + 3y =6 
3x +ys1 
x=0 


> 35. 


4.5 Systems of Linear Inequalities 


Graph the solution set of each system. See Example 3. 
29. -2=x<0 > 30. -3<ysx-l 


—2<x<0L 


31. y< —2ory>3 > 32. -x=lorx =2 


I TRY IT YOURSELF 


Graph the solution set of each system of inequalities. 


2x < 3y x>2-y 
33. 34. 
2x + 3y = 12 x-y<-2 
y y 
w rn 7 
S, 6 ¢ 
S. 7 
we 5 an 
salt 
Sal 7 
7 7 * 3K 
op dah ttt aN 
~ 2x + 3y = 12 a en ea * 
es 4 xy 42] § 
4 zz a5 aa XS 
v3 #52 Dw 
a 
3x +ysl 
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on Mel 
. y>0 


i Use a graphing calculator to solve each system. 


oo. 
43. 
ys H=20 +3 


re ae 
y = 2(2x — 3) 


ae 


oe 
44. 
yo-x+4 


I APPLICATIONS 


> 47. FOOTBALL In 2003, the Green Bay Packers scored 
either a touchdown or a field goal 65.4% of the time 
when their offense was in the red zone. This was the 
best record in the NFL. If x represents the yard line 
the football is on, a team’s red zone is an area on their 
opponent’s half of the field that can be described by 


> 48. 


49. 


the system 


i 
x = 20 


Shade the red zone on the field shown below. 


n 
° 
o 
Zz 
° 
4 
ma 


~<— Packers moving this direction 


TRACK AND FIELD In the 
shot put, the solid metal ball 
must land in a marked sector 
for it to be a fair throw. In the 
illustration, graph the system 
of inequalities that describes 
the region outside of the ring 
in which a shot must land. 
= ax 
y= ae 


x21 


Y x= 1 


NO-FLY ZONES After the Gulf War, U.S. and 
Allied forces enforced northern and southern no-fly 
zones over Iraq. Iraqi aircraft were prohibited from 
flying in this air space. If y represents the latitude 
parallel measurement, the no-fly zones can be 


described by 
y2=36 or y=33 


On the map below, shade the regions of Iraq over 


which there was a no-fly zone. 


Turkey 


35th | 


parallel / 


W Baghdad 


Traq 


Saudi Arabia 


pha 


29th 


= periate 
Gulf 


parallel 


Kuwait’ 


> 50. CARDIOVASCULAR FITNESS The following 
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inequalities graphically. 


p> 56. Explain how a system of two linear inequalities might 


y 
graph shows the range of pulse rates that persons a 4 
ages 20-90 should maintain during aerobic exercise to oe eerie 
get the most benefit from the training. The shaded 2 5 800% 600 
region “Effective Training Heart Rate Zone” can be ‘5 5 4,800 
described by a system of linear inequalities. 3 3 ia ld 
Determine what inequality symbol should be inserted E - 
in each blank. yx 
Number of aluminum 
x = 20 boats ordered 
+a p> 53. FURNITURE SALES A 
° y 
YB O8e + 191 distributor wholesales desk 150x + 100y 
y 0.72 + 158 chairs for $150 and side chairs $70p 
y for $100. Best Furniture +20, y20 
ee wants to order no more than 
e0 $900 worth of chairs, 
= 170 including more side chairs cle 
= 160 than desk chairs. Use the 
3 150 illustration to graph a system 
2 ae of inequalities that will show the possible 
3 an combinations of desk chairs (x) and side chairs (y) 
= io that can be ordered. 
100 2 desk chairs and 4 side chairs, 1 desk chair and 5 side chairs 
90 > 54. FURNACE EQUIPMENT y 
10 20 30 40 50 60 70 80 90 J. Bolden Heating Company 500x + 200) 
Age (years) wants to order no more than y = 42000 
; ' . $2,000 worth of electronic air x|2 0, y 20 
Graph each system and give two possible solutions. Lie auiseoasel tama aiReaS 2 
p> 51. COMPACT DISCS Melodic Music has compact discs from a wholesaler that 
on sale for either $10 or $15. If a customer wants to charges $500 for air cleaners 
spend at least $30 but no more than $60 on CDs, use and $200 for humidifiers. If 7 
the illustration to graph a system of inequalities that Bolden wants more 
will show the possible ways a customer can buy humidifiers than air cleaners, use the illustration to 
$10 CDs (x) and $15 CDs (y). graph a system of inequalities that will show the 
SCD ead eh) Caste CO sane ba oe possible combinations of air cleaners (x) and 
5 humidifiers (y) that can be ordered. 
_ 1 air cleaner and 2 humidifiers, 2 air cleaners and 3 humidifiers 
A 
23 10x + 15y.>30 H WRITING 
‘8 fis +I5y< (60 55. Explain how to solve a system of two linear 
5 8 x20,y 20 
2 [om 
Z 


> XxX 


Number of $10 CDs 
purchased 


have no solution. 


J REVIEW 


Use the given conditions to determine in which quadrant of a 
rectangular coordinate system each point (x, y) is located. 


> 57. x>O0Oandy<OIV p58 x <Oandy <0 Ill 
59. x <Oandy>0 II 60. x > Oandy>0O0I 


> 52. BOAT SALES Dry Boat Works wholesales 
aluminum boats for $800 and fiberglass boats for 
$600. Northland Marina wants to order at least 
$2,400 worth but no more than $4,800 worth of boats. 
Use the illustration in the next column to graph a 
system of inequalities that will show the possible 
combination of aluminum boats (x) and fiberglass 


boats (y) that can be ordered. 
4 alum. and 1 fiberglass, 1 alum. and 4 fiberglass 
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STUDY SKILLS CHECKLIST 


Preparing for the Chapter 4 Test 


In Chapter 4 you learned three methods to solve a system of linear equations. You also learned 
how to graph the solutions of a system of linear inequalities. As you prepare for the exam over 
this material, make sure you also review the following checklist. 


To check a proposed solution of a system of 
equations, be sure the coordinates of the ordered 
pair satisfies both equations. 
: 3x + 4y =1 
I =2) Lut f th t 2 
s (3, —2) a solution of the system . ere 
3(3) + 4(-—2) =1 
9-8=1 
1=1 True 


3 + 2(-2) = -1 
3 = 4S 11 
—-1=—1 True 


Yes, (3, —2) is a solution of the system. 


When solving a system of equations by graphing, 
you must determine the coordinates of the point in 
intersection of the graphs. That ordered pair is the 
solution of the system. 

When using the substitution or the addition 
(elimination) method, remember to find the value 
of both the variables. 

x=2y—-3 

ge ab hy = By 
the y-coordinate of the solution is y = 1. To find 
the x-value, substitute 1 for y in either equation: 


For the system of linear equations { 


x=2y—-3 
= 0) = 3 
Dal eee) 
x=-1 
The solution is (—1, 1). 


[_] If the substitution method of solving a system is 
being used, make sure you use parentheses when 
plugging the expression from the substitution 
equations in the remaining equation. 

a = 3y = fll 
y = 3x - 13 
2x — 3y = 11 
2% (or ts) — sll 


This is equation 1. 
Substitute 3x — 13 
for y. 

2x — 9x + 39 = 11 Use the distributive 
property. 

=Ipe ap 39) = iil 


=e = 5) 


Combine like terms. 


Subtract 39 from 
both sides. 


x=4 Divide both sides by 
= 
This is the 


substitution 
equation. 


y= 3x —- 13 


y = 3(4) — 13 
y=12-13 
aml 


Substitute 4 for x. 
Multiply 3(4) = 12. 


This is the y-value 
of the solution. 


The solution is (4, —1). 


Teaching Guide: Refer to the Instructor’s Resource Binder to find activities, worksheets 
on key concepts, more examples, instruction tips, overheads, and assessments. 


CHAPTER 4 


SECTION 4.1 


SUMMARY AND REVIEW 


Solving Linear Inequalities in One Variable 


| DEFINITIONS AND CONCEPTS 


Inequalities are statements that contain one or 
more inequality symbols. 


A linear inequality in one variable is any 
inequality that can be written in the form 
ax + b <c, where a, b, and c represent real 
numbers and a # 0. The inequality symbols >, 
<=, and = can also be used. 


The solution of a linear inequality is a number 
that satisfies the inequality. 


To solve a linear inequality in one variable we 
use properties of inequality to find the values 
of its variable that make the inequality true. 


Adding the same number to, or subtracting 
the same number from, both sides of an 
inequality does not change the solutions. 


Multiplying or dividing both sides of an 
inequality by the same positive number does 
not change the solutions. 


The set of all solutions of an inequality is 
called its solution set. 


If we multiply or divide both sides of an 
inequality by a negative number, the direction 
of the inequality symbol must be reversed for 
the inequalities to have the same solutions. 


EXAMPLES 
Each of the following inequalities is true: 


5 #7  5is not equal to 7. 
—1 <9 -1is less than 9. 
3=6 


8 > 5 Sis greater than 5. 


3 is less than or equal to 6. 4 = 4 4 is greater than or equal to 4. 


Linear inequalities in one variable: 


2x +3 <6 8x > 2x —7 5(x + 9) S$ 6(x — 6) 


The number 5 is a solution of 12 < 3x + 11 because 5 satisfies the 
inequality. 


12<3x +11 

i= 3(5) +11 Substitute 5 for x. 
12<15+11 

12 < 26 True 


Solve: 3x — 12 = 12 


3x —-12+12=12+12 
3x = 24 
3x 24 
—  S> 
3 3 


x=8 


Add 12 to both sides. 


Divide both sides by 3. 


The solution set can be expressed in three ways: 


Set-builder notation 


{x|x = 8} 


Interval notation 


[8, *) 


Graph 
7 8 9 
Solve: —5x + 7 > 22 


—5x+7—7>22—7 Subtract 7 from both sides. 


—5x > 15 
—5x “a AS Divide both sides by —5 and reverse the 
5 —5 direction of the inequality symbol. 

eS =3 


The solution set is: 


Set-builder notation 
{x|x< —3} 


Interval notation 


(-%, =3) 


Graph 


A A3 =9 
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J REVIEW EXERCISES 


1. 


Determine whether —2 is a solution of each 
inequality. 


a. 3x -6<x-10 b. 5-3 24(x + 1) 


no yes 


. Represent the set of real numbers greater than or 


equal to —5 with a graph, using interval notation, and 
using set-builder notation. 


[—5, ©), {x |x = —5} — 
5 


Solve each inequality. Graph the solution set and write it using 
interval notation and set-builder notation. 


10. 


2b+7  3b-1 
< 
2 3 
INVESTMENTS A woman has invested $10,000 at 
6% annual interest. How much more must she 
invest at 7% so that her annual income is at least 
$2,000? $20,000 or more 


ICE SKATING For the free-skating portion of a 
competition, an ice skater received scores of 

5.3, 4.8, 4.7, 4.9, and 5.1 from the first five judges. 
What score must she receive from the sixth and final 
judge to average better than 5.0 for her 


performance? 
She needs to receive a score that is greater than 5.2. 


no solution, @ 


11. LAWYERS A lawyer earns $200 an hour for 

3. S(x — 2) a 5 telephone consultations and $300 an hour for office 

(Aah alee 9) = consultations with clients. To save time for court 

appearances, she limits her consulting to 15 hours a 

4. 0.3.x — 0.4 = 1.2 — O.1x week. What is the greatest number of hours that she 

eee a atl can spend on the phone and still earn at least 

P Pp 
4 . $4,000 in consulting fees a week? 5 hr 
5. -16< — 5! 12. Explain how to use the 
graphs of y = 1 and 
—, 20), 20 
soni i y = x — 3 tosolve 
7 £224, 
6 LG + 3)< oy 3) 
° 4 T 8 
(—*, tt) {ele < —ii} > 
-5 -S1/11 4 

7. 7 — [6t — 5(t — 3)] > 2(t — 3) — 30 + 1) 

(-%, 00), R oe ee ee 

-1 0 1 
SECTION 4.2 Solving Compound Inequalities 
| DEFINITIONS AND CONCEPTS EXAMPLES 

The intersection of two sets A and B, written | Let A = {—2,0,3,5} and B = {—3, 0, 5, 7}. 
lB, 38. ae eet Or all: Clemens Sea ars AN B = {0,5} The intersection contains the elements 


common to set A and set B. 


The union of two sets A and B, written 


A U B, is the set of all elements that are in set 
A, set B, or both. 


AUB = {-3, —2,0, 3, 5,7} 


that the sets have in common. 


The union contains the elements that 
are in one or the other set, or both. 


When the word and or the word or is used to 
connect pairs of inequalities, we call the 
statement a compound inequality. 


The solution set of a compound inequality 
containing the word and includes all numbers 
that make both of the inequalities true. That is, 
it is the intersection of their solution sets. 


Inequalities that contain exactly two 
inequality symbols are called double 
inequalities. Any double linear inequality can 
be written as a compound inequality 
containing the word and. For example: 


c <x < dis equivalent toc <xandx<d 


The solution set of a compound inequality 
containing the word or includes all numbers 
that make one or the other, or both, 
inequalities true. That is, it is the union of their 
solution sets. 


REVIEW EXERCISES 
Let A = {—6, —3, 0, 3, 6}and B = {—5, —3, 3, 8}. 


13. Find AN B. 14. Find A U B. 
{-3, 3} 


Determine whether —4 is a solution of the compound 


inequality. 
15. x <Oandx > —5 yes 
16. x +3 < —3x — land 4x — 3 > 3x no 


{-6, —5, —3, 0, 3, 6, 8} 


Chapter4 Summary and Review 


Solve:2x —1=5and5x+1>4 


We solve each inequality separately. Then we graph the two solution 
sets on the same number line and determine their intersection. 


2x-1=5=5 and S5x+1>4 «<3 ged 
5 
2x =6 Sx > 3 ql 
3 -l 0 31 2 3 4 
x3 aa : 


The purple-shaded interval is where the red and blue graphs overlap. 
Thus, the solution set is: 


<_1(1—1_} 1 , Interval notation: (3, 3] 
-l 0 31 2 3 4 


5 


Solve: —-7 = 3x —1<5 
We apply properties of inequality to all three of its parts to isolate x in 
the middle. 
—-7=3x-1<5 
=7—+#1=3x—1#1<5 +1 
—6 = 3x <6 
— = os a e > Divide each part by 3. 
3 3 63 
=2 ss % <2 


Add 1 to all three parts. 


The solution set is: 


a 


3 2-1 0 1 2 3 


Interval notation: [—2, 2) 


Solve: 2x — 1 > 5 or —(5x — 7) =2 


We solve each inequality separately. Then we graph the two solution 
sets on the same number line to show their union. 


2x-1>5 or —(5x-7)=2 
2x > 6 Soe 7S 2 
x>3 = = —3 
xsl 


The solution set is: 


<__]__1__{—__1 » 


0 1 2 3 4 


Interval notation: 
(-%, 1] U (3, o) 


This is the union of two intervals. 


Graph each set. 
17. (—3,3) U [1, 6] 18. (—%, 2] /O [1, 4) 
—— SS — 
-3 6 1 2 
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: . : 
Solve each compound inequality. Graph the solution set 28 be Ss 2a 


and write it using interval notation. 


19. —2x >8andx +4= —-6 


=10 .=4 


20. S(x + 2) <4(x + l)and11 +x <0 


(—, —11) ant. aad 
21. =x 2 + and < 1 


no solution; @ 
1 
22. (x - 4) <3r-1andx 20 
OO 


Solve each double inequality. Graph the solution set and write 


it using interval notation. 


x>4 


“2 

(—2, 0) 
0 
29. RUGS A manufacturer makes a line of 

decorator rugs that are 4 feet wide and of varying 
lengths x (in feet). The floor area covered by the 
rugs ranges from 17 ft* to 25 ft”. Write and then 
solve a double linear inequality to find the range of 


the lengths of the rugs. 
17 = 4x S 25, 4.25 ft = x = 6.25 ft, [4.25, 6.25] 


5 = 
23. 3<3x+4<10 24. 2 =e 
1 30. Match each word in Column I with two associated 
ean (1, 9] eee 
items in Column II. 
—} | 
173 2 1 9 Column I Column IT 
a. OF ii,iv 9 
Determine whether —4 is a solution of the compound i. U 
inequality. Se . 
b. and i, iii lili. intersection 
25. x < 1.6orx > —3.9 yes : . 
iv. union 


26. x + 1< 2x —1lor4x —3 > 3x no 


Solve each compound inequality. Graph the solution set and 


write it using interval notation. 


27. x +1<-4orx -—4>0 


(—2, —5) U (4, 20) es} $f 


a5 0 4 


Solving Absolute Value Equations 


and Inequalities 


| DEFINITIONS AND CONCEPTS 


To solve absolute value equations of the form 
|x| =k, where k>0, solve the equivalent 
compound equation 


x=k or x= -k 


If k is negative, then|x| = k has no solution. 


EXAMPLES 
Solve:|2x + 1| =7 


This absolute value equation is equivalent to the following compound 
equation, which we can solve: 
2x+1=7 or 22x+1=-7 
2x = 6 2x = —8 
x=3 x=—4 
This equation has two solutions: 3 and —4. The solution set is {—4, 3}. 
Solve:|4x — 5| = —3 
Since an absolute value can never be negative, there are no real 


numbers x that make |4x — 5| = —3 true. The equation has no 
solution and the solution set is ©. 


To solve absolute value equations of the form 
|X| = | Y|, solve the compound equation 


X=Y or AXA=-Y 


To solve absolute value inequalities of the 
form |X|<k, where k>0, solve the 
equivalent double inequality —k < X¥ < k. 


Use a similar approach to solve|X| = k. 


To solve absolute value inequalities of the 
form |X| =k, where k>0, solve the 
equivalent compound inequality X = —k or 
X=k. 


Use a similar approach to solve X > k. 


Chapter4 Summary and Review 


Solve:|3x — 2| 


This equation is equivalent to the following compound equation, 
which we can solve: 


3x —-2=2x+4 = or 


= |2x + 4| 


3x —2 = —(2x + 4) 


x-2=4 3x —-2=—-2x—-4 
x =6 5x —-2=—-4 
5x = —2 
2 
ida 


This equation has two solutions: 6 and —2. The solution set is 
2 

{- 3,6}. 

Solve:|4x — 3] <9 


This inequality is equivalent to the following double inequality which 
we can solve: 


—9<4x -3<9 
-6<4x < 12 Add 3 to all three parts. 
3 
25 <x <3 Divide each part by 4 and simplify. 


The solution set is: 


—__(_1___1_} 1, Interval notation: (- 3, 3) 
2-10 12 3 «4 


_3 
2 


Solve:|3x + 1| =7 


This inequality is equivalent to the following compound inequality, 
which we can solve: 


3x +1=-7 or 3x+1=7 
3x = -8 3x =6 

8 
c= 3 x22 


a Interval notation: 
(-», ~3]U B=) 
This is the union of two intervals. 


REVIEW EXERCISES 
Solve each absolute value equation. 37. |3x + 2| = |2x — 3] 4,-5 
31. [4x| = 32. 2|3x + 1] -1=19 2(1 — x) +1 32 = 2 | jg 
u 38. 12 
2,2 See 2 3 
3 2% 

33. 2* 4 10=—1 34. =e Solve each absolute value inequality. Graph the solution set 

_ - Miiehuiien & and write it using interval notation. 

3 & 39. |x| <3 40. |2x + 7| <3 
35. —4(2x = 6)| — 0 36. 8 + 3 = Se [=3; 3] (=5; 2) 
1 <«~_-—}_~ ———_—_—_}_- 
3 a8 


3 3 as att 
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41. 2/5 — 3x| < 28 


42. 


pred +6<6 


no solution, @ 


49. 


PRODUCE Before 
packing, a farmer 
weighs freshly picked 


19 
aA] 
tomatoes on the scale 


shown. Tomatoes 


-3 19/3 
1 having a weight w (in 
43. |x| >1 44. | =7 ounces) that falls within 
fate aah ad eee [2, é) the highlighted range 
are sold to grocery 
<=} 1 _e <———___$__—— 
at. 4 oot 29/5 stores. 
3 a. Complete the following absolute value inequality 
45. |3x — 8| -4>0 46. | ae 14| =0 that expresses the acceptable weight range: 
= < 
(-=.)UG%) (#2) ae | 
b. Solve the inequality from part a and express the 
43 4 0 acceptable weight range using interval notation. 
6, 10 
47. Explain why |0.04x — 8.8| < —2 has no solution. pe 1 ; 
Since |0.04x — 8.8|is always greater than or equal to 0 for any 50. Let f(x) = 3|6x| — 1. For what value(s) of x is 
real number x, this absolute value inequality has no solution. f(x) = 5? 3,-3 


48. Explain why the solution set of | a ac Z| = —3 is the 
set of all real numbers. 
Since E4 at | is always greater than or equal to 0 for any real 


number x, this absolute value inequality is true for all real 
numbers. 


SECTION 4.4 Linear Inequalities In Two Variables 


EXAMPLES 
Graph: y < 3x + 2 


| DEFINITIONS AND CONCEPTS 


The graph of a linear inequality in x and y is 
the graph of all ordered pairs (x,y) whose 


: ° : : To find the boundary line, we graph y = 3x + 2. Since the inequality 
coordinates satisfy the inequality. 


symbol < does not include an = symbol, points on the boundary line 
To graph a linear inequality in x and y, graph are not included in the graph, and we draw a dashed boundary line. 
the boundary line. Draw a solid boundary line 
if the inequality has = or =. Draw a dashed 


line if the inequality has < or >. 


To find which half-plane is the graph of y < 3x + 2, we choose the 
origin (0,0) as the test point and see whether its coordinates satisfy 
the inequality. 

Then use a test point to decide which side of 
the boundary should be shaded. If the 
inequality is satisfied, shade the side that 
contains the test point. If the inequality is not 
satisfied, shade the other side of the boundary. 


y<3x+2 
0<3(0) +2 
O<2 True 


This is the original inequality. 


Substitute O for x and O for y. 


Since the coordinates of the origin satisfy y y=3xt2 
the inequality, the origin is in the graph. 2 
In fact, the coordinates of every point on 4 
the same side of the boundary line as the i 
origin satisfy the inequality. We then Fr 
shade that half-plane to complete the 
graph. #2 


Chapter4 Summary and Review 


J REVIEW EXERCISES 


51. Determine whether (—1, —4) is a solution of the 57. CONCERT TICKETS Tickets to a concert cost 
linear inequality 6x — 4y = 15. no $6 for reserved seats and $4 for general admission. If 
52. Does the graph of 6x — 4y = 15 include the receipts must be at least $10,200 to meet expenses, 
boundary line? yes find an inequality that shows the possible 
combinations of the number of reserved 
Graph each inequality in the rectangular coordinate system. seats (x) and the number of general admission 


tickets (y) that the box office can sell. Then graph 
the inequality for nonnegative values of x and y and 


give three ordered pairs that satisfy the inequality. 
6x + 4y = 10,200; (1,800, 0), (1,000, 1,500), (2,000, 2,000) 


53. 2x + 3y > 6 54.ys4-x 


6x + 4y 2 10,200 


Number of general admission 
N 
ro) 
=) 
3S 


1 3 1,000 - 
55. y <x. 56. x = -= | | | mx 
2 - 1,000 1,700 4,000 
Number of reserved seats 
y y 
4 4 58. Find the equation of the y 
AE Be a” ek 2-3 boundary line. Then give the 
1 — ee 1 inequality whose graph is 
4B Zen Tae 433i p 123 cae shown. 3x — 4y > 12 
ae -2|—y <x 314 2 
= x HH3 
4 4 


SECTION 4.5 Systems of Linear Inequalities 


| DEFINITIONS AND CONCEPTS EXAMPLES 
To solve a system of linear inequalities, graph : rae = 1 
each of the inequalities on the same Graph the solution set of: xt+y=2 


rectangular coordinate system and look for 
the intersection of the shaded half-planes. The 
area that is shaded twice represents the 
solutions of the given system. 


The graph of y < x — 1 is shaded in red. 
The graph of 2x + y =2 is shaded in 
blue. Any point in the doubly shaded 
region has coordinates that satisfy both 
inequalities. 


Compound inequalities can be graphed in the | Graph: -2<x=4 


rectangular coordinate system. The graph of this double inequality contains 


all points in the plane that satisfy the 
inequalities —2 <x and x = 4. These points 
are in the purple-shaded region of the figure. 
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Graph: y = Lory < —3 


The graph of this compound 
inequality contains all the points 
in the plane that satisfy one or the = y= | ~—————+,—— a 
other inequalities. ELEL eared 

2 y<-3 


ici ieee} 


J REVIEW EXERCISES 


59. Determine whether (1, —2) is a solution of the 65. INVENTORY y 
; : oe =x 1 A men’s clothin 4 ; 
system of linear inequalities 7 . yes : he » 25 20x + 30y 2 300 
2x -y>2 store carries shirts z 20x 4 30y < 600 
: : az 20 + 
60. In the illustration, y that sell for $20 S 
the solution of one _ Inequality Af and some that sell g 15 
linear inequality is —_— | fe for $30. The store B10 
shaded in red, and / manager wants to EI 5 
; stock at least $300 Zz 
the solution of a > xX : she 
second is shaded in ut no more than 5 10 15 20 25 30 35 
Inequality $600 in shirts at Saki 
blue. Determine 2 \g Number of $20 shirts 
Uf 
whether a true or y the store. Graph a 


system of inequalities that will show the possible 
combinations of the number of $20 shirts (x) and 
the number of $30 shirts (y) that the store can stock. 
Give two possible solutions. 


false statement 
results if the coordinates of the given point are 
substituted into the given inequality. 


a. A, inequality 1 true b. A, inequality 2 false 5 $20 shirts and 15 $30 shirts, 15 $20 shirts and 10 $30 shirts 
c. B, inequality 1 true d. B, inequality 2 false 66. PETROLEUM EXPLORATION Organic matter 
e. C, inequality 1 true f. C, inequality 2 true converts to oil and gas within a specific range of 
temperature and depth called the petroleum 
Graph the solution set of each system of inequalities. window. The petroleum window shown can be 
g-y 23 described by a system of linear inequalities, where 
‘. { y=xt1 62. jy <0 x is the temperature in °C of the soil at a depth 
3x + 2y <6 ie of y meters. Determine what inequality symbol 


should be inserted in each blank. 


y Temperature (°C) 
20 40 60 80 100 120 140 160 180 ae 


Q 


—1,000 os 
2,000 ‘ Px bp 
Nojoil Petroleum 
= or gas ee 
4 3,000 | oF gas \ window 
—4 xX eo. —4,000 
3x +/2y=|6 \ eI 
3 5,000 
Graph each compound inequality in the rectangular 6,000 
coordinate system. 7,000 
63. —2<x<4 64. y= -2ory>1 ~8,000 
y y Based on data from The Blue Planet (Wiley, 1995) 
FLERE { 
i-3 I 3 x Ee 35 
I 4 I 2 i 
i 1 | Lag a a i ae x = 130 
+; et ae “2 in 45 6 ]* = —56x + 280 
Pe py | ee 1 1 Hy <+2 ory > ym 6 
7 on a a ais y = —18x + 90 
my ~2\<x<4 ps 3 ya=2 
|—\=4 I =f! 
Y Y 


1. Fill in the blanks. 


a. <, >, <, and = are inequality symbols. 


b 
c 
d 


. 2 is asymbol representing _imfinity 
.x+1>2o0r2x — 3 S 8 isa compound jnequality. 
. Weread U as union and € as_ intersection 


x+y>10., ; : eee 
is a System of linear inequalities in 
3x —2y 24 


_!wo_ variables. 
2. Determine whether —2 is a solution of the inequality: 
3(x — 2) S 2(x + 7) yes 


Solve each inequality. Graph the solution set and write it using 
interval notation. 


2: 
a tne 
3 3! 7 
(12, 2) fe 
i 
4. —2(2x + 3)=14 
(2, ~S] qe} —> 
a) 
x 1.5... % 
5. Se StS 
4 3 6 3 
(—, —14) gee 
-14 


6. 4 — 4[3t — 2(3 — A] S —15t — (St — 28) 
eae 


7. AVERAGING GRADES Use the information from 
the gradebook to determine what score Karen Nelson- 
Sims needs on the fifth exam so that her exam average 
exceeds 80. more than 78 


Sociology 101 
8:00-10:00 pm MW 


Nelson-Sims, Karen 


8. INSURANCE COVERAGE A fire damage 
restoration crew charges $175 for the first hour of 
cleanup and $80 for each additional hour or part 
thereof. For how long can the crew work at a home 
with smoke and water damage if the homeowner’s 
insurance policy will only cover up to $1,000 of the 
cleanup cost? 11 hr 


9. Determine whether 4 is a solution of the compound 
inequality x + 6 = 10 and 3x — 8 > 4. no 


Let A = {—4, 0, 7, 8, 9, 11} and B = {—5, —4, 0, 10, 11}. 
10. Find A B. {—4,0, 11} 
11. Find A U B. {-5, —4,0,7,8, 9, 10, 11} 
12. Graph each set. 
a. (—3,6) U [5, %) 
—_— 


a3 —2 1 


b. [2,7] N (—~, 1) 


Solve each compound inequality. Give the result in interval 
notation, if possible, and graph the solution set. 


13. 3x = -—2x + 5and7 = 4x -—2 
SS ——— 


14, 3x < =e = —2 


(—%, —3) U (8, ©) <3 — 
3 8 


4 
15. ee 


(2, 16) <$<{ng} > 
2 16 


4 
16. 5 + 1)>1and —(0.3x + 1.5) > 2.9 — 0.2x 


no solution, @ 


Solve each equation. 
17. |4 — 3x| = 19 -5,2 
18. [3x + 4| = |x + 12] 4,-4 


3 3 
1, 10=4] 2 . b6e 8 
20. |16x| = —16 no solution, @ 


21. 5/20 — 2x| = 0 10 

22. ALUMINUM PRODUCTION A sheet of 
aluminum is to be 0.0625 inch thick, with a tolerance 
of 0.0015 inch. Write and then solve an absolute 
value inequality that describes this specification, 
using x to represent the thickness of a sheet of 
aluminum. |x — 0.0625| < 0.0015; [0.0610, 0.0640] 


Solve each inequality. Graph the solution set and write it using 
interval notation. 


23. |x + 3| <4 
a 
-7 1 


x2 
24. | ——— | >5. 
5 | 5.5 


(—%, —9) U (13, 2°) gems) $e 
-9 I3 
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25. |4 — 2x| + 48 > 50 
(-a1y UG, oe 
1 3 


26. 2|3(x — 2)| s4 


4/3 8/3 


27. |4.5x — 0.9| = -0.7 
(-%, 00), FR fells 
-1 0 1 


28. Let f(x) = |2x + 9|. For what value(s) of x is 
f(x) < 3? (-6, -3) 


Graph each solution set on a rectangular coordinate system. 


29. 5x + 3y = 10 30. y<x 
¥ v 
| 4 
5x +3y=10 “| ysx)7 
3 + 7 
2 2 4 
2 i. 
1 ‘V2 
432-1 x 432 -) immedi 
—I: Aa 
2 - =, ye<x 
5x+3y< 10 K of 
4 4 4 
is 
32. -2Sy<5 
ys 
EEE lap 
4 y= 5 
=—2 S| yi< 5. 


33. x< -30rx =4 


¥ 
+ A 
i 4 
1 3 
! 2 
} 1 x24 
pay | | 
42a [ 123 3 
‘ I = 
x K=34 a 
jt. 
I 4 
y 
x=-3 x=4 


34. ACCOUNTING On average, it takes an accountant 
1 hour to complete a simple tax return and 3 hours to 
complete a complicated return. If the accountant 
wants to work less than 9 hours per day, find an 
inequality that shows the possible combinations of 
the number of simple returns (x) and the number of 
complicated returns (y) that can be completed each 
day. Then graph the inequality and give three ordered 
pairs that satisfy it. (1, 1), (2, 1), (2, 2); answers may vary 


X+ By <9 
Tipe 
=e 


123456789 
Number of simple returns 


NwARU ANI DO 


Number of complicated 
returns 


35. Two linear inequalities are graphed on the same 
coordinate axes in the illustration. The solution set of 
the first inequality is shaded in red, and the solution 
set of the second in blue. 


a. Determine from the graph 
whether (3, —4) is a solution 
of either inequality. 

(3, —4) is a solution of inequality 2. 

b. Is (3, —4) a solution of the 
system of two linear 
inequalities? Explain your 
answer. 

No, it does not lie in the doubly shaded region. 

36. INDOOR CLIMATES The general zone of comfort 
acceptable to most people when working in an office 
can be described by a system of linear inequalities 
where x is the dry bulb temperature and y is the 
percent relative humidity. See the illustration. 
Determine what inequality symbol should be inserted 
in each blank. 


y = 60 
y 227 
y = —11x + 852 
y = —Sx + 445 
70 
60 Clammy- Too wet Sticky-warm 
cold 
eS =-5x + 445 
S 50 Z 
ay 
3 
E 40 Too cold Too warm 
= 
Z 
4 30 {— 
y=-l1x+ 852 
20 Too dry 
10 


65 70 75 80 85 90 
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CHAPTERS 1-4 


CUMULATIVE REVIEW 


1. The diagram shows the 
sets that compose the set 
of real numbers. Which of 
the indicated sets make 
up the rational numbers 
and the irrational 


numbers? [Section 1.2] 
rational numbers: terminating 
and repeating decimals; 
irrational numbers: 
nonterminating, nonrepeating 
decimals 


2. HARDWARE The thread profile of a screw is 
determined by the distance between threads. This 
distance, indicated by the letter p, is known as the 
pitch. If p = 0.125, find each of the dimensions labeled 
in the illustration. [Section 1.3] 

0.125, 0.0625, 0.03125, 0.054125 


' 


\ 


Evaluate each expression for x = 2andy = —4. 
2 2 
x 


3. |x| — xy [Section1.3] 10 4. [Section 1.3] —6 


3x + y 


Simplify each expression. 
5. —(a + 2) — (a — b) [Section 1.4] -2a + b — 2 


2 3 1 
6. 36 (5 — ;) + 36 (5) [Section 1.4] 81 — 9 


Solve each equation, if possible. 
7. 6(x — 1) = 2(x + 3) [Section 1.5] 3 


8. ~ -—10= + 3 [Section 1.5] 6 


9. 2a —5 = —2a + 4(a — 2) + 1 [Section 1.5] no solution, @ 


2 
[Section 1.5] —2 


10. + 


11. Solve / = a + (n — 1)d for d. [Section 1.5] d = 1—4 
12. PLASTIC WRAP Estimate the number of square 
feet of plastic wrap on a roll if the dimensions printed 
on the box describe the roll as 205 feet long by 
113 inches wide. [Section 1.6] 201 ft” 


13. INVESTMENTS Find the amount of money that 
was invested at 83% if it earned $1,775 in simple 
interest in one year. [Section 1.6] $20,000 


14. MARATHONS Two marathon runners leave the 
starting gate, one running 12 mph and the other 
10 mph. If they maintain the pace, how long will it 
take for them to be one-half of a mile apart? 
[Section 1.8] { hr 


15. Find the slope of the line that passes through (0, —8) 
and (—5, 0). [Section 2.3] —§ 


16. PRISONS The following graph shows the growth of 
the U.S. prison population from 1970 to 2005. 


a. Find the rate of change in the prison population 
from 2000 to 2005. [Section 2.3] 26,000 prisoners/yr 


b. During what five-year period was the rate of 
change in the US. prison population the greatest? 


Find the rate of change. [Section 2.3] 
1990-1995, 67,200 prisoners/yr 


(thousands) 
a 
(=) 
oO 


Number of federal and state prisoners 


1970 1975 1980 1985 1990 1995 2000 2005 


Source: U.S. Bureau of Justice Statistics 
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17. Determine whether the lines represented by the 24. BOATING The graph in the illustration shows the 


equations 3x = y + 4and y = 3(x — 4) — Lare 
parallel, perpendicular, or neither. [Section 2.4] parallel 


vertical distance from a point on the tip of a propeller 
to the centerline as the propeller spins. Is this the 
graph of a function? [Section 2.6] yes 


18. Find an equation of the line that passes through » 
(—2, 3) and is perpendicular to the graph of 
3x + y = 8. Write the equation in slope-intercept 
: 2. ie 
form. [Section 2.4] y = 34x +> 
x 
19. AGING The graph below shows the effects of aging 
on cardiac output (the amount of blood that the heart 
can pump in one minute). 
a. Write the equation of the line. 
[Section 2.4] y = —0.06x + 8.2 
b. Use your answer to part a to determine the 25. Use graphing to solve: 
cardiac output at age 90. es a . 5 [Section 3.1] 
[Section 2.4] 2.8 L/min x—2y=0 
(2, 1) 
y 
A 
9.0 
8.0L 
C) = 
2 7.0L 
— Le 
3 6.0- 26. US.WORKERS The graph below shows how the 
3 ea C makeup of the U.S. workforce changed over the years 
gL 1900-2000. Estimate the coordinates of the points of 
5 4.0 intersection in the graph. Explain their significance. 
3.0 | [Section 3.1] 
, “4 (7, 23), in 1907 the percent of U.S. workers in white-collar and 
p- | ess Cm BS Go a Ve farming jobs was the same (23%); (45, 42), in 1945 the percent 
20 30 40 50 60 70 80 90 of U.S. workers in white-collar and blue-collar jobs was the 
Age (years) same (42%). 
Based on data from Cardiopulmonary Anatomy and Physiology, 
Essentials for Respiratory Care, 2nd ed. (Delmar Publishers, 1994) 100% 
90) |—— White-collar 
80 — Blue-collar 
20. Find the domain and range of the relation: a —— Farming 
{(5, 6), (—12, 4), (8, 6), (—6, —6), (5, 4)} 60 
[Section 2.5] D: {—12, —6, 5, 8}, R: {—6, 4, 6} a 
& 50 
= 
& 40 
Let f(x) = 3x? — x. Find each of the following. 30 
20 
21. f(—2) [Section 2.5] 14 22. f(t) [Section 2.5] 3:7 — 1 6 
| | | | 
0 20 40 60 80 100 


23. Graph f(x) = |x| — 2 and 


give its domain and range. 
[Section 2.6] 

D: the set of real numbers, R: the 
set of all real numbers greater than 
or equal to —2 


Years after 1900 


Source: U.S. Statistical Abstract 


BR 


2 
B [Section 3.2] (3, 1) 


27. Use elimination to ove 
10 


28. Use substitution to sol ees 
a se substitution to solve: 
4x — 3y = -1+4 2x 


[Section 3.2] (1, 1) 


29. ENTREPRENEURS A person invests $18,375 to set 
up a small business producing a piece of computer 
software that will sell for $29.95. If each piece can be 
produced for $5.45, how many pieces must be sold to 
break even? [Section 3.3] 750 


x+ytz=1 
30. Solve: {2x — y — z = —4 [Section 3.4] (—1, -1,3) 
x—2y+z=4 


31. CONCERT TICKETS Tickets for a concert cost 
$5, $3, and $2. Twice as many $5 tickets were sold as 
$2 tickets. The receipts for 750 tickets were $2,625. 
How many tickets were sold at each price? 

[Section 3.5] 250 $5 tickets, 375 $3 tickets, 125 $2 tickets 


32. Use matrices to solve the system. 


oe oe Becton 56] (=1)-1 
ied =) 


33. Evaluate the determinant: 


-9 7 
4 —-2 
[Section 3.7] —10 


34. Use Cramer’s rule to solve the system. 


i +2y=11 


Ix + 6y =9 [Section 3.7] (3, —2) 


Solve each inequality. Graph the solution set and write it using 
interval notation and set-builder notation. 
35. —3(x — 4) =x — 32 [Section 4.1] 

(—%, 11], {x|x = 11} <———_}—_> 


i! 
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36. —8 < —3x + 1 < 10 [Section 4.2] 


(—3, 3), {| 3 <x < 3} —— fos) 


-3 3 


Solve each compound inequality. Graph the solution set and 
write it using interval notation. 


37. 3x + 2<8o0r2x —3 > 11 [Section 4.2] 


(—%, 2) U (7, ©) ems} $e 
2 z 


38. 5x — 3 = 2 and 6 = 4x — 3 [Section 4.2] 


——— 


1 9/4 


Solve each equation. 


39. 2|4x — 3| + 1 = 19 [Section 4.3] 3, —3 


40. |2x — 1| = |3x + 4| [Section 4.3] —5, -2 


Solve each inequality. Graph the solution set and write it using 
interval notation. 


41. [3x — 2| =4 [Section 4.3] 
2 


[-3.2] > 


-2/3 2 


42. |2x + 3| — 1 > 4 [Section 4.3] 


(—%, —4) U (1, 2) gems} $f 
—4 1 


Graph the solution set. 


43. 2x — 3y = 12 


[Section 4.4] 


2x + 3y = 12 
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Whether it’s a community park, a college campus, or simply someone's backyard, 
landscape architects are skilled at creating outdoor areas that are 
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376 Chapter5 Exponents, Polynomials, and Polynomial Functions 


Objectives 
1 | Identify bases and exponents. 


2 | Use the product and power rules 
for exponents. 


3 | Use the zero and the negative 
integer exponent rules. 

| 4 | Use the quotient rule for 
exponents. 

B Simplify quotients raised to 
negative powers. 


Self Check 1 


Identify the base and the 
exponent in each expression: 
a. (—kt)* b. ar? oc. —h® 
Now Try Problems 30 and 31 


Self Check 1 Answers 
a —k,4 b7r,2 « h,8 


Teaching Example 1 Identify the base 
and the exponent in each expression: 
a. (—rs)) b. Sy oe. —a’ 

Answers: 

a =—rs;3 bs y,4 4,7 


Exponents 


In Chapter 1, we evaluated exponential expressions having natural-number 
exponents. In this section, we will extend the definition of exponent to include 
negative-integer exponents, as in 3 *, and zero exponents, as in 3°. We will also 
develop several rules that can be used to simplify expressions. 


EB Identify bases and exponents. 


Exponents provide a way to write products of repeated factors in a concise form. For 
example, 


oye y? Read y’ as “y to the second power” or “y squared.” 
zezezee Read 2° as “z to the third power” or “z cubed.” 


xexex+x =x" Read x* as “x to the fourth power.” 


These examples illustrate the following definition. 


Natural-Number Exponents 


If represents a natural number, then 


n factors of x 


The exponential expression x” is called a power of x, and we read it as “x to the 
nth power.” In this expression, x is called the base, and 7 is called the exponent. 


Base — x” + Exponent 


A natural-number exponent tells how many times the base of an exponential 
expression is to be used as a factor in a product. When n = 1, the exponent is usually 
omitted. For example, x’ = x. 


| EXAMPLE 1 | Identify the base and the exponent in each expression: 


a (-a’ ob -a = Sx? da (5x)? 


Strategy To identify the base and the exponent, we will look for the form 


WHY The exponent is the small raised number to the right of the base. 
Solution 

a. For (—a)’, —a is the base and the exponent is 2: (—a)* = (—a)(—a). 
b. For —a’, the base is a and the exponent is 2: —a” = —(a- a). 

c. For 5x°, x is the base and the exponent is 3:5x* = 5-x-x-x. 

d. For (5x)°, the base is 5x and the exponent is 3: (5x)° = (5x)(5x)(5x). Bi 


9 Use the product and power rules for exponents. 


Several rules for exponents come from the definition of exponent. The first rule gives 
a way to find the result when multiplying exponential expressions that have the 
same base. 


Since x* means that x is to be used as a factor five times, and since x? means that 
x is to be used as a factor three times, x° + x° means that x will be used as a factor 
eight times. 


5 factors of x 3 factors of x & factors of x 
——— o—<——— 


oa a a ae ae ae ae ce a oe ee ae ae ae ae a a a 
In general, 
m factors of x_n factors of x m + n factors of x 
SS _ = —————————— 
Fike Ghai Ce ae CICS Gas ts Gnas ia ra ra a a 


This result is called the product rule for exponents. 


The Product Rule for Exponents 


To multiply exponential expressions with the same base, keep the common 
base and add the exponents. 


For any real number x and any natural numbers m and n, 


m+n 


| EXAMPLE 2 | Simplify each expression: 


a b. yyty c. a beab? d. —8x4(x°) 


ax x 

Strategy Since there are products of the form x’"x” in each of these expressions, 
we will use the product rule for exponents and keep the common base and add 
the exponents. 


WHY We use the product rule to multiply exponential expressions with the same 


base. 
Solution 
a. x'x>=x"*5 keep the common basex. b. yyy = (y*y*)y 
= xl Add the exponents. -_ yry! y= y' 
10 
= 
c. ab’a’b’ = a?a*bb* d. —8x4(x7) = —8(x*x*) 
= ab” = —8y’ a 


Caution! The product rule for exponents applies only to exponential 


expressions with the same base. The expression x°y*, for example, cannot be 
simplified, because the bases of the exponential expressions are different. 


To find another rule for exponents, we simplify (x*)°, which means x* cubed or 


A A A 
x x x 
Cle OO 


Of) =x? +2 = Seem ee eee RRR RRR S 
In general, we have 
mn factors of x 


a 
(XY He I Mw eee KM = KKK OK HK SHX 


n factors of x 
Sd 
mn 


5.1 Exponents 


Self Check 2 


Simplify each expression: 
a, 22 Pas 

b. k-k* k° 

c. a’bearb* ab’ 

d. —8a*(a*b) —8a°b 

Now Try Problems 36 and 40 


Teaching Example 2 Simplify each 
expression: 

a7 by eer 

c rs°rPst d. —6x7(x?y*) 
Answers: 

a. 7 = 16,807 b. x? 

e r’s'? d. —6x°y* 
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Self Check 3 


Simplify each expression: 
a. (a°)® a” 

b. (6°)° 6" 

c. (a’a°)? a?! 

d. (@)°(a’)° a® 

Now Try Problems 48 and 49 


Teaching Example 3 Simplify each 
expression: 

a. (7)* b. (YP 

e« (Fry b. (rr*)4(r7)° 
Answers: 

a? bt? 

ar dr’ 


Power Rule for Exponents 


To raise an exponential expression to a power, keep the base and multiply the 
exponents. 


For any real number x and natural numbers m and n 


(x’")" = Pa = yn 


| EXAMPLE 3 | Simplify each expression: 


a. (3°)° b. (xt) ¢@ry a OY Gy 


Strategy Since there are powers of the form (x’”)” in each of these expressions, 
we will use the power rule for exponents and keep the base and multiply the 
exponents to simplify them. 


WHY We use the power rule to raise an exponential expression to a power. 


Solution 
a. (3)? = 377 Keep the base 3. ba) =a 
= 3° Multiply the exponents. = x55 
= 729 
c. (x2x3)° = (x5)6 d. (x2)4(x3)? = x8x° 
es 430 = x14 | 


To develop a third rule for exponents, we square 3x to get 
(Gz)? = Gx)Gx) = 3*3+e+e = Fx = Ox 
In general, we have 
n factors of xy n factors of x n factors of y 
ee, ees 
(xy)” = (xy)(xy)(ry) +++ Gy) = xxx xe yyysrrey = xy” 
To find a fourth rule for exponents, we cube 3 to get 


(z) x x Xx We GE, x x 
a) BS. 4° S639 BF 97 


In general, we have 


n factors of Y 
SSS SS 


GY -QOG)-G) oo 


n factors of x 


= ——_—— ___ Multiply the numerators and multiply the denominators. 


The previous results are called the power of a product and the power of a 
quotient rules. 


Powers of a Product and a Quotient 


To raise a product to a power, raise each factor of the product to that power. 
To raise a quotient to a power, raise the numerator and denominator to that 
power. 


For any real numbers x and y, and any natural number n, 


where y #0 


(xy)" = x"y" ( 


| EXAMPLE 4 | Simplify each expression. Assume that no denominators are 


zero. 
4 3\2 
2,3 3,44 x 6x 
a. (x b. (x C. (5) d. (S) 
(x"y) (y’) 2 sy! 
Strategy Since these expressions have the form (xy)” and ey we will use the 


power of a product rule and the power of a quotient rule to simplify them. 


WHY We use the power of a product rule to raise a product to a power and the 
power of a quotient rule is used to raise a quotient to a power. 


Solution 


a. (x’y)* = (x*)*y® b Gy) = FO") 


Raise each factor of the product 


xy to the 3rd power. = x12yl6 
= x53 
( x y x4 Raise the numerator and (=) cGy 
«.l|>) = ; cea es 
2 24 . 5 4 27.,4\2 
y (y ) denominator to the 4th power. 5y 5 (y ) 
= al _ 36x° 
y® 25y8 a 


IE Use the zero and the negative integer exponent rules. 


Since we want the rules for exponents to hold for exponents of 0, we have 


Because x°x”" = 1x”, it follows that x° = 1 where x ¥ 0. In words, a nonzero base 
raised to the 0 power is 1. 


Zero Exponents 


A nonzero base raised to the 0 power is 1. 
For any nonzero base x, 


xo =1 


Caution! 0° is undefined. 


Because of the previous definition, any nonzero base raised to the 0th power 
is 1. For example, if no variables are zero, then 


1 0 
=, CIY=. Gary =i, (5x2) =f 


5.1 Exponents 


Self Check 4 


Simplify each expression: 
a. (a*b?)? ab" 


—6a°\? — 216a!5 
b. b’ = p2! 


Now Try Problems 54 and 58 


Teaching Example 4 Simplify each 
expression: 
a. (x*y’)? bb. (x3y)? 


() 
c. 3 
3 


Answers: 


21 


a 
a. xy 
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Self Check 5 


Simplify each expression: 
a. 2xy° 2x 

b. —(xy)° -1 

Now Try Problems 62 and 66 


Teaching Example 5 Simplify each 
expression: 

a. (ab)° b. —x° e. (—3)° 

de 3" ey Te" 

Answers: 

@#i2ob=2 el df a7 


Self Check 6 


Write each expression without 
negative exponents: 


a. —3.14t77 — 
b. 77 5 
Now Try Problems 67 and 70 


Teaching Example 6 Write each 


expression without negative exponents: 


a. —4°7 b. 8x9 
Answers: 


a — 


8 


| EXAMPLE 5 | Simplify each expression: a. (5x)° b. 5x° c. —5x°y 


Strategy Since there are factors of the form x° in each expression, we will use 
the zero exponent rule to simplify them. 


WHY Any nonzero base raised to the 0 power is 1. 


Solution 
a. (5x)? =1 The base is 5x and the exponent is O. 


b. 5x° =5-x° =5-1=5 The base is x and the exponent is 0. 


c. —Sx°y = —5-x°-y = -5-1-y = —Sy a 


Since the rules for exponents are true for negative-integer exponents, we have 


=n Nn =n-+n 


x "x" =x =x°=1 where x #0 


Because x "+ x" = 1 and 4 -x" = 1, we define x " to be the reciprocal of x". 


Negative Exponents 


For any nonzero number x and any integer n 


In words, x ” is the reciprocal of x”. 


Using this definition, we can write expressions containing negative exponents as 
expressions without negative exponents. For example, 


1 1 1 1 i 
37 == = 10°? = —- = —— — = 44 = 256 
P 9 0 > Te > 7,000 74 ‘ 
and if b, c, and x are not 0, we have 
1 1 1 3 7 1 
2c) 3 = = — 3x} =3-2= 2 —s3 == 
2) = Go? 82 . xix bb? be 


Caution! A negative exponent does not indicate a negative number. It 


indicates a reciprocal. 


| EXAMPLE 6 | Write each expression without negative exponents: 


a7?  b. —2m 8 


Strategy Since there are factors of the form x ” in each expression, we will use 
the negative integer exponent rule to write equivalent expressions with positive 
exponents. 


WHY This rule enables us to rid these expressions of negative exponents. 


Solution 
= 1 1 
a. 7 2 a2 aa, 
a 49 
1 2 
b. —2m~® = -2- “te q The base is m. The original exponent is —8. m Sy 
m m eo 
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The Language of Algebra _ By the definition of negative exponents, a base 


cannot be 0. Thus, an expression such as 0° is undefined. 


Self Check 7 


Simplify each expression: 


Strategy We will use the product rule and the power rule for exponents to Pre 


Simplify each expression: a. x by 


simplify these expressions. a a 
Pe r b. (a >) a® 
. mH m\n 
WHY The first expression has the form x’’x” and the second has the form (x’")”. Now Try Problems 72 and 74 
lution 
in ly _ 1-543 Teaching Example 7 Simplify each 
ax xX =x Use the product rule: keep the common base x and add the exponents. expression: 
=x? ayy® by)? « 07)? 
1 Answers: 
——— wa ly ize 
x : : 


be) ag » eethe power rule: keep the base x and multiply the exponents. 


=f a 


Negative exponents can appear in the numerator and/or the denominator of a 
fraction. To develop rules to apply to such situations, consider the following example. 


—4 
We can obtain this result in a simpler way. Beginning with fe move x “ to the 


denominator and change the sign of its exponent. Then move y * to the numerator 
and change the sign of its exponent. 


This example illustrates the following rules. 


Changing from Negative to Positive Exponents 


A factor can be moved from the denominator to the numerator or from the 
numerator to the denominator of a fraction if the sign of its exponent is 
changed. 


For any nonzero real numbers x and y, and any integers m and n, 


These rules streamline the process when simplifying fractions involving negative 
exponents. 
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Self Check 8 | EXAMPLE 8 | ee ads : : é pe ) 
EXAMPLE 8 Simplify each expression. Write answers using positive 


Simplify each expression. Write 


: at exponents. 
answers using positive exponents. 
1 1 i 7 oe 
eee a. — . c — 
a. P=) t Pa 374 5,2 
—2 —m 
b 3" 64 Strategy Since these expressions have the form ra or 7 , we will use the rule 
4-3 
4 = for changing exponents from negative to positive to write equivalent expressions 
C. = Te, with positive exponents only. 
Sr’ 8h° 


WHY This rule enables us to rid these expressions of negative exponents by 
moving factors with negative exponents to the other side of the fraction bar and 
Teaching Example 8 Simplify each changing the sign of the exponent to positive. 

expression. Write answers using 


Now Try Problems 75,77, and 82 


positive exponents. —- 
—2 —2 
a. : 3; D. : 7 & : : a. 7 = ce Move c'° to the numerator and change the sign of the exponent. 
x a Ly Cc 
Answers: = 4 -3 
, 3 y3 b. 2 = ca Move 2 ~ to the denominator and change the sign of the exponent. 
a. 5x" b. no Pe) a ~ 2? Move 3 * to the numerator and change the sign of the exponent. 
81 
= 8 Evaluate 3* and 2°. 
— 9 Move 5 * to the denominator and change the sign of the exponent. 
c — =) =— zz Since 5t”° has no parentheses, t is the base. Move t ° to the 
t S 


numerator and change the sign of the exponent. | 


Caution! This rule does not allow us to move terms that have negative 
exponents. For example, 


3-7 +8 


IZ¥ Use the quotient rule for exponents. 


To develop a rule for dividing exponential expressions, we proceed as follows: 


m 
= = x” w = xy" = xmt(—n) = xn 
x Xx 


The result is called the quotient rule for exponents. 


The Quotient Rule for Exponents 


To divide exponential expressions with the same nonzero base, keep the 
common base and subtract the exponents. 


For any nonzero number x and any integers m and n, 


5.1 Exponents | 383 
| EXAMPLE 9 | \ Self Check 9 
Simplify each expression. Write answers using positive 


sumplly each expression: 


5 -5 
ts. a : b a b2 
exponents. a. > : a. — b 
we gu b> 
-3 
Strategy We will use the quotient rule for exponents to simplify these expressions. = =. 
m b> be 
WHY The expressions have the form “5. 
P x Now Try Problems 84 and 86 
Solution : _— 
a 5-3 Keep the common base a. ‘ x75 ee Teaching Eeenpie 9 Simplify each 
a. 4. O Subtract the exponents. a ~ es a 
a x — & Sy 
= a = Qx716 en. 
Answers: 
= — 4 2S 
x16 | ane Vi 


Sucess Tip We can also simplify il — by moving x > to the denominator 


and changing the sign of the siudnenk: 


2x79 2 


| EXAMPLE 10 | \ Self Check 10 
Simplify each expression. Write answers using positive = oe 


x43 (x2)3 ry? da-2b3\3 Simplify each expression: 
exponents. a. ——z bo | (2) tar 
x (x) xy 3a°b a. @- 1 
ey 
Strategy To simplify these expressions, we must use more than one rule for a2b\3 
exponents. b. ( Be ) a°b? 


WHY The expressions involve products, powers, and quotients of exponential 


j : . Now Try Problems 88, 90, and 92 
expressions with the same base as well as negative exponents. 


Teaching Example 10 Simplify each 


Solution : ek : expression: 
. te b «) a ae ed Gy ens 
* 5 —5 PBN. 6 a. b> c = 
x x (x”) x a oy yaa ie 
Pie = x56 Answers: F 
1 i}: | 2a 
12 2 aay 
=x =x? a. b. a 
=1 
xy _ 12-1,3-4 2a™*b*\? 2a* _ =) 
Cc. a ao x y ee | 
xy 3a°b 
= xy? _ ( — “) 
1 3 
= y° — 
y - ( ) 
_x 3a’b 
y 8 


~ 2a b Bi 
8 Simplify quotients raised to negative powers. 


To illustrate another rule for exponents, we consider the following simplification 


of() 
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The example just shown illustrates that to raise a fraction to a negative power, we 
can invert the fraction and raise it to a positive power. 


Fractions to Negative Powers 


A fraction raised to a negative power is equal to the reciprocal of the fraction 
raised to the positive power. 


For any nonzero real numbers x and y, and any integer n, 


Self Check 11 | EXAMPLE 11 | : : : . ‘ ) 
7 Write each expression without using parentheses or negative 


3a°b* ) ? -4 ee 2\-4 —23\ —3 
Write (5 without ; 2 a 2x we 
| Rah? . exponents: a. ( =) b. (3 c. ay d. ab 
using parentheses or negative 
exponents. Strategy To simplify these expressions, we must use more than one rule for 


Now Try Problems 96, 98, and 100 SxpOuens 


Self Check 1 Answer WHY The expressions involve fractions to negative powers as well as products, 
= powers, and quotients of exponential expressions with the same base. 


243b7° 
are Solution 
> a ta = 2\ — 
Teaching Example 11 write ( ‘i ;) 2 _ 3 : b a ° = x , 
3x“y a. 3 ~ 3 . 3 ~~ 2 
without using parentheses or negative y 
exponents. 3* a 
oe = 74 = y® 
25y* aoe 
16 
. ( 2x? y" (2) P (<*)" <4) 
*\3y73 ax “\ea?b4 ab? 
vy ap \3 
as 7 ee 
81 _ (ey? 
_ 16x°y!2 = (a’b) 


=a'b’ a 


Summary of Rules for Exponents 


If m and n represent integers and there are no divisions by 0, then 
Product rule Power rule Power of a product 
yt = ymin (xy = x" (xy)" = x"y" 
Quotient rule Power of a quotient Exponents of 0 and 1 


x°=1landx'=x 


ANSWERS TO SELF CHECKS 
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1. a. —kt,4 br,2 «A,8 2. a. 256 bk? cab’ d. —-8a°b 3. aa b. 6% 


aa da® 4 a.a bp -4S 5. a2 b-1 6a. 
15 9 64 Z 2 3 
iba Bar b5; «a -ys 2 ab bs 


1 


314 p 1 
7 B95 


7. a G 


t a 


10. a.1 ba? 11, 2245 


243b7° 


| VOCABULARY 
Fill in the blanks. 


1. x” is read as “x to the nth power .” 


p> 2. Inthe exponential expression x”, x is called the 
_base_, and nis called the _exponent_, 


3. 3*- 3% is a _product_ of exponent expression with the 
4, : - 
same base, and pe isa _quotcnt’ of exponential 
expression with the same base. 


4. The exponential expression 3 * has a _egative_ 


exponent. 

J CONCEPTS 
Find each value. 
5. 379 6. 3° 81 

1 4 3 
‘Qs 6s 

2 16 3 27 
9, —37 -9 10. —3* —81 
11. (-3)° 9 p 12. (-3)° -27 


Complete the rules for exponents. Assume that x # Nandy # 0. 


13. xx" = 14. (x”) = 


15. (xy)"” = x"y" 


17. °° =—f 


Explain the difference between the two expressions. 


21. 2x and x” 22. —2x andx ” 
ule 


2 —2 
2X =2°x;x° =xX°X 2x = -2+xjx = 5 


> 23. a. To multiply exponential expressions with the same 
base, keep the common base and _2¢¢_ the 
exponents. 


b. To divide exponential expressions with the same 
base, keep the common base and _subtract_ the 
exponents. 


c. To raise an exponential expression to a power, 
keep the base and _multiply_ the exponents. 


P Selected exercises available online at 
www.webassign.net/brookscole 


p> 24. a. To raise a product to a power, raise each [actor of 


the product to that power. 


b. To raise a quotient to a power, raise the 
numerator and the denominator to that power. 


c. Any nonzero base raised to the 0 power is _|_. 
d. x~" is the _teciprocal_ of x”. 


I NOTATION 


Complete each simplification. 


5 4 9 —4\2 
Ee ae: a ngs 
23. —. == > 26. (>) =(a ) 
x 2 x 2 a 
2 
= ~ESs = (a ml) 
= ,; — = 


I GUIDED PRACTICE 


Identify the base and the exponent. See Example 1. 


27; 5° 3 28. —7° 7:2 
29, =x? x5 30. (-1)* -1:4 
31. 2b° b:6 p> 32. (3xy)° 3xy:5 


34. (—pq)” —pq:2 


3 
n n 
33. (2) 1 3 


Simplify each expression. See Example 2. 
a5. xx © 36. yy" y” 


37. x7x7x° x19 > 38. yyy? y? 
39. 2aba°b* 2a‘b° 40. 2x7y*x7y* 2x5y° 
2: 
41. —S5y*(y*) —5y’ 42. — 3a (a'b’) —2a°b? 


Simplify each expression. See Example 3. 

43. (2°)? 64 44, (3°)? 81 

45. (z'7)* 24 46. (x*)7 8 

47. (a’a°)* a® p> 48. (b°b*)* 5% 
49. (b°)*(b°)? b” 50. (c*)*(c*)? cl4 
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Simplify each expression. See Example 4. Simplify each expression. Write answers without using negative 
1 a4 exponents. See Example 10. 
3,,4)3 57,9,,12 +,215\ 1 3,20 
51. (3x-y")” 27x°y 52. (40 b ) 16" b wea b 3p 4 
87. — a’ 88. ——— — 
1 “4 235 a b b 
53. ~ 3m a9" 54. (—3p’q°)? —243p'°q" (a3) (b*) 
eye 90.271 
2s 2\ (’) (6°) 
55. (S) 500 56. (S) pe Ps ee 64p!2 — (0 > 4a 
e 3ab73 270° 7 3 —2p2 gp! 
2\2 5\3 
4a 16a* 3a 27a'5 
57. 3p ope > 58. apt Pro ~Iq*h\3 8q2! —3x4y? 2 y® 
93. 8p = 3 94. ,_ Ae aD! a 
a ~b & —9x°y 9x" 


Simplify each expression. See Example 5. 


59. 8° | > 60. —9° -1 Simplify each expression without using parentheses or negative 
, 6 , 0 exponents. See Example 11. 
61. (—8t) 1 62. (—9m)" 1 ne we 
2 0 95 (3) 2 96 (<) : 125 
63. 3(4x)° 3 64. (2°) 4 “\3) 4 AS 64 
3\ -4 5\-3 6 
65. —6a° —6b bm 66. 14p°b° tap" _ (S) ob és (5) ca 
° b2 12 ° 2 15 
qd P 
Write each expression without negative exponents. 56 ( 3a? )- 4 ‘an (=) ams 
See Example 6. ap-4 9a*p8 3n 64m 
3 = 1 —4\ — = — 
67.57 ro 68. —5 * rr —3pqr*\~? 4a?b®z~* \~3 
Ws an Re 
‘ 3 303 2p qr 3a “b ‘z 
69. —3p ° ia > 70. qo am 4p?r'? 27271 
- ? oq8 64a'*b 
Simplify each expression. See Example 7. I TRY IT YOURSELF 
71. y %y4 tL 72. pp * Pr Simplify each expression. Assume that no denominators are 
y zero. Write each answer without using negative exponents. 
—4)-2 4-3 1 
73. (r “) or > 74. (s) <2 103, 5-* 104, —5-2 — 
625 25 
Simplify each expression. Write answers using positive 105. (-5) 33 106. (-5)* ai 
exponents. See Example 8. 
, 7 107. (—2x)? —32x° 108. (—3a)*? —270° 
78. —=3 2a 1S: ay ae 109. k°k? k’ 110, x®x1" 419 
372 g 4a 94 111. p°pp? p"° 112. 2’24 2 
77-339 78: 25 16b 113, (—x)y*? yt Na, —x2yy°x? -y" 
-3 5 Se cpa —s9 1 1\5 
yo, 2 __? . 20, -— 115. (b *)’ os 116. (y’y y*® 
4b-> 40° 4b~* 4a? 
3 -3 = ° -3 1 
pie ee a ce 117. 7 sh 5 118. (mn?) > —— 
. 5q3 5 . e oe r mn 
119. (-2)°(d3)? — pm 120. (c*)°(c4)? 4 
Simplify each expression. Write answers without using negative es d sees = 
a \ ae ko \~ 
eas Example 9. : 121. (SS) " > 122. (S) - 
4 — 
83. - p* 84. = = a a 
P q * 123. =| a 124. 5 
—4 4 
85 es > 86. z or _ 
12 * Ay 3 cc a 
7 es 125. —— P 126. = a*® 
c aa 
1, —_— 
127. a > 128. —~ 30° 


129 ene. a 13002 ay = 
* 4347449 9x3 . (2y?)3 8y 
3a~*b?\° a + B® 
131. ==) 4 132, ———__ i 
17a*b 2(a + b) 
133 ( 2a'b* ) 27 434 (2 )- 16 
: 3a 3p? 8a'8 : 6x°y * yl 


135. (2x “y*)x°y 7) fs 136. (Feo >) (2ab*Y’ p10 
16 e 
- 138 (-2m 1)? 36n10 “ 


(3m?n?) 2m? 


Gx?y“)* ary 
Qxryy> 9 


137. 


Use a calculator to find each value. 
140. 0.0537* 0.000008316 
142. (—25.1)° —9,962,506.263 


~~ 139. 1.23° 3.462825992 
141. —6.257? —244.140625 


Use a calculator to verify that each statement is true by showing 
“= that the values on either side of the equation are equal. 


143. (3.68)° = 1 144, (2.1)*(2.1)° = (2.1)’ 
145,. (72) (277 =(CD27/ 


146. (34) ° = (22) 147. (3.2)°(3.2) 7 =1 


_ 1 
148. (7.23) ° = 723)" 


f APPLICATIONS 
® 149. MICROSCOPES The illustration shows the relative 
sizes of some chemical and biological structures, 
expressed as fractions of a meter (m). Express each 
fraction shown as a power of 10, from the largest to 


the smallest. 
104,10 7,10°*,10°°, 10° *, 10" "10", 10” 


<— @) Atom 
—= $. Small molecule 


=< & Globular protein 


1 
1,000,000,000 m 


i 
2 100,000,000 m 
£ ‘ — & Virus 
= — 
| 10,000,000 m 
AI 
= 1,000,000 m | <— @QQ) Bacterium 
& 
§ 
2 


2 €g) Animal cell 
1 SS 
10,000 m eS) Plant cell 


<> Thickness of a dime 


Range of light microscope 


> 150. 


p> 151. 


p> 152. 


> 153. 


> 154. 
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ASTRONOMY The distance d, in miles, of the nth 
planet from the sun is given by the formula 


d = 9,275,200[3(2”~?) + 4] 


From the illustration below, determine n for Earth 
and Mars. Then find the distance of Earth and the 


distance of Mars from the sun. 
92,752,000 mi, 148,403,200 mi 


LICENSE PLATES The number of different 
license plates of the form three digits followed by 
three letters is 10-10-10 - 26 - 26° 26. Write this 


expression using exponents. Then evaluate it. 
10° - 26°; 17,576,000 


PHYSICS Albert Einstein’s work in relativity 
resulted in the observation that the total energy E of 
a body is equal to its total mass m times the square 
of the speed of light c. This relationship is given by 
the formula E = mc’. Identify the base and 
exponent on the right-hand side of the equation. c: 2 
GEOMETRY A cube is shown 
on the right. 


a. Find the area of its 
base. x° ft? 


b. Find its volume. x° f° 

GEOMETRY A 

rectangular solid is 

shown on the right. 

a. Find the area of its 
base. y° ft? 


b. Find its volume. 
y? ft? 
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I WRITING J REVIEW 
155. Explain how an exponential expression with a Solve each inequality. Give the result in interval notation and 
negative exponent can be expressed as an equivalent graph it. 
expression with a positive exponent. Give an 
example. 159. a+5<6 160. —9x +5=15 
a sy a 10 
156. In the definition of x", x cannot be 0. Why not? (—2, 1) <— | %,—5 a 
p> 157. Explain the error in the following solution. 1 ~10/9 
1 1 
161. 6(¢-— 2) =4(t+7 162. -p-=~=sp+2 
“To ( ) = 4 )> eae 
8b° 28 
(—2, 20] << |» a ee Te 
158. Is a positive number greater than 1 raised toa 20 -28/9 


negative power greater than or less than 1? Explain 
your answer. 


Objectives SECTION 5.2 
GB write numbers in scientific Scientific Notation 


notation. 


i 2 | Convert from scientific notation 
to standard notation. 


3 | Perform computations with 
scientific notation. 


Very large and small numbers occur in science and 
other disciplines. For example, the star nearest to Earth 
(excluding the sun) is Proxima Centauri, about 
24,793,000,000,000 miles away, and the mass of a hydrogen 
atom is approximately 0.000000000000000000000001673 
gram. 

These numbers, written in standard or decimal 
notation, are difficult to read and cumbersome to work 
with in computations because they contain many zeros. 
In this section, we will discuss a notation that enables us 
to express such numbers in a more manageable form. 


© NASA/Science Source 


8 Write numbers in scientific notation. 


Scientific notation provides a compact way of writing very large and very small 
numbers. 


Scientific Notation 


A positive number is written in scientific notation when it is written in the 
form N X 10”, where 1 S N < 10 andn represents an integer. 


Some examples of numbers written in scientific notation are 
3.67 x 10° 2.24 x 10°* 9.875 X 10° 


Every positive number written in scientific notation is the product of a decimal 
number between 1 (including 1) and 10 and an integer power of 10. 


An integer exponent 


x 10 


eas 
A decimal that is at least 1 


but less than 10 
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| EXAMPLE 1 | : a . \ Self Check 1 
Write each number in scientific notation: 


a. 24,793,000,000,000 — b. 0.000000000000000000000001673 Write each italicized number in 
scientific notation. 
Strategy We will write each number as the product of a number between 1 and a. In 1998, the country earning 
10 and an integer power of 10. the most money from tourism 
WHY Numbers written in scientific notation have the form N Xx 10” where was the United States: 
1 = N < 10and nis an integer. $74,240,000,000. 7.424 x 10'° 
. b. DNA molecules contain and 
Solution transmit the information that 
a. The number 2.4793 is between 1 and 10. To get 24,793,000,000,000, the decimal allows cells to reproduce. They 
point in 2.4793 must be moved 13 places to the right. are only 0.000000002 meter 
24,793,000,000,000. wide. 2 x 10 ° 
sais A Now Try Problems 10 and 16 
We can move the decimal point 13 places to the right by multiplying 2.4793 by Teaching Example 1 Write each 
10!3 number in scientific notation: 
, a. 0.0000004192 
24,793,000,000,000 = 2.4793 x 10!° b. 50,100,000,000,000 
Answers: 
b. The number 1.673 is between 1 and 10.To get a. 4.192 x 10°’ b. 5.01 x 101% 
0.000000000000000000000001673, the decimal point in 1.673 must be moved 
24 places to the left. 
0.000000000000000000000001673 
MIDI ISI III III III II IIIS 
24 places 
We can move the decimal point 24 places to the left by multiplying 1.673 by 
10°. 
0.000000000000000000000001673 = 1.673 x 10°74 a 


Numbers such as 47.2 x 10° and 0.063 X 10~? appear to be written in scientific 
notation, because they are the product of a number and a power of 10. However, 
they are not. Their first factors (47.2 and 0.063) are not between 1 and 10. 


| EXAMPLE 2 | . ee . \ Self Check 2 
Write each number in scientific notation: 


a. 47.2 x 10° b. 0.063 X 1072 Write each number in scientific 
notation: 
Strategy In each case, we will write the first factor in scientific notation and then a. 27.3 X 102 
multiply the powers of 10 using the product rule of exponents. b. 0.0025 X 1073 
WHY Neither of the original numbers are written in scientific notation because Now Try Problems 18 and 22 
the first factor is not between 1 and 10. Self Check 2 Answers 
a. 2.73 X 10° b. 2.5 x 10°° 
Solution 
Since the first factors are not between 1 and 10, neither number is in scientific Teaching Example 2 Write each 


number in scientific notation: 
a. 0.0047 x 10’ b. 52.1 x 10°73 


a. 47.2 x 10° = (4.72 x 10°) x 10° Write 47.2 in scientific notation. Answers: ; 
i 7 a. 4.7 X 10* b. 5.21 x 10°? 
= 4.72 x (10° x 10°) Group the powers of 10 together. 


notation. However, we can change them to scientific notation as follows: 


= 4.72 x 10+ Apply the product rule for exponents: 
io Ke" S10 S18". 


b. 0.063 x 10°? = (6.3 x 10-7) X 10°? Write 0.063 in scientific notation. 
= 63 x (10° x 10-*) 
= 63 xX 10~* al 
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Self Check 3 


Convert each number to 

standard notation. 

a. Russia is the largest country in 
land area, with over 6.5 X 10° 
square miles. 

b. The average distance between 
molecules of air in a room is 
3.937 X 107 inch. 


Now Try Problems 26 and 32 


be O mie e@)ele | The American Educational System 


Between 2001 and 2013, the number of high school graduates is projected to 
increase nationally by 11 percent. Increases are expected in each region of the 
country, especially the West. 


National Center for Education Statistics, Projections to 2013 


The figure on the right shows Postdoctoral Study and Research 
the three-level structure of the 
American educational system 
as illustrated in the Digest for 
Education Statistics, 2002. 
Write each italicized number 
in the following excerpt from 


Doctor's Degree Study 


(Teoruyoay, ‘Teuones0 A, 
‘[RUuOIssayolg 
“AYISIOATUL) ‘9S39[[OD) 
uoneonpy Arepuosas}sog 


the digest using scientific 
notation. 


For 2002, enrollment in U.S. Esaue 
elementary and secondary 

schools was estimated to be High Scots 
53.6 million and enrollment in 
US. postsecondary schools was 
estimated to be 15.6 million. 
Total spending on all three 
levels of education was 
estimated to be $745 billion. ieee 
Bits SF ss 2 Oh is Se = 


(jeoruyoeL 
[RUOTIEDO A, 
“‘oTUapRoy) 
uoneonpy 
Arepuoses 


(4-4-4) 


Elementary (or Primary) Schools 


uoneonpy (Areurtig 10) 
Areyuow[q 


E43 Convert from scientific notation to standard notation. 


Each of the following numbers is written in both scientific and standard notation. In 
each case, the exponent gives the number of places that the decimal point moves, 
and the sign of the exponent indicates the direction that it moves: 


5.32 x 10° = 53200. 6.45 x 10’? = 64500000. 
AAAS LAAAAARASA 
4 places to the right 7 places to the right 
2.37 Xx 10°* = 0.000237 9.234 X 10°? = 0.09234 
AAA AKAD 
4 places to the left 2 places to the left 


4.89 x 10° = 4.89 


No movement of the decimal point 


| EXAMPLE 3 | Convert each number to standard notation: 


a. 8.706 X 10° b. 1.1 x 10° 


Strategy In each case, we need to identify the exponent on the power of 10 and 
consider its sign. 


WHY The exponent gives the number of decimal places that we should move the 
decimal point. The sign of the exponent indicates whether it should be moved to 
the right or the left. Vv 
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Solution Self Check 3 Answers 
a. Since multiplication by 10° or 100,000 moves the decimal point 5 places to the a LO Dy OOO IET 
right, Teaching Example 3 Convert each 
5) = number to standard notation: 
oe Aad , Breen a. 7.1364 x 10° b. 4.918 x 10° 
Answers: 
b. Since multiplication by 10 ° or 0.001 moves the decimal point 3 places to the a. 0.000071364 b. 4,918,000 
left, 
1.1 x 10° = 0.0011 = 0.0011 
WWD a 


EE Perform computations with scientific notation. 


Scientific notation is useful when multiplying and dividing very large or very small 
numbers. 


| EXAMPLE 4 | \ Self Check 4 
Astronomy The galaxy in which we live is called the - a 


Milky Way. This system of some 10"! stars, one of which is the sun, has a diameter paevasincd A light aede is 
of approximately 100,000 light years. (A light year is the distance light travels in a 5 88 x 10° miles. What Is the 
vacuum in one year: 9.46 X 10'° meters.) What is the diameter of the Milky Way diameter of the Milky Way in 
in meters? miles? 

Now Try Problem 38 

Self Check 4 Answer 


5.88 X 10'7 mi 


Teaching Example 4 FARMING In 
2007 the average yield of corn was 
151.1 bushels per acre. If U.S. farmers 


< , ; planted 93,600,000 acres of corn in 
TOO,G00 light years 2007, what is the total number of 
A cross-sectional representation of the Milky Way Galaxy bushels of corn produced? 
(www.nass.usda.gov) 
. . : Answer: 
Strategy To find the diameter of the Milky Way, we will convert the number of about 1.414 % 10" bushels 


light years, 100,000, to scientific notation and multiply it by the number of meters 
per light year, 9.46 x 10". 


WHY When the numbers to be multiplied (100,000 and 9.46 x 10'°) are written 
in scientific notation, we can use the product rule for exponential expressions 
separately. 


Solution 

To find the diameter of the Milky Way in meters, we will multiply the diameter of 
the Milky Way, expressed in light years, by the number of meters in a light year. 
To perform the calculation, we write 100,000 in scientific notation as 1.0 x 10°. 


1.0 X 10° + 9.46 x 101° 


= (1.0 - 9.46) x (10° - 10'°) Apply the commutative and associative properties 
of multiplication to group the first factors 
together and the powers of 10 together. 


= 9.46 x 10°T Perform the multiplication: 1.0 - 9.46 = 9.46. 
For the powers of 10, keep the base and add the 
exponents. 

= 9.46 x 107° Perform the addition. 


The Milky Way galaxy is about 9.46 x 10°° meters in diameter. a 


Self Check 5 


WORLD OIL RESERVES/DEMAND 
There were 1,290,000,000,000 
barrels of crude oil reserves in 
the ground at the start of 2006. 
At that time, world demand was 
30,800,000,000 barrels per year, 
according to the Energy 
Information Administration. If 
annual demand as of 

2006 remains the same and if no 
new oil discoveries are made, 
when will the world’s oil supply 
run out? 42 years 


Now Try Problem 42 


Teaching Example 5 FARMING If 
the total number of bushels of soybeans 
produced in 2007 was 3,200,000,000 
bushels for 62,800,000 acres planted, 
find the average number of bushels of 
soybeans produced per acre that year. 
Answer: 

about 52 bushels per acre 


Self Check 6 


Use scientific notation to 
evaluate: 


(320)(25,000) 
0.00004 


Now Try Problem 44 
Self Check 6 Answer 
2 x 10' = 200,000,000,000 


Teaching Example 6 Use scientific 
notation to evaluate: 
(5,200,000)(24,000) 

0.000008 
Answer: 
1.56 x 10*° 
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| EXAMPLE 5 | World Oil Reserves/Demand According to estimates in 


the Oil and Gas Journal, there were 1.03 X 10’? barrels of oil reserves in the ground 
at the start of 2003. At that time, world production was 2.89 x 10'° barrels per year. 
If annual production remains the same and if no new oil discoveries are made, when 
will the world’s oil supply run out? 


Strategy To find the number of years of crude oil that remains, we will convert 
the number of barrels in reserves to scientific notation and divide it by the annual 
number of barrels of demand, also written in scientific notation. 


WHY When the numbers to be divided are written in scientific notation, we can 
use the quotient rule for exponents to simplify the computation. 


Solution 

If we divide the estimated number of barrels of oil in reserve, 1.03 X 10”, by the 
number of barrels produced each year, 2.89 X 10'°, we can find the number of 
years of oil supply left. 


1.03 x10" 1.03 10” 


x 
2.89 x 10° 2.89 191° 
= 0.36 x 10210 


Divide the first factors and the second factors in 
the numerator and denominator separately. 


Perform the division: 408 = 0.36. For the powers of 
10, keep the base and subtract the exponents. 

~ 0.36 x 10° 
=~ 36 


Perform the subtraction. 
Write 0.36 X 10 in standard notation. 
According to industry estimates, as of 2003, there were 36 years of oil 


reserves left. Under these conditions, the world’s oil supply will run out in the 
year 2039. a 


| EXAMPLE 6 | Use scientific notation to evaluate: 


(0.00000064)(24,000,000,000) 
(400,000,000)(0.0000000012) 


Strategy After writing each number in scientific notation, we will perform the 
arithmetic on the decimals and the exponential expressions separately. 


WHY When the numbers to be multiplied and divided are written in scientific 
notation, we can use the product and quotient rules for exponents to simplify the 
computation. 


Solution 

After writing each number in scientific notation, we can do the arithmetic on the 

numbers and the exponential expressions separately. 
(0.00000064)(24,000,000,000) (6.4 x 10° ’)(2.4 x 10'°) 
(400,000,000)(0.0000000012) — (4 x 108)(1.2 x 107°) 


(6.4)(2.4)  107710'° 
(4)(1.2) 108107? 
15.36 

= 1977+ 10-8-C9) 
4.8 

= 3.2 x 104 


The result is 3.2 X 10*. In standard notation, this is 32,000. a 
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Using Your CALCULATOR Using Scientific Notation 


Scientific calculators and graphing calculators often give answers in scientific 
notation. For example, if we use a calculator to find 301.2%, the display will 
read 


b.?739L49b 17 On a scientific calculator 


301.2% On a graphing calculator 
b- ?7?39L49bLE1L9 


In either case, the answer is given in scientific notation, and we interpret it as 


6.77391496 x 10° 


Numbers can also be entered into a calculator in scientific notation. For 
example, to enter 24,000,000,000 (which is 2.4 x 10!° in scientific notation), we 
enter these numbers and press these keys: 

2.4|EXP|10 Onsome scientific calculators 


2.4|EE| 10 On a graphing calculator and on most scientific calculators 


To use a scientific calculator to evaluate 


(24,000,000,000)(0.00000006495) 
0.00000004824 


we must enter each number in scientific notation, because each number has 
too many digits to be entered directly. In scientific notation, the three numbers 
are 


24%10° 6495x10% 4824x10°% 
Using a scientific calculator, we enter these numbers and press these keys: 


2.4|/EXP) 10) x |6.495 |EXP] 8} +/—]|| + | 4.824 | EXP] 8|+/—|}= 


The display will read) 3.231343284 129%). In standard notation, the 
answer is 32,313,432,840. 


The keystrokes are similar on a graphing calculator. 


~ ANSWERS TO SELF CHECKS 


| 1. a. 7.424 x 10° bo 2x10" 2. a. 2.73 x 10° b. 2.5 x 107° 3. a. 6,500,000 
_b. 0.0000003937 4. 5.88 x 10'7mi 5. 42 years 6. 2 x 10'' = 200,000,000,000 


5.2. STUDY SET 


| VOCABULARY | CONCEPTS 
Fill in the blanks. Fill in the blanks. 
1. 7.4 X 10° is written in _scientific_ notation. 7,400,000 is 3. A positive number is written in scientific notation 
written in _standard_ notation. when it is written in the form N X _10"_, where 
> 2. 10-3, 10°, 10', and 10* are _powers_of 10. 1=N<10, and nis an integer 


P Selected exercises available online at 
www.webassign.net/brookscole 
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p> 4. Fillin the blank with > or <: 
The number 5.3 X 107_>_ the number 5.3 X 10°”. 


5. To change 6.31 x 10 * to standard notation, we move 
the decimal point four places to the _!e!t_. 


6. To change 9.7 x 10° to standard notation, we move 
the decimal point three places to the _tight_. 


I NOTATION 


7. Explain why the number 60.22 X 10° is not written 
in scientific notation. 60.22 is not between | and 10. 


8. Explain why the number 0.6022 x 10** is not written 
in scientific notation. 0.6022 is not between 1 and 10. 


I GUIDED PRACTICE 


Write each number in scientific notation. See Example 1. 


9. 3,900 10. 1,700 

3.9 x 10° 1.7 x 10° 

11. 0.0078 12. 0.068 
18 x 107° 68 x 10°? 

13. 173,000,000,000,000 P 14. 89,800,000,000 
V7 1 8.98 x 101° 

15. 0.0000096 16. 0.000000046 
06% 10° 46x 10° 


Write each number in scientific notation. See Example 2. 
17. 323 x10 p> 18. 689 x 10° 


393: 10° 6.89 x 10"! 

19. 6,000 x 1077 p> 20. 765 X 10° 
6.0 x 10°* 7.65 X 107-3 

21. 0.0527 x 10° 22. 0.0298 x 10° 
507 10° 2.98 x 101 

23. 0.0317 X 10°? 24. 0.0012 x 1073 
S19 10 * 12 1G 


Write each number in standard notation. See Example 3. 


25. 2.7 X 107 270 26. 7.2 x 10° 7,200 

p> 27. 3.23 x 10°° 0.00323 p> 28. 6.48 X 10°7 0.0648 
29. 7.96 X 10° 796,000 30. 9.67 X 10° 9,670,000 
31. 3.7 X 107* 0.00037 32. 4.12 x 107° 0.0000412 
33. 5.23 x 10° 5.23 34. 8.67 X 10° 8.67 


35. 23.65 X 10° 23,650,000 > 36. 75.6 X 10°> 0.000756 


Give all answers in scientific notation. Use a calculator to check 
your results. See Examples 4-6. 


37. (7.9 X 10°)(2.3 X 10°) 1.817 x 10" 
38. (6.1 x 10°)(3.9 x 10°) 2.379 x 10 
39. (9.1 X 10°-°)(5.5 X 10°”) 5.005 x 108 
pm 40. (8.4 x 10° 1°)(4.8 x 10°) 4.032 x 10-3 


4.2 x 10°? 
8.4 x 10> 
1.21 x 10% 


5x 10°" 


> 42. —— 11x10" 


1.1 x 107 
3.9 x 10°°)(9.5 x 10-4 
Ax ( )¢ ) 


1.95 x 1077 
(4.9 x 10°)(2.7 x 10°°) 
44, 40 
6.3 X 10 


19x i10-" 


2.4 10°" 


I TRY IT YOURSELF 


Write each numeral in scientific notation and perform the 
operations. Give all answers in scientific notation and in 
standard form. Use a calculator to check your results. 
45. (89,000,000,000)(4,500,000,000) 

4.005 x 107°; 400,500,000,000,000,000,000 


46. (0.000000061 )(3,500,000,000) 
2.135 & 1072135 


9 0.00000129 _ 4,400,000,000,000 
“0.0003 > 0.0002 
4.3 x 1077; 0.0043 2.2 X 10!°; 22,000,000,000,000,000 
re (220,000)(0.000009) (640,000) (2,700,000) 
. 0.00033 120,000 
6 X 10%; 6,000 1.44 x 107; 14,400,000 
es (0.00024)(96,000,000) (0.0000013)(0.00009) 
. 640,000,000 0.00039 


3.6 X 107°; 0.000036 3 X 1077; 0.0000003 


I APPLICATIONS 


53. FIVE-CARD POKER The 
odds against being S x 
dealt the hand shown on the 
right are about 2.6 x 10° od 
to 1. Express the odds ~ a2 | 
using standard = 
notation. 2,600,000 to 1 


p> 54. ENERGY See the 


illustration. Express each of the following using 
scientific notation. (1 quadrillion is 10'>.) 


a. 2007 U.S. energy consumption 1.016 < 107 Btu 
b. 2007 U.S. energy production 7.171 x 10'° Btu 


c. The difference in 2007 consumption and 
production 2.989 x 10'° Btu 


2007 U.S. Energy Consumption and Production 


(petroleum, natural gas, coal, hydroelectric, nuclear, geothermal, solar, wind) 


0 10 20 30 40 50 60 70 80 90 100 T10 
Quadrillion Btu (British thermal units) 


Source: Energy Information Administration, United States Department of Energy 


55. 


> 56. 


57. 


> 58. 


59. 


p> 60. 


THE YEAR 2000 Express in scientific notation each 
of the dollar amounts that appeared in the following 
excerpt from the Federal Computer Week website 
(February 16, 1998). 


President Clinton's fiscal 1999 budget proposal of 
$1.7 trillion includes expenditures of about 
$3.9 billion to ensure that federal computers can 
accept dates after Dec. 31, 1999. Clinton has 
proposed spending $275 million at the Defense 
Department and $312 million at the Treasury 
Department to fix the year 2000 problem. 
$1.7 X 10'7, $3.9 x 10°, $2.75 x 10°, $3.12 x 10° 
STAR TREK In the science fiction series Star Trek, 
crew members talk of their spacecraft, the U.S.S. 
Enterprise, traveling at various warp speeds. To 
convert a warp speed, W, to an equivalent velocity in 
miles per second, v, we can use the equation 


v= We 


where c is the speed of light, 1.86 X 10° miles per 
second. Find the velocity of a spacecraft traveling at 
warp 2. 1.488 x 10° mi/sec or 1,488,000 mi/sec 


ATOMS A simple model of a helium atom is shown. 
If a proton has a mass of 1.7 X 10° ** grams, and if the 
mass of an electron is only about nat that of a 
proton, find the mass of an electron. 8.5 x 10°“ ¢ 


Proton 


Electron 


Neutron 


OCEANS The mass of Earth’s oceans is only about 
ree that of Earth. If the mass of Earth is 6.578 x 107! 
tons, find the mass of the oceans. 1.495 x 10'* tons 
LIGHT YEARS Light travels about 

300,000,000 meters per second. A light year is the 
distance that light can travel in one year. Estimate the 
number of meters in one light year. about 9.5 x 10'° m 


AQUARIUMS Express the volume of the fish tank 
shown below in scientific notation. 8.4 x 10'° mm* 


4,000 mm 


3,000 mm 


61. 


p> 62. 


63. 


> 64. 


65. 
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THE BIG DIPPER One of the stars in the Big 
Dipper is named Merak. It is approximately 
4.65 x 10'* miles from Earth. 


a. If light travels about 1.86 X 10° miles/sec, 
how many seconds does it take light 


emitted from Merak to reach Earth? 


(Hint: Use the formula t = 2 ) 


r° 


2.5 X 10’ sec = 2,500,000,000 sec 


b. Convert your result from part a to years. 
about 79 years 


Merak 


BIOLOGY A paramecium is a single-celled 
organism that propels itself with hair-like projections 
called cilia. Use the scale in the illustration below to 
estimate the length of the paramecium. Express the 
result in scientific and in standard notation. 

2.5 X 10° “m; 0.00025 m 


eX.  ¥ es > 
| 


5.0 x 10> m 
HALE-BOPP On March 23, 1997, Comet Hale- 
Bopp made its closest approach to Earth, coming 
within 1.3 astronomical units. One astronomical unit 
(AU) is the distance from Earth to the sun—about 
9.3 X 10’ miles. Express this distance in miles, using 
scientific notation. 
1.209 x 10° mi 


DIAMONDS The approximate number of atoms of 
carbon ina 5—carat diamond can be found by 
computing 


6.0 x 107 
1.2 x 10° 


Express the number of carbon atoms in scientific and 
in standard notation. 
5 X 1071; 5,000,000,000,000,000,000,000 


ATOMS A hydrogen atom is so small that a single 
drop of water contains more than a million million 
billion hydrogen atoms. Express this number in 
scientific notation. 

1.0 x 107 


recently honored first-year graduate student Gwen 


396 | Chapter5 Exponents, Polynomials, and Polynomial Functions 


p> 66. ASTRONOMY The American Physical Society 


| REVIEW 


Solve each compound inequality. Give the result in interval 


Bell for coming up with what it considers the most 
accurate estimate of the mass of the Milky Way. In 
pounds, her estimate is a 3 with 42 zeros after it. 


notation and graph the solution set. 
71. 4x = —x + 5and6 = 4x — 3 


Express this number in scientific notation. 3.0 x 10" 3 
1 9/4 
I WRITING p> 72. 15 >2x-7>9 
67. Explain how to change a number from standard ae —— 


notation to scientific notation. 
73. 3x +2<8o0r2x —3>11 


(—%, 2) U (7, ©) es} $f 
2 7 


74. —4(x + 2) =120r3x+8<11 
= 


68. Explain how to change a number from scientific 
notation to standard notation. 
69. Explain why 9.99 x 10” represents a number less 
than | but greater than 0 if 7 is a negative integer. 
p> 70. Explain the advantages of writing very large and very 
small numbers in scientific notation. 


Objectives 


1 aekeenreennes Polynomials and Polynomial Functions 


| 2 | Evaluate polynomial functions. 


In arithmetic, we add, subtract, multiply, divide, and find powers of numbers. In 
algebra, we perform these operations on algebraic expressions called polynomials. 


Ei Graph polynomial functions. 


er iB Define and classify polynomials. 
| 4 | Simplify polynomials by 
combining like terms. 


B Add polynomials. 


Recall from Chapter 1 that a term is a number or a product of a number and a 
variable (or variables) raised to a power. Some examples are 


15 5 


aaa = 4.5 
16)” and 2.4x"y 


6 | Subtract polynomials. 17, Ox, 
If a term contains only a number, such as 17, it is called a constant term, or simply a 
constant. 

The numerical coefficient, or simply the coefficient, is the numerical factor of a 
term. For example, the coefficient of 9x is 9 and the coefficient of —2.4x4y° is —2.4. 
The coefficient of a constant term is that constant. 


Polynomials 


A polynomial is a single term or the sum of terms whose variables have whole- 
number exponents. No variable appears in a denominator. 


The following expressions are polynomials in x: 


—6x, 3x? + 2x, sx ox =x and 19x79 + \/3x!4 + 4.5x1! — x? 


Caution! The following expressions are not polynomials: 


2% 


x2 — 8 and x °+2x +24 


rt. 


The first expression is a quotient and has a variable in the denominator. The 
last two have exponents that are not whole numbers. 


5.3 Polynomials and Polynomial Functions 


If any terms of a polynomial contain more than one variable, we say that the 
polynomial is in more than one variable. Some examples are 

3xy, 5x°y? + 2xy — 3y, and ww + uv +1 

Polynomials can be classified according to the number of terms they have. 
A polynomial with one term is called a monomial, a polynomial with two terms is 
called a binomial, and a polynomial with three terms is called a trinomial. 


Monomials Binomials Trinomials 
oe 2x +5 2x7 + 4x + 3 
a’b —17x* — ox 3mn? — mn? + Tn 
3x3 y>z" 32x13 y°z3 + 47x7yz —12x°y* + 13x4y? — 7x3? 


Polynomials and their terms can be classified according to the exponents on 
their variables. 


Degree of a Term of a Polynomial 


The degree of a term of a polynomial in one variable is the exponent on the 
variable. The degree of a term in several variables is the sum of the exponents 
on those variables. If the term is a nonzero constant, its degree is 0. The 
constant 0 has no defined degree. 


Find the degree. a. 3x4 b. —4x7y3 «3 Self Check 1 


Find the degree. 
Strategy We will find the sum of the exponents on the variables for each term. a. —12a7 2 
WHY The sum of the exponents on the variables of a term gives the degree of b. 8a°b* 5 
the term. c. see 17 
Solution 


a. 3x* is a monomial of degree 4, because the exponent on the variable is 4. mewn Eroblems 26:and 20 


b. —4x’y? is a monomial of degree 5, because the sum of the exponents on the Teaching Example 1 Find the degree. 
variables is 2 + 3 = 5. 


9 tl 
a. 27a’ b. —25x°y c geye 


; : a0 
c. 3 is amonomial of degree 0, because 3 = 3x". a Wrewiee 


as? BiG e-9 
We determine the degree of a polynomial by considering the degrees of each of 
its terms. 


Degree of a Polynomial 


The degree of a polynomial is the same as the degree of the term in the 
polynomial with largest degree. 


| EXAMPLE 2 | \ Self Check 2 
State whether each polynomial is a monomial, binomial, or = =s 


trinomial, and find the degree. State whether each polynomial is 

a. Seo edge 4 7 b. Tx2y8 _ 3x2y2 c. 3x + 2y — xy a monomial, binomial, or 
trinomial, and find the degree. 

Strategy We will count the number of terms in the polynomial and determine ax—-x+1 

the degree of each term. b. —12x7y? + 3x°y? 

WHY The number of terms determines the type of polynomial. The highest Now Try Problems 20 and 22 

degree of any term of the polynomial determines its degree. V__ Self Check 2 Answers 


a. trinomial, degree 2 
b. binomial, degree 12 
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Teaching Example 2 State whether 
each polynomial is a monomial, 
binomial, or trinomial, and find the 
degree. 

aie 3a" + 2 

b. Sxy? — 8x7yz? 

c. —6x7y3 

Answers: 

a. trinomial, degree 4 

b. binomial, degree 12 

c. monomial, degree 5 


Solution 

a. The polynomial has three terms, so it is a trinomial. The terms of 
3x° + 4x* + 7 have degree 5, 2, and 0, respectively. This trinomial is of degree 
5, because the largest degree of the three terms is 5. 


b. The polynomial has two terms, so it is a binomial. The terms have degree 10 
and 4 respectively. This binomial has degree 10, because the largest degree of 
the two terms is 10. 


c. 3x + 2y — xy isa trinomial of degree 2. (Recall that xy = x'y'.) a 


If the terms of a polynomial in one variable are written so that the exponents on 
the variable decrease as we move from left to right, we say that the terms are written 
with their exponents in descending order. If the terms are written so that the 
exponents on the variable increase as we move from left to right, we say that the 
terms are written with their exponents in ascending order. 


—5x* + 2x3 + 7x? + 3x —1 This polynomial is written in descending powers of x. 


1+ 3x + 7x? + 2x? — 5x4 The same polynomial is now written in ascending powers 
of x. 


4 Evaluate polynomial functions. 


In Chapter 2, we saw that linear functions are defined by equations of the form 
f(x) = mx + b. Some examples of linear functions are 


1 
f(x) =3x4+1 g(x) = Tak 1 h(x) = 5x 
In each case, the right-hand side of the equation is a polynomial. For this reason, 


linear functions are members of a larger class of functions known as polynomial 
functions. 


Polynomial Functions 


A polynomial function is a function whose equation is defined by a polynomial 
in one variable. 


Another example of a polynomial function is f(x) = —x? + 6x — 8. This is a 
second-degree polynomial function, called a quadratic function. Quadratic functions 
are of the form f(x) = ax” + bx + c, where a # 0. 

An example of a third-degree polynomial function is f(x) = x° — 3x* — 9x + 2. 
Third-degree polynomial functions, also called cubic functions, are of the form 
f(x) = ax? + bx? + cx + d, where a # 0. 

Polynomial functions can be used to model many real-life situations. If we are 
given a polynomial function model, we can learn more about the situation by 
evaluating the function at specific values. To evaluate a polynomial function at a 
specific value, we replace the variable in the defining equation with that value, called 
the input. Then we simplify the resulting expression to find the output. 
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| EXAMPLE 3 | Rocketry Ifa toy rocket 


is shot straight up with an initial velocity of 
128 feet per second, its height, in feet, t seconds 
after liftoff is given by the function 


h(t) = —161? + 128¢ 


Find the height of the rocket at: 


a. 0 second b. 3 seconds c. 7.9 seconds 


Strategy We will find A(0), h(3), and h(7.9). 


WHY The notation A(0) represents the height 
of the rocket at 0 second, h(3) represents the 
height 3 seconds after being launched, and h(7.9) 
represents the height of the rocket 7.9 seconds 
after being launched. 


Image copyright Peter Barrett, 2009. Image used under license 


from Shutterstock.com 


Solution 
a. To find the height of the rocket at 0 second, we substitute 0 for t and evaluate 
the right-hand side. 
h(t) = —16t7 + 128¢ This is the given function. 
h(0) = —16(0)? + 128(0) The input is o. 
=0 The output is 0. 
At 0 second, the rocket’s height is 0. It is on the ground waiting to be launched. 
b. To find the height at 3 seconds, we substitute 3 for ¢ and evaluate the right- 
hand side. 
h(t) = —1617 + 128¢ This is the given function. 
h(3) = —16(3)? + 128(3) The input is 3. 
= —16(9) + 384 
—144 + 384 
= 240 The output is 240. 


At 3 seconds after liftoff, the height of the rocket is 240 feet. 
c. To find the height at 7.9 seconds, we substitute 7.9 for ¢ and evaluate the right- 
hand side. 
h(t) = —161* + 128¢ This is the given function. 
h(7.9) = —16(7.9)? + 128(7.9) The input is 7.9. 
= —16(62.41) + 1,011.2 
—998.56 + 1,011.2 
= 12.64 


The output is 12.64. 


At 7.9 seconds, the height is 12.64 feet. The rocket has almost fallen back to 
Earth. 


Packaging To make boxes, a manufacturer cuts 
equal-sized squares from each corner of a 10 in. X 12 in. piece of cardboard and 
then folds up the sides. See the figure on the next page. The polynomial function 
f(x) = 4x° — 44x* + 120x gives the volume (in cubic inches) of the resulting box 
when a square with sides x inches long is cut from each corner. Find the volume 
of a box if 3-inch squares are cut out. 


Self Check 3 


ROCKETRY In Example 3, find the 
height of the rocket 4 seconds 
after it is shot upward. 256 ft 


Now Try Problem 32 


Teaching Example 3 ROCKETRY In 
Example 3, find the height of the rocket 
2 seconds after it is shot upward. 
Answer: 

10D et 


Self Check 4 


PACKAGING In Example 4, find 
the volumeof the resulting box if 
2-inch squares are cut from each 
corner of the cardboard. 96 in.” 


Now Try Problem 34 
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Teaching Example 4 PACKAGING In 
Example 4, find the volume of the 
resulting box if 1-inch squares are cut 
from each corner of the cardboard. 
Answer: 

80 in? 


Fold on dashed lines. 


SSS See SS See Sey eee 


Strategy We will find (3). 


WHY The notation f(3) represents the volume of the box when a square with 
sides of 3 inches is cut from each corner. 


Solution 
To find the volume of the box, we evaluate the function for x = 3. 
f(x) = 4x? — 44x? + 120x This is the given function. 
f(3) = 4(3)° — 44(3)? + 120(3) — Substitute 3 for x. 
= 4(27) — 44(9) + 120(3) — Evaluate the right-hand side. 
= 108 — 396 + 360 
= 72 


If 3-inch squares are cut out, the box will have a volume of 72 in.°. a 


EER Graph polynomial functions. 


We have previously graphed three basic polynomial functions. The figure below 
shows the graph of a linear function f(x) = x, the graph of the squaring function 
f(x) = x*, and the graph of the cubing function f(x) = x°. From the graphs in the 
figure, it is easy to determine the domain and range of each of these functions. 


y y y 
A A A 
x 
= x 
fix) 4x fe) 527 fo =4 
The identity function The squaring function The cubing function 
The domain is (—ce, 0). The domain is (—ce, °°), The domain is (—°e, 0), 

The range is (—°, ©). The range is [0, °). The range is (—s, ©). 


(a) (b) (c) 


When graphing a linear function, we need to plot only two points, because the 
graph is a straight line. The graphs of polynomial functions of degree greater than 1 
are smooth, continuous curves. To graph them, we must plot more points. 

In Example 3, we saw that the polynomial function h(t) = —16t7 + 128¢ gives 
the height of the rocket t seconds after it is shot upward. Since the height of the 
rocket depends on time, we say that the height is a function of time. To graph this 
function, we can make a table of values, plot the points, and join them with a smooth 
curve. 
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| EXAMPLE 5 | Graph h(t) = —16¢? + 128+ and find its domain and range. 


Strategy We will graph the function by creating a table of function values and 
plotting the corresponding ordered pairs. 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 
From Example 3, we have seen that 


At 0 second, the rocket’s height is 0: (0) = 0. 
At 3 seconds, the rocket’s height is 240: h(3) = 240. 


To graph the function, we select other values of t, evaluate the function at those 
values, and write the ordered pairs in the table shown in the figure below. Then 
we plot the pairs and join the resulting points to get the parabola shown in the 
figure. From the graph, we can see that 4 seconds into the flight, the rocket attains 
a maximum height of 256 feet. 


h(t) = —1607 + 128¢ sant 
(4, 256) 


t | h(t) | Gh@) 250 
0| 0O| (0,0) is 
fie 1112) se 
100 
2 | 192 | (2,192 
( 23 | [n= —16? + 1287 
3 | 240 (3, 240) 35 
4 256 (4,256) 012345678 
5 | 240 | (5,240) The parabola shown in the figure 
describes the height of the rocket 
6 192 | (6,192) in relation to time. It does not 
W | Ae |) (C7, al)) show the path of the rocket. The 
8 0 (8, 0) rocket goes straight up and then 


falls straight down. 


From the graph, we see that the domain of the function is the interval [0, 8] 
and the range is the interval [0, 256]. 


| EXAMPLE 6 | Graph: f(x) = x° — 3x7 — 9x +2 


Strategy We will graph the function by creating a table of function values and 
plotting the corresponding ordered pairs. 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 
To graph this cubic function, we begin by evaluating it for x = —3. 
f(x) = x° — 3x7 — Ox +2 
iy Es — 33) = 93) +2 
= —27 — 3(9) — 9(-3) + 2 
= —27—-27+27+2 
= —25 


Self Check 5 
Graph f(x) = x° — 3x? and find 
its domain and range. 


Now Try Problem 35 
Self Check 5 Answer 
D: (==, 00), R: (—®, 00) 


Teaching Example 5 Graph 

f(x) = x* — 4 and find its domain and 
range. 

Answer: 

D: (—™, %), R:[—4, ©) 


y 
x 


Self Check 6 


What are the domain and the 
range of the function graphed in 
the figure in Example 6? 

Now Try Problem 37 


Self Check 6 Answer 
D: (-”, 00), R: (—»%, 00) 
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Teaching Example 6 Graph: In the following table, we enter the ordered pair (—3, —25). We continue the 
i a Ae evaluation process for x = —2, —1,0,1,2,3,4, and 5, and list the results in the 
ais table. After plotting the ordered pairs, we draw a smooth curve through the 
fix) points to get the graph of function f. 
> f(x) = x8 — 3x7 — Ox + 2 Y — 
A 
(WoElxt 4 4x x f@) (x, f(x) 30 


25 295 | (a5) 
2) | Ee) 
SO eae 
0| 2] (0,2) 

| 01) ahs) 
2 =20))| (2, =20) 


- fe) = 1 43x4- 9x +2 


ania 23) 
4 | —18 | (4,—18) 
5) 7 | 67) 


Using Your CALCULATOR _ Graphing Polynomial Functions 


We can graph polynomial functions with a graphing calculator. For example, 
to graph the function from Example 5, h(t) = —16t* + 128t, we can rewrite it 
as f(x) = —16x* + 128x and use window settings of [0, 8] for x and [0, 260] 
for y to get the parabola shown in figure (a). 


We can trace to estimate the height of the rocket for any number of seconds 
into the flight. Figure (b) shows that the height of the rocket 1.6 seconds into 
the flight is approximately 165 feet. 


W1="Lent+12Bk 


y 


H=L.eL?0e13 sf=168.1426 


(a) (b) 


3 Simplify polynomials by combining like terms. 


Recall that like terms have the same variables with the same exponents: 


Like terms Unlike terms 

—7x and 15x —7x and 15a Different variables. 

4y? and 16y* 4y? and 16y" Different exponents on the same variable. 
1 1 1 1 
ay and — zy zy and — Bry Different exponents on different variables. 


Also recall that to combine like terms, we combine their coefficients and keep 
the same variables with the same exponents. For example, 


4y + 5y = (44+ 5)y 8x? — x? = (8 — 1)x” 
= 9y =o 
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Polynomials with like terms can be simplified by combining like terms. 


| EXAMPLE 7 | \ Self Check 7 
Simplify each polynomial by combining like terms. = = 


Simplify each polynomial by 


a. 4x* + 81x4 b. 17x*y* + 2x7y — 6x7y? combining like terms. 
3 4 1 1 a. 6m* + 3m" 
_ De. 2 2 H | 
G r—3r 4r° + 8r d. 500 t 37 74 rad 62 +4 b. 17s*t + 3s2t — 65°t 
c. x — 19x + 22x? — x? 


Strategy We will use the distributive property in reverse to add (or subtract) 
the coefficients of the like terms. We will keep the same variables raised to the 


d. drs + or +1 ars + Gr 2 


same powe!s. Now Try Problems 42 and 46 
Self Check 7 Answers 
WHY To combine like terms means to add or subtract the like terms in an a. 9m* b. 11s°t + 3s7t 
. 2 
expression. ce. 2x" +x 
A d. ars o or =i 
Solution 
a. 4x* + 81x4 = 85x* Think: (4 + 81)x* = 85x*. Teaching Example 7 Simplify each 
z i 1 ial b bining like t i 
b. The first and third terms are like terms. ~« y ee i 
2,3 o - 4 Bes 2 
17x7y? + 2x*y — 6x7y? = L1x?y? + 2x7y Think: (17 — 6)Zy? = 12/2. by Ga + aah" 4a 2 ah 
= Sr F oe 
c. The last three terms are like terms. d. hx + 5x —-2+7 
2 2 2 2 Answers: 
r—3r — 47° + 8° =rt+r’ Think: (-3 -—44 8)PF = 17% = a. 17a* b. 2a7b* + 3ab? 
=r? +r Write the result in descending powers of r. c. 6x + 4x7 di Ax? +5 


d. The first and fourth terms are like terms, the second and fifth terms are like 
terms, and the third and sixth terms are like terms. 


3 4 1 1 
= +—-a-7+— —--at+4 
57 a" 30 5° 


3.1 4 1 
= (2 de 5)ab (3 = t)a —-7+4 Combine like terms. 


To add and subtract the fractions, 


build equivalent fractions: 

6 5 8 1 4 

=(S+S)aus(8-De-r44 Pacey de ee 
10° 


10 10 6 6©6 5 2° 10'2 & 
BI aa 
a 2 GF 
11 7 Do the additions and the 
=—ab+—a-—3 F 
10 6 subtraction. | 


Caution! Do not try to clear this expression of fractions by multiplying it by 
the LCD 30. That strategy works only when we multiply both sides of an 
equation by the LCD. 


3 4 1 
+ 
20( 200 30 J Rab 


8 Add polynomials. 


When adding polynomials horizontally, each polynomial is usually enclosed within 
parentheses. For example, (3x7 — 2x + 4) + (2x? + 4x — 3). 


Adding Polynomials 


To add polynomials, remove the parentheses and combine their like terms. 
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Self Check 8 
Add: (2a? — 3a + 5) + 
(Sa? + 4a — 2) 
Now Try Problem 49 


Self Check 8 Answer 
Ta’ +at+3 


Teaching Example 8 Add: 


(4x? + 3x — 6) + (—x? + 6x 4 
Answer: 
3x7 + Ox + 6 


Self Check 9 


Add: (—6a*b* — Sa°*b*) 4 


12) 


(3a°b? + 2a°*b*) 
Now Try Problems 51 and 54 


Self Check 9 Answer 
—3a’b? — 3a7b* 


Teaching Example 9 Add: 
(“Tay + 2y) + Ory = 37) 
Answer: 

ax*y — y® 


ME aca: Ge — 2 4 4) + + Ae -3) 


Strategy We will drop the parentheses and combine like terms. 
WHY To add polynomials means to combine their like terms. 


Solution 
(3x? — 2x + 4) + (2x7 + 4x — 3) — Weare to add two trinomials. 


= 3x? —2x +44 2x7 + 4x —3 Remove the parentheses. 


= 3x? + 2x7 — 2x + 4x +4—3 Use the commutative and associative 
properties of addition to rearrange terms so 
that like terms are together. 


= 5x7 +2x+1 Combine like terms. a 


| EXAMPLE 9 | Add: (—Sx°y* — 4x7y?) + (2x? y* + 5xy) 


Strategy We will drop the parentheses and combine like terms. 
WHY To add polynomials means to combine their like terms. 


Solution 
( 5x3y? 4x7y?) (2x7? + 5x’y?) 


= —5x7y? + 2x3y? — 4x7y? + Sx7y? Remove parentheses and rearrange terms. 


= —3x°y* + x’y? Combine like terms. @ 


The additions in Examples 8 and 9 can be done by aligning the terms vertically 
and combining like terms column by column. 


3x? -2x +4 —5xy* — 4xy3 
+ 2x7 + 4x —3 + 2x7y? + 5x*y? 
5x7 + 2x +1 —3x3y? + x7y3 


[3 Subtract polynomials. 


Recall that to subtract two real numbers, we add the opposite of the number that is 
being subtracted. We will use a similar definition to subtract polynomials. To write 
the opposite (or negative) of a polynomial, we change the sign of each of its terms. 

¢ The opposite of 4x° is —4x°. 

e The opposite of y + 4is -(y + 4) = -y - 4. 

© The opposite of —a* + 5a — 16 is —(—a* + 5a — 16) =a? — 5a + 16. 

© The opposite of 7c*d* — cd” + Sd — cis —(Tc?d* — cd? + 5d — c) = 

lca hed 5d +o 


Subtracting Polynomials 


To subtract two polynomials, drop the parentheses, change the sign of the 
terms of the polynomial being subtracted, and combine like terms. 
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| EXAMPLE 10 | Subtract: 


a. 8x7 — 3x7 ob. 3x*y — (-9x7y) es Sx yz? — 3x y22? 


Strategy In each case, add the first polynomial to the opposite of the second 
polynomial. 


WHY This is the definition of subtracting polynomials. 


Solution 
a. 8x7 — 3x* = 8x7 + (—3x7) Add the opposite of 3x”, which is —3x°. 
= Se Combine like terms. 
b. 3x°y — (—9x’y) = 3x7y + 9x?y The opposite of —9x’y is Ox’y. 
= 2x*y 
c. —5x5y3z2 — 3x5y3¢? = —5x5y32? + (—3x5y3¢? 
= —8x°y?z" a 


When subtracting polynomials, we can add the opposite of the second 
polynomial by simply removing the parentheses, changing the sign of every term of 
the second polynomial, and then combining like terms. 


| EXAMPLE 11 | Subtract: 


a. (8x° + 2x7) — (2x° — 3x7 — 1) b. (3rt? + 4r7#*) — (8rt? — 4r°t? + rt?) 


Strategy In each case, add the first polynomial to the opposite of the second 
polynomial. 


WHY We can remove a — sign preceding parentheses by dropping the — sign 
and the parentheses and changing the sign of every term within the parentheses. 


Solution 
a. (8x° + 2x*) — (2x7 — 3x* — 1) 


= 8x? + 2x? — 2x7 + 3x7 +1 © Remove the parentheses. Change the sign of every 


term in the second polynomial. 
= 8x? — 2x? + 2x7 + 3x7 +1 
= 6x? + 5x7 +1 Combine like terms. 
b. (3rt? + 4r7t?) — (8rt* — 4971? + r°t’) 
= 3rt? + 4770? — 8rt? + 4°? — rrr? 


Rearrange terms. 


Remove the parentheses. Change the sign 
of every term in the second polynomial. 


= 3rt® — 8rt? + 4°? + 470? — Pt? 


= —5rt? + 8771? — rt? 


Rearrange terms. 


Combine like terms. & 


To subtract polynomials in vertical form, we add the opposite (or the negative) 

of the polynomial that is being subtracted. 
8x3y + 2x7y 
—2x7y + 3x’y 
6x°y + 5x7y 


8x7y + 2x7y 


— 2xy-3x*y > + This is the opposite of 2x°y — 3x’y. 


Self Check 10 


Subtract: 

a. —2a°b* — Sa*b® —70°b* 
b. —2a*b® — (—5Sa*b*) 307b* 
Now Try Problems 57 and 60 


Teaching Example 10 Subtract: 
a. 15a*° — 4a° 

b. 4x2y — (—2x7y) 

Answers: 

a. lla* b. 6xy 


Self Check 11 
Subtract: (6a7b* — 2a*b”) — 
(—2a*b* + a*b’). 
Now Try Problem 62 


Self Check 11 Answer 
8a7b* — 3a7b* 


Teaching Example 11 Subtract: 
(5x°y — 4xy + 3y’) — 

(“Bry + ay = ay") 

Answer: 

Tx’y — Sxy + 8y" 
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£ \ 


1.a.2 b.5 «17 2. a. trinomial,degree2 b. binomial,degree 12 3. 256ft 4. 96 in. 
5. D:(—, %), R:(—, ~) y 6. D:(—~, ©), R:(—, ~) 
4 . a. 9m* b, 11s°t + 357¢ 
- 2x? + x 
16 


7 
c. 
4 d. ars + ag =f 
8 
9 


: ~7a +at3 
Jt. . —3a°b* — 3a°b* 
fa) = x = 3x7 10. a. —7a2b? b. 3a2b> 
11. 8a°b? — 3a7b* 


I VOCABULARY 15. Write a polynomial that represents the perimeter of 
4 2 
Fill in the blanks. the triangle. ox" 4+ 3x — 2 
1. A polynomial js the sum of one or more algebraic . 
. 2x + 3x41 3x ¥a=1 
terms whose variables have whole-number exponents. 
2. A__monomial js a polynomial with one term. 
3. A binomial is a polynomial with two terms. 4x°-x-2 
4. A trinomial_ is a polynomial with three terms. 16. Write a polynomial that 
5. The degree of a monomial in one variable is the represents the perimeter 2x3 — x 
exponent on the variable. of the rectangle. 6x° + 4x 
| 
6. A second-degree polynomial function is also called a a ee 
_quadratic function. | NOTATION 
7. A third- 1 ial function is al Il : 
third-degree polynomial function is also called a Compicteeach séluiton, 


cubic function. 


= 2 _ 
8. The _cvefficient_ of the term —15x2y? is —15. The Tae MEE) here een fT) 


degree_ of the term is 5. f(x) = 2x7 +x+4+2 
9. Terms having the same variables with the same f(-) = 2( el i + ( ail ) +2 

exponents aie called. like terms. = 7 (1) +2 

10. The _opposite (or negative) of x? + x — 3 is 
2 = 3 
== ES, 
18. Ifh(t) = —2° — ¢? + 2 + 1, find A(3). 
I CONCEPTS so 
A(t)=-0 —t +2t+1 

Write each polynomial with the exponents on x in descending 


n(3) = -(3) - (3) +2) +1 
= -27-9+6+1 


= eee 


order. 
11. 3x — 2x4 +7 — 5x7 -2x4 — 5x2 43x 47 


12. a?x — ax? + Tax? — Sax? Tax? = ax? — 5a3x? + ax 


Write each polynomial with the exponents on y in ascending order. 
pm 13. 4y* — 2y? + Ty — Sy? Ty + 4y? — Sy? — 2y? 
> 14. x°y* + xy? — 2x7%y + x’y® — 3x® 


3x° 2x3y t xy? + x2y? + x’y 


P Selected exercises available online at 
www.webassign.net/brookscole 


[| GUIDED PRACTICE 


Classify each polynomial as a monomial, a binomial, a 
trinomial, or none of these. Then determine its degree. 


See Examples 1-2. 


19, 3x° 20. 2y? + 4y* 
monomial, 2 binomial, 3 
21. 3x°y — 2x + 3y 22. a7 + ab+b 
trinomial, 3 trinomial, 2 
17 
23. x7 — y? > 24. 5) x? + 3x? -—x 
binomial, 2 none of these, 3 
25. 5 26. 4x°y° 
monomial, 0 monomial, 8 
27. 9x°yt — x — yl +1 28:4" 
none of these, 10 monomial, 17 
p> 29. 4x? + 3x’y* 30. —12 
binomial, 9 monomial, 0 


Evaluate the polynomial function f(x) = 2x” — 4 at each value 


of x. See Examples 3-4. 
31. x =0 -4 32 
33. x= —-1 -2 


> 34. x 


~x=314 
—4 28 


4 
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37. f(x) = 2x? — 3x? — 11x + 6 D:(—~, ~), R:(—~, «) 


y 


x f@) 
=3) || Se 
=a 0 
=i 12 
0 6 
1 Gs 
Pa AU) 
3 0 
4 42 i 


x) 2a + 3k? llx+6 


Complete each table, graph the polynomial function, and find its 
domain and range. See Examples 5-6. 


p> 35. f(x) = 2x” — 4x + 2 D:(—~, ~), R:[0, ~) 


y 
x f(x) m 
=| 8 ; 
Oe 7 
1 0 ; 
Ag ; 
-3 -2 -1 i233” * 
3 8 


ys 2x? — Ax +2 


p> 36. f(x) = —x* + 2x + 6 D:(—~, »), R:(—~, 7] 


x f@ 

=) || 2: 

=I 3 

0 6 

7 

2 6 
si fe) = + 2x46 

A 


w)| Usea graphing calculator to graph each polynomial function. 
“= Use window settings of [—4, 6] for x and [—5, 5] for y. 


39. f(x) = 2.75x* — 4.7x + 1.5 4 


40. 


f(x) = 0.37x° — 14x + 1.5 


} 


Simplify each polynomial by combining like terms. 
See Example 7. 


41. 


43. 


45. 


47. 


> 48. 


3x + 7x 42. 
10x 
5x7 + 6x — 3x7 — 2x p> 44. 


2x? + Ax 


—8x + 3y + 5x 
—3x + 3y 


3mn + 5mn — 2mn 
6mn 


BrP — 8 +2r°r 46. 9u7°v — 10u°v — 2uv 
-3rt —u’v — 2uv 
2 2.3 al ov) 1 ca er ae ee 
x + —-x xy” —x7y3 + —x?y? 
3 y 4 y 3 yaar eae 
3 a 1 3 
xyz 64, 6.4 xytz 
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Perform each addition. See Examples 8-9. 74, (—2x? + 6x +5) — (—4x? — 7x + 2) — (4x? + 10x + 5) 
49, (3x2 + 2x + 1) + (—2x2 — 7x + 5) mae eee 
x? — 5x +6 75. 3x? — 2x7 + 4x — 3 
50. (—2a* — 5a — 7) + (—3a* + 7a + 1) —2x? + 3x7 + 3x- 2 
2 
ee + 5x? — 7x? + Tx — 12 
51. (2a° + 4a — 7) + (3a” — a — 2) 6x? — 6x? + 14x — 17 
5a* + 3a - 9 7 
e > 4 76. Ta +3a+ 7 
p> 52. (7y" + 4y° + y + 3) + (-8y" — y + 3) 3 2 
-y3 a Ay? +6 —2a° + 4a — 13 
53. 2x7 + 3x +2 54, 3a? — 5a — 21 + _30° — 30° + dat 5 
4? = 24 —3 3a? + da + 12 ee ae 
52 4x1 be aeo 77. 4x* + Ox 78. —2a’ + Oa 
2, 3. 2 
55. x7 + 5x +6 p56. 3b?-4b—-5 — Ax’ = 2x oe eee 
4x? — 3x —1 -2b? + 4b +3 a = asia — 
2 Syed cs = 79. Subtract (—x" — 2x + rom the sum 0 
aie Ee) aan b= (4x? + 5x — 3) and (7x? + 2x — 10). 
i” be + 10 0" = 5b a 12x? + Ox — 14 


80. Subtract (ab — 2ab + b) from the sum of 


Perf h subtraction. E les 10-11. 
erform each subtraction. See Examples 10 (—6a2b + 4ab — a) and (8a2b + 2ab — 108). 


57. 6a’ — 4a? 58. 7t? — (—2t°) ab + Sab — a— 11b 
2a* 947 
59. 5a°b — (—8a"b) 60. —4x°yz? — 3x’yz I APPLICATIONS 
130% — Tye! > 81. JUGGLING A juggler tosses one 
61. (—a* + 2a + 3) — (4a — 2a — 1) ball straight upward while 
—Sa° + 4a + 4 continuing to juggle three others. 
62. (x? — 3x + 8) — (3x* + x + 3) The height f(t), in feet, of the ball 
2x? — dx + 5 is given by the polynomial 
p> 63. (6x° + 3x — 2) — (2x° + 3x7 + 5) function f(t) = —16r* + 32t + 4, 
de = Be + Be = 7 where ¢ is the time in seconds 
64. (—8p? — 2p — 4) — (2p? + p* — p) since the ball was thrown. Find the 
—10p? —- pp? -p-4 height of the ball 1 second after it 
65. 3x7 4x +17 p66. -2y*-— 4y+3 is tossed upward. 20 ft 
— 274+ 4% -— 5 a 3y7 + 10y — 5 p> 82. STOPPING DISTANCES The number of feet that a 
gh = Bn Ge Sy? — Lay + 8 car travels before stopping depends on the driver’s 
67. Syo + 4y?— dy + 3 reaction time and the braking distance. (See the 
P F illustration.) For one driver, the stopping distance 
eo Sey = Tey : ly — 32 d(v), in feet, is given by the polynomial function 
3y? + 18y? — 28y + 35 d(v) = 0.04v? + 0.9v, where v is the velocity of the 
p> 68. 17x* — 3x? — 65x — 12 car in mph. Find the stopping distance at 
— 23x4+ 14x27 + 3x — 23 60 mph. 198 ft 


6x* — 17x? — 68x + 11 


I = | 
[ TRY IT YOURSELF 


Perform each operation. ae lala es > SO 


—_—_ ee 


69. (3pq+p-—q)+(-pq-p-4q) 60 mph | Reaction time Braking distance 
i Decision 

70. (—2mn + 2m — n) — (—2mn — 2m + n) to stop 
4m — 2n 


71. (—2x*y? + 6xy + Sy”) — (—4x7y? — Txy + 2y?) 
Dey & Wxe + Sy" 
p> 72. (3ax* — 2ax* + 3a*) + (4ax* + 3ax* — 2a*) 
Tax? + ax? + a° 
73. (3x7 + 4x — 3) + (2x? — 3x — 1) — (x? +x +7) 
4x? — 11 


> 83. 


> 84. 


> 85. 


> 86. 


STORAGE TANKS 12 ft 

The volume V(r) of | 

the gasoline storage r 

tank, in cubic feet, is 

given by the 

polynomial function 

V(r) = 4.2r? + 37.7r’, 

where r is the radius in feet of the cylindrical part of 
the tank. What is the capacity of the tank shown if its 
radius is 4 feet? 872 ft’ 

ROLLER COASTERS The polynomial function 
f(x) = 0.001x* — 0.12x? + 3.6x 4 
of a portion of the track of a roller coaster, as shown 
below. Find the height of the track for x = 0, 20, 40, 
and 60. 10m, 42 m,26 m,10m 


y 
Ax) = 0.00123 — 0.12x2 + 3.6x + 10 


Meters 


10° 20° 30° 40° 50° 60° 70 
Meters 


RAIN GUTTERS A rectangular sheet of metal will 
be used to make a rain gutter by bending up its sides, 
as shown below. If the ends are covered, the capacity 
f(x) of the gutter is a polynomial function of x: 

f(x) = —240x? + 1,440x. Find the capacity of the 
gutter if x is 3 inches. 2,160 in” 


12 in. 


CUSTOMER SERVICE A software company has 
found that on Mondays, the polynomial function 

C(t) = —0.0625¢* + t° — 6t* + 16 approximates the 
number of callers to its hotline at any one time. Here, 
t represents the time, in hours, since the hotline 
opened at 8:00 A.M. How many service technicians 
should be on duty on Mondays at noon if the 
company doesn’t want any callers to the hotline 
waiting to be helped by a technician? 16 


10 models the path 


87. 


> 88. 


89. 


90. 
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REAL ESTATE A computer analysis of two 
properties on the market generated functions to 
predict the value, in dollars, of each property after x 
years. 


Rental home: R(x) = 1,100x + 125,000 
Duplex: D(x) = 1,400x + 150,000 


a. Find one polynomial function V that will give 
the combined value of the two properties after 
Xx years. 
V(x) = 2,500x + 275,000 
b. Use your answer to part a to find the combined 
value of the two properties after 20 years. 
$325,000 
BUSINESS EXPENSES A company purchased two 
cars for its sales force to use. The following functions 
give the respective values of the vehicles after x years. 


Toyota Camry LE: T(x) = —2,100x + 16,600 
Ford Explorer Sport: F(x) = —2,700x + 19,200 


a. Find one polynomial function V that will give the 
value of both cars after x years. 
V(x) = —4,800x + 35,800 
b. Use your answer to part a to find the combined 
value of the two cars after 3 years. 
$21,400 
MATHEMATICS In calculus, an important 
polynomial function is 


Go eae aay 


Refer to the polynomial on the right side of the 
equation. 
a. How many terms does the polynomial have? 4 


b. Are the terms written in descending or ascending 


powers of x? 
ascending 


c. What is the coefficient of the fourth term? 
1 


~~ 720 


d. What is the degree of the third term? 
fourth 


e. What is the degree of the polynomial? 
sixth 


CALCULUS See Exercise 89. Another polynomial 
function used in advanced mathematics is 
2 3 4 


iriee 


a. Find f(0). 
t 


b. Find (1). 
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J WRITING 


91. Explain why the terms x’y and xy” are not like terms. 
p y y y 


96. Look up the meaning of the prefix poly ina 
dictionary. Why do you think the name polynomial 


; ; : ae) was given to expressions such as x° — x* + 2x + 15? 
92. The family of polynomial functions contains linear, 


quadratic, and cubic functions. Explain. | REVIEW 
93. Explain what is wrong in the following solution. Solve each inequality. Write the solution set in interval notation. 
(2x — 3) — Gx + 4) = 2x = 3 -—3x -— 4 97. |x| <5 > 98. |x| >7 


(=e) 7G) 
100. |2x + 1] =7 


==; [-5, 5] 
99. |x —4| <5 


p> 94. Explain why f(x) = rat is not a polynomial (-1,9) 


function. 


(—~, —4] U [3, ») 


95. Use the word descending in a sentence in which the 
context is not mathematical. Do the same for the 
word ascending. 


Objectives 


| 1 | Multiply monomials. 


| 2 | Multiply a polynomial by a 
monomial. 


3 | Multiply two binomials. 


| 4 | Multiply any two polynomials. 


B Multiply three polynomials. 
| 6 | Find special products. 
Use multiplication to simplify 


expressions. 
| 8 | Solve problems using 


multiplication of polynomials. 


Multiply: 

a. (—2a*)(4a”) —8a° 

b. (—5b°)(—3a)(a*b) 15a°h* 
Now Try Problems 26 and 30 


Teaching Example 1 Multiply: 
a. (—5x*)(3x°) 

b. (—3x7)(2x7y)(—x3y) 
Answers: 

a. —15x'° b. 6x8 y? 


SECTIC : 
Multiplying Polynomials 


In this section, we will show how to multiply polynomials. These procedures involve 
the application of several algebraic concepts introduced in earlier chapters, such as 
the commutative and associative properties of multiplication, the rules for 
exponents, and the distributive property. 


£8 Multiply monomials. 


We begin by considering the simplest case of polynomial multiplication, multiplying 
two monomials. 


Multiplying Monomials 


To multiply two monomials, multiply the numerical factors (the coefficients) 
and then multiply the variable factors. 


| EXAMPLE 1 | Multiply: 

a. (3x°)(6x°) ~—b. (—8x)(2y)(xy) —«. (2a°b)(—7b*c)(—12ac*) 

Strategy We will multiply the numerical factors and then multiply the variable 
factors. 


WHY The commutative and associative properties of multiplication enable us to 
reorder and regroup the factors. 


Solution 
We can use the commutative and associative properties of multiplication to 
rearrange and regroup the factors. 
a. (3x°)(6x°) = 3-x7-6-x° 
= (3+ 6)(x7+ x) 
= 18x° To simplify x° - x°, keep the base and add the exponents. W 


b. (—8x)(Q2y)(Qxy) = —8+x-2-yexry 
= (-8+2)+x-+x-yry 
—16x"y* 
c. (2a°b)(—7b*c)(—12ac*) = 2 - a? + b+ (—7)- b? + c+ (-12)-a-c* 
= 2(-7)(-12)-a@ + a+b+b’+c-ct 
= 168a*b*c? a 


£4 Multiply a polynomial by a monomial. 


To multiply a polynomial by a monomial, we use the distributive property. 


Multiplying Polynomials by Monomials 


To multiply a monomial and a polynomial, multiply each term of the 
polynomial by the monomial. 


| EXAMPLE 2 | Multiply: 
a. 3x°(6xy + 3y’) b. 5x°y*(xy* — 2x’y) c. —2ab?(3bz — 2az + 4z°) 


Strategy We will multiply each term of the polynomial by the monomial. 


WHY We use the distributive property (and extensions of it) to multiply a 
monomial and a polynomial. 


Solution 
We can use the distributive property to remove parentheses. 


a. 3x7(6xy + 3y”) = 3x7(6xy) + 3x7(3y”) Distribute the multiplication by 3x”. 
= 18x7y + 9x’y? Perform the multiplications. 


Since 18x*y and 9x7y” are not like terms, we cannot add them. 


b. 5x°y?(xy? — 2x*y) = Sx3y?(xy?) — Sx3y?(2x?y) Distribute 5x°y*. 
= 5x*y° — 10x°y? 


c. —2ab?(3bz — 2az + 4z°) 
= —2ab* - 3bz — (—2ab’) + 2az + (—2ab?) « 4z? 
= —6ab*z + 4a*b?z — 8ab*z fi 


E3 Multiply two binomials. 


When we multiply two binomials, the distributive property requires that each term 
of one binomial be multiplied by each term of the other binomial. This fact can be 
emphasized by drawing arrows to show the indicated products. For example, to 
multiply 3x + 2 and x + 4, we can write 


First terms Last terms 


(3x + 2)(x + 4) = 3x(x) + 3x(4) + 2(x) + 2(4) 


a = 3x7 + 12x + 2x +8 
Inner terms 5 
= 3x 14x + 8 Combine like terms: 


Outer terms 12x + 2x = 14x. 


5.4 Multiplying Polynomials Poa 


Self Check 2 
Multiply: —2a7(a* — a + 3) 
Now Try Problems 36 and 40 


Self Check 2 Answer 
—2a* + 2a? — 6a? 


Teaching Example 2 Multiply: 
—5x°y(3xyt — 2x7y* — 7) 
Answer: 

—15x3y> + 10x°y? + 35x7y 


Self Check 3 


Multiply: 

a. (3a + 4b)(2a — b) 
b. (a°b — 3)(a°b — 1) 
c. (6c* — d)(3c + d) 


Now Try Problems 42 and 46 
Self Check 3 Answers 

a. 6a~ + Sab — 4b* 

b. a*b? — 4a*b + 3 

c. 18c° + 6c4d — 3cd — ad” 


Teaching Example 3 Multiply: 
a. (x — 3y)(4x + Sy) 

b. (2x? + 5)(7x* + 1) 

c. (6x — 2y)(x? — Sy) 
Answers: 

a. 4x — Txy — 15y? 

b. 14x* + 37x? + 5 

c. 6x° — 30xy — 2x*y + 10y? 
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We note that 


¢ the product of the First terms is 3x + x = 3x’, 

e the product of the Outer terms is 3x - 4 = 12x, 

e the product of the Inner terms is 2 - x = 2x, and 

e the product of the Last terms is 2+ 4 = 8. 

The procedure is called the FOIL method of multiplying two binomials. Foil is 
an acronym for First terms, Outer terms, Inner terms, and Last terms. Of course, the 
resulting terms of the product must be combined, if possible. 

It is easy to multiply binomials by sight using the FOIL method. We find the 


product of the first terms, then find the products of the outer terms and the inner 
terms and add them (when possible), and then find the product of the last terms. 


| EXAMPLE 3 | Multiply: 
a. (2x — 3)(3x + 2) b. (3x? + 1)(3x? + 4) c. (4xy — 5)(2x? — 3y) 
Strategy We will use the FOIL method to multiply the binomials. 


WHY In each case we are to find the product of two binomials, and the FOIL 
method is a shortcut for multiplying two binomials. 


Solution 


a. (2x — 3)(3x + 2) = 6x? — 5x —6 

A 
The product of the first terms is 2x - 3x = 6x*. The middle term in the result 
comes from combining the outer and inner products of 4x and —9x: 


4x + (—9x) = —Sx 


The product of the last terms is —3 -2 = —6. 


i 
b. (3x7 + 1)(3x? + 4) = 9x4 + 15x? + 4 
ees 


The product of the first terms is 3x* - 3x* = 9x*. The middle term in the result 
comes from combining the products 12x? and 3x: 


12x? + 3x? = 15x? 


The product of the last terms is 1 - 4 = 4. 


c. (4xy — 5)(2x* — 3y) = 8x3y — 12xy? — 10x? + 15y 
— 


The product of the first terms is 4xy - 2x? = 8x°y. The product of the outer terms 
is 4xy(—3y) = —12xy. The product of the inner terms is —5(2x*) = —10x”. The 
product of the last terms is —5(—3y)=15y. Since the terms of 
8x°y — 12xy* — 10x? + 15y are unlike, we cannot simplify this result. B 


3 Multiply any two polynomials. 


To multiply a polynomial by a polynomial, we use the distributive property 
repeatedly. 
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Self Check 4 
MSC Muttiply: 20 + 5)? — sab — B) eee 


Multiply: 
Strategy We will multiply each term of the trinomial 3a* — 4ab + b* by each (2a + b)(3a? — ab + 7b’) 
term of the binomial 2a + b. 


Now Try Problem 52 
WHY To multiply two polynomials, we must multiply each term of one SPCR TARIIEE 
polynomial by each term of the other polynomial. —Tee ee oe 


Solution Teaching Example 4 Multiply: 
(6x + 2y)Cix = Ny Sy") 
Answer: 

(2a + b)(3a? — 4ab — b’) 42x3 + 8x?y + 16xy? + 6y? 


= 2a(3a’) + 2a(—4ab) + 2a(—b?) + b(3a*) + b(—4ab) + b(—b?) 
= 6a° — 8a*b — 2ab? + 3a*b — 4ab* — b° Multiply the monomials. 
= 6a° — 5a°b — bab? — b? Combine like terms. a 


The results of Example 4 suggest the following rule. 


Multiplying Polynomials 


To multiply two polynomials, multiply each term of one polynomial by each 
term of the other polynomial, and then combine like terms. 


It is often convenient to multiply polynomials using vertical form. 


| EXAMPLE 5 | \ Self Check 5 
Use vertical form to multiply: = ba 


Multiply: 
a. (3x + 2)(4x +9) — b. (3a? — 4ab + b’)(2a — b) a Oy = s 
Strategy We will write one polynomial underneath the other and multiply each 2x + 1G + Tx? — Bx — 5 
term of the upper polynomial by each term of the lower polynomial, lining up like Now Try Problem 56 


terms. Then we will combine like terms column by column. 
Teaching Example 5 Multiply: 


WHY Vertical form means to use an approach similar to that used in arithmetic dn? — 2a +3 
to multiply two whole numbers. a= Et 
Answer: 
Solution 12a — 10a” + 11a — 3 
a. 3x + 
4x + 
27x +18 + This is the result of multiplying 3x + 2 by 9. 
12x7 + 8x — This is the result of multiplying 3x + 2 by 4x. 
12x” + 35x +18 Combine like terms, column by column. 
b. 3a* —4ab + b° 
2a —b 
3a°b + 4ab* — b? + Multiply 3a® — 4ab + F by —b. 
6a° — 8a*b + 2ab* + Multiply 3a” — 4ab + F by 2a. 
6a° — 11a*b + 6ab* — b° Combine like terms, column by column. a 
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Self Check 6 


Find the product of 


2a* + 6a — 12 and 3a? + 9a — 9. 


Now Try Problem 60 
Self Check 6 Answer 
6a* + 36a° — 162a + 108 


Teaching Example 6 Find the product 
of 3x* — 2x + Sand 2x? + 7x — 4. 
Answer: 


6x* + 17x? — 16x? + 43x — 20 


Self Check 7 
Multiply: —2r(r — 2s)(5r — 4s) 
Now Try Problem 62 


Self Check 7 Answer 
—10r? + 2877s — 16rs" 


Teaching Example 7 Multiply: 
=3x(2x + 5y)(4x = y) 
Answer: 

—24x7 — 54x7y + 15xy? 


| EXAMPLE 6 | Find the product of —2y* — 6y* + 12 and Sy” — 10y — 10. 


Strategy We will write one polynomial underneath the other and multiply each 
term of the upper polynomial by each term of the lower polynomial, lining up like 
terms. Then we will combine like terms column by column. 


WHY Vertical form means to use an approach similar to that used in arithmetic 
to multiply two whole numbers. 


Solution 

For lengthy multiplications like this, we can use vertical form. We begin by 
multiplying —2y? — 6y? + 12 by —10; then we multiply —2y* — 6y* + 12 by 
—10y; and finally we multiply —2y? — 6y* + 12 by 5y*. Then we combine like 
terms, column by column. 


-2yy-— 6y*+ 12 
5y* — 10y — 10 

20y? + 60y" — 120 There is no y-term; leave a space. 

20y* + 60y* — 120y There is no y*-term; leave a space. 

—10y° _ 30y* a1 60y" There is no y- -term; leave a space. 
10y° — 10y* + 80y* + 120y* — 120y — 120 


8 Multiply three polynomials. 


When finding the product of three polynomials, we begin by multiplying any two of 


them, and then we multiply that result by the third polynomial. 


| EXAMPLE 7 | Multiply: 3cd(c + 2d)(3c — d) 


Strategy We will find the product of c + 2d and 3c — d and then multiply that 
result by 3cd. 


WHY It is wise to perform the most difficult multiplication first. (In this case, this 
is the product of two binomials). Then carry out the simpler multiplication last. 


Solution 
First, we find the product of the two binomials. Then we multiply that result 
by 3cd. 


3cd(c + 2d)(3c — d) = 3cd(3c” — cd + 6cd — 2d”) Use the FOIL method to 


find (c + 2d)(3e — d). 
= 3cd(3c” + 5cd — 2d”) Combine like terms: 


—cd + Ged = 5cd. 
= 9c3d + 15c7d? — 6cd? Distribute the 


multiplication by 3cd. 


[Find special products. 


We often must find the square of a binomial. To do so, we can use the FOIL method. 


For example, to find (x + y)? and (x — y)’, we proceed as follows. 


(x+yP=(@t+ y+ y) (x — yy’ =(«—-y)@- y) 
=x xy txy + y* a xy xy + y* 
=x? +2xy + y? =x? —2xyty? 


In each case, we see that the square of the binomial is the square of its first term, 


twice the product of its two terms, and the square of its last term. 
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The figure below shows how (x + y)* can be found geometrically. 


x y 
The area of the largest square is the product of its length and 
width: (x + y)(x + y) = (x + y)*. 

= 23) The area of the largest square is also the sum of its four parts: 


Ke txytx ty aX t+ 2axyty. 


Ba 
‘ Ss oe Thus, (x + y)" = xX + 2xy + 


Another common binomial product is the product of the sum and difference of 
the same two terms. An example of such a product is (x + y)(x — y). To find this 
product, we use the FOIL method. 


2 n 2 
(x t+ yx —y) =x —xy txyty 
=x? - y Combine like terms: —xy + xy = O. 


We see that the product of the sum and the difference of the same two terms is the 
square of the first term minus the square of the second term. 

The square of a binomial and the product of the sum and the difference of the 
same two terms are called special products. Because special products occur so often, 
it is useful to learn their forms. 


Special Product Formulas 


(x + yy =(xt+ y)\at+y)= x? + 2xy 4 The square of a sum 


(x — y)? = (x — y)\(x — y) =x* — 2xy + y* The square of a difference 


@+ye-y) = = ¥ The product of the sum and 
difference of two terms 


Caution! The squares (x + y)* and (x — y)” have trinomials for their 
products. Don’t forget to write the middle terms in these products. Remember 
that 


(xt+yP 4x7? 4+y? and (x —yP #x°-y? 
t 


Missing 2xy Missing —2xy ml L Should be + symbol 


Also remember that the product (x + y)(x — y) is the binomial x* — y?. And 
since (x + y)(x — y) = (x — y)(x + y) by the commutative property of 
multiplication, 


(x — yx + y)=x7-y? 


" Multiply: 
1 2 
a. (Sc+3d)b. Ga - ) c. (0.2m? + 2.5n)(0.2m> — 2.5n) ah can Ie 
b ( a 0°) 
Strategy We will find the product of each pair of binomials, and we will use the 3 F ; 
appropriate special-product rule. c. (0.4x + 1.2y")(0.4x — 1.2y") 
Now Try Problems 66, 70, and 76 


WHY This approach is faster than using the FOIL method. 
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Self Check 8 Answers Solution 
a. 647? + 32rs + 4s" 


b. 5a = 5a°b® + pl? 
c. 0.16x? — 1.44y8 


a. To find (Sc + 3d)* using a special product formula, we begin by noting that the 
first term of the binomial is 5c and the last term is 3d. 


The square of ‘Twice the product The square of 


Teaching Example 8 Multiply: the first term of the two terms the last term 
a. (5x — 2y)* | | | 
b. (3x + 4y)? 2 3 3 
. (3s if 1 (3 1 ) (5c + 3d)" = (5c) + 2(5c)(3d) + (3d) 
Sie ie ap Ween 
rose # = 25c? + 30cd + 9d? 
Answers: (a 3\2 
a, 25x? — 20xy + 4y? b. To find (5a —b ) using a special product formula, we begin by noting that 
b. cad + ied + 16y” the first term of the binomial is sa‘ and the last term is —b”. 
2 2 
Cc. qx = oy 


The square of Twice the product The square of 
the first term ofthetwoterms the last term 


| | { 
(Fe p) = (Je) a( Fat) b*) + (-b’? 


1 
= —a® — ab? + bt 


4 


c. (0.2m? + 2.5n)(0.2m? — 2.5n) is the product of the sum and the difference of 
the same two terms: 0.2m° and 2.5n. Using a special product formula, we 
proceed as follows. 


The square of ~—‘ The square of 
the first term the last term 


{ | 
(0.2m? + 2.5n)(0.2m? — 2.5n)= (0.2m°) —  (2.5n)? 
= 0.04m° — 6.25n* a 


Use multiplication to simplify expressions. 


The procedures discussed in this section are often useful when we simplify algebraic 
expressions that involve the multiplication of polynomials. 


Self Check 9 Simplify: (5x — 4)? — (x — 7)(x + 1) 


Simplify: 
(y — 7)(y + 7) — (4y + 37 Strategy We will use a special product formula to find (5x — 4)* and the FOIL 
method to find (x — 7)(x + 1). 


Now Try Problem 80 
Self Check 9 Answer WHY To simplify expressions, we need to follow the order of operations rule. We 


i elt lass find the powers and perform the multiplication before performing the subtraction. 
Teaching Example 9 Simplify: Solution 

(x — 5)(x + 2) — (2x - 3) a oe 

Answer: (Sx — 4) (x — 7) + 1) 

—3x? + 9x — 19 = 25x? — 40x + 16 — (x? —6x— 7) (5x—4)* = (5x)? + 2(5x)(—4) + (-4)?. 


= 25x? — 40x + 16 — x7 + 6x +7 To subtract (x* — Gx — 7), remove the 
parentheses and change the sign of 
each term within the parentheses. 


= 24x? — 34x + 23 Combine like terms. aa 


E33 Solve problems using multiplication of polynomials. 


Profit, revenue, and cost are terms used in the business world. The profit p earned on 
the sale of one or more items is given by the formula 


Profit = revenue — cost 


If a salesperson has 12 vacuum cleaners and sells them for $225 each, the revenue 
will be r = 12 - $225 = $2,700. This illustrates the following formula for finding the 
revenue /: 


number of selling price of 


T= . =xp = px 
items sold x each item p sas 


| EXAMPLE 10] Selling Vacuum Cleaners Over the years, a 


saleswoman has found that the number of vacuum cleaners she can sell depends 
on price. The lower the price, the more she can sell. She has determined that the 
number of vacuums x that she can sell at a price p is related by the equation 


x= — Zp + 28. 


a. Find a formula for the revenue r. 


b. How much revenue will be taken in if the vacuums are priced at $250? 


Strategy We will write polynomials that represent the selling price and the 
number of items sold and find their product. 


WHY The revenue is the product of the price and the number of items sold. 


Solution 
a. To find a formula for revenue, we substitute — x p + 28 for x in the formula 
r = px and multiply. 


r= px This is the formula for revenue. 


2 
r= »(-Z0 5 28) Substitute -Zp + 28 for x. 


2 
r= ae + 28p Multiply the polynomials. 


b. To find how much revenue will be taken in if the vacuums are priced at $250, 
we substitute 250 for p in the formula for revenue. 


2 
r=-— asf + 28p This is the formula for revenue. 


ll 


2 
- 35 250)" + 28(250) Substitute 250 for p. 


—5,000 + 7,000 
= 2,000 


The revenue will be $2,000. a 


ANSWERS TO SELF CHECKS 


1. a. —8a° b. 15a°b* 2. —2a* + 2a* — 6a? 3. a. 6a? + Sab — 4b? 

b. a‘b* — 4a7b +3. c. 18c° + 6c*d — 3cd — d* 4. 6a° + a*b + 13ab? + 7b° 
5. 6x° + 7x7 — 8x —5 6. 6at + 36a° — 162a + 108 7. —10r? + 287s — 16rs” 
8. a. 647? + 327s + 4s” b. $a° — 305° + bY? c. 0.16x? — 1.448 

9. —15y* — 24y — 58 10. 4x7 — 39x + 93.5 


5.4 Multiplying Polynomials 


Self Check 10 


SCRAPBOOKS An 8.5-inch by 
11-inch scrapbook page has a 
border of uniform width 
surrounding a rectangular- 
shaped birth announcement. 
Write a polynomial that 
represents the area of the birth 
announcement. 


Now Try Problem 126 
Self Check 10 Answer 
4x? — 39x + 93.5 


Teaching Example 10 GIFT BOXES 
The corners of an 8-inch by 8-inch 
piece of cardboard are creased, folded 
inward, and glued to make a gift box. 
Write a polynomial that gives the 
volume of the resulting box. 

Answer: 

x(8 — 2x)(8 — 2x) in? = 

(4x7 — 32x? + 64x) in.? 
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STUDY SET 


J VOCABULARY 
Fill in the blanks. 


1. 


The expression (x + 4)(x — 5) is the _product_ of two 
binomials. 


2. The expression (x + 4)? is the square_ of a binomial. 


3. The polynomial 3x7 — 3x + 2 contains three terms , 
4. To find —2x(3x? — 2), we use the _distributive _ 
property. 
[| CONCEPTS 
Fill in the blanks. 


5. 


To multiply a monomial by a monomial, we multiply 
the numerical _!actors_ and then multiply the variable 
factors. 


. To multiply a polynomial by a monomial, we multiply 


each ‘erm _ of the polynomial by the monomial. 


. To multiply a polynomial by a polynomial, we 


multiply each _!©'™_of one polynomial by each term 
of the other polynomial. 


. FOIL is an acronym for Fist_ terms, Outer_ terms, 


_Inner_ terms, and _Last_ terms. 


9 («ty =(e+y)\(xt+y) = Pt+2axyF+y 
10. (x — y)* = (x — y)\(x — y) = = dy +? 
11. (x + y)\&%—- y) = °-y 


13. 


14. 


15. 


16. 


17. 


. The square of a binomial is the square _ of its first 


term, ‘wice_ the product of its two terms, and the 
square of its last term. 


The product of the sum and difference of the same 
two terms is the _SdU@'¢_ of the first term minus the 


_Sguare_ of the second term. 
' at y — 
b+5 


2a+3 


Write a polynomial that 
represents the area of the 
rectangle. x7 + 2x — 8 


Write a polynomial 
that represents the 
area of the triangle. 
50° +3b-5 

Write a polynomial that represents 
the area of the square. 16a° + 24a + 9 


Write a polynomial that 
represents the area of the 
rectangle. 4a° — 9 


P Selected exercises available online at 
www.webassign.net/brookscole 


Consider (2x + 4)(4x — 3). Give the 
18. 


20. 


First terms 19. 


2x, 4x 


Inner terms 21. 


4, 4x 


Perform each operation. 


> 22. 


> 24. 


(4b — 1) + (2b — 1) > 23. 


6b — 2 
(4b — 1) — (2b - 1) 
2b 


I GUIDED PRACTICE 


Find each product. See Example 1. 


25. 


27. 


29. 


31. 


(2a)(—3ab) > 26. 
—6a°b 

(—3ab?c)(Sac’) 28. 
—15a7b*c* 
(4a7b)(—5a°b*)(6a*) 30 
—120a°b* 

(—5xx?)(—3xy)* 32. 
—405x’y" 


Find each product. See Example 2. 


33. 


35. 


37. 


39. 


3(x + 2) p> 34. 
ae eG 

x(x + 3x) p> 36. 
3x3 + 9x? 


—2x(3x? — 3x + 2) 
—6x? + 6x? — 4x 
Trst(r* + s? — t?) 
Trst + Trst — Trst? 


Find each product. See Example 3. 


41. 


43. 


45. 


47. 


(x + 2)(x + 3) 42. 
x? + 5x +6 

(3t — 2)(2t + 3) > 44. 
6t? + 5t — 6 

(3y — z)(2y — z) 46. 
6y? — 5yz + 27 

(b> — 1)(b + 1) 48. 
bi+b-b-1 


Find each product. See Example 4. 


49. 


51. 


(x = y)(x? + xy + y*) p> 50. 


OS 


(3y + 1)(2y* + 3y + 2) 52. 


6y? + 1ly? + 9y +2 


38. 


> 40. 


Outer terms 
2,73 


Last terms 
*, —3 


(4b — 1)(2b — 1) 
8b7 — 6b +1 


(—3x°y)Bxy) 
=o y~ 


(—2m?n)(—4mn?) 


34 
8nr-n 


» (2x7y*)(4xy")(—Sy®) 
~40x3y'4 


(—2a?ab”)>(—3ab*b’) 
24a 103,10 


—S(a + b) 

=54@ = ‘Sb 

—2x(3x* — 2) 

—6x? + 4x 

3a(4a* + 3a — 4) 
12a° + 9a? — 12a 
3x°yz(x? — 2y + 327) 


3x4yz — 6x7y?z + 9x7yz3 


(Yy — 3) + 4) 
a sey D2 


(p+ 3)(3p — 4) 
Sp +. Sp = 12 

(2m — n)(3m — n) 
6m? — 5mn + rn? 


(3 + 1) - c) 
—ct+e-—ct+l1 


(x + y)(x? — xy + y?) 
x + - 


(a + 2)(3a” + 4a — 2) 
3a°> + 10a? + 6a — 4 


Find each product. See Example 5. 


53. 2a+ 3 
2a—-1 
4a” + 4a — 3 
55. 4x7 + 2x - 1 
3x —2 


12x? — 2x? — 7x +2 


> 56. 


54. 3b —5 
4b+5 
12b* — 5b — 25 
3x? — 4x + 3 


2x +1 
6x? — 5x? + 2x +3 


Find each product. See Example 6. 


57. x ty +z 
X= VR Z 
e+xz-yt?? 
59. 2a+bt+z 
a-b-z 


2a” — ab — az — bb? —2bz- 2 


58. x +y- Zz 


Xr y+ Z 

x? + 2xyt yr — 27 

»3at+2b- z 
a—2b+2z 


3a” — 4ab + 5az — 4b? 4 22" 


6bz 


Find each product. See Example 7. 


61. 6p°(3p — 4)(p + 3) p> 62. 


18p* + 30p? — 72p? 


4a(2a + 3)(3a — 2) 
24a7 + 20a? — 24a 


63. —S5mn(2m + 3n)(m — 3n) 


3 3 
10m3n + 15m?n? 4 


4pq(p + 4q)(p — 4q) 
4p°q — 64pq° 


64. 


45mn? 


Find each product. See Example 8. 


65. (x + 2) 
xe+4x+4 


67. (a — 4)° 
a” = 8a + 16 
69. (2a + b)* 
4a? + 4ab + b* 
71. (51° + 6)° 
25r* + 60r” + 36 
73. (x + 2)(x — 2) 
x7-4 


75. (y? + 2)(y? — 2) 
ye-4 


> 70. 


> 76. 


66. (x — 3) 


x7 — 6x +9 
68. (y + 5)° 
y? + 10y + 25 
(a — 2b)? 
a’ — 4ab + 4b” 
72. (6p* — 3)" 
36p* — 36p7 + 9 
(z + 3)(z — 3) 
¢-9 


74. 


(y* + 3)(y* — 3) 
Piet: 


Simplify each expression. See Example 9. 


77. 3x(2x + 4) — 3x* 


2y — 3y(y* + 4) 
—3y? — 10y 


3x? + 12x 
79. (x + 3)(x — 3) + (2x — 1)(x + 2) 
3x7 + 3x—-11 
p> 80. (y + 1)° + 2y — 4) 


13y* — 10y + 17 


I TRY IT YOURSELF 


Perform each multiplication. 


1 
81. (5 + 8)(4p + 6) 
2b* + 35b + 48 


83. (0.4¢ — 3)(0.5t — 3) 
0.217 — 2.7t+ 9 


2 
82. & + 1 (ase — 9) 
10x? + 9x — 9 


84. (0.7d — 2)(0.1d + 3) 
0.07d? + 1.9d — 6 


85. 
87. 
89. 
90. 
91. 
92. 
94. 


95. 


97. 


99. 


101. 


103. 


105. 
106. 
107. 
108. 
109. 

> 110. 
111. 


112. 


2 4 
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(3tu —1)(-2tu+3) ~~ 86. 


—6fu? + 11tu — 3 


(9b* — c)(3b* — c) 88. 


27b° — 9b°c — 3b*c + c? 
(11m? + 3n*)(5m + 2n?) 


55m? + 22m°n? + 15mn? + 6n? 


(50m* — 3n*)(2m + 2n°) 


100m> + 100m*n? — 6mn* — 6n7 


(3m — y)(4my)(2m — y) 
24m7y — 20m?y? + 4my* 


—3a°b*(2b)(3a +b) 93. 


—18a*b* — 6a*b° 


(2h — z)(—3hz)(3h — z) 
—18h3z + 15h7z” — 3hz3 


(9ab — 4)* > 96. 


8la*b? — 72ab + 16 


di: 2: 
—b+2 98. 
c ) : 


tt ga 

qo PhS 4 

(4k — 1.3)? 

16k? — 10.4k + 1.69 


(xy — 6)(xy + 6) 
Ry = 36 


1 il 
=x — <x + ' 
& 16)(4x 16) 104 


tx? — 256 
(2.4 + y)(2.4 — y) 
5.76 — y” 


(3.5t + 4.1u)(3.5t — 
12.250? — 16.81u7 

(2a — b)(4a” + 2ab + b*) 
8a° — b® 

(x — 3y)(x* + 3xy + ie) 
oe 2Ty 3 

(a + bya - ee - ; 35) 
a — 3a°b — ab” 
(x — y)(x + oe — 2y) 
xe xy s 4xy? + 4y3 

(a + b + c)(2a — b — 2c) 
2a* + ab — b* — 3be — 2c” 
(x + 2y + 3z)* 


4.1u) 


113. 


x 


> 114. 


Axy + 6xz + 4y? + 12yz + 927 
4 + Sr = oy 


r? — rs — r?s* + rs? 


Simplify each expression. 


115. 


117. 


118. 


102. 


(—5st + 1)(10st — 7) 
—50s*t? + 45st — 7 

(h° — k)(4h3 — k) 
4n® — hk — 4h?k + k? 


a°b?(—3b?)(6a + 2b) 
—18a°b* — 6a7b° 


(2yz? + 5)* 
4y?z* + 20yz? + 25 


(y-7) 


gy — By + 49 


. (0.5k + 6) 


0.25k* + 6k + 36 
(a*b — c)(a*b + c) 
wnt = 


3 2\(3 2 
h? h? 4 ) 
(3 2\(3 3 
4 


(r + sy'(r — sy” 


r* — 2r’s? + 54 


3pq — p(p — 4g) 116. —4rs(r — 2) + 4rs 
—p* + 4pq —4r*s5 + 12rs 

(2b + 3)(b — 1) — (b + 2)(3b — 1) 

-BP -4b-1 

(3x — 4)? — (2x + 3) 

5x7 — 36x + 7 
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w) Use a calculator to help find each product. 


~ 119. 
120. 
121. 


122. 


(3.21x — 7.85)(2.87x + 4.59) 
9.2127x? — 7.7956x — 36.0315 


(7.44y + 56.7)(—2.1y — 67.3) 
—15.624y* — 619.782y — 3,815.91 


(—17.3y + 4.35)* 
299.29y* — 150.51y + 18.9225 


(—0.31x + 29.3)(—0.31x — 29.3) 
0.0961x7 — 858.49 


[I APPLICATIONS 


p> 123. 


THE YELLOW PAGES Refer to the illustration 
below. 


a. Describe the area occupied by the ads for movers 
by using a product of two binomials. 
(x + y)(« — y) 

b. Describe the area occupied by the ad for Budget 
Moving by using a product. Then perform the 
multiplication. 

Ae = Vie ay 

c. Describe the area occupied by the ad for Snyder 
Movers by using a product. Then perform the 
multiplication. 
ve = yay 

d. Explain why your answer to part a is equal to the 
sum of your answers to parts b and c. What 


special product does this exercise illustrate? 
They represent the same area. (x + y)(x — y) =x? — y” 


Low Daily & 
Weekly Rates 


743 W. Grand Ave 
___ 1-800 345.9876. 


> 124. HELICOPTER PADS To determine the amount of 


fluorescent paint needed to paint the circular ring on 
the landing pad design shown in the illustration, 
painters must find its area. The area of the ring is 
given by the expression 7(R + r)(R — 1). 
a. Find the product 7(R + r)(R — r). 

aR? — mr* 
b. If R = 25 feet and r = 20 feet, find the area to be 


painted. Round to the nearest tenth. 
706.9ft7 


p> 125. 


> 126. 


c. If a quart of fluorescent paint covers 65 ft”, how 


many quarts will be needed to paint the ring? 
11 qt 


GIFT BOXES The corners of a 12-in.-by-12-in. 
piece of cardboard are creased, folded inward, and 
glued to make a gift box. Write a polynomial that 


gives the volume of the resulting box. 
x(12 — 2x)(12 — 2x) in? = (144x — 48x? + 4x3) in? 


Crease here 


Glue tabs 


x in. 


| 12in: | 


REVENUE A salesperson has found that the 
number x of televisions she can sell at a certain price 


p is related by the equation x = — t p+ 90 


a. Find the number of TVs she will sell if the price is 
$375. 
il 

b. Write a formula for the revenue when x TVs are 
sold. 
r= =i Dp + 90p 

c. Find the revenue generated by TV sales if they 


are priced at $400 each. 
$4,000 


I WRITING 


127. 
128. 
> 129. 


130. 


Explain how to use the FOIL method. 
Explain how you would multiply two trinomials. 


On a test, when asked to find (x — y)’, a student 
answered x* — y*. What error did the student make? 
Explain how the distributive property is used to find 
the following product: 2x°(x? — 5x + 1). 
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7 i. 
133. 134. 
yt2x <3 


Graph each inequality or system of inequalities. x<0 


131. 2x+y <2 132. x =2 


The Greatest Common Factor and Factoring 
by Grouping 


We have discussed how to multiply polynomials. We will now reverse the operation 
of multiplication and show how to find the factors of a known product. The process 
of finding the individual factors of a known product is called factoring. 


IB Find the prime-factored form of a natural number. 


If one number a divides a second number )D, then a is called a factor of b. For 
example, because 3 divides 24, it is a factor of 24. Each number in the following list is 
a factor of 24, because each number divides 24. 


1, 2,3, 4, 6, 8, 12, and 24 


To factor a natural number means to write it as a product of other natural 
numbers. If each factor is a prime number, the natural number is said to be written 
in prime-factored form. Example 1 shows how to find the prime-factored forms of 
60, 84, and 180, respectively. 


| EXAMPLE 1 | \ Self Check 1 
Find the prime factorization of each number: 


Find the prime factorization 
a. 60 b. 84 c. 180 of 120. 27-3-5 


Strategy We will use a series of steps to express each number as a product of Now Try Problem 18 


only prime numbers. 
Teaching Example 1 Find the prime 


WHY To prime factor a number means to write it as a product of prime numbers. factorization of 280. 
Solution ae 
a. 60 = 6:10 b. 84 = 4-21 c. 180 = 10-18 
=2-3+2-5 =2°2-3°7 =2-5:3-6 
=2?-3-5 = 2? +367 =2-5-+3-3-2 
=2?-3?-5 a 


The largest natural number that divides 60, 84, and 180 is called the greatest 
common factor (GCF) of the numbers. Because 60, 84, and 180 all have two factors 
of 2 and one factor of 3, the GCF of these three numbers is 2” - 3 = 12. We note that 


84 180 
a aa and —~= 


— = 1 
Rn” BR Tie 
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Self Check 2 
Find the GCF of 24x’y’, 3x°y, 
and 18x’y?. 3xy 


Now Try Problem 30 


Teaching Example 2 Find the GCF 
of 15x*y°, 25xy*, and 30x4y”. 
Answer: 

5x2y4 


Self Check 3 
Factor: 9x*y? — 12x°y? 
Now Try Problem 34 


Self Check 3 Answer 
3x7y?(3x — 4y) 


There is no natural number greater than 12 that divides 60, 84, and 180. 
Algebraic monomials can also have greatest common factors. 


4 Find the greatest common factor of a list of terms. 


To find the GCF of several monomials, we follow these steps. 


Steps for Finding the GCF 


Find the prime-factored form of each monomial. 
Identify the prime factors that are common to each monomial. 


Find the product of the factors found in step 2, with each factor raised to 
the smallest power that occurs in any one monomial. 


| EXAMPLE 2 | Find the GCF of 6a7b°c, 9a°b*c, and 18a‘c?. 


Strategy We will prime factor each coefficient of each term in the list. Then we 
will identify the numerical and variable factors common to each term and find 
their product. 


WHY The product of the common factors is the GCF of the terms in the list. 


Solution 

We begin by factoring each monomial. 
6a°b?c = 3+2+ararb-b- bec This can be written as 2° 3-a°+ bc. 
Qa*b?c = 3°3+a:arab: bec This can be written as 3°-+ a° + b+. 


18a*c? = 2-3°3:+a-a+a:a+c*c*c  Thiscanbe written as 2-3°-a*-o°. 


Since each monomial has one factor of 3, two factors of a, and one factor of c in 
common, the GCF is 


Sa *¢ =3a'e a 


EB Factor out the greatest common factor. 


We have seen that the distributive property provides a method for multiplying a 
polynomial by a monomial. For example, 


2x3 y3(3x? -_ 4y?) = By*y? e 3? = 2x3 y? 7 Ay? 
= 6x°y* — 8x*y® 
If the product of a multiplication is 6x° v3 — 8x? y®, we can use the distributive 
property in reverse to find the individual factors. 
6x°y? _ 8x7 y° = 2x3? . 3x? _ 2x? : 4y3 
= 2x*y°(Bx? — 4y?) 
Since 2x*y’ is the GCF of the terms of 6x°y* — 8x°y°, this process is called factoring 
out the greatest common factor. 


Factor: 25a°b + 15ab* 


Strategy We will determine the GCF of the terms and write each term of the 
polynomial as the product of the GCF and other factors. 


WHY We can then use the distributive property in reverse to factor out the GCF. 
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Solution 
We begin by factoring each monomial: 

25a°b =5-5-a-a-a-b 

15ab? = 5-3-a-b-b-b 
Since each term has one factor of 5, one factor of a, and one factor of b in 
common, and there are no other common factors, 5ab is the GCF of the two 
terms. We can use the distributive property to factor it out. 

25a°b + 15ab° = Sab + Sa* + Sab - 3b? 

= 5ab(5a’ + 3b*) a 


| EXAMPLE 4 | Factor: 3xy*z* + 6xyz? — 3xz” 


Strategy We will determine the GCF of the terms and write each term of the 
polynomial as the product of the GCF and other factors. 


WHY We can then use the distributive property in reverse to factor out the GCF. 


Solution 
We begin by factoring each monomial: 
Bxy*z2 =3-x-yry zzz 
6xyzi=3-2-x-yezez°z 
—3xz7 = -1-3-x'z'2z 
Since each term has one factor of 3, one factor of x, and two factors of z in 


common, and because there are no other common factors, 3xz is the GCF of the 
three terms. We can use the distributive property to factor it out. 


3xz? = 3xz7+ y?z + 3xz” + 2yz — 3xz7+1 
= 3xz*(y’z + 2yz — 1) el 


3xy*z? + 6xyz? 


Caution! In Example 4, when the 3xz’ is factored out from the third term, 


remember to write the —1. 


A polynomial that cannot be factored is called a prime polynomial or an 
irreducible polynomial. 


| EXAMPLE 5 | Factor, if possible: 3x? + 4y +7 


Strategy We will try to determine the GCF of each term. 


WHY If the polynomial cannot be factored, it is called a prime polynomial. 
Solution 
We factor each monomial: 


SS 3+e-x dye 2-2+y FT 


Since there are no common factors other than 1, this polynomial cannot be 
factored. It is a prime polynomial. & 


Teaching Example 3 Factor: 
6x7y> — 21xy* 

Answer: 

3xy4(2xy — 7) 


Self Check 4 
Factor: 2a‘b? + 6a°b* — 2a7b 
Now Try Problem 40 


Self Check 4 Answer 
2a*b(a*b + 3ab — 1) 


Teaching Example 4 Factor: 
10x*y? — 15xy4 + 5xy* 
Answer: 

5xy*(2x*y — 3y? + 1) 


Self Check 5 


Factor, if possible: 
6a° + 7b? + 5 
Now Try Problem 44 


Self Check 5 Answer 
a prime polynomial 


Teaching Example 5 Factor, if possible: 
3x* + Sy? — 2 

Answer: 

a prime polynomial 
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Self Check 6 


Factor out the opposite of the 
GCF from —8a*b* — 12ab’. 


Now Try Problem 54 
Self Check 6 Answer 
—4ab?(2a + 3b) 


Teaching Example 6 Factor out the 
opposite of the GCF from 

—20x7y? + 10x34 

Answer: 

—10x7y3(2 — xy) 


Self Check 7 


Factor: 
x(a+b-—c)—y(a+b-c) 
Now Try Problem 56 


Self Check 7 Answer 
(a+ b—c)(x— y) 


Teaching Example 7 Factor: 
x(w + z) — y(w + z) 
Answer: 

(w + z)(x — y) 


| EXAMPLE 6 | Factor out the opposite of the GCF from —6u*v* + 8u°v?. 


Strategy We will determine the GCF of the terms of the polynomial. Then we 
will write each term of the polynomial as the product of the opposite of the GCF 
and other factors. 


WHY We can then use the distributive property in reverse to factor out the 
opposite of the GCF. 


Solution 
Because the GCF of the two terms is 2u’v, the opposite of the GCF is —2u’v’. 
To factor out —2u’v*, we proceed as follows: 


6u-v? + Buby = —2u?v? + 3v + uv? + 4u 
= —2u’y? - 3v — (—2u’v*)4u 
= —2u’v?(3v — 4u) Bi 


Factor: a(x — y +z) — b(x ~y +z) +3(x-y+tz) 
Strategy We will determine the terms of the expression and find their GCF. 
WHY We can then use the distributive property in reverse to factor out the GCF. 


Solution 
We can factor out the GCF of the three terms, which is (x — y + Z). 


atx -~y+z)—-bix-yt+z)+3(x-ytz) 
=w-ytza-Ww-ytz2bt+w-ytz)3 
=(x-y+t+2z)(a-—b+3) a 


9 Factor by grouping. 
Suppose that we wish to factor 
ac + ad + be + bd 


Although there is no factor common to all four terms, there is a common factor of a 
in the first two terms and a common factor of b in the last two terms. We can factor 
out these common factors to get 


ac + ad + be + bd = a(c + d) + b(c + a) 
We can now factor out the common factor of c + don the right-hand side: 


ac + ad + be + bd = (c + d)(a + b) 


The grouping in this type of problem is not always unique. For example, if we 
write the expression ac + ad + bc + bd in the form 


ac + bec + ad + bd 


and factor c from the first two terms and d from the last two terms, we obtain 


ac + bc + ad + bd = cla + b) + d(a + Db) 
(a + b)(c + a) This is equivalent to (c + d)(a + b). 


The method used in the previous examples is called factoring by grouping. 


5.5 The Greatest Common Factor and Factoring by Grouping 


Factoring by Grouping 


Group the terms of the polynomial so that each group has a common 
factor. 


Factor out the common factor from each group. 


Factor out the resulting common factor. If there is no common factor, 
regroup the terms of the polynomial and repeat steps 2 and 3. 


EXAMPLE 8 Factor: 3ax* + 3bx* + a+ 5bx + 5ax + b se clinch 
Factor: 
Strategy We will group the terms of the polynomial so that each group has a Ox? t+ x? +x 4+ 2x*y + xy t+ y 


common factor. Then we will factor out the common factor from each group. Now Try Problems 62 and 66 


WHY If there is a resulting common factor, we can factor it out. If not, we will Self Check 8 Answer 
regroup the terms of the original polynomial and try the strategy again. eee eer 


Solution Teaching Example 8 Factor: 
Although there is no factor common to all six terms, 3x’ can be factored out of = by tay + 2by + az + 2bz 
nswer: 


the first two terms, and 5x can be factored out of the fourth and fifth terms to get (a + 2b)(x + y +z) 


3ax? + 3bx? + a + Sbx + Sax + b = 3x°(a + b) +at5x(b+a)+b 
This result can be written in the form 


3ax? + 3bx? + a+ 5bx + Sax + b = 3x7(a + b) + 5x(a + Bb) + 1(a + 5B) 


Since a + b is common to all three terms, it can be factored out to get 


3ax? + 3bx? + a + S5bx + Sax + b = (a + b)(3x? + 5x +1) | 


A polynomial is factored completely when no factor can be factored further. To 
factor an expression completely, it is often necessary to factor more than once, as the 
following example illustrates. 


Factor: 3x°y — 4x7y? — 6x?y + 8xy’ Self Check 9 


Factor: 
Strategy Since all four terms have a common factor of xy, we will factor it out 3a°b + 3a*b — 2a°b* — 2ab? 


first. Then we will factor the resulting polynomial by grouping. Now Try Problem 70 


WHY Factoring out the GCF first makes the factoring process easier. Self Check 9 Answer 
ab(3a — 2b)(a + 1) 


Solution 
We begin by factoring out the common factor xy. ro Ene eee 
2ax* — 4bx* + 2axy — 4bxy 
3x°y — 4x7y? — 6x7y + 8xy* = xy(3x* — 4xy — 6x + 8y) Answer: 


20x + y)\(a = 26) 
We can now factor 3x* — 4xy — 6x + 8y by grouping: 


3x°y — 4x7y? — 6x2y + 8xy* 
= xy(3x* — 4xy — 6x + 8y) 
= xy[x(3x — 4y) — 2(3x — 4y)] Factor x from 3x* — 4xy and —2 from 


—6x + By. 
= xy(3x — 4y)(x — 2) Factor out 3x — Ay. 
Because no more factoring can be done, the factorization is complete. a 


Success Tip Whenever you factor an expression, always factor it completely. 


Each factor of a completely factored expression will be prime. 
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IE Use factoring to solve formulas for a specified variable. 


Factoring is often required to solve a literal equation (an equation containing more 
than one variable) for one of its variables. 


Self Check 10 | EXAMPLE 10 | z . . 
Electronics The formula nr=rnt+rr is used in 


Solve A = p + prt for p. electronics to relate the combined resistance r of two resistors wired in parallel. 


Now Try Problem 72 The variable r, represents the resistance of the first resistor, and the variable 
Self ig 10 Answer rp represents the resistance of the second. Solve for 75. 
Pr itn Strategy To isolate 7 on one side of the equation, we will get all the terms 


involving 72 on the left side and all the terms not involving 7, on the right side. 
Teaching Example 10 Solve: 


y — y, = mx — mx, form WHY To solve a formula for a specified variable means to isolate that variable on 
Answer: one side of the equation, with all other variables and constants on the opposite 
a side. 
X= xij 
Solution 


We want to isolate this variable on one side of the equation. 
NyIo = 1h + 71h 


Ny — 1h, = Try Subtract rrz from both sides. 
rr, —r) = ry Factor out rz on the left-hand side. 
rr, 
= Divide both sides by r, — r. 
hr | 


f- \ 


1.2°-3-5 2. 3x*y 3. 3x7y?(3x — 4y) 4. 2a*b(a*b + 3ab — 1) 
5. aprime polynomial 6. —4ab?(2a + 3b) 7. (a+b —c)(x — y) 
8. (x + y)(2x7 + x41) 9 ab(3a—2b)\(a+1) 10. p= 


A 
1+rt } 


STUDY SET 


[I VOCABULARY | CONCEPTS 
Fillin the blanks. 7. The prime factorizations of three monomials are 
1. When we write 2x + 4 as 2(x + 2), we say that we shown here. Find their GCF. 6xy" 
have factored 2x + 4, 2+2:3+xexeyryry 
2. When we write 100 as 2” - 5’, we say that we have 2:3+3+x-yryryey 


written 100 in _prime-factored_ form. 
3. Because 5 divides 20, we say that 5 is a _factor_ of 20. 
4. The polynomial 2x*y* — 4xy* + 6xy has three _terms_, 


5. The abbreviation GCF stands for greatest. common 
factor 


2°3°3+7Texexexeyry 
8. a. What property is illustrated below? 


4a*b(2ab? — 3a2b*) = 4ab + 2ab* — 4ab + 3a2b4 
the distributive property 


b. Explain how we use the distributive property in 


6. If a polynomial cannot be factored, it is called a _prime_ euemeiotacier sa 100k 


polynomial or an irreducible polynomial. 


P Selected exercises available online at 
www.webassign.net/brookscole 


9. Explain why each factorization of 30t7 — 20f? is not 
complete. 
a. 5t?(6 — 4f) 
The terms within the parentheses have a common factor 2. 
b. 10¢(3t — 2¢7) 
The terms within the parentheses have a common factor ¢. 
> 10. a. Factor —5y° — 10y” + 15y by factoring out the 
positive GCF. 
Sy(—y? — 2y + 3) 
b. Factor —5y* — 10y” + 15y by factoring out the 


opposite GCF. 
—Sy(y? + 2y — 3) 


I NOTATION 
Complete each factorization. 
11, 3a — 12 = 3(a — 4) 


12. 82? + 42? + 2z = 2e(4z2 + 22 + 7) 


13, x — x? + 2x —2= P(x -1) + 2(x- 1) 
(x — 1)@? + 2) 
b> 14. —240°b? + 12ab = —12ab*(2a7= 1) 


[| GUIDED PRACTICE 


Find the prime factorization of each number. See Example 1. 


15. 62:3 16. 10 2-5 
17. 135 3°°5 > 18. 98 2-7 
19. 128 2’ 20. 357 3-7-17 


21. 325 5°-13 22. 288 2°-3° 


Find the GCF of each set of monomials. See Example 2. 


23. 36,48 12 24. 45,75 15 

25. 42, 36, 98 2 26. 16, 40, 60 4 

27. 4a*b, 8a°c 4a’ > 28. 6x°y7z, Ixyz* 3xyz 

29. 18x*y?z”, 12xy?z? 30. 6x’y", 24xy?, 40x*y*z? 
6xy*z 2xy” 


Factor each polynomial. See Example 3. 


31. 2x + 8 32. 3y — 9 
2(x + 4) 3(y — 3) 

33. 2x? — 6x 34. 3y° + 3y* 
2x(x — 3) 3y*(y + 1) 

35. 15x°y — 10x*y? > 36. 13ab*c? — 26a°b*c 
5x*y(3 — 2y) 13ab*c(c* — 2a’) 


37. 28a°b — 21ab° 
Tab(4a* — 3b”) 


38. 12p*q + 8p°q° 
4p*q(3p” + 2q°) 

Factor each polynomial. See Example 4. 

39. 45x)y? — 63x’y? + 9x7y? 9x7y3(5x3 — Ty + 1) 


40. 48u°v® — u4v? — 3u°v? u'v?(48u7v> — 1 — 3u’) 
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41. 12a°b° + 8a*b* — 6a°b* 2a°b*(6a2b* + 4a — 3b?) 


DP 42. 6p°q' — 9p*q? + 6p’q* 3p°q°(2p°a" — 3p* + 24°) 


Factor each polynomial, if possible. See Example 5. 
43. 5xy + 12ab” prime 
45. 14r?s? + 15t® prime 


44, 11m?n* — 12x’y prime 
46. 3r°s° + 6rs* — 7 prime 


Factor out the opposite of the greatest common factor. 
See Example 6. 


47. —3a—-6 48. —6b + 12 
=pla:- + 2) =6(b'= 2) 

49. —3x7 —x 50. —4a° + a? 
=x(3v > 1) —a’(4a — 1) 

51. —6x* — 3xy 52. —15y? + 25y" 
—3x(2x + y) =5y' (Gy = 8) 

53. —18a°b — 12ab* > 54. —210° + 28° 
—6ab(3a + 2b) —713(3t* — 4) 


Factor each expression. See Example 7. 
55. 4x+y)+txt+y) 56. 5(a — b) — t(a — b) 
(x + y)(4 + 2) (4=b)5 = 1) 


57. 3(m +n+ p)+x(m+n-+t p) 
(m+n +t p)3 +x) 


> 58. x(x — y — z) + y(x-y-z) 


G@=-y— 2)ery) 


Factor each expression. See Example 8. 
59. ax + bx + ay + by 60. ar — br + as — bs 
(x + y)(a + b) (r + s)(a — b) 
2 


61. x° + yx + 2x + 2y 62. 2c + 2d — cd — a’ 
(x + 2)(x + y) (c + d\(2 - d) 

63. Ju + v*—7v — uv 64. ax + bx —a—b 
(v — u)(v — 7) (a + b)(x — 1) 


P65. xe +xytactaxayt+ty tay 


(x + y)@+y +z) 


66. ab — b* — be +:ac — be — Cc? 
(+: Hla@=b=6) 


Factor each expression. See Example 9. 

67. mpx + mqx + npx + nqx 
x(m + n)(p + q) 

68. abd — abe + acd — ace 
a(b + c)(d — e) 

69. x°y + xy* + 2xyz + xy? + y? + 2y*z 
y(x + y)(x + y + 2z) 


> 70. a? — 2a*b + a’c — a*b + 2ab* — abc 


a(a — b)(a — 2b + c) 


Solve for the indicated variable. See Example 10. 


71. yh = ry + rr, for ry; 72. rir = rr + rr, forr 
Iz a 
ieee = r2 > ri 
73. d,d> = fds + fd, for f > 74. d,d> = fdr = fda, for d, 
dd2 fdz 


i= dz Par 3 d= do — f 


n= 
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75. 
76. 


77 
78 


22 
b*x? + a’y” = ab’ fora’ a =, 
= y 

a’y* 
b’x* + a’y” = a’b* for b* b? = ca 


. SA -—7r) =a-—Irforr r=<=4 


. Sn = (n — 2)180° forn n= ge, 


I TRY IT YOURSELF 


Factor each expression completely, including —1 if necessary. 


> 79 


81. 


80. 27z° + 1227 + 3z 
3z(927 + 4z+ 1) 


82. 5ax* + Say” 
Sa(x* + y*) 


. 7x7 + 14x 

Tae #2) 

254° — 10¢7 + 52° 
51°(5t* — 2¢ + 1) 


83. —63u7v°z? + 28u7v’2? — 21u3v3z4 
—TWvz?(9uv'z’ — 4v* + 3uz*) 

84. —S6x4y%z* — 72x°yt2? + 80xy*z* 
—8xy?z7(Tx*y + 9x?y?z3 — 10z) 

85. —a(x + y) + b(x + y) 
—(x + y)(a — db) 

86. —bx(a — b) — cx(a — b) 
—x(a — b)(b + c) 

87. (u t+ v) —(ut+v) 


88. 


(a+ vile ty = 1) 


a(x — y)-(x- yy’ 
(«x — y)(a-—x + y) 


89. —6x°y — 12x7y? — 18xy? 
—6xy(x* + 2xy + 3y’) 
90. —10men? + 5m?n? — 15mn* 
—5mn?(2m? — mn + 3n?) 
91. 3c —cd + 3d — c* 92. x°y — ax —xyt+a 


93. 


94. 


95. 


> 97. 


3 =ele+ ad) 

2n‘p — 2n* — n’p? 4 
n(2n — p + 2m)(n*p — 1) 
ac? + ac* + atc” — 2a*bc* — 2be? + C3 
(a? + 1)(c + a — 2b) 


(xy — a)(x — 1) 
np + 2mn°p — 2mn 


(a — b)r — (a — b)s 96. (x + yu t+ (x + y)v 
(a — b)(r — 8) (x + y)(u + v) 

x? + dy — xy — 4x 98. a’ — 4b + ab — 4a 
(x — y)(x — 4) (a + bya — 4) 


I APPLICATIONS 


» 99 


» GEOMETRIC FORMULAS 


a. Write an expression that gives the area of the 


portion of the figure below that is shaded red. Shih 


b. Do the same for the portion of the figure that is 
shaded blue. Sboh 


|— b, —> 


- b, > 


> 100. 


> 101. 


> 102. 


c. Add the results from parts a and b and then 
factor that expression. What important formula 
from geometry do you obtain? 

Sh(b, + bp); the formula for the area of a trapezoid 


PACKAGING The amount of cardboard needed to 
make the cereal box shown below can be found by 
computing the area A, which is given by the formula 


A = 2wh + 4wl + 2h 


where w is the width, / the height, and / the length. 
Solve the equation for the width. w = 4—7!" 


2h + 4l 
1 i 
Ww Wy Ww Mg 
Recipes E y) \\— Nutrition 
a Luc i facts Lucky 
Snaps 
q Snaps 
Delicious 
Light 
Gees es 
— (a ight 
————w my ison (i Crispy 
w | w 


LANDSCAPING The combined area of the 
portions of the square lot that the sprinkler doesn’t 
reach is given by 4r* — ar’, where r is the radius of 
the circular spray. Factor this expression. 1°(4 — 7) 


CRAYONS The amount of colored wax used to 
make the crayon shown below can be found by 
computing its volume using the formula 


1 
V =arh, + gar ia 


Factor the expression on the right side of this 
equation. ar?(/, + a) 


kor : : 


I WRITING 


103. 


104. 


One student commented, “Factoring undoes the 
distributive property.” What do you think she 
meant? 


Explain how to find the greatest common factor of 
two natural numbers. 
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105. Explain what is wrong with the following 109. Solve the inequality —x > 3. Express the solution 
factorization. set using interval notation. (—~, —3) 
5x7 +x —2 =5(x2 +x — 2) 110. Evaluate: 2|—25—(—6)(3)| 14 


111. If two different lines are parallel, what can be said 


: : ae 
a a ae a ana about their slopes? They are the same. 
J REVIEW 112. Are —3¢? and 127? like terms? If so, combine them. 


2 
107. What figure results when the function f(x) = 3x + 1 = 


is graphed? a line 
108. What figure results when the function g(x) = x? is 
graphed? a parabola 


SECTION 


' Objectives 


The Difference of Two Squares; the Sum 


i) Identify perfect squares. 
and Difference of Two Cubes ae . 
¥) Factor the difference of two 

squares. 

In this section, we will discuss rules of factoring that apply to polynomials that can 3 | Identify perfect cubes. 
be written as the difference of two squares or as the sum or difference of two cubes. 
To use these methods, we must be able to recognize such polynomials. We begin with 4 | Factor the sum and difference 
a discussion that will help you recognize polynomials with terms that are perfect of two cubes. 


squares. 


EB Identify perfect squares. 


To factor the difference of two squares, it is helpful to know the first 20 integers that 
are perfect squares. 


1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, 324, 361, 400 


Expressions such as x°y*z* are also perfect squares, because they can be written 
as the square of another quantity: 


xoy4z? = (x3y2z)? 


9 Factor the difference of two squares. 


In Section 5.4, we developed the special product formula 
(QD) (x+y) -y) =x? -y? 


The binomial x* — y? is called the difference of two squares, because x* represents 
the square of x, y* represents the square of y, and x* — y” represents the difference 
of these squares. 

Equation 1 can be written in reverse order to give a rule for factoring the 
difference of two squares. 


Factoring the Difference of Two Squares 


x? — y? = (x + y)(x — y) 


Self Check 1 
Factor: 81p? — 25 
Now Try Problem 18 


Self Check 1 Answer 
(9p + 5)(9p — 5) 


Teaching Example 1 Factor: 


25x” — 36 
Answer: 
(5x + 6)(5x — 6) 


Self Check 2 


Factor: 36r4 — s” 


Now Try Problem 20 
Self Check 2 Answer 
(6r* + s)(6r? — s) 


Teaching Example 2 Factor: 


49x* — 81y* 
Answer: 
(7x + 9y?)(Tx — 9y) 


Self Check 3 


Factor: a’ — 81 


Now Try Problem 24 
Self Check 3 Answer 
(a* + 9)(a + 3)(a — 3) 


Teaching Example 3 Factor: 


Answer: 
(x? + 4)(x + 2)(x — 2) 
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If we think of the difference of two squares as the square of a First quantity 
minus the square of a Last quantity, we have the formula 


F?-L? =(F+L)(F-L) 


and we say: To factor the square of a First quantity minus the square of a Last 
quantity, we multiply the First plus the Last by the First minus the Last. 


| EXAMPLE 1 | Factor: 49x* — 16 


Strategy The terms of this binomial do not have a common factor (other 
than 1). Then we will rewrite the binomial 49x* — 16 as a difference of two 
squares: (7x)? — (4)’. 


WHY If the binomial is a difference of two squares, we can factor it using a 
special-product rule. 


Solution 
F? —-L?=(F +L)(F -L) 
| { re ee 
(7x)? — 4? = (Tx + 4)(Tx — 4) 


We can verify this result using the FOIL method to perform the multiplication. 


(7x + 4)(7x — 4) = 49x? — 28x + 28x — 16 
= 49x? — 16 | 


Caution! Many expressions that represent the sum of two squares, such as 


(7x)? + 4°, cannot be factored in the real number system. The binomial 
49x? + 16 is a prime binomial. 


| EXAMPLE 2 | Factor: 64a* — 25b7 


Strategy We note that the terms of this binomial do not have a common factor 
(other than 1). Then we will rewrite the binomial 64x* — 25? as a difference of 
two squares: (8x*)* — (5b). 


WHY If the binomial is a difference of two squares, we can factor it using a 
special-product rule. 


Solution 
F?- L?=(F+L)(F -L) 
| { { oe { 
(8a?)* — (5b)* = (8a? + 5b)(8a” — 5b) 


Verify by multiplication. a 


Factor: x*— 1 


Strategy We note that the terms of this binomial do not have a common factor 
(other than 1). Then we will rewrite the binomial x* — 1 as a difference of two 
squares: (x*)? — (1). 


WHY If the binomial is a difference of two squares, we can factor it using a 
special-product rule. 
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Solution 
Because the binomial is the difference of the squares of x” and 1, it factors into 
the sum of x” and 1 and the difference of x” and 1. 
x4 -1= G@y _ (1)? 
= (x7 + 1’ - 1) 
The factor x* + 1 is the sum of two quantities and is prime. However, the factor 
x° — 1 is the difference of two squares and can be factored as (x + 1)(x — 1). 
Thus, 
x4-1=(%7+1)0?-1 
= (x7 + 1) + Iw - 1) A 


Success Tip When asked to factor a polynomial, we must be sure to factor it 


completely. After factoring a polynomial, always check to see whether any of 
the factors in the result can be factored further. 


| EXAMPLE 4 | Self Check 4 
Factor: (x + y)*— z4 = a 


Factor: (a —b)* —c* 


Strategy We will use a substitution to factor this difference of two squares. Now Try Problem 30 


WHY For more complicated expressions, especially those involving a quantity Self nares iptakeoreinas 
within parentheses, a substitution often helps simplify the factoring process. Lees ee ee ae =e =) 
Solution Teaching Example 4 Factor: 
=. 4 4 
If we use the substitution a = x + y, we obtain ine 
Answer: 
@+y=-2=a2'- 7 Replace x + y with a. [@— yy +e ]@-—y + 2)@-y—2z) 


= (a + 2)(a* — 2’) Factor the difference of two squares. 
=(a° + 2)(at+z)(a— Zz) Factora® — 2. 


To find the factorization of (x + y)* — z*, we substitute x + y for each a in the 
expression (a* + z”)(a + z)(a — z). 


(a? + 2)\(a+ z\a-z=[axt+yP? + 27]et+ytz(xty—z) 


Thus, (x + y)*— 24 =[(et+yP + 2]aty+vety—2z). 
If we square the binomial within the brackets, we have 


(x + yt — gt = [x* + Qxy ty? 4+ P(x ty + z(x ty —-2z) a 


When possible, we always factor out a common factor before factoring the 
difference of two squares. The factoring process is easier when all common factors 
are factored out first. 


Factor: 2x“y — 32y Self Check 5 


— Factor: 3a* — 3 
Strategy We will factor out the GCF of 2y and factor the remaining difference Now Try Problem 32 


of two squares. Self Check 5 Answer 


WHY The first step in factoring any polynomial is to factor out the GCF. me Ue eae 


Solution Teaching Example 5 Factor: 
4 - 4 pas 5x* — 405 
2x"y — 32y ae 16) ; Factor out the GCF, which is 2y. ee 
= 2y(x~ + 4)(x~ — 4) Factor x* — 16. 5(x? + 9)(x + 3)(x — 3) 


= 2y(x? + 4)(x + 2)(x — 2) Factor * — 4. a 
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Self Check 6 


Factor: a —b*>+a+b 


Now Try Problem 36 
Self Check 6 Answer 
(a+ b\(a-b+1) 


Teaching Example 6 Factor: 
x -—4+x+2 

Answer: 

(oe 2x = 2.4 1) 


| EXAMPLE 6 | Factor: x*-—y*+x-y 


Strategy The terms of each expression do not have a common factor (other 
than 1) and traditional factoring by grouping will not work. Instead, we will group 
the first two terms of the polynomial and the last two terms. 


WHY Hopefully, those steps will produce equivalent expressions that can be 
factored. 


Solution 
If we group the first two terms and factor the difference of two squares, we have 


v- y? +x-y=(t+y)\@-y)+(e-—y) Factor x* — ¥. The terms of the 
resulting expression have a common 
factor, x — y. 


= (yar yr 1) Factor out x — y. | 


ER Identify perfect cubes. 


The number 125 is called a perfect cube, because 5° = 125. To factor the sum or 
difference of two cubes, it is helpful to know the first ten perfect cubes: 


1, 8, 27, 64, 125, 216, 343, 512, 729, 1,000 


Expressions such as x°y°z® are also perfect cubes, because they can be written as 
the cube of another quantity: 


xyz) = (x3y2z)8 


29 Factor the sum and difference of two cubes. 


To find rules for factoring the sum or difference of two cubes, we use the following 
product formulas: 

Q +y)@-atyyaxety 

GO: @-G tat Yar -¥ 

2 


To verify Equation 2, we multiply x* — xy + y* byx + y. 

(x + y)(x? — xy + y’) = @& + y)x? — & + yay + & F yy? 
Sera yr x? XK XY = pox st x+y? ryry 
=e xy xy xr om ar Tr a 


3 3 
= x +y 


2 


Equation 3 can also be verified by multiplication. 
If we write Equations 2 and 3 in reverse order, we have the formulas for 
factoring the sum and difference of two cubes. 


Factoring the Sum and Difference of Two Cubes 


ty? = (x + y)(x? — xy + y’) 
y? = (x — y)(x? + xy + y’) 


3 
Xx 

3 
Xx 


If we think of the sum of two cubes as the sum of the cube of a First quantity 
plus the cube of a Last quantity, we have the formula 


F° +L? = (F + L)(F? — FL+L’) 
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To factor the cube of a First quantity plus the cube of a Last quantity, we multiply the 
sum of the First and Last by 

e the First squared 

e minus the First times the Last 

e plus the Last squared. 
The formula for the difference of two cubes is 

F* — L? = (F— L)(F? + FL+L’) 
To factor the cube of a First quantity minus the cube of a Last quantity, we multiply 
the difference of the First and Last by 

e the First squared 

e plus the First times the Last 

e plus the Last squared. 


| EXAMPLE 7 |PSQ0SgE me Self Check 7 


Factor: p* + 27 
Strategy The terms of each expression do not have a common factor (other Now Try Problem 40 


than 1) and the expression has two terms. We will write the binomial in a form Self Check 7 Answer 
that shows it is the sum of two cubes. (p + 3)(p? — 3p + 9) 


WHY We can then use the rule for factoring the sum of two cubes. Thaching Example? Factor 2 + 125 


ecunen + 02 — 5x + 25) 
Since a*> + 8 can be written as a* + 2°, we have the sum of two cubes, which : 
factors as follows: 
F + L? = (F + L)(F - FL + L’) 
4 4 1 oo 4, be. of 
a + 2? =(a@ + 2)(a? — a2 + 27) 
= (a + 2)(a* — 2a + 4) 


Thus, a® + 8 = (a + 2)(a’ — 2a + 4). Check by multiplication. | 


EXAMPLE 8 


27a° — 64b° Self Check 8 


Factor: 8p* — 125q° 


Factor: 


Strategy The terms of each expression do not have a common factor (other 
. ‘ : : fogs Now Try Problem 46 
than 1) and the expression has two terms. We will write the binomial in a form Self Check 8 Answer 


that shows it is the difference of two cubes. (2p — 5q)(4p” + 10pq + 25q°) 
WHY We can then use the rule for factoring the difference of two cubes. Penching Ronaple Pecan 
1000x7 — 27y3 

Answer: 

(10x — 3y)(100x* + 30xy + 9y?) 


Solution 
Since 27a° — 64b° can be written as (3a)* — (4b)°, we have the difference of two 
cubes, which factors as follows: 


F?- L3?=(F-L)(F?+ F L + LL? 
{ { 4 ¢ 4 1 4 { 
(3a)? — (4b)? = (3a — 4b)[(3a)? + (3a)(4b) + (4b)] 

= (3a — 4b)(9a* + 12ab + 16b’) 


Thus, 27a° — 64b° = (3a — 4b)(9a? + 12ab + 16b?). Check by multiplication. a 


Self Check 9 
Factor: (p+ qy-—r 
Now Try Problem 48 
Self Check 9 Answer 
ae a = ‘ bd ws 
(p+ lpg + gq? + pr+ ort r) 


Teaching Example 9 Factor: 
G+ =F 

Answer: 

(x + y — b)(x* + 2xy + y? + bx 4 
by +b”) 


Self Check 10 


Factor: x°—1 


Now Try Problem 50 
Self Check 10 Answer 
(x +1)? —x+1)(x 


Teaching Example 10 Factor: a° — b° 
Answer: 

(a — b)(a” + ab + b’)(a + b) 

(a? — ab + b’) 


Self Check 11 


Factor: 3x° + 24x? 


Now Try Problem 52 
Self Check 11 Answer 
3x?(x + 2)(x? — 2x + 4) 


Teaching Example 11 Factor: 
Sa* + 40a 

Answer: 

5a(a + 2)(a* — 2a + 4) 
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| EXAMPLE 9 | Factor: a® — (c + dy 


Strategy The terms of each expression do not have a common factor (other 
than 1) and the expression has two terms. We will use the rule for factoring the 
difference of two cubes. 


WHY The terms cubes a and (c + d)° are perfect cubes. 
Solution 

a’ — (c+ dy = [a — (c + d)][a* + a(c + d) + (c + d)’] 
Now we simplify the expressions inside both sets of brackets. 


a’ — (c+ dy =(a-—c — d)(a* + ac + ad + c* + 2cd + d’) 


| EXAMPLE 10 | Factor: x° — 64 


Strategy The terms of each expression do not have a common factor (other 
than 1) and the expression has two terms. The binomial is both the difference of 
two squares and the difference of two cubes. We will write it in a form that shows 
it as the difference of two squares to begin the factoring process. 


WHY It is easier to factor it as the difference of two squares first. 


Solution 
x° — 64= (x) -— 8 
= (x° + 8)(x° — 8) 
Each of these factors further, however, for one is the sum of two cubes and the 
other is the difference of two cubes: 


x° — 64 = (x + 2)(X? — 2x + Av — 2)(X? + 2v + 4) 


| EXAMPLE 11| Factor: 2a° + 128a? 


Strategy We will factor out the GCF of 2a’ and factor the resulting sum of two 
cubes. 


WHY The first step in factoring any polynomial is to factor out the GCF. 


Solution 
We first factor out the common monomial factor 2a? to obtain 


2a> + 128a” = 2a7(a* + 64) 
Then we factor a* + 64 as the sum of two cubes to obtain 


2a° + 128a? = 2a*(a + 4)(a* — 4a + 16) 


1. (9p + 5)(9p — 5) 2. (6r? + s)(6r* — s) 3. (a? + 9)(a + 3)(a — 3) 

4 [(a— bY + ?\(a—b+c\la-—b-c) 5. 3(a? + 1)(a + 1)(a- 1) 

6. (a+ b\a-—b+1) 7. (p+3\(p? — 3p +9) 8. (2p — 5q)(4p* + 10pq + 25q”) 
9. (p +q—r\(p? + 2pqt+q? t+prt+aqr+r’) 

10. (x + 1)\(x* —x + 1)(x — DQ? +x4+1) 11. 3x°(x + 2)(x* — 2x + 4) 
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STUDY SET 


—_ VOCABULARY 
Fill in the blanks. 


1. When the polynomial 4x” — 25 is rewritten as 
(2x)? — (5)’, we see that it is the difference of two 
squares _. 
> 2. When the polynomial 8x* + 125 is rewritten as 
(2x)? + (5)°, we see that it is the sum of two _cubes_, 


I CONCEPTS 
3. Write the first ten integers that are perfect squares. 
1, 4, 9, 16, 25, 36, 49, 64, 81, 100 
> 4. Write the first ten perfect cubes. 
1, 8, 27, 64, 125, 216, 343, 512, 729, 1,000 
5. Use multiplication to verify that the sum of two 


squares x* + 25 does not factor as (x + 5)(x + 5). 
(x + 5)(x + 5) =x? + 10x + 25 


6. Use multiplication to verify that the difference of two 


squares x* — 25 factors as (x + 5)(x — 5). 
(x + 5)(x — 5) = x? — 25 


Explain why each factorization is not complete. 
7. 4g” — 16 = (2g + 4)(2g — 4) 
A common factor of 2 can be factored out of each binomial. 
8.1-f=(+h0-2¢) 


(1 — f°) factors as the difference of two squares. 


J NOTATION 

Complete each factorization. 

9. P+ge=(p+aq( Pop t@) 
10. p> — @ = (p- ag Pepa tae) 
We. PP -g@ =(pt apa) 


12. p°q + pq = pa(p + 4) 
> 13. 36y? — 49m? = (oy) — (7m)? = ( 6y + 7m)( 6» — 7m) 
14, 1? — 27k? = (hy — (3k) =(h = 3k)(4? + Sik + 9k?) 


J GUIDED PRACTICE 


Factor each polynomial. See Example 1. 


15.2 -4 16.7 = 9 
(x + 2)(x — 2) (ye 2)ly = 3) 
17. Sy? — 64 p> 18. 25a” — 49 


(3y + 8)(3y — 8) (Sa — 7)(Sa + 7) 


Factor each polynomial. See Example 2. 


p> 19. 16x* — 81y” 20. 144a” — b* 
(4x? + 9y)(4x? — 9y) (12a + b”)(12a — b’) 
21. 625a> — 169b* 22. 64r° — 1215s” 
(25a + 13b*)(25a — 13b7) (8r? + 11s)(8r? — 11s) 


® Selected exercises available online at 
www.webassign.net/brookscole 


Factor each polynomial. See Example 3. 


23. st — 16 24. t* — 625 
(s? + 4)(s + 2)(s — 2) (? + 25)(¢ + 5) — 5) 
25. m* — 81 p> 26. z* — 256 


(mn? + 9)(m + 3)(m — 3) (27 + 16)(z + 4)(z — 4) 


Factor each polynomial. See Example 4. 


27. (xt+yyr-2 28. (a — b)? — c? 
Grete + yz (@a—b+e)\(@—b =) 


> 29. (m+n) — p* 


[(m +n) + p?|(m +n + p)(m +n — p) 
30. (p + q)' - ¢* 
[ep +ay+Plpt+atneta-d 


Factor each polynomial. See Example 5. 


31. 2x — 32x 32. 3x? — 243x 
254 + 2G = 4) Bae + Oe = 9) 


p> 33. 32a* — 162b* 


2(4a” + 9b?)(2a + 3b)(2a — 3b) 


34, 256x4y*z7 — z}° 
2 (16x*y* + z*)(4xy + 27)(4xy — 2”) 


Factor each polynomial. See Example 6. 


35. a —b?>+at+b 36.x°-y?—-x-y 
(a+ b)\(a-—b+1) G49 = p= 1) 


37. a —b? +2a—2b p38. m* — rn? + 3m + 3n 
(a — b)(a + b + 2) (m + n)\(m —n + 3) 


Factor each polynomial. See Example 7. 


39. +27 40. p> + 64 

(t + 3)(t? — 3t + 9) (p + 4)(p? — 4p + 16) 
a.rt+s? > 42. x° + 8y° 

(r+ s)(r? — rs + s?) (x + 2y)(x? — 2xy + 4y?) 


Factor each polynomial. See Example 8. 


43. r° — 125 44. s° — 1,000 
(r — 5)(r* + Sr + 25) (s — 10)(s* + 10s + 100) 


45. 8a° — 27b° > 46. 64a° — 125b° 
(2a — 3b)(4a? + 6ab + 9b”) (4a — 5b) (16a? + 20ab + 25b”) 


Factor each polynomial. See Examples 9-10. 


a7, 27 = + yy 
G=2= HO + 3c sy +x + ay eV) 


pm 48. x — (y+ zy 


(x — y — z)\(x* + xy +xz + y* + 2yz + 2’) 


49. 1° —1 
(t+ 1)? —¢+1)(t- 1)? + t+ 1) 


p> 50. 1° — 1,000,000 


(t + 10)(t? — 10t + 100)(t — 10)(t? + 10¢ + 100) 
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Factor each polynomial. See Examples 11. 


51. 5x° + 625 52. 
5(x + 5)(x? — Sx + 25) 

53. 2x° — 128 > 54. 
2(x — 4)(x? + 4x + 16) 


I TRY IT YOURSELF 


Factor each polynomial. If a polynomial is prime, so indicate. 


55. Sp? + 20 56. 
5(p? + 4) 
57. Sp? + 20 58. 
5(p> + 4) 
59. x7 + 25 60. 
prime 
> 61. 81a? — 49b? 62. 
(9a + 7b)(9a — 7b) 
63. 4a*b*c® — 9d° 64. 
(2ab*c* + 3d*)(2ab’c* — 3d*) 
> 65. x’ — y* > 66. 
(x? + y*)(x + y)(x - y) 
67. 225a* — 16b°c'” 68. 
(15a? + 4b4c)(15a? — 4b*c°) 
> 69. 8x7 — 72 70. 
8(x + 3)(x — 3) 
> 71. 6x* — 216x” 72. 


> 73. 


75. 


77. 


79. 


6x?(x + 6)(x — 6) 


16a‘*b*c* — 64a*bc® 74. 
16a?bc*(ab + 2c)(ab — 2c) 

m — 2n + m? — 4n? 76. 
(m — 2n)(1 + m + 2n) 

27a? + Bb? 78. 


(3a + b)(9a* — 3ab + b?) 
125x°y° + 2162” 


(2x? + Sy)(4x* 


2x° + 54x° 

2x7(x + 3)(x? — 3x + 9) 
4x° — 256x? 

4x?(x — 4)(x? + 4x + 16) 


5p” — 20 

5(p + 2)(p — 2) 

5p° + 40 

5(p + 2)(p? — 2p + 4) 
4y” + 9z4 

prime 

36x*y" — 4924 

(6x°y + 7z*)(6x*y — 727) 
a’ — (b—c)* 

(@+ b= C@=b +e) 
(m +n) — p* 
(m+n+p*)\(m +n -— p*) 
2x” — 288 

Qe a 12) = 12). 

5x° + 125x 

5x(x? + 25) 

Pere — Pxty? 


(rs + x*y)(rs — xy) 


2x + y + 4x? — y? 
(x+y) + 2x = y). 
pv 

(t — v)(t? + + v’) 
8x° + 125y? 


10x?y + 25y?) 


(Sxy? + 6z7)(25x*y* — 30xy?z* + 362°) 


80. 1,000a° — 343b°c° 
(10a? — 7bc?)(100a* + 70a*bc? + 49b7c*) 
81. x° + y° > 82.07 + y” 
Cae =ry se) CANO =a tye =r rH) 


83 


. 128072? — 2870 
2u?(4v — t)(16v? + 4tv + 1°) 


84. 


56rs°t? + Trs*v® 
Trs*(2t + v?)(4t? — 21? + v4) 


85, (a + b)x? + 27(a + b) 86. (c — dr’ —-(c—d)s° 


(a + b)(x + 3)(x? — 3x + 9) 


I APPLICATIONS 


> 87. CANDY To find the amount of chocolate used in the 
outer coating of the malted-milk ball shown in the 
next column, we can find the volume V of the 
chocolate shell using the formula 


4 4 
V= —ar; — —7rs 


3 3 


(c — d)(r — s)(r? + rs + s*) 


Factor the expression on the right side of the formula. 


fa(r — nr? + nn + n°”) 


> 88. 


Outer radius r; 


Inner radius ry 


MOVIE STUNTS The function that gives the 
distance a stuntwoman is above the ground f seconds 
after she falls over the side of a 144-foot-tall 
building is 

h(t) = 144 — 16¢* 


Factor the right side of the equation. 16(3 — (3 + #) 


144 ft 


I WRITING 


89. 


> 90. 


Describe the pattern used to factor the difference of 
two squares. 

Describe the patterns used to factor the sum and the 
difference of two cubes. 


[T REVIEW 


Graph the line with the given characteristics. 


91. 


92. 


Passing through (—2, —1), 
2 
slope = —= 
y-intercept (0, —4), slope = 3 


5.7 Factoring Trinomials 


93. Horizontal; y-intercept y 95. Write the equation of line / 
(0, —2) at shown in the illustration to 
: the right. » = —4 
- 


96. Write the equation of line r 


433-1] 1234 i shown in the illustration to 
SCO the right. x = 3 
3) (U, me 
Lf: 
94. Parallel to the y-axis, passing 
through (1, 4) Ad dy 


Factoring Trinomials 


In this section, we will discuss several techniques for factoring trinomials. These 
techniques are based on the fact that the product of two binomials is often a 
trinomial. With that observation in mind, we begin the study of trinomial factoring 
by considering two special products. 


EB Factor perfect-square trinomials. 

Many trinomials can be factored by using the following special product formulas. 
(I) (e+ y)@ t+ y) = 3° + 2xy + y? 

(2) (x - y)(@ - y) =x? - dey +” 

To factor x7 +6x+9, we note that it can be written in the form 
x° + 2(3)x + 3°. If y = 3, this form matches the right-hand side of Equation 1. Thus, 
x° + 6x + 9 factors as 

x? + 6x +9 =x? + 2(3)x + 3? 

= (x + 3)(x + 3) 
= (x + 3)? 


Since x* + 6x + 9 is the square of x + 3,x* + 6x + 9 is called a perfect square 
trinomial. This result can be verified by multiplication: 
(x + 3)\(x + 3) =x? 4+ 3x + 3x49 
=x +6x+9 


Self Check 1 


Factor: b* — 10b + 25 (b —5)° 
Now Try Problem 26 


Factor: x7 — 4xz + 42? 


Strategy The terms of this trinomial do not have a common factor (other 
than 1). We will determine whether it is a perfect-square trinomial. 


WHY If it is, we can factor it using a special-product rule. 
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Teaching Example 1 Factor: 


x? — 14x + 49 
Answer: 
(x — 7) 


Self Check 2 


Factor: a’ — 7a + 12 


Now Try Problem 32 
Self Check 2 Answer 
(a = 4)(a = 3) 


Solution 

To factor the perfect square trinomial x* — 4xz + 4z*, we note that it can be 
written in the form x* — 2x(2z) + (2z)*. If y = 2z, this form matches the right- 
hand side of Equation 2. 


x? — 4xz + 42? = x? — 2x(2z) + (22)? 


= (x — 2z)(x — 2z) 
= (x — 2z)* 


This result can be verified by multiplication. ie 


We begin our discussion of general trinomials by considering trinomials with 
leading coefficients (the coefficient of the squared term) of 1. 


3 Factor trinomials of the form x? + bx + c. 


Since the product of two binomials is often a trinomial, we expect that many 
trinomials will factor as two binomials. For example, to factor x? + 7x + 12, we must 
find two binomials x + a and x + b such that 


x? + 7x + 12 = (x + a)(x + db) 


where ab = 12 and ax + bx = 7x. 
To find the numbers a and J, we list the possible factorizations of 12 and find the 
one where the sum of the factors is 7. 


This is the one to choose. 


12(1) 6(2) 4(3) 12(-1) 6(—2) 4(—3) 
Thus, a = 4, b = 3, and 


x? + 7x +12 = (x + a)(x + b) 
(3) x7 + 7x + 12 = (x + 4)(x + 3) 


This factorization can be verified by multiplying x + 4 and x + 3 and observing 
that the product is x7 + 7x + 12. 

Because of the commutative property of multiplication, the order of the factors 
in Equation 3 is not important. 

To factor trinomials with lead coefficients of 1, we follow these steps. 


Factoring Trinomials with Leading Coefficients of 1 


Write the trinomial in descending powers of one variable. 
List the factorizations of the third term of the trinomial. 


Pick the factorization where the sum of the factors is equal to the 
coefficient of the middle term. 


Factor: x7 — 6x + 8 


Strategy The terms of this trinomial do not have a common factor (other 
than 1). We will assume that x7 — 6x + 8 is a product of two binomials. We must 
find the terms of the binomials. 


WHY The only option is to try to factor x7 — 6x + 8 as a product of two 


binomials, once we first check for a common factor. 


Solution 
Since the trinomial is written in descending powers of x, we can move to step 2 
and list the possible factorizations of the third term of the trinomial, which is 8. 


This is the one to choose. 


81) 4(2) 


8(-1) 4(—2) 


In the trinomial, the coefficient of the middle term is —6. The only factorization 
where the sum of the factors is —6 is —4(—2). Thus, a = —4, b = —2, and 


x? — 6x +8 =(x + a)(x + db) 
= (x — 4) - 2) 


We can verify this result by multiplication: 


(x — 4)(x — 2) = x* — 2x — 4x +8 Use the FOIL method. 
= x7 -—6x +8 a 


| EXAMPLE 3 | Factor: —x + x7 — 12 


Strategy We will write the terms of the trinomial in descending powers of x. 


WHY It is easier to factor a trinomial if its terms are written in descending 
powers of the variable. 


Solution 
We begin by writing the trinomial in descending powers of x: 


xt+x?-12=x?-x-12 


The possible factorizations of the third term are 


This is the one to choose. 


iat) O(= 2). 43) = 8-H) 


In the trinomial, the coefficient of the middle term is —1. The only factorization 
where the sum of the factors is —1 is 3(—4). Thus, a = 3, b = —4, and 


x+x7-12=(x+a)(x + dD) 
= (x + 3)(x — 4) a 


| EXAMPLE 4 | Factor: 30x — 4xy — 2xy? 


Strategy We will factor out the GCF of —2x and factor the resulting trinomial. 


WHY The first step in factoring any polynomial is to factor out the GCF. 
Factoring out the GCF first makes factoring easier. 


Solution 
We begin by writing the trinomial in descending powers of y: 
30x — 4xy — 2xy? = —2xy? — 4xy + 30x 


Each term in this trinomial has a common factor of —2x, which we will factor out. 


30x — 4xy 


oxy = 


2x(y? + 2y — 15) v 
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Teaching Example 2 Factor: 


x’ — lox + 15 
Answer: 
= De=1) 


Self Check 3 


Factor: —3a + a* — 10 


Now Try Problem 34 
Self Check 3 Answer 
(a + 2)(a — 5) 


Teaching Example 3 Factor: 
=e + 2° — 20 

Answer: 

(x — 10)(x + 2) 


Self Check 4 


Factor: 18a + 3ab — 3ab” 


Now Try Problem 40 
Self Check 4 Answer 
—3a(b + 2)(b — 3) 


Teaching Example 4 Factor: 
—10ax — 28a + 2ax* 
Answer: 

20x = Tbe a2) 
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To factor y? + 2y — 15, we list the factors of —15 and find the pair whose sum is 2. 


This is the one to choose. 


15(-1) 5(-3) 1(-15) 3(-S) 
The only factorization where the sum of the factors is 2 (the coefficient of the 
middle term of y* + 2y — 15) is 5(—3). Thus, a = 5, b = —3, and 
30x — 4xy — 2xy* = —2x(y” + 2y — 15) 
= —2x(y + 5)(y — 3) a 


Caution! In Example 4, be sure to include all factors in the final result. It is a 


common error to forget to write the —2x. 


EB Factor trinomials of the form ax? + bx + c. 


There are more combinations of factors to consider when factoring trinomials with 
lead coefficients other than 1.To factor 5x* + 7x + 2, for example, we must find two 
binomials of the form ax + b and cx + d such that 


5x? + Tx + 2 = (ax + b)(cx + d) 


Since the first term of the trinomial 5x* + 7x + 2 is 5x, the first terms of the 
binomial factors must be 5x and x. 


Bx 


a," 


5x? + Tx + 2 = (5x + b)(x + d) 


Since the product of the last terms must be 2, and the sum of the products of the 
outer and inner terms must be 7x, we must find two numbers whose product is 2 that 
will give a middle term of 7x. 


2 
5x? + Tx + 2 = (5x + b)(x + d) 
ey 
O+1=7x 


Since 2(1) and (—2)(—1) give a product of 2, there are four possible combinations to 
consider: 


(5x + 2)(x + 1) (5x — 2)(x — 1) 
(Sx + 1)(x + 2) (5x — 1)(x — 2) 


Of these possibilities, only the first one gives the correct middle term of 7x. 
Thus, 


(4) 5x* + 7x + 2 = (Sx + 2)(x + 1) 
We can verify this result by multiplication: 
(5x + 2)(x + 1) =5x* + 5x + 2x +2 
=5x° + 7x +2 


IZ Test for factorability. 


If a trinomial has the form ax? + bx + c, with integer coefficients and a # 0, we can 
test to see whether it is factorable. 


5.7 Factoring Trinomials = 


e If the value of b” — 4ac is a perfect square, the trinomial can be factored 
using only integers. 

e If the value of b” — 4ac is not a perfect square, the trinomial cannot be 
factored using only integers. 


For example, 5x” + 7x + 2 isa trinomial in the form ax? + bx + c with 
a=5, = 7, and c=2 
For this trinomial, the value of b* — 4ac is 
b* — 4ac = F — 4(5)(2) 
= 49 — 40 
=9 


Since 9 is a perfect square, the trinomial is factorable. Its factorization is shown in 
Equation 4. 


Test for Factorability 


A trinomial of the form ax” + bx + c, with integer coefficients and a # 0, will 


factor into two binomials with integer coefficients if the value of b* — 4ac isa 
perfect square. If b* — 4ac = 0, the factors will be the same. 


Factor: 3p? — 4p — 4 Self Check 5 


Factor: 49° — 9q — 9 


Strategy First, we see that the terms of the trinomial do not have a common Now Try Problem 44 


factor (other than 1). Then we will use the test for factorability to see whether the Seif Check 5 Answer 
trinomial is factorable. (4q + 3)(q — 3) 
WHY If it is, we can factor it as the product of two binomials by making Tkadning HawngieS Phas 
educated guesses and then checking them using multiplication. 10x2 + x — 3 

P Answer: 
Solution (Sx + 3)(2x — 1) 
In the trinomial, a = 3, b = —4, and c = —4. To see whether it factors, we 


evaluate b” — 4ac. 
b* — 4ac = (-4)* — 4(3)(-4) 
= 16 + 48 
= 64 
Since 64 is a perfect square, the trinomial is factorable. 


To factor the trinomial, we note that the first terms of the binomial factors 
must be 3p and p to give the first term of 3p”. 


3p- 


2 


3p° — 4p —4 = Bp + ?)(—p + 2) 


The product of the last terms must be —4, and the sum of the products of the 
outer terms and the inner terms must be —4p. 


-4 


3p? — 4p — 4 = Bp + 2)(p + ?) 
es 


O+1=—A4p v 
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Because 1(—4), —1(4), and —2(2) all give a product of —4, there are six possible 
combinations to consider: 


Bpt+I~-4) GBp-4)@t 1) 

Gp-)e+4 GBpt+4)(P-1) 

3p -2)(p+2) Gp +t 2)(p - 2) 
Of these possibilities, only the last gives the required middle term of —4p. Thus, 
4p — 4 = (3p + 2)(p — 2) a 


2 


3p 


Sel Ghesk'c | EXAMPLE 6 | Factor, if possible: 41° — 3 — 5 


Factor, if possible: 

5a —8a+2 Strategy First, we see that the terms of the trinomial do not have a common 
factor (other than 1). Then we will use the test for factorability to see whether the 

Now Try Problem 46 : Sin 

Sclf Check 6 Answer trinomial is factorable. 


id a a WHY If it is not factorable, the polynomial is a prime polynomial. 
Teaching Example 6 Factor, if possible: Solution 

i Ge $9 
Answer: 

a prime polynomial 


In the trinomial, a = 4, b = —3, and c = —5. To see whether the trinomial is 
factorable, we evaluate b” — 4ac by substituting the values of a, b, and c. 
b* — 4ac = (-3)° — 4(4)(-5) 
=9+ 80 
= 89 


Since 89 is not a perfect square, the trinomial is not factorable using only integer 
coefficients. | 


It is not easy to give specific rules for factoring general trinomials. However, the 
following hints are helpful. 


Factoring a General Trinomial 


Write the trinomial in descending powers of one variable. 


Factor out any greatest common factor (including —1, if that is necessary 
to make the coefficient of the first term positive). 
Test the trinomial for factorability. 
When the sign of the third term of the trinomial is +, the signs between 
the terms of each binomial factor are the same as the sign of the middle 
term of the trinomial. 

When the sign of the third term of the trinomial is —, the signs 
between the terms of the binomials are opposite. 
Try various combinations of the factors of the first terms and the last 
terms until you find the one that works. 


Check the factorization by multiplication. 


Self Check 7 


Factor: —6x* — 15xy — 6y* 


Factor: 24y? + 10xy — 6x? 


Strategy We will write the trinomial in descending powers of x and factor out 
Now Try Problem 52 : : : ‘ 
Self Check 7 Answer the GCF of —2. Then we will factor the resulting trinomial. 


ar aye HD WHY The first step in factoring any polynomial is to factor out the GCF. 


Factoring out the GCF first makes factoring easier. 


Solution 
24y* 4 


6x" 4 


2(3x° 


10xy — 6x* = 10xy + 24y? 


12y*) 


Sxy 
In the trinomial 3x* — Sxy — 12y*, a = 3,b = —5,andc = —12. 
b* — 4ac = (-5)° — 4(3)(-12) 
= 25 + 144 
= 169 
Since 169 is a perfect square, the trinomial will factor. 
The sign of the first term of 3x7 — 5xy — 12y? is positive and the sign of the 
third term is negative. Therefore, the signs between the binomial factors will be 


opposite. Because the first term is 3x’, the first terms of the binomial factors must 
be 3x and x. 


3x" 


eo 
2(3x \(x ) 


The product of the last terms must be —12y*, and the sum of the product of the 
outer terms and the product of the inner terms must be —5xy. 


—12y* 


2(3x? — Sxy — 12y’) = 


24y? + 10xy — 6x* = —2(3x 2y)(x 2y) 


‘a 
O+1= —5xy 


Since 1(—12), 2(—6), 3(—4), 12(-1), 6(—2), and 4(—3) all give a product of —12, 
there are 12 possible combinations to consider. 


(3x + ly)(x — 12y) 
(3x + 2y)(x — 6y) 
(3x + 3y)(x — 4y) 
(3x + 12y)(x — Ly) 
(3x + 6y)(x — 2y) 


This is the one to choose. + (3x + 4y)(x — 3y) 


(3x — 12y)(x + Ly) 
(3x — 6y)(x + 2y) 
(3x — 4y)(x + 3y) 
(3x — ly)(x + 12y) 
(3x — 2y)(x + 6y) 
(3x — 3y)(x + 4y) 


The combinations marked in color cannot work, because one of the binomial 
factors has a common factor. This implies that 3x” — Sxy — 12y” would have a 
common factor, which it doesn’t. 

After mentally trying the remaining combinations, we find that only 
(3x + 4y)(x — 3y) gives the proper middle term of —5xy. 


24y* 


10xy 


6x? = —2(3x? — 5xy — 12y”) 
= —2(3x + 4y)(x — 3y) 


Verify this result by multiplication. 


EXAMPLE 8 


Factor: 6y + 13x’y + 6x4y 


Strategy We will write the trinomial in descending powers of x and factor out 
the GCF of y. Then we will factor the resulting trinomial. 


WHY The first step in factoring any polynomial is to factor out the GCF. 


Factoring out the GCF first makes factoring easier. 


5.7 Factoring Trinomials 


Teaching Example 7 Factor: 
—18x? + 21xy + 15y? 
Answer: 

—3(2x + y)Gx — Sy) 


Self Check 8 


Factor: 4b + 11a*b + 6a‘b 


Now Try Problem 54 
Self Check 8 Answer 
b(2a* + 1)(3a? + 4) 
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Teaching Example 8 Factor: Solution 
4 i 
ee eae 6y + 13x7y + 6x4y = 6x4y + 13x7y + by 
Answer: 7 a 
y(5x* — 2)(2x” + 3) = y(6x" + 13x° + 6) 


A test for factorability will show that 6x* + 13x* + 6 will factor. 

Since the coefficients of the first and last terms of 6x* + 13x* + 6 are 
positive, the signs between the terms in each binomial will be +. 

Since the first term of the trinomial is 6x*, the first terms of the binomial 
factors must be either 2x” and 3x* or x and 6x”. 

Since the product of the last terms of the binomial factors must be 6, we must 
find two numbers whose product is 6 that will lead to a middle term of 7x’. After 
trying some combinations, we find the one that works. 


6y + 13x*y + 6x*y = y(6x* + 13x” + 6) 
= y(2x + 3)(3x* + 2) 


Verify this result by multiplication. a 


Semienecha | EXAMPLE 9 | Factor: x7 +6x+9-2 


Factor: a? + 4a+4—- 0b? 


Now Try Problem 58 Strategy The terms of each expression do not have a common factor (other 


Self Check 9 Answer than 1) and traditional factoring by grouping will not work. Instead, we will group 
(a+2+b\(a+2-—b) the first three terms of the polynomial. 

Teaching Example 9 Factor: WHY Hopefully, those steps will produce equivalent expressions that can be 
x + Ide +49 = y* factored. 

Answer: : 

(x +7 + y)\@+7—y) Solution 


We group the first three terms together and factor the trinomial to get 
+ Ox + 9-2 = (e+ 3) + 3) - 2 
=(@ 439-2 
We can now factor the difference of two squares to get 


e+ 6x t+ 9-2 =(x +34 2)(x+3-2) a 


Use substitution to factor trinomials. 


For more complicated expressions, a substitution sometimes helps to simplify the 
factoring process. 


Self Check 10 Factor: (x + y)? + 7(x+y) +12 


Factor: 
(a + b)* — 3(a + b) — 10 Strategy We will use a substitution where we will replace each expression x + y 


Now Try Problem 62 with the variable z and factor the resulting trinomial. 


Self Check 10 Answer WHY The resulting trinomial will be easier to factor because it will be in only 
eth etie+s-5 
one variable, z. 


Teaching Example 10 Factor: Solution 


' oe. = 
ped meas We rewrite the trinomial (x + y) + 7(x + y) +12 as 2’ +7z+ 12, where 
(x+y _ ite hy oo z=x + y. The trinomial z* + 7z + 12 factors as (z + 4)(z + 3). 

To find the factorization of (x + y)* + 7(x + y) + 12, we substitute x + y for 


z in the expression (z + 4)(z + 3) to obtain 


2+7z2 +12 = (z+ 4)(z + 3) 
(x+y? +7xty)+12=(~t+y+4et+y +3) Replace z with x + y. a 


5.7 Factoring Trinomials 


[a Use grouping to factor trinomials. 


The method of factoring by grouping can be used to help factor trinomials of the 
form ax? + bx + c. For example, to factor the trinomial 6x* + 7x — 3, we proceed 
as follows: 


1. First find the product ac: 6(—3) = —18. This number is called the key number. 


2. Find two factors of the key number —18 whose sum is b = 7: 
9(-—2) = -18 and 9+ (-2) =7 


3. Use the factors 9 and —2 as coefficients of two terms to be placed between 6x” 
and —3: 


6x? + Ix — 3 = 6x* + 9x — 2x — 3 Express 7x as 9x — 2x. 
4. Factor by grouping: 


6x? + 9x — 2x — 3 = 3x(2x + 3) — 1(2x +3) From 6x* + 9x, factor out 3x. 
From —2x — 3, factor out —1. 


= (2x + 3)(3x — 1) Factor out 2x + 3. 


We can verify this factorization by multiplication. 
Factoring by grouping is especially useful when the lead coefficient, a, and the 
constant term, c, have many factors. 


Factoring Trinomials by Grouping 


To factor a trinomial by grouping: 


1. Factor out any GCF (including —1 if that is necessary to make a > Oina 
trinomial of the form ax? + bx + c). 


Identify a, b, and c, and find the key number ac. 

Find two numbers whose product is the key number and whose sum is b. 
Enter the two numbers as coefficients of x between the first and last terms 
and factor the polynomial by grouping. 


The product of these numbers must be ac. 


v 


ax? + x t+ x+c 


A 


The sum of these numbers must be b. 


Check by multiplying. 


Factor: 10x? + 17x — 6 Self Check 11 


Factor: 15a7 + 17a —4 


Now Try Problem 68 
terms. Self Check 11 Answer 
(3a + 4)(6a@ — 1) 


Strategy We will express the middle term of the trinomial as the sum of two 


WHY We want to produce an equivalent four-termed polynomial that can be 


Pantry er ONDe Teaching Example 11 Factor: 
Solution 15x” — 11x — 12 

: : : : Answer: 
Since a = 10 and c = —6 in the trinomial, ac = —60. We now find two factors of ee + 3)(3x =a 


—60 whose sum is 17. Two such factors are 20 and —3. We use these factors as 
coefficients of two terms to be placed between 10x” and —6: 


10x? + 17x — 6 = 10x” + 20x — 3x — 6 Express 17x as 20x — 3x. Vv 
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Finally, we factor by grouping. 


= 10x(x + 2) — 3(x + 2) From 10x* + 20x, factor out 10x. 
From —3x — 6, factor out —3. 


= (x + 2)(10x — 3) Factor out x + 2. A 


ANSWERS TO SELF CHECKS 


1. (b—5) 2. (a—4)(a—3) 3. (a+2)(a—5) 4. —3a(b + 2)(b — 3) 
5. (4q¢ + 3)(q — 3) 6. aprime polynomial 7. —3(x + 2y)(2x + y) 
8. b(2a? + 1)(3a7 +4) 9 (a+2+b\(a+2—b) 10. (a+ b+ 2)(at+b—5) 
_ 11. (3a + 4)(Sa — 1) J 


STUDY SET 


| VOCABULARY 18. x7 — 3x — 18 = (x — 6) (x + 3) 
Fill in the blanks. 19. 2a7 + 9a+4= (Qa+1) (a + 4) 


1. A polynomial with three terms, such as 3x2 — 2x + 4, > 20. 6p” — 5p — 4 = (3p — 4) (2p + 1) 


is called a _trinomial_, 


2. Since y* + 2y + 1 is the square of y + 1, we call [ GUIDED PRACTICE 


y? + 2y + 1a _perfect -square trinomial. Use a special product formula to factor each perfect-square 
3. Fora* — a — 6, the leading coefficient (the Ona eee nine i 
coefficient of the a” term) is 1. 21. x? + 2x +1 22. y? — 2y + 1 
> 4. The trinomial 4a — 5a — 6 is written in _descending een ed 
powers of a. 23. a’ — 18a + 81 24. b? + 12b + 36 
(a — 9) (b + 6) 
| CONCEPTS 25. 4y? + 4yz t+ 27 p> 26. 9x7 + xy + y" 
: 2 : P (2y +z) (3x + y)* 
Consider 3x“ — x + 16. Find the sign of the 5 A 5 5 
; " . 27. 9a“ — 12ab + 4b 28. 4a“ — 12ab + 9b 
5. First term positive 6. Middle term negative (3a — 2b) (2a — 3b)? 
7. Last term positive 
> 8. Use the substitution x = a + b to rewrite the Factor each trinomial. See Example 2. 
trinomial 6(a + b)? — 17(a + b) — 3. 6x? — 17x —3 29. x7 + x — 20 30. x7 + 10x + 21 
(x + 5)(x — 4) (x + 3)(x +7) 
I NOTATION 31. p* — 17p + 72 p> 32. q’ — 8q — 33 
Find each product. ( — YP — 8) (g= Tike + 9) 
vg 2 9! 
9% (xt ya ty)=x + Qty Factor each trinomial. See Example 3. 
2 2 
10. & — ye — y) = x — Ee > 33. —a+a°— 12 34. —16 + b? — 6b 
11. (x t+ y)\ae-y)= e-y? (a + 3)(a — 4) (b + 2)(b — 8) 
12. (a + b)\(a t+ b) = & + 2ab + 35. —42 + p+ p* 36. 27 + m? — 12m 
13. The trinomial 4m? — 4m + 1 is written in etme 6) eye 


ax? + bx + c form. Identify a,b, andc. 4, —4,1 


> 14. Consider the trinomial 15s* + 4s — 4. Is b? — 4aca 
perfect square? yes 


Factor each trinomial. See Example 4. 


37. 3x + 3x° — 10x” > 38. 37 +3P +14 


x(3x — 1)(x — 3) 1(3t7 — 3t + 1) 
Complete each factorization. 39. 15a — 3ab? — 12ab 40. —30m? + 5m? + 40m 
—3a(b + 5)(b — 1) 5m(m — 4)(m — 2) 


15. x7 + 5x + 6 = (x + 3) (x +2) 
> 16. x — 6x + 8 = (x — 4) (x -2) 
17. x7 + 2x — 15 = (x + 5) (x - 3) 


P Selected exercises available online at 
www.webassign.net/brookscole 


5.7 Factoring Trinomials 


Test each trinomial for factorability and factor it, if possible. 75. —2y* — loy + 40 76. a’ + 5a — 50 
See Examples 5-6. —2(y + 10)(y — 2) (a + 10)(a — 5) 
41. x7 —5x +6 42. y> + 7y +6 77. x° — 4xy — 21y? 78. a’ + 4ab — 5b* 
(x — 3)(x — 2) (vy + 1)0 + 6) (x + 3y)(x — Ty) (a + 5b)(a — b) 
43. by? + Ty +2 > 44. 6x? — 11x +3 79. 8a° + 6a — 9 80. b° + 9b — 36 
(By + 2)(2y + 1) (3x — 1)(2x — 3) (4a — 3)(2a + 3) (b + 12)(b — 3) 
45. b? + 8b +18 46. x? + 4x — 28 81. 15b° + 4b — 4 82. 6x" — Sxy — 4y” 
prime prime (5b — 2)(3b + 2) (3x — 4y)(2x + y) 
a7. x? — x +30 > 48. 5x2 + 4x +1 83. 18y°— 3yz— 102? 84, 4a” + 20a + 3 
prime prime (6y — 5z)(3y + 2z) prime 
85. a’ — 3ab — 4b° 86. b* + 2be — 80c* 
Factor each trinomial. See Example 7. (a + b)(a — 4b) (b + 10c)(b — 8c) 
49. —16x? + 21x*— 10x? 50. —S0x? + 16x? + 36x 87. —3a° + ab + 2b° > 88. —2x? + 3xy + Sy” 
x°(7x — 8)(3x + 2) 2x(x — 2)(8x — 9) —(3a + 2b)(a — b) —(2x — 5y)(x + y) 
51. —18y* — 8x? — 30xy p> 52. Jaxy — 6ax* — 2ay” 89. 5a” + 45b° — 30ab 90. —4x" — 9 + 12x 
—2(4x + 3y)(x + 3y) =a(2x — y)(3x — 2y) 5(a — 3b) —(2x — 3) 
91. x4 + 8x* + 15 92. x* + 11x* + 24 
Factor each trinomial. See Example 8. (x? + 5)(x? + 3) (x? + 8)(x? + 3) 
53. —2p* — 2pq + 4q° 54. —6m* + 3mn + 3n? 93. y* = 13y* + 30 94. ee 13y° + 42 
-2(p + 2q)(p — q) ~3(2m + n)(m — n) (y° — 10)(y° — 3) (* — 7)0* — 6) 
55. b°x2 — 12bx2 + 35x? p 56. cx? + Lex — 42¢3 95. a* — 29a + 100 96. b* — 17b* + 16 
x°(b — 7)(b — 5) c(x + 14)(x — 3) (a+ 5)(a—S)(at+2)(a—2) (b+ 1)(b- 1) + 4)(b - 4) 
97. 2a° — 33a + 16 98. 3b” + 2b — 21 
Factor each trinomial. See Example 9. (a= 16)Qa = 1) (b + 3)(3b — 7) 
> 57.x° + 4x +4-y* 58. x° — 6x + 9 — 4y* 99. 2u° + Su +3 100. 6y* + Sy — 6 
(x+2+y)(x+2-y) (x — 3 + 2y)(x — 3 — 2y) (2u + 3)(u + 1) (2y + 3)Gy — 2) 
59. x7 + 2x +1 — 92’ 60. x7 + 10x + 25 — 162? 101. 20r? — 7rs — 6s* 102. 6s? + st — 1227 
@ +14 32)@ +1 —3z) (x +5 + 4z)(x + 5 — 42) (Sr + 2s)(4r — 3s) (2s + 3t)(3s — 4t) 
103. c? — 4a* + 4ab — b* «104. 4c? — a? — 6ab — 9b? 
Factor each trinomial. See Example 10. (e+ 2a = B\ie=— 2o4b) Ge +a+3b)@e — a— 3b) 


61. (x +a) +2(xt+a)4+1 (+at+1P 
> 62. (a + bY — Wat b) +1 (@+b-1P 
63. 3(a + b)* — 14(a + b) — 24 (a + 3b + 4a +b ~ 6) 


I APPLICATIONS 


> 105. ICE The surface area of the 
cubical block of ice shown on 


pm 64. 2(x — y)’ +(e — y) — 10 (2x — 2y + 5x - y - 2) the right is 6x? + 36x + 54. 
Find the length of an edge of 
Use grouping to factor each trinomial. See Example 11. the block. x + 3 
65. a’ + 4a — 45 > 66. c? — 7c + 12 
(a + 9)(a — 5) (c — 4)(c — 3) > 106. CHECKERS The area of the 
67. 627 + 17z + 12 68. 8x7 — 10x + 3 square checkerboard in the 
(2z + 3)(3z + 4) (4x — 3)(2x — 1) illustration is 25x* — 40x + 16. 


§ TRY IT YOURSELF Find the length of a side. 5x — 4 


Factor out all common monomials first (including —1 if the 
leading coefficient is negative). If a trinomial is prime, so 


indicate. I WRITING 
2 2 
69. 3x° + 12x — 63 70. 2y" + 4y — 48 107. Explain how you would factor —1 from a trinomial. 
3(x + 7)(x — 3) Ay + 6)(y — 4) : ; 
2 92h ae eee 108. Explain how you would test the polynomial 
= tie = 5) at Heed ax” + bx + c for factorability. 
p73. —x* — 2x4 15 74, 3x" + 15x = 18 


—(z + 5) = 3) =3(x = 3)@ —2) 
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2 
PREVIEW > 112. Solve:2x + 3 = 3¢ = 1 <3 


109. If f(x) = |2x — 1], find f(—2). 5 
110. If g(x) = 2x* — 1, find g(—2). 7 


111. Solve: —3 = -2s : 114. Solve: { 


113. Simplify: 3p* — 6(5p* + p) + p® —26p” — 6p 


2(2x + 3y) =5 : 1) 
8x = 3(1 + 3y) \4°3 


Objectives 
EB Factor random polynomials. Summary of Factoring Techniques 


Factoring some polynomials involves several steps in which two or more factoring 
techniques must be used. In this section, we will discuss a general factoring 
strategy—a step-by-step plan to follow when factoring any polynomial. 


kB Factor random polynomials. 
In this section we will discuss ways to approach a randomly chosen factoring 
problem. For example, suppose we wish to factor the trinomial 


rye As Wye As 6y7z° 


We begin by attempting to identify the problem type. The first possibility to look for 
is factoring out a common factor. Because the trinomial has a common factor yz’, 
we factor it out: 


ey2z3 ap Ty 4. 6y223 _ v(x + 7x + 6) 


We note that x” + 7x + 6 is a trinomial that can be factored as (x + 6)(x + 1). Thus, 


xy?e? + Taye? + 6y2z3 = y?e3(x? + Tx + 6) 
= yoi(x + 6)(x + 1) 
To identify the type of factoring problem, we follow these steps. 


Steps for Factoring a Polynomial 


Is there a common factor? If so, factor out the GCF, or the opposite of the 
GCE, so that the leading coefficient is positive. 


How many terms does the polynomial have? 

If it has two terms, look for the following problem types: 
a. The difference of two squares 

b. The sum of two cubes 

c. The difference of two cubes 


If it has three terms, look for the following problem types: 


a. A perfect-square trinomial 

b. If the trinomial is not a perfect square, use the trial-and-check method 
or the grouping method 

If it has four or more terms, try to factor by grouping. 

Can any factors be factored further? If so, factor them completely. 


Does the factorization check? Check by multiplying. 


For more complicated expressions, a substitution sometimes helps to simplify the 
factoring process. 
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| EXAMPLE 1 | ) Self Check 1 
Factor: 48a‘%c? — 3b*c? 


; ; Factor: 3p*r? — 3q¢r? 
Strategy We will answer the four questions listed in the Steps for Factoring a Now Try Problem 37 
Polynomial. Self Check 1 Answer 
3f2 2 
WHY The answers will help us determine which factoring techniques to use. ee See ene a 
Solution Teaching Example 1 Factor: 
2.4 2,4 
We begin by factoring out the common factor 3c’: ae = ae 
Answer: 
48a‘c? — 3b*c? = 3c°(16a* — b*) 2x*(Ay* + z°)(2y + z)(2y — z) 
Since the expression 16a* — b* has two terms, we check to see whether it is the 
difference of two squares, which it is. As the difference of two squares, it factors as 
(4a? + b?)(4a? — b?). 
48a*c? — 3b*c? = 3c?(16a* — b*) 
= 3c*(4a” + b’)(4a” — b’) 
The binomial 4a” + b* is the sum of two squares and is prime. However, 4a” — b* 
is the difference of two squares and factors as (2a + b)(2a — b). 
48a‘c? — 3b*c? = 3c7(16a* — b*) 
= 3c3(4a” + b*)(4a* — b’) 
= 3c*(4a” + b’)(2a + b)(2a — b) 
Since each of the individual factors is prime, the factorization is complete. & 
| EXAMPLE 2 | \ Self Check 2 
Factor: xy + x*y* — x3y? — y® = ee 
Factor: 
Strategy We will answer the four questions listed in the Steps for Factoring a ap — ab’p + a’b’p — b’p 
Polynomial. 


Now Try Problem 46 


WHY The answers will help us determine which factoring techniques to use. Self Check 2 Answer 
p(a + b)(a* — ab + b*)(a + b)(a — b) 


Solution 
We begin by factoring out the common factor y: Teaching Example 2 Factor: 
ax? — ax*z? + 8ax? — 8az” 
xy x’y4 xy y® = yor a0 xy = x3y? = y?) Answer: 


a(x + 2)(x? — 2x + 4)(x + z)(x - z) 
Because the expression x° + x*y* — xy? — y° has four terms, we try factoring by 


grouping to obtain 


xy ns xy! _ ey _ yo 


= yx? + xy? — xy? — y°) Factor out y. 
= y[x7(x* 7 y’) a yw + y?)] Factor by grouping. 
= ya? y (x? aa y’) Factor out x” + y. 


Finally, we factor x° + y* (the sum of two cubes) and x? — y* (the difference of 
two squares) to obtain 


xy + xy" xy y® = y(x + y)(x? xy 4 y (x + y)(x — y) 


Because each of the individual factors is prime, the factorization is complete. ii 


Self Check 3 
Factor: x° + 5x? + 6x + x°y + Sxy + 6y = Ss 
Factor: 
Strategy We will answer the four questions listed in the Steps for Factoring a a — 5a? + 6a + ab — 5ab + 6b 


Polynomial. Now Try Problem 47 


WHY The answers will help us determine which factoring techniques to use. Self Check 3 Answer 
(a= 2)(4 = 3)(@-+ 5) 
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Teaching Example 3 Factor: Solution 
ae er n 2 4 H 

sf Pag gee oe ony = Ae ay There are no common factors. Since there are more than three terms, we try 
nswer- 


be = Dies haw factoring by grouping. We can factor x from the first three terms and y from the 
last three terms. 


x? + 5x? + 6x + xy + Sxy + 6y 
= x(x? + 5x + 6) + y(x? + 5x + 6) 
= (x* + 5x + 6)(x + y) Factor out x* + 5x + 6. 
= (x + 3) + 2)(x + y) Factor x* + 5x + 6. | 


Factor: a* — a? — 2a*+a-2 
Now Try Problem 48 Strategy We will answer the four questions listed in the Steps for Factoring a 


Self Check 4 Answer P oly nomial. 


3 2 
eae ee WHY The answers will help us determine which factoring techniques to use. 


Teaching Example 4 Factor: Solution 
x? + 6x3 + 9x7 +443 . 
There are no common factors. Since there are more than three terms, we try 
Answer: ‘ . 2¢ he festthe 
(x + 3)? + 327 +1) factoring by grouping. We can factor x* from the first three terms. 


xi4 2 4x7 + x41 =27%0? + 2x41) 4+ (e+ 1) 

x7(x +1)(e+1)+ @41)_ Factorx* + 2x +1. 
(x + D[xP?(x + 1) + 1] Factor out x + 1. 
= (x + 1)? 4+ 2x7 4+1) | 


~ ANSWERS TO SELF CHECKS 


| 1. 3r'(p? + @’)\(p + Q(p — gq) 2. pla t+ b)(a* — ab + b*)(a + b)(a — b) 
3. (a — 2)(a—3)(at+b) 4 (a—2)(a + a? +1) 


STUDY SET 


I VOCABULARY 7. When factoring, if an expression has three terms, try 
Fill in the blanks. to factor it as a_tinomial 
p> 8. When factoring, if an expression has four or more 
terms, try factoring it by grouping | 
9. Explain how to verify that y*z*(x + 6)(x + 1) is the 
factored form of x*y*z* + Txy?z* + 6y?z*. 


1. The process of finding the individual factors of a 
known product is called factoring _, 


2. x° + y? is called a sum of two _cubes_, 


3 3 . . 
3. x° — y° is called a difference of two cubes Multiply the factors of y?z*(x + 6)(x + 1) to see if the product 
> 4. x° — y’is called a _difference_ of two squares. is x’y’z? + Txy’z? + 6y°2?. 
10. Why is the polynomial x + 6 classified as prime? 
| CONCEPTS It cannot be factored. 
Fill in the blanks. ~ 
a I NOTATION 


5. In any factoring problem, always factor out any 


Complete each factorization. 
_common_ factors first. Pp 


11. 18a°b + 3a*b? — bab? 


ll 


3ab (6a” + ab — 2b’) 
3ab(3a + 2 )( 20 — b) 


p> 6. When factoring, if an expression has two terms, check 
to see whether the problem type is the _dilference_ of 
two squares, the sum of two _cubes_, or the difference _ 
of two cubes. 


P Selected exercises available online at 
www.webassign.net/brookscole 


p12. 2x4 — 1,250 = 2( 635) 
= 2(9?H25))(x? — 25) 
= 2x? + 25)(x + 5)(x—5) 


polynomial, if possible. See Examples 1-4. 


13. x7 + 16 + 8x 14. 20 + 11x — 3x? 


@+4P —(3x + 4)(x — 5) 
15. 8x°y? — 27 16. 3x’y + 6xy? — 12xy 
(2xy — 3)(4x*y* + 6xy + 9) 3xy(x + 2y — 4) 
p17. xy —ty+xs — ts > 18. bo+b+cd+d 
(x — t)(y + s) (b + d)(c + 1) 
19. 25x? — 16y* > 20. 27x° — y* 
(5x + 4y)(5x — 4y) (3x3 — y)(9x° + 3x3y + y?) 
21, 12x* + 52x + 35 22. 12x* + 14x — 6 
(6x + 5)(2x + 7) 2(3x — 1)(2x + 3) 
23. 6x" — 14x + 8 24, 12x” — 12 
2(3x — 4)(x — 1) 12(x + 1)(x — 1) 
25. 4x7y" + 4xy? + y* 26. 10027 — 817° 
y?(2x + 1)? (10z + 9t)(10z — 9f) 
p> 27. x° + (ayy 28. 4x7y*z" — 26x*y?z" 
(x + a’y)(x? — a*xy + aty’) 2x?y?z7(2 — 13z) 
29. 2x° — 54 30. 4(xy)* + 256 


Q(x — 3)(x? + 3x + 9) A(xy + 4)(x?y? — 4xy + 16) 
31. ae + bf + af + be (a+ b)\(f +e) 
32. ax? + b*y* + b*x* + a’y” (x7? + y\(@ + B) 

pm 33. Axt+y? t+ (ety) —3 Qxrt2yt+3~t+y-1 
34, (x — y)? + 125 (x—y + 5)[(x — y)? — S(x — y) + 25] 
35. 625x* — 256y* (25x? + 16y2)(Sx + 4y)(5x — 4y) 
36. 2(a — b)* + 5(a — b) +3 (2a — 2b + 3)(a—b +1) 


Solving Equations by Factoring 


quadratic equations using factoring. 


EB Solve quadratic equations. 


I : 
LA 


. a’ — 13a” + 36 (a + 3)(a 
2 xt — 17x? + 16 (x + 1)(x -— 1) + 4)(x - 4) 
2+ 6x +9-y? *4+34+y)e4+3-y) 

. x7 + 10x + 25 


<em> y 2y 
. ac — b’c + 4be 
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36x* — 36 36(x2 + 1)(x + 1)(x - 1) 
6x? — 63 — 13x (2x — 9)(3x +7) 
3)la + 2)\(a = 2) 


yr @tsty\a+5—-y') 
4x? + 4x + 1 — 4y* (2x + 1 + 2y)(2x + 1 — 2y) 


. 9x? — 6x + 1 — 25y* (3x — 1 — 5y)(3x — 1 + Sy) 


2. 2. 


LG@tyt+D@=y= 1) 

4c cla+b—2)(a-—b+2) 
px + 6px + 8x + py + 6py + 8y (p+ 2)(p + A(x + y) 
p+ 3p? + 2p? +pt+2(pt+2HY(p+p +1) 


What is your strategy for factoring a polynomial? 


For the factorization below, explain why the 
polynomial is not factored completely. 


48a*c? — 3b*c? = 3c73(16a* — b*) 


52. 


53. 


54. 


Equations that involve first-degree polynomials, such as 3x + 6 = 0, are called linear 
equations. Equations such as 3x* + 6x = 0 that involve second-degree polynomials 
are called quadratic equations. The techniques that we have used to solve linear 
equations cannot be used to solve quadratic equations. However, we can solve many 


y =x + Sare parallel or perpendicular. perpendicular 


When expressed as a decimal, is Z a terminating or a 
repeating decimal? terminating 


1 15 
Eval : =225 
valuate 15 0 
If a triangle has exactly two sides with equal 


measures, what type of triangle is it? isosceles 


An equation such as 3x” + 4x — 7 = 0 or —Sy* + 3y + 8 = 0 is called a quadratic 


or second-degree equation. 


Self Check 1 
Solve: 4p” — 12p = 0 0,3 
Now Try Problem 18 


Teaching Example 1 Solve: 


5x* — 25x =0 
Answer: 
G35 
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Quadratic Equations 


A quadratic equation is any equation that can be written in the form 


ax? + bx +c=0 


where a, b, and c represent real numbers and a # 0. 


Many quadratic equations can be solved by factoring and then by using the 
zero-factor property. 


Zero-Factor Property 


If a and b represent real numbers, then 


If ab = 0, then a = Oor b = 0. 


The zero-factor property states that if the product of two or more numbers is 0, then 
at least one of the numbers must be 0. 

To solve the quadratic equation x* + 5x + 6 = 0, we factor its left-hand side to 
obtain 


(x + 3)(x + 2) =0 


Since the product of x + 3 and x + 2 is 0, at least one of the factors must be 0. Thus, 
we can set each factor equal to 0 and solve each resulting linear equation for x: 


x+3=0 or x+2=0 
x=-3 x=-2 


To check these solutions, we substitute —3 and —2 for x in the equation and 
verify that each number satisfies the equation. 


Check: x? +5x+6=0 or x? +5x¥+6=0 
(—3)° + 5(-3) +620 (—2)? + 5(-2) +620 
9-15+620 4-10+620 

0=0 0=0 


Both —3 and —2 are solutions, because both satisfy the equation. 


| EXAMPLE 1 | Solve: 3x? + 6x = 0 


Strategy We note that 0 is on the right side of the equation. We will factor the 
left side and use the zero-factor property. 


WHY To use the zero-factor property, we need one side of the equation to be 
factored completely and the other side to be 0. 


Solution 
To solve the equation, we factor the left-hand side, set each factor equal to 0, and 
solve each resulting equation for x. 


3x7 + 6x = 0 The equation to solve. 
3x(x + 2) =0 Factor out the common factor of 3x. 
3x = 0 or x+2=0 By the zero-factor property, at least one of the 


factors must be equal to zero. 


x=0 x = —2 — Solve each linear equation. 


Verify that both solutions, 0 and —2, check. a 
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Caution! In Example 1, do not attempt to solve the equation by dividing 


both sides by 3x, or you will lose the solution 0. 


Solve: x? —16=0 Self Check 2 


oe Solve: a* — 81 = 0 9,-9 
Strategy We note that 0 is on the right side of the equation. We will factor the Now Try Problem 20 
left side and use the zero-factor property. 
Teaching Example 2 Solve: 
x*- 64=0 

Answer: 

8-8 


WHY To use the zero-factor property, we need one side of the equation to be 
factored completely and the other side to be 0. 


Solution 
To solve the equation, we factor the difference of two squares on the left-hand 
side, set each factor equal to 0, and solve each resulting equation. 


x*>-16=0 
(x + 4)(x — 4) =0 
x+4=0 or x—-4=0 
x=—4 | x=4 
Verify that both solutions, —4 and 4, check. i) 


The following steps can be used to solve a quadratic equation by factoring. 


Solving a Quadratic Equation by the Factoring Method 


Write the equation in ax* + bx + c = 0 form (called quadratic form). 


Factor the polynomial. 
Use the zero-factor property to set each factor equal to zero. 
Solve each resulting equation. 


Check the proposed solutions in the original equation. 


Many equations that do not appear to be quadratic can be put into quadratic 
form and then solved by factoring. 


| EXAMPLE 3 | ae \ Self Check 3 


Solve: x ==- <x 6 3304 
9 : =x? — 227 LS 

Solve: x 7% 72° 3 

Strategy We will multiply both sides of the equation by 5 to clear it of fractions 


‘ ; : : Now Try Problem 25 
and use factoring to solve the resulting quadratic equation. 


WHY It is easier to factor a polynomial that contains integer coefficients than Tenens Example 2 Se 


; ; 15 4, 
one that contains fractions. aT tae 
Solution Answer: 

We must write the equation in quadratic form. To clear the equation of fractions, = 
4" 2 


we multiply both sides by 5. 
6 6 
= 22 


Dare 


5 5 
5x = 6 — 6x? Multiply both sides by 5. v 
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To use factoring to solve this quadratic equation, one side of the equation must 
be 0. Since it is easier to factor a second-degree polynomial if the coefficient of 
the squared term is positive, we add 6x? to both sides and subtract 6 from both 
sides to obtain 


6x" + 5x -6=0 


(3x — 2)(2x + 3) =0 Factor the trinomial. 
3x —-2=0 or 2x +3=0 Set each factor equal to O and solve for x. 
3x = 2 2x = —3 
2 3 
x= 3 x= a) 


2 3 
Verify that both solutions, 3 and — oe check. 


Caution! To solve a quadratic equation by factoring, be sure to set the 
quadratic polynomial equal to 0 before factoring and applying the zero-factor 
property. Do not make the following error: 


6x? + 5x = 6 


x(6x + 5) = 6 If the product of two numbers is 6, neither 


number need be 6. For example, 2-3 = 6. 


Neither solution checks. 


Using Your CALCULATOR Solving Quadratic Equations 


To solve a quadratic equation such as x* + 4x — 5 = 0 with a graphing 
calculator, we can use standard window settings of [—10, 10] for x and 

[—10, 10] for y and graph the quadratic function y = x? + 4x — 5, as shown in 
figure (a). We can then trace to find the x-coordinates of the x-intercepts of the 
parabola. See figures (b) and (c). For better results, we can zoom in. Since 
these are the numbers x that make y = 0, they are the solutions of the 
equation. 


WIEKse4He’ VAitHe+4Hel 


He -4.8936d7 I= -.g269805 HEd.0g38298 [v=.B705298 
(a) (b) (c) 


We can also find the x-intercepts of the graph of y = x* + 4x — 5 by using the 
ZERO feature found on most graphing calculators. Figures (a) and (b) on the 
next page show how this feature locates the x-intercept and displays its 
coordinates. (Consult your owner’s manual for the specific instructions about 
how to use this feature.) From the displays, we can conclude that —5 and 1 are 
solutions of x? + 4x — 5 = 0. Verify this by checking them in the original 
equation. 


E49 Solve higher-degree polynomial equations. 
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We can solve many polynomial equations with degree greater than 2 by factoring 


and applying an extension of the zero-factor property. 


Solve: 6x? — x? = 2x 


Strategy To solve this equation, we will get 0 on the right side, factor the 
polynomial on the left side, and use the zero-factor property. 


WHY To use the zero-factor property, we need one side of the equation to be 
factored completely and the other side to be 0. 


Solution 
First, we subtract 2x from both sides so that the right-hand side of the equation is 0. 


6x? — x7 - 2x =0 

Then we factor x from the third-degree polynomial on the left-hand side and 
proceed as follows: 

6x? — x7 - 2x =0 

x(6x* — x — 2) =0 

x(3x — 2)(2x +1) =0 


Factor out x. 


Factor 6x" — x — 2. 


x=0 or 3x —2=0 or 2x+1=0 Set each of the three 
factors equal to O. 
2 
eS 3 X= —Z Solve each equation. 


2 1 
Verify that the three solutions, 0, 3? and — 2 check. 


| EXAMPLE 5 | Solve: x4 + 4- 5x7 =0 


Strategy To solve this equation, we note that 0 is on the right side, write the 
polynomial in descending powers of x, factor the polynomial on the left side, and 
use the zero-factor property. 


WHY To use the zero-factor property, we need one side of the equation to be 
factored completely and the other side to be 0. 


Solution 
First, we write the powers of x in descending order. Then we factor the trinomial 
on the left-hand side and proceed as follows: 
x? — 5x7 +4=0 
(x* — 1)(x? — 4) =0 


(x + 1)\(x — 1)(x + 2)(x — 2) =0 Factor x* -— 1 andx* - 4. 
x+1=0 or x-1=0 or x+2=0 or x-2=0 
x=-1 | x=1 | x=-2 x=2 


Verify that each solution checks. 


Self Check 4 


Solve: 5x? + 13x” = 6x 
Now Try Problem 32 

Self Check 4 Answer 

0,2, -3 


Teaching Example 4 Solve: 
x? = 2x" + 1 

Answer: 

U3, 43 


Self Check 5 


Solve: a* + 36 — 13a7 = 0 


Now Try Problem 34 
Self Check 5 Answer 
2.2, 3,=3 


Teaching Example 5 Solve: 
x* = 10x? - 9 

Answer: 

SRA 


Self Check 6 


LANDSCAPING A rectangular 
garden is 3 feet longer than it is 
wide. If the total area of the 
garden is 40 square feet, find the 
dimensions of the garden. 


Now Try Problem 63 
Self Check 6 Answer 
5 ft by 8 ft 


Teaching Example 6 LANDSCAPING 
A rectangular garden is 1 meter longer 
than twice its width. If the area is 36 
square meters, find the dimensions of 
the garden. 

Answer: 

4mby9m 
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Using Your CALCULATOR Solving Equations 


To solve the equation x* — 5x* + 4 = 0 with a graphing calculator, we can use 
window settings of [—6, 6] for x and [—5, 10] for y and graph the polynomial 
function y = x* — 5x? + 4 as shown in the figure. We can then read the values 
of x that make y = 0. They are x = —2, —1, 1, and 2. If the x-coordinates of 
the x-intercepts were not obvious, we could approximate their values by using 
TRACE and ZOOM or by using the ZERO feature. 


EB Use quadratic equations to solve problems. 


| EXAMPLE 6 | Stained Glass The triangular stained glass window 


shown in the figure below is to be installed in a chapel. The length of the base of 
the window is 3 times its height. The area of the window is 96 square feet. Find its 
base and height. 


Analyze We are to find the length of the base and the height of the window. The 


formula that gives the area of a triangle is A = 5bh, where 5 is the length of the 
base and h the height. 


Form We can let 4 = the positive number that represents the height of the 
window. Then 3h = the length of the base. To form an equation in terms of h, we 
can substitute 3h for b and 96 for A in the formula for the area of a triangle. 
1 
A =<bh 
2 
1 
96 = 3 GA)h 


Solve To solve this equation, we must write it in quadratic form. 


1 
96 = ~(3h)h 
2 
192 = 3h? (3h)h = 3h?. To clear the equation of the fraction, multiply 
both sides by 2. 
64 = h* Divide both sides by 3. 
=h’ — 64 To obtain O on the left-hand side, subtract 64 from both 
sides. 
0 = (h + 8)(h — 8) Factor the difference of two squares. v 


h+8=0 or h-8=0 
h=-8 | h=8 


State Since the height of a triangle cannot be negative, we must discard the 
negative solution. Thus, the height of the window is 8 feet, and the length of its base 
is 3(8), or 24 feet. 


Check The area of a triangle with a base of 24 feet and a height of 8 feet is 96 
square feet: 


1 1 
A = shh = 5(24)(8) = 12(8) = 96 


The result checks. 


| EXAMPLE 7 | Ballistics If the initial velocity of an object thrown 


straight up into the air is 176 feet per second, when will the object strike the 
ground? 


Analyze The height, in feet, of an object thrown straight up into the air with an 
initial velocity of v feet per second is given by the formula 


h = —16t7 + vt 


The height / is in feet, and t represents the number of seconds since the object 
was released. When the object hits the ground, its height will be 0. 


Form In the formula, we set / equal to 0 and set v equal to 176. 


h = -16t7 + vt 
0 = —16¢? + 176t 


Solve To solve this equation, we will use the factoring method. 


0 = —16t* + 176t 

0 = —164(t — 11) 

—16t = 0 or t—11=0 
f= | f= i 


Factor out —16t. 


Set each factor equal to O. 


State When t is 0, the object’s height above the ground is 0 feet, because it has not 
been released. When ¢ is 11, the height is again 0 feet, and the object has returned 
to the ground. The solution is 11 seconds. 


Check Verify that / is 0 when ¢ is 11. 


~ ANSWERS TO SELF CHECKS 


| 1,0,3 2.9,-9 3.3,-% 4.0,2,-3 5. 2,-2,3,-3 6. Sftby8ft 7. 9sec 


5.9 Solving Equations by Factoring 


STUDY SET 


Self Check 7 


BALLISTICS — If the initial velocity 
of an object thrown straight up 
into the air is 144 feet per 
second, when will the object 
strike the ground? 9 sec 


Now Try Problem 69 


Teaching Example 7 BALLISTICS If 
the initial velocity of an object thrown 
straight up into the air is 128 feet per 
second, when will the object strike the 
ground? 

Answer: 

8 sec 


J VOCABULARY 
Fill in the blanks. 


1. A _guadratic_ equation is any equation that can be 
written in the form ax* + bx + c = O where a # 0. 


P Selected exercises available online at 


www.webassign.net/brookscole 


p> 2. To solve an equation means to find all the values of 
the variable that make the equation true. 
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Sa 
I CONCEPTS 25, => -a5.-1 26. v= 50 +1) 1 : 
3. If the product of two numbers is 0, what must be true 
2 i 3 9 
about at least one of the numbers? At least one is 0. oF eg = eg ae 28 (2 4) = ead 
> 4. Use acheck to determine whether —5 and 4 are 5 5 
solutions of a” — 9a + 20 = 0. 4 is; —5 is not. 
Solve each equation. See Example 4. 
Determine whether each equation is a quadratic equation. 29. x +x7=0 30. 2x+ + 8x° =0 
5. w+ Iw +12 =0 6. 6¢ +11 =0 mes) lace Mile 
yes no 31. x° — 4x7 = 21x > 32. x + 8x7 -— 9x = 0 
as 3 24 OF. =3 ,0,=—9 
7. x(x + 3) = -2 8. ke — 4k° +k —-15=0 
yes no 


Solve each equation. See Example 5. 
33. 21-1327 + 36=0 34 yt+9- 10y?=0 


9. Find the error. 


x(x.+ 2) = 8 3, -3,2, -2 3, -3,1,-1 
x«=8 or x+2=8 35. x* — 20x7 + 64=0 p36. x* — 25x7 + 144 =0 
x=8 | x =6 22,4, =8 3, -3, 4, -4 

If the product of two numbers is 8, neither number need be 8. | TRY IT YOURSELF 


10. Use the graph to the right 


to solve the Solve each equation. 


quadratic equation 37. x° + 6x +8=0 38. x7 + 9x + 20 =0 
x= 24 =3 = 0. 3,1 —2, -4 4, —5 
39. 3m? +10m+3=0 40. 27° +5r+3=0 
-},-3 -3,-1 
41. 2x? =x-1=0 42. 2x” — 3x -—5=0 
1,-1 5-1 
’ Ws pee 
I NOTATION 43. y’ — 49y = 44, 2z* — 200z = 0 
Oar 0, 10, —10 
Complete each solution. 
11. Solve: y? — 3y — 54 =0 Write each equation in quadratic form and solve it by factoring. 
(y - 9(y+6) =0 45. x(x — 6) +9 =0 46. x7 + 8(x + 2) =0 
Mm -0 or y+6=0 ae ~——n 
47. 8a° = 3 — 10a Pm 48. 527 = 6 — 13z 
y=9 | y-x 428 bs 
42 5? 
p> 12. Solve: x? — x = 12 49. b(6b — 7) = 10 > 50. 2y(4y + 3) =9 
x —x-12=0 2,—% 3-3 
22 x 1 6 
x —-4)ix+3)=0 51. x{ 3x + — J] = 52. x1 — --}] == 
(x — 4)(e #3) o = =) iG ;) 77 
x—-4=0 or x+3 =0 i 3 ax 
593 7 
x=4 | x= -3 5 
53. 3a(a° + 5a)=—-18a 54. 7° = 21 + >) 
I GUIDED PRACTICE 5 os whee 
Solve each equation. See Examples 1-2. (6x 437) : : 4x3 (3x +5) 
13. 4x? + 8x = 0 0,-2 14, x7 -9=03,-3 P55. SCO 2 
p15. y —- 16=04,-4 16. y> — 25 =05,-5 0,2,-7 0,0, -4, -3 
1% 2 +e=— 001 18. x° — 3x =0 0,3 57. INTEGER PROBLEM The product of two 
19. Sy? —25y=00,5 p20. y — 36 = 0 6,-6 consecutive even integers is 288. Find the integers. 
(Hint: Let x = the first even integer. Then represent 
Solve each equation. See Example 3 the second even integer in terms of x.) 
435 eG 6 i=e 16, 18 or —18, —16 
eee a as p58. INTEGER PROBLEM The product of two 


consecutive odd integers is 143. Find the integers. 
(Hint: Let x = the first odd integer. Then represent 


the second odd integer in terms of x.) 
11, 1368 =13, = 


23. 2y?-Sy+2=0 p24. 2x7 -3x+1=0 
5,2 51 


a Use a graphing calculator to find the solutions of each equation, 
if one exists. If an answer is not exact, give the answer to the 
nearest hundredth. 


59. 


61. 


2:18, O72 


60. x — 4x +7=0 
no solution 
3x7 — 2x7 +5=0 p62. —2x° — 3x -5 =0 
1 =] 


2x? —7x+4=0 


I APPLICATIONS 


63. 


> 64. 


65. 


COOKING The electric griddle shown below has a 
cooking surface of 160 square inches. Find the length 
and the width of the griddle. 10 in., 16 in. 


wt+6 


STRUCTURAL ENGINEERING The formula 
for the area of a trapezoid is A = MB Py The area 


of the trapezoidal truss in the illustration is 44 square 
feet. Find the height of the truss shown below if the 
shorter base is the same as the height. 4 ft 


shorter base: h ft 


larger base: 18 ft 


WATER FOUNTAINS 
Building codes require that 
the 6-foot by 8-foot 
fountain pool be 
surrounded by a uniform- 
width concrete walkway 
with a surface area of 

120 square feet. How wide 
should the walkway be? 3 ft 


from Campus to Careers 
Landscape Architect 


© Phil Degginger/Alamy 


Fountain 
pool 


Fountain 


Concrete 
Walkway 


> 66. 


67. 


p> 68. 
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FINE ARTS An artist intends to paint a 
60-square-foot mural on the large wall shown below. 
Find the dimensions of the mural if the artist leaves a 
border of uniform width around it. 5 ft by 12 ft 


i 18 ft >| 


ARCHITECTURE The rectangular room shown 
below is twice as long as it is wide. It is divided into 
two rectangular parts by a partition, positioned as 
shown. If the larger part of the room contains 

560 square feet, find the dimensions of the entire 
room. 20 ft by 40 ft 


p= iit > 


Dining room 


WINTER RECREATION The length of the 
rectangular ice-skating rink shown below is 20 meters 
greater than twice its width. Find the width. 50 m 


Area = 6,000 m” 


69. 


70. 


BALLISTICS The muzzle velocity of a cannon is 
480 feet per second. If a cannonball is fired 
vertically, at what times will it be at a height of 
3,344 feet? 11 sec and 19 sec 


SLINGSHOTS A slingshot can provide an initial 
velocity of 128 feet per second. At what times will a 
stone, shot vertically upward, be 192 feet above the 
ground? 2 sec and 6 sec 
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> 71. 


72. 


73. 


> 74. 


75. 


> 76. 
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BUNGEE JUMPING The formula h = —1677 + 212 
gives the distance a bungee jumper is from the 
ground for the free-fall portion of a jump, t seconds 
after leaping off a bridge, as shown below. We can find 
the number of seconds it takes the jumper to reach 
the point in the fall where the 64-foot bungee cord 
starts to stretch by substituting 148 for 4 and solving 
for ¢. Find ¢. 2 sec 


| 64 ft cord 
212 ft - 


When the jumper 


is 148 feet from 
the ground, the 


BASEBALL In 2001, pitcher Pedro Martinez of the 
Boston Red Sox threw a fastball that was clocked at 
97 mph. This is a velocity of approximately 144 feet 
per second. If he could throw the baseball vertically 
into the air with this velocity, how long would it take 
for the ball to fall to the ground? 9 sec 

FORENSIC MEDICINE The kinetic energy E of 

a moving object is given by E = 5mv’, where m is the 
mass of the object (in kilograms) and v is the 
object’s velocity (in meters per second). Kinetic 
energy is measured in joules. By measuring the 
damage done to a victim who has been struck by a 
3-kilogram club, a police pathologist finds that the 
energy at impact was 54 joules. Find the velocity of 
the club at impact. 6 m/sec 


TRAFFIC ACCIDENTS Investigators at a traffic 
accident used the function d(v) = 0.04v? + 0.8v, 
where v is the velocity of the car (in mph) and d(v) is 
the stopping distance of the car (in feet), to 
reconstruct the events leading up to a collision. From 
physical evidence, it was concluded that it took one 
car 32 feet to stop. At what velocity was the car 
traveling prior to the accident? 20 mph 


BREAK-EVEN POINT The cost for a guitar maker 
to hand-craft x guitars is given by the function 

C(x) = axe — x + 6. The revenue taken in with the 
aie 
Find the number of guitars that must be sold so that 
the cost equals the revenue. 4 


REVENUE Over the years, the manager of a crafts 
store has found that the number of scented candles x 
she can sell in a month depends on the price p 
according to the formula x = 200 — 10p. At what 
price should she sell the candles if she needs to bring 
in $750 in revenue a month from their sale? (Hint: 
Revenue = price - number sold = px.) $5 or $15 


sale of x guitars is given by the function R(x) 


I WRITING 


77. 
78. 


79. 


> 80. 


81. 


82. 


I REVIEW 
83. 


> 84. 


Explain the zero-factor property. 
In the work shown below, explain why the student has 
not solved for x. 
xr +x-6=0 
+x =6 


Solve: 


Find the error. 


x*—-x=0 


xX xX Xx 
x-1= 
x= 
Explain what is wrong with the following solution. 
Solve: x?-x=6 
x(x - 1) =6 


or x-—1=6 
| @=D 
The graphs of the two polynomial functions, 
f(x) = 2x? — 8x and f(x) = 2x(x + 2)(x — 2), in the 
illustrations below, appear to be the same. After 
examining the defining equations, explain why we 
know that they indeed are identical graphs. 


Wdsen"s-B8 WIZZHCht eae 


H=1.1°02128 YS"B.166r28 ) H=L.1?02128 = -6.156728 


Explain why the x-coordinate of the x-intercept of 
the graph of y = 8x? + 10x — 3 (indicated as a zero 
in the illustration below) is a solution of 

8x? + 10x — 3 = 0. 


ALUMINUM FOIL Find the number of square feet 


of aluminum foil on a roll if it has dimensions of 84 
yards X 12 inches. 25 ft* 


HOCKEY A hockey puck is a vulcanized rubber 
disk 2.5 cm (1 in.) thick and 7.6 cm (3 in.) in diameter. 
Find the volume of a puck in cubic centimeters and 


cubic inches. Round to the nearest tenth. 
113.4 cm, 7.1 in? 


STUOY SKILL CHeCnlis 7) 


Preparing for the Chapter 5 Test 


Rules of exponents, scientific notation, polynomials, and different factoring methods were 
discussed in this chapter. In Section 8, an overall factoring strategy was presented on page 448. 
This strategy is helpful when factoring randomly chosen polynomials. As you study the material 
for the test on this chapter, review the following checklist, including factoring and solving 
quadratic equations: 


Review the rules of exponents summarized on page 384. Remember to always write your final answers with 
positive exponents. When simplifying an exponential expression with negative exponents, write the reciprocal 
and change the sign of the exponent. 
il 1 qi 
§72=— ==) Fg SS 
2 36 ~ 1% 
The square of a binomial is a trinomial. A common error when squaring a binomial is to forget the middle term 
of the product. 
(7x — 3)? = (7x — 3)(7x — 3) 
= 400 = 2le = 21e 9 
= 49x* — 42x + 9 
Always factor out the Greatest Common Factor first. If this step is not done, it is easy to miss factorizations 
that need to be done to factor the expression completely. 
Factor: 2x° — 32x 
2x° — 32x = 2x(x* — 16) Factor out the GCF 2x. 
= 2x[(x?)? — 47] x" — 1G is the difference of two squares. 
= 2x(x* + 4)(x? — 4) x — 4 doesn’t factor further; x — 4 is the difference of two squares. 
= 2x(x? + 4)(x + 2)(x — 2) 
Although x* — 9x and x* — 9 look very similar, they have entirely different factorizations. Be sure to look 
closely at each term and remember the Steps for Factoring a Polynomial found on page 448 of this text: 


x? — 9x = x(x — 9) Factor out the GCF x. 


x= 9 = (x + 3)(x — 3) There are no common factors. It is the difference of two squares and factors as the 
product of two binomials. 


To factor the sum or difference of two cubes, write the two terms as the base to the third power that is 
equivalent to the original polynomial. Then follow the rule for factoring the sum or difference of two cubes: 


Factor: x°* + 8y? 


x + 8y =x + (2y)? This polynomial is the sum of two cubes. Write each term as a base to 
the third power that is equivalent to the original polynomial. 


= (x + 2y)[x? — x(2y) + (2y)7] 

= (x + 2y)(x* — 2xy + 4y’) 
Although there is a factorization for the sum of two cubes, in general the sum of two squares is a prime 
polynomial. 


ety =(«+ ya? —x+t+y’) 


x? +y* Thisisa prime polynomial 


To solve a quadratic equation by factoring, write the equation in ax* + bx + c = 0 form, factor the polynomial 
completely, use the zero-factor property to set each factor equal to zero, and solve the resulting linear equations. 


Solve: x(x + 5) = 14 


x(x +5) =14 This is the equation to solve. 


x? + 5x =14 Distribute the multiplication by x. 
x +5x-14=0 Subtract 14 from both sides to get O on the right side of the equation. 
(Ge se Nee = 2) = 0 Factor x + 5x — 14, 
x+7=0 or x—2=0 Set each factor equal to O. 


x=-7 | x=2 Solve each linear equation. 
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CHAPTER 5 


SECTION 5.1 Exponents 


| DEFINITIONS AND CONCEPTS 


An exponent indicates repeated multiplication. 
It tells how many times the base is to be used 
as a factor. If 1 is a natural number, 


n factors of x 
5 hai ae ae ae Cn 
where x is the base and n the exponent. 


Rules for Exponents: If m and n represent 
integers and there are no divisions by 0, then 


Product rule: Quotient rule: 
im 
x = 
xx" _ yan —s= x” n 
x 


Power rule: 
(x) = ag Ut (xy)” = xy 


Power of a quotient: | Zero exponent: 


(Seg es 
y y 
Negative exponent: Exponent of 1: 
1 
x" =— x =x 


Negative exponents appearing in 
fractions: 


| REVIEW EXERCISES 


Evaluate each expression. 


1. 3° 243 


3. (—4)° —64 


Power of a product: 


SUMMARY AND REVIEW 


EXAMPLES 


Identify the base and the exponent in each expression. 


2°=2-2-2-2-2-2 
Pp? =p*p*p-p:p 
(—ab)* = (—ab)(—ab)(—ab) 
Ic =T-c°c'c'c 


Simplify each expression: 


1 1 
23 =—== 
e 8 
1 
Ta 10° = 100 


2 is the base, 6 is the exponent 
p is the base, 5 is the exponent 
—ab is the base, 3 is the exponent 


c is the base, 4 is the exponent 


5° =1 


Simplify each expression. Write answers using positive 


exponents. 
5. xt ex? x9 


(4m*y° 


16 
7 64m 
m 


3 6-1 me 


6. m ?n 4m*n | 


8. (PPA 


Chapter5 Summary and Review 


x4 = -16 co 5 4 —2 
9, (3xy*)? ox*y6 10. (=) ro 17, — =) agi 18. (¢) = 
Cc 
1 1 3° 
0 h 16 
11. —10x° —10 12. 5p-2 “e 19 4 7 20 ae 64 
2a\~' ! xX 4s s’ \3/s->\~4 =e be Py? ees 
—— 2 x = a a bec 
13 (=) 2a 14 5 -4 5 21 s 8 52 3 22 a °b? =5 8a?! 
ay Ay" 
—3)\—2 x® Z 
15. (3x ) ry 16. or fe 


SECTION 5.2 Scientific Notation 


| DEFINITIONS AND CONCEPTS EXAMPLES 
Scientific notation is a compact way of writing | Write each number in scientific notation. 
aie 98,100 = 9.81 x 10* and 0.0043 = 4.3 x 10° 
LUUY) ds 


A positive number is written in scientific 


é Si ch ‘ ‘ 4 decimal pl. 3 decimal pl 
notation when it is written in the form sil il ati iia aia 


. Write each number in standard notation. 
N X 10", where 1 = N < 10 andnisan 


integer. 6.42 X 10° = 642,000 and 7.7 X 10°° = 0.0000077 
DAMME AMM 
5 decimal places 6 decimal places 


To multiply or divide with very small or very | Use scientific notation to perform the calculation: 
large numbers, write the numbers in scientific (5,400,000,000) (0.0066) (5.4 x 10°)(6.6 X 1073) 
notation and perform the arithmetic on the 0.000000020\(64.800) > = 7 
decimals and the powers of 10 separately (0. )(64,800) (2.2 x 10™")(6.48 x 10°) 
(5.4)(6.6) _ 10°10°% 
(2.2)(6.48) 107810 
=25 510 ee 
= 2.5 x 10'° 


| REVIEW EXERCISES 


Write each number in scientific notation. 28. PROTONS If the mass of 1 proton is 
23. 19.300.000.000 1.93 « 10° 0.00000000000000000000000167248 gram, find the 


Pe eT mass of 1 million protons. 1.67248 x 10°'* g 
. 0. .735 X 


Write each number in scientific notation and perform the 


Write each number in standard notation. operations. Give the answers in scientific notation. 
7 

25. 7.277 X 10° 72,770,000 (616,000,000)(0.000009) . 

26. 8.3 X 10~° 0.0000000083 29. (0.00066) 8.4 x 10 

Write each number in scientific notation and perform the 30 0.0000000495 1.875 X 10~2! 


operations. Give the answers in scientific notation. (33,000)(800,000,000) 


27. SPEED OF LIGHT Light travels at about 300,000 
kilometers per second. If the average distance from 
the sun to the planet Mars is approximately 
228,000,000 kilometers, how long does it take light 
from the sun to reach Mars? 7.6 x 10° sec 
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SECTION 5.3 Polynomials and Polynomial Functions 


| DEFINITIONS AND CONCEPTS EXAMPLES 
A polynomial is a single term or the sum of | Examples of polynomials: 
terms in which all variables have whole-number 6, “Bee 7 — 14s Pd yea 
exponents. No variable appears in a 
denominator. Not polynomials: 


x — x, 6ab* — ; + 5a 


A monomial is a polynomial with one term. Monomials: 17m —5x°y 

A binomial is a polynomial with two terms. Binomials: 3y + 2 3p* — 2q° 

A trinomial is a polynomial with three terms. Trinomials: 317 + 5t — 6 8r4s? — 6r3s* + 4r7s 
The degree of a term of a polynomial in one Term Degree of the term 

variable is the value of the exponent on the 9d3 3 


variable. The degree of a term that has more 
than one variable is the sum of the exponents 
on the variables. The degree of a nonzero 19 0 
constant is 0. 


—1.6r7s* 7+4=11 


The degree of a polynomial is equal to the Polynomial Degree of the polynomial 
highest degree of any term of the polynomial. 8at — 3a2 + 5a — 9 4 
4x4y + 11x%y? — x?y® 2+6=8 


To evaluate a polynomial function, we replace | Evaluate f(x) = x° — 3x? — 9x + 2 for x = 2. 
the variable in the defining equation with its fe oP = 32 =92-43 


value, called the input. Then we simplify to 
find the output. f(2) = 2)? — 3(2)? — 9(2) +2 Substitute 2 for x. 


Polynomial functions can be graphed on the 8 — 3(4) — 18 + 2 
rectangular coordinate system. = —20 


The polynomial function f(x) = x* — 3x? — 9x +2 is graphed in 
Example 6 on page 401. 


To simplify a polynomial, combine like terms. Simplify: 


8a> — 2a* + 6a° + a? = 14a° — 2a* + a? 


To add polynomials, drop the parentheses and — Add: 


combine like terms (terms having the same (3x? pia (2x? Save 3x2 — 2x 4742x717 
variables with the same exponents). 
= 5x7 — 2x — 10 


To subtract polynomials, change the signs of | Subtract: 


the terms of the polynomial being subtracted, 2 ; 2 2 Ay? 
drop the parentheses, and combine like terms. a Ba ME = a eee 
=x° — 2x + 24 
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J REVIEW EXERCISES 


Determine whether each expression is a polynomial. Simplify each polynomial. 
2x" 43. 91° — 5t? — St + 30? — 78? 2° — 20° — 5 
31. : : 32. —5x° +x? - 5x -4 : ; é ; : 
x 
no yes 44. abe 3 abe zabrc t gabe i abc = 2 abc 


3 
33. 2.8y'° — yl? + y8 = =y6 34.x 2 +x 7%-x 1-1 
2 Perform each operation. 
45. (2x°y? — 5x*y + 9y) + (x’y? — 3x?y — y) 
3x7y? — 8x?y + By 
46. (8m? — 7m) — (—11m? + 6m + 9) 
19m? — 13m — 9 


Classify each polynomial as a monomial, binomial, trinomial, 
or none of these. Then determine the degree of the polynomial. 


35. x7 - 8 36. —15a°b > 1 1 3 
binomial, 2 monomial, 4 47. (20° = is*) ae ( s° x‘) 1.6 354 
4 3 2 2 3.2 4.4 3 6 6 2 = ~ 
37. x tx — x +x-—4 38. Ox*y + 13x°y* + Bx"y 4 3 S 
none of these, 4 trinomial, 8 48. —10k" — 4k° + Sk° —k +1 
39. SQUIRT GUNS The Bin. | — (=16k* + 2k* — 4k* — k + 3) 
volume of the reservoir on a 6k" — 6k° + 9k? — 2 
top of the squirt gun is ss 49. Subtract 6c*d* + 4c’d — 5cd? from the sum of 
given by the polynomial —c'd? + 5ce7d — 10cd? and 11c7d? — c*d + 9cad?. 
function 4c?d? + 4cd* 
V(r) = 4.19r? + 25.1377, 50. Use the graph of 
where r is the radius in function f to find each 
inches. Find V(2) to the nearest cubic inch. 134 in” of the following. 
40. Evaluate f(x) = x? — 5x” — 2x — 5 forx = 3. -29 a. f(0) 
=i 
mx 
Graph each polynomial function. b. The values of x for i 
41. f(x) =x* — 2x 42. f(x) =x? — 3x7 +4 which f(x) = 0 - 
=%, =1, 1 F 
c. Write the domain 


and range of f in 


interval notation. 
D: (—%, %); R:[—1, ») 


| DEFINITIONS AND CONCEPTS EXAMPLES 


To multiply two monomials, multiply their Multiply: 
numerical factors and multiply their variable 
factors. 


(3x7y)(4x7y?) = (3+ 4)(x? + x°)(y + y?) Group the coefficients 
together and the variables 
with like bases together. 


= 1297" 
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To multiply a polynomial by a monomial, 
multiply each term of the polynomial by the 
monomial. 


To multiply two binomials, multiply each term 
of one binomial by each term of the other 
binomial. 


The FOIL method can be used to multiply two 
binomials. 


F: First O:Outer I:Inner  L: Last 


To multiply two polynomials, multiply each 
term of one polynomial by each term of the 
other polynomial. 


When finding the product of three 
polynomials, begin by multiplying any two of 
them, and then multiply that result by the 
third polynomial. 


Special products: It is worthwhile to learn 
these forms. 


The square of a binomial sum: 
(x + y)? =x? + 2xy + y? 

The square of a binomial difference: 
(x — y) =x? — Ixy t+ y 


The sum and difference of two terms: 


2 


(x + y)(x — y) =x — y? 


Multiply: 
5m7*n3(2m — 3n*) = 5m?n3(2m) — 5m7n>(3n) Distribute. 
= 10m3n? — 15m?n? Multiply the 
monomials. 


Multiply: 
O 
ce F O L 
(7x + 4)(3x + 5) = 7x-3x + 7x-54+4-3x+4-5 
ST = 21x? + 35x + 12x + 20 Multiply the 


L monomials. 


= 21x + 47x + 20 


Multiply: 
(3x + 2)(x? — 3x + 6) 


= 3x(x2) + (3x)(—3x) + 3x(6) + 2(x?) + 2(-3x) + 2(6) 


= 3x3 — 9x? + 18x + 2x? — 6x + 12 Multiply the monomials. 
= 3x7 — Tx? + 12x + 12 Combine like terms. 
Multiply: 
—4x3(x — 5)\(v -— 1) = —40°(@? — x — Sv +5) Multiply the 
binomials. 
= —4x7(x? — 6x + 5) 
= —4x° + 24x* — 20x7 Distribute. 


Multiply: (2x + 3)? = (2x)? + 2(2x)(3) + 3? 
= dx? + 12x +9 
Multiply: (3x — y)? = (3x)* — 2(3x)(y) + y? 


= 9x* — oxy + y? 
Multiply: (5p + 3q)(5p — 3q) = (5p)” — (3q)” 
a 25p" a 9q? 


REVIEW EXERCISES 
Find each product. 58. (5x? — 4x)(3x7 — 2x + 10) 
1 15x* — 22x* + 58x? — 40x 
51. (80°)(—5a) 52. (—3xy*z)(—2x2z")(xz) 59. (r + s)(r — s)(r — 3s) 
ae 6x4y2z5 r — 3r?s — rs* + 38° 
2 
53. 2xy*(x°y — 4xy°) 54. —a*b(—a* — 2ab + b”) 60. (3c _ *) 
2x4y3 — 8x?y7 a‘b + 2a*b” — a’b? 4 
a 2 OF = set a 
55. (3x° + 2)(2x — 4) 56. (Sat — 6) ar Ae 
6x* — 12x7 + 4x — 8 25a°t? — 60at + 36 61. [5 — (a — b)]? 
25 — 10a + 10b + a? — 2ab + B® 


57. (7c1d? — d)(7c*d? + d) 


49c8d® — d? 


Combine like terms. 


62. (2x —y — 2z)(x +y4 
2x? + xy — y* — 3yz — 22” 


63. Simplify: (4a + 1)? + (Sa — 2)? 


z) 
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66. GEOMETRY The length, width, and y 


height of the rectangular solid shown 
here are consecutive integers. 


41a* — 12a + 5 a. Write a polynomial function that gives 
64. If f(x) = x* + Sx — 1, find: f(b — 3) the volume of the solid. 
b-—b-7 f(x) = x? + 3x? + 2x 
65. ICE CHESTS Write a b. What is the volume of the solid if the shortest 
polynomial that ‘icp tiie dimension is 5 inches? 
represents: ; 210 in.” 


a. the perimeter of the 


base of the ice chest 
(12x = 2) int. 


(4x — 1) in. 


2x in. 


b. the area of the base of 
the ice chest 
(8x? — 2x) in? 


c. the volume of the ice chest 
(16x? + 12x? — 4x) in? 


The Greatest Common Factor and Factoring 


by Grouping 


J DEFINITIONS AND CONCEPTS EXAMPLES 


Factoring is multiplication reversed. To factor 
a polynomial means to express it as a product 
of two (or more) polynomials. 


Multiplication: Given the factors, we find a polynomial. ——————_> 
Ax(x + 9) = 4x? + 36x 


Factoring: Given a polynomial, we find the factors. 


To find the greatest common factor, GCF, of a | Find the GCF of 14a‘, 35a°, and 56a”. 
list of terms ri ee oe eee 
35a° =5-T-a-a-a 

56a7 =2+2:+2:7-a-a 


1. Write each coefficient as a product of GCF = 7-a:a=Ta’ 


prime factors. 


2. Identify the numerical and variable 
factors common to each term. 


3. Multiply the common numerical and 
variable factors identified in Step 2 to 
obtain the GCF If there are no common 
factors, the GCF is 1. 


When we factor a polynomial, we write a sum | Factor: 14a* + 35a° — 56a* = 7a*(2a* + Sa — 8) Factor out the 
of terms as a product of factors. GCF, 7a’. 


The first step of factoring a polynomial is to | Use multiplication to check the factorization: 
see whether the terms of the polynomial have 
a common factor. If they do, factor out the 
GCF. 


Ta"(2a” + Sa — 8) = 14a* + 35a* — 56a” This is the original 
polynomial. 

A polynomial that cannot be factored is a Since 2x + 13 cannot be factored using integer coefficients, it is a 

prime polynomial. prime binomial. 
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If a polynomial has four terms, try factoring by | Factor: ax — 2x + 3a — 6 
grouping. 


ax — 2x + 3a-6= ax—2x + 3a-6 Group the terms. 

1. Group the terms of the polynomial so that = x(a — 2) + 3(a — 2) Factaew tran 

the first two terms have a common factor ax — 2x. 

and the last two terms have a common Factor 3 from 

factor. 3a — 6. 
2. Factor out the common factor from each = (a — 2)(x + 3) Factor out the GCF, 

group. a= 2; 
3. Factor out the resulting common binomial 

factor. If there is no common binomial 

factor, regroup the terms of the 

polynomial and repeat steps 2 and 3. 

J REVIEW EXERCISES 
Find the GCF of each list. 78. —49a°b?(a — b)* + 63a°*b*(a — b)? 
67. 42, 36, 54 6 68. 6x2y°, 15xy? 3xy° SE AES AT 
Fe ing. 
Factor, if possible. Beton by grouping. 
3 2 79. xy +2y +4x+8 
69. 4x4 +8 70, 9 e (x + 2) + 4) 
4 Pr 80. ry —ar-rytatr—-1 
A(x" + 2) 5(3x" — 6x + 1) (ry -a + 1)(r-1) 
4,2 3 

71. 6x — 11 72. Jab + 49a°b 81. 2—-9+1-9f2 

prime Ta b(ab + 7) (2 + 1)(t — 9) 
73. Sx°(x + y) — 15x°(x + y) 82. 1 =* = 324 Qxe 

5x°(x + y)(1 — 3x) (1 — x)(1 - 32) 

3,33 45,2 2,37 

74, 27x vez + 81x yr 90x" y"Z 83. Solve mymz = mm, + mm, for m,. 

9x7 y3z7(3xz + 9x*y* — 10z°) mmo 

— Th = oe a 
Factor —1 from each binomial. 84. GEOMETRY The formula for the surface area of a 

cylinder is A = 2ar? + 2arh. Write the formula 

da xis i, 28; as oe 1) or (7 — 4) with the right side in factored form. 


A =2ar(r + h) 
Factor out the opposite of the greatest common factor. 
77. —7b? + 14c 


=7(b? = 2c) 
TI > The Difference of Two Squares; the Sum 
and Difference of Two Cubes 
| DEFINITIONS AND CONCEPTS EXAMPLES 


The difference of two squares: To factor the Factor: x’y” — 100 
square of a First quantity minus the square of 
a Last quantity, multiply the First plus the Last 
by the First minus the Last. 


F?-L?=(F + L)(F-L) 


x’y* — 100 = (xy)? — 10? This is a difference of two 
squares. 


= (xy + 10)(xy — 10) 
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In general, the sum of two squares (with no | x* + 100 and 36y” + 49z* are prime polynomials. 
common factor other than 1) cannot be factored 
using real numbers. 


The sum of two cubes: To factor the cube of a | Factor: y* + 272° 
First quantity plus the cube of a Last quantity, 
multiply the First plus the Last by the First 
squared, minus the First times the Last, plus faa - eg 
the Last squared. = (y + 3z°)[y" — y+ 32° + Bz)" 
= (y + 32*)(y? — 3yz? + 92") 


y? + 272° = y? + (327)? This is a sum of two 
cubes. 


F? + L? = (F + L)(F? — FL+L’) 


The difference of two cubes: To factor the | Factor: 125s° — 64 
cube of a First quantity minus the cube of a 
Last quantity, multiply the First minus the Last 
by the First squared, plus the First times the 
Last, plus the Last squared. 


Fo —- 13 = (F- L)F’ + FL +L’) 


125s* — 64 = (5s)? — # This is a difference 
of two cubes. 


= (5s — 4)[(5s)* + 58-4 + 47] 
= (5s — 4)(25s* + 20s + 16) 


J REVIEW EXERCISES 


Factor, if possible. 91. 32a‘ — 162b*c 2c(4a* + 9b?)(2a + 3b)(2a — 3b) 

85. z<° — 16 86. x°y* — 642° 92. k? + 2k +1 — 9m? (k +1 + 3m\(k + 1 — 3m) 
oe say ae 93, P+ 64 (r+ 4)(2 — 4 + 16) 

87. a b° + 88. c° — (a + b)? 94. 8a° — 125b° (2a — 5b°)(4a? + 10ab? + 256%) 


prime (c+a+b)(c-—a-—b) 


7 4 4 a 
89. 10m° — 160m? 10m?(m + 4)(m + 2)(m — 2) Paae A eee e  ae 


~(b+cyp+ 2 4 tc? 
90. m= —n+mtn Gn + n)\im =n + 1) BGEAD re) eae Saas ee 


Factoring Trinomials 


| DEFINITIONS AND CONCEPTS EXAMPLES 


Trinomials that are squares of a binomial are | Factor:x” + 22x + 121 and s* — 18st + 8127 
called perfect-square trinomials. We can factor 
perfect-square trinomials by applying the 
special-product rules in reverse. x? + 22x 4121 = 474+ 2-e-114+1P = (+ HY 


s* — 18st + 8117 = s? — 2-5-9 + (91) = (s — 91° 


Match each trinomial to a special-product form in the left column. 


a 2xy y = (x | y) 
7 — Ixy ty? =(x- y)? 


x 
Xx 


Many trinomials factor as the product of two | Factor: p* + 14p + 45 


binomials. To factor a trinomial of the form | pore ¢ = 45 and b = 14. We must find two integers whose product is 


2 . : : 
x" + bx + c, whose leading coefficient is 1, 45 and whose sum is 14. Since 5-9 = 45 and 5 + 9 = 14, two such 
find two integers whose product is c and | yymbers are 5 and 9, and we have 


whose sum is b. ‘ 
+ 14p + 45 = + 5)\(p+9 
x t+bxtc= (xL_])(x i) , . ? ae ) : 
i t Check: (p + 5)(p + 9) = p* + 9p + 5p + 45 = p~ + 14p + 45 


The product of these numbers must 
be c and their sum must be b. 


Use the FOIL method to check the 
factorization. 
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We can use the trial-and-check method to 
factor trinomials with leading coefficients other 
than 1. Write the trinomial as the product of 
two binomials and determine four integers. 


The product of these numbers must be a. 


ax? + bx +c =( x (| x ) 


The product of these 
numbers must be c. 


Use the FOIL method to check. 


To factor ax? + bx + c by grouping, write it 
as an equivalent four-term polynomial: 


xa | Bree 
The product of these numbers 
must be ac, and their sum must be b. 


Then factor the four-term polynomial by 
grouping. Use the FOIL method to check. 


The GCF should always be factored out first. 
A trinomial is factored completely when no 
factor can be factored further. 


Factor: 2x” — 5x — 12 


Since the first term is 2x”, the first terms of the binomial factors must 
be 2x and x. 


(2x ne: [_]) Because 2x - x will give 2x*. 


The second terms of the binomials must be two integers whose 


product is —12. There are six such pairs: 
1(~12), 2(—6), 3(—4), 4(—3), 6(—2), and 12(—1) 


The pair in blue gives the correct middle term, —5x, when we use the 
FOIL method to check: 


Outer: —8x 
(2x + 3)(x — 4) 
Laas 


Inner: 3x 


5x 


—8x + 3x = —5x 


Thus, 2x7 12 = (2x + 3)(x — 4). 


Factor by grouping: 2x” — 5x — 12 


We must find two integers whose product is ac = 2(—12) = —24 and 
whose sum is b = —5. Two such numbers are —8 and 3. They serve as 
the coefficients of —8x and 3x, the two terms that we use to represent 
the middle term, —5x, of the trinomial. 


2x” — 5y — 12 = 2x? — 8v + 3x — 12 


Express —5x as 
=6x + 3x, 


= 2x(x — 4) + 3(x — 4) 


= (x — 4)(2x + 3) Factor out (x — 4). 


Factor: 10x* — 50x* + 60x? 


10x* — 50x? + 60x? = 10x?(x* — 5x + 6) 


Factor out the 
GCF, 10x*. 


= 10x?(x — 3)(x — 2) 


Factor the trinomial. 


REVIEW EXERCISES 
Factor, if possible. 107. 6f7(r + s) + 13t(r +s) — 15(r +s) 
97. x7 + 10x + 25 98. 49a° + 84a2b2 + 36b4 s)(6t , 5)(f + 3) 
(x + 5)? (Ta? + 6b*)* 108. v = 13v" + 42 
99. y*— 21y + 20 100. <> + 30 — 1lz ih 
(y= 20) Gr = 1) (z — 5)(z — 6) 109. ww — 90 
101, 28 — x” — 3x 102. a? — 24b? — Sab (w* — 10)(w* + 9) 
=(@+7@-4) (a — 8b)(a + 3b) 110. Use a substitution to factor (s + t)? — 2(s + t) + 1. 
103. 4a? — Sat] 104, 3b? + 2b +1 ie J 
(4a — 1)(a — 1) prime 
105. y® + y’ — 2y° 106. 27r*st + 90rst — 72st 


yy + 2)(y — 1) 


Ost(3r — 2)(r + 4) 


Chapter5 Summary and Review 


Summary of Factoring Techniques 


| DEFINITIONS AND CONCEPTS EXAMPLES 

To factor a random polynomial, use this Factor: —4t?x? + 41x39 'y? as Apex y? + 4t?y° 

factoring strategy: We first factor out the opposite of the GCF, —4¢?. 

1. Factor out all common factors. —4p2x5 4 4023 y2 — Af? ys + 4t2y> 

2. How many terms does the polynomial ie 4r°( x — xy? + xy — yd ) 
have? If it has two terms, check to see 
whether it is Since the expression within parentheses has four terms, we try to 
a. The difference of two squares a ee 
b. The sum of two cubes = —4t7[x°(x? — y*) + y°(x? — y*)] 
c. The difference of two cubes = —41?(x7 — y*)(x* + y’) 
If it has three terms, try to factor it as Finally, we factor the difference of two squares and the sum of two 
a. A perfect-square trinomial or cubes. 
b. A general trinomial = —41°(x + y)(x — y)(x + y)(X? — xy + y’) 
If it has four or more terms, try factoring it 


Since each factor is prime, the factoring is complete. Check the result 


by grouping. by multiplication. 


3. Continue until each individual factor is 
prime. 


4. Check the results by multiplying. 


| REVIEW EXERCISES 


Factor, if possible. 120. SPANISH ROOF 
TILES The 

2 _ 2 _ 
111. 4q°rs + 4qrst — 120rst© 4rs(q — Si)(q + 60) smmounbor olay 
112. 2(m 4 ny + (m +n) — 3 (2m + 2n + 3)\(m+n-—1) used to make a 
113. 27-44 zx — 2x (2 - 2)(z +x +2) roof tile is given 
114. m* + 16n” prime by 
115. x7 + 4x + 4 — 4p* (x + 2 + 2p")(x + 2 — 2p’) Va nh — neh 
116. y? + 3y +24 2x + xy (y +2)(y +14 x) 2 2 
117. 4a°b°c* + 256c* 4c?(ab + 4)(a2b? — 4ab + 16) Factor the right side of the formula. $h(r; + )(r1 — 1m) 


118. —13a? + 36 + a® (a + 3)(a — 3)(a + 2)(a — 2) 
119. 4x4 + 12x? + 9x? + 2x + 3 (2x + 3)(2x7 + 3x? + 1) 


Solving Equations by Factoring 


| DEFINITIONS AND CONCEPTS EXAMPLES 
A quadratic equation is an equation that can Examples of quadratic equations are: 


be written in the standard’ form 2 _ 2 _ = 
ax’ + bx + c = 0, where a, b, and ¢ are real Bae aes any ne ane an ee 


numbers anda # 0. 


The zero-factor property: If a and b are real 
numbers, then 


Ifab = 0, thena = Oorb = 0. If (x + I — 9) = 0, thenx + 1=O0orx -—9 =0. 


To solve a quadratic equation by factoring: 


1. 


Some polynomial equations of higher degree 


can 


extension of the zero-factor property: When 
the product of two or more real numbers is 0, 
at least one of them is 0. 
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Write the equation in standard form 
ax* + bx +c =0. 


Factor the polynomial. 


Use the zero-factor property to set each 
factor equal to zero. 


Solve each resulting linear equation. 


Check each solution. 


be solved by factoring. We use the 


x= 


or 


Solve: 6x7 = 5x + 6 
6x” —5x —6=0 Write the equation in standard form. 

(2x — 3)(3x + 2) =0 

2x —3=0 


Factor the trinomial. 


or 3x+2=0 Set each factor equal to O. 


x= 3 Solve each equation. 


The solutions are and — z Check both in the original equation. 


Solve: x7 — 2x7 — 8x = 0 
x(x? — 2x — 8) =0 
x(x — 4)(x + 2) = 0 
x=0 


Factor out the GCF, x. 


Factor the trinomial. 


x-4=0 or x+2=0 Set each factor 
equal to O. 
x=4 xX =-2 Solve each 
equation. 


The solutions are 0, 4, and —2. Check each in the original equation. 


REVIEW EXERCISES 
Solve each equation by factoring. 
121. 4x? — 3x =0 122. x? = 36 
0,3 6, —6 
123. 12x7 =5 — 4x 124. —d* + 10d” -9=0 
se 3, -3,1,-1 
1 
125. 1°(15t — 2) = 8¢ 126. uw = usu + 14) 
0,-3.5 3.7.0 
127. (y+ 7) +8 = -2y+7)+7 
a repeated solution of —8 
128. x° + 7x? -x-7=0 


129. 


130. 


=F, =.) 

Let f(x) = x* — 4x + 2. For what value(s) of x is 
f(x) = -1? 1,3 

PYRAMIDS The 

volume of a pyramid 

is given by the 

formula V = 5lwh, 

where / is the length 

and w is the width of 

its rectangular base 1 
and h is its height. 

The volume of the 

pyramid is 210 cubic meters. Find the dimensions 
of its rectangular base if one edge of the base is 
3 meters longer than the other, and the height of 
the pyramid is 9 meters. 7 m by 10 m 


131. 


132. 


GARDENING A family wants to increase the 
size of their vegetable garden by 400 square feet by 
clearing the weeds off of a uniform width border 
around the existing garden. How wide should the 
border be if the rectangular-shaped garden is 
currently 10 feet wide and 20 feet long? 5 ft 


Use the graph of 

y = 2x? — x — 1, shown 
in the illustration, to 
estimate the solutions of 
2x7 =x -1=0.-5,1 


FESh 


CHAPTER 5 


1. Fillin the blanks. 

a. Since x° + 16x + 64 is the square of x + 8, it is 
called a _petlect_-square trinomial. 

b. When we factor a polynomial, we write a sum of 
terms as a _product_ of factors. 

c. The statement x* — x — 12 = (x — 4)(x + 3) 
shows that the trinomial x? — x — 12 factors as the 
product of two binomials, 

d. A quadratic equation is any equation that can be 
written in the form ax” + bx + c = 0, where a # 0. 


e. x* — y’ is called a difference of two squares and 
x° + y? is called a sum of two _cubes_, 


f. The greatest. common factor of 12x° and 8x? is 4x°. 


2. a. Write an algebraic expression 
that represents the area of the 
base of the cube. x'° ft? 


x ft 


b. Write an algebraic x ft 
expression that represents eit 
the volume of the cube. 


Fidel 


Simplify each expression. Write answers using positive 
exponents. Assume that no denominators are zero. 


2. 3y 3 
5 —2x y 64,9 
1-537 5) —4y2 a 8x°y 
3. 9a mam eae Os ( oe 


5 


—4h2)3(b 7y? 2,3\-2 | 
5. ( ) ( ) 64 6. (= n ) m 


5 bs 
b 


7. Use scientific notation to find the quotient: 


3,190,000,000,000 
0.00022(5,000,000,000) 


Express the answer in scientific notation and standard 
notation. 2.9 x 10° = 2,900,000 


8. SPEED OF LIGHT Light travels 1.86 x 10° miles per 
second. How far does it travel in a minute? Express the 
answer in scientific notation. 1.116 x 10’ mi 


Find the coefficient of each term and the degree of the 
polynomial. 


Win 


9. a. 3x° — 4x° — 3x? 23, dn5 aS G 
4 


b. 8x5 y3 — x8y? + x°y4 — 6xy? + 4 8,-1.1, -6, 4:13 


10. BOATING The height (in feet) of a warning flare 
from the surface of the ocean t seconds after being 
shot into the air is given by the polynomial function 
h(t) = —16t? + 80t + 10. What is the height of the 
flare 2.5 seconds after being fired? 110 ft 


11. a 


Graph the function: 

f(x) = x3 + 4x? + 4x 

b. Write the domain and the 
range of the function in 
interval notation. D: 
(=%,'22); Ri (—%, 2) 


y 

ry 
9. 
8 
4- 
6 
5 
4 
3 
2 
1 


c. From the graph, 
determine the solutions of 
x? + 4x? + 4x = 0. -2,0 


x 


1234] 


33 2 ; 
Set Axr + 4x 


12. Use the graph of 
function f to find 
each of the 
following. 

a. f(4) 0 

b. The values of 4 
x for which 2 
f(x) = 2. 2,6 

c. The domain and 
range of f. D:(—~, ~), R:(—%, 2] 


>< 


Perform the operations. 


13. (—2x*y? + 6xy + Sy) 
2x7y? + 13xy + 3y" 


(—4x*y* 


Txy + 2y’) 


Chapter5 Test 


oe 3.51 , 30. 16b? + 25 pri 
14, (Fe + ?) (3 5°) w+22 prime 


31. 5x? + 625 5(x + 5)(x? — Sx + 25) 
15. (a*yz*)(2ay>z)(—6ay®z’) —12a*y'?z'? 


32. 64a? — 125b® (4a — 5b*)(16a? + 20ab? + 25b*) 
16. —5a7b(3ab? — 2ab*) —15a°b* + 10a°b° 


33. (x yy + 3(x — y)- 10 (@-y +5)\~-y-2) 


17. (3y + 1)(2y* + 3y + 2) oy? + 11y? + 9y +2 


34. 6b” + be — 2c? (3b + 2c)(2b — c) 
18. (0.6d — 2)(0.1d + 3) 0.06d* + 1.6d — 6 


35. a’ —b’+a+4 b (a+ b)\a-—b+1) 
19. [6 + (m — ny} 36 + 12m — 12n + m? — 2mn + rr? 


V1 V3 


36. Solve for v: v}v3 — v3v = yV v= 


v3 + vi 

20. 25(4s + 5t)(4s — St) 32s° — S0sr* 
21. Simplify: (4¢ — 3)? — (¢ + 1)(¢— 4) 152 - 216 + 13 Solve each equation. 

37. 5m = 25m 0,5 
22. If f(x) = x? — 3x + 6, find: f(c + 1) 2? -—c+4 

2 3 

38. ae sr am al 5,3 
Factor, if possible. 
23. 12a°b’c — 3a*b*c? + 6abc? 3abc(4ab — abc + 2c”) 39. (3x + 1)? + 2x =x? + 2x + 5) 3,-3 
24. hk + bz + hz + bk (k + z)(h +d) 40. x° + 8x* — 9x = 0 1,0, -9 
25. x° — x — 30 (x — 6)(x + 5) 41. x° — 16x = 16 — x? -1,-4,4 
26. y* — 81 (y? + 9)(y + 3)(y - 3) 42. STATUES A bronze statue is mounted on a 5 foot 


by 10 foot rectangular concrete slab. The slab is 
surrounded by a flowerbed border of uniform width 

27. 25m? — 60mn + 36n? (5m — 6n)? that has a total area of 54 square feet. Find the width 
of the border. 1.5 ft 


28. st — 13s” + 36 (s + 3)(s — 3)(s + 2)(s — 2) 


29. —21x* + 10x? + 16x? —x2(7x — 8)(3x + 2) 


CHAPTERS 1-5 


Determine whether each of the following statements is true 
or false. 


1. 


Every integer is a real number. [Section 1.2] true 


Rational numbers are nonterminating, nonrepeating 
decimals. [Section 1.2] false 


. An irrational number can be expressed as a fraction 


with an integer numerator and a nonzero integer 
denominator. [Section 1.2] false 


4. 0 is a whole number but not a natural number. 
[Section 1.2] true 
5. All natural numbers are rational numbers. 
[Section 1.2] true 
6. Evaluate: —3|(37-5 — 2?- 6)°| [Section 1.3] —27 
7 Salve 4x —— [Section 1.5] 1 
. ; = On 1. 
5 5 2 Fi 
9 5 
8. Solve F = 5° + 32 for C. [Section 1.6] C = ge 32) 


MACHINING Find the volume that is left when 
a hole is drilled through the metal block shown 
below. Round to the nearest hundredth. 

[Section 1.7] 1,687.22 cm? 


> - ~g 
wt 2p 
12cm 28) we ‘ A 
nl 18cm 
12cm 


10. 


CUMULATIVE REVIEW 


HOUSEKEEPING To clean a kitchen floor, a maid 
mixed a concentrated cleaner with water to get the 
15% solution shown below. If this mixture was too 
harsh on her hands, how much water would she have 
to add to the bucket to make it a 10% solution? 
[Section 1.8] 12 oz 


Write an equation of the line with the given properties. Express 
the answer in slope-intercept form. 


11. 


12. 


13. 


14. 


1 : 
Perpendicular to a line with slope m = — 3° passing 


through (—2,5) [Section 2.4] y = 8x + 21 


Passing through (—S, 4) and (8, —6) 
[Section 2.4] y= —j2x +4 


AUTOMOBILE SALES The following graph 
shows the decline of the market share for the 

Big Three automakers (General Motors, Ford, and 
Chrysler) from 1993 to 2000. The straight red line 
can be used to model the decline. Use the line to 
determine the average annual rate of change in 
the Big Three’s market share during these years. 
[Section 2.3] —1.2% per year 


80 
& 70 
ms : 
5 Highest 
so 60 || market 
x) share: 74% 
¥ 50 = 
= 
“vn 40 
se) 

4 


'93 '94 '95 '96 ‘97 '98 '99 ‘00 


If h(x) = x* — x? — x? — x — 1, find h(1). 
[Section 2.5] —3 


15. 


16. 


17. 


18. 


19. 


20. 


Chapter5 Exponents, Polynomials, and Polynomial Functions 


COPIER COSTS A lease agreement for a copier 
charges the user a $95 monthly service fee and 25¢ 
per copy. Write a linear function that gives the cost 
per month to lease the copier, where x represents the 
total number of copies made during the month. 
[Section 2.5] f(x) = 0.025x + 95 


Graph f(x) = x? + 2. Then y 
specify the domain and range. 
[Section 2.6] 

D: the set of real numbers, R: the 
set of all real numbers greater than 


or equal to 2 Fe) Ha +2 


> xX 


Solve the system by 


graphing. [Section 3.1] 
5 i 1 
ee 
oa ae: 
3 
2x —-~y=5 
x —5y 
_f2(2x + 3y) =5 : € ;) 
Solve: is = 3(1 + 3y) [Section 3.2] ro 
3x + 2y —z=—8 
Solve: 2x — y + 7z = 10 [Section 3.4] (—2, 0, 2) 
2x + 2y — 3z = —10 
2 -3 4 
Evaluate:| —1 2 A | [Section 3.7] —23 
33° il 


Solve each inequality. Give the solution set in interval notation 
and then graph it. 


21. 


22. 


23. 


24. 


—9(t — 3) + 2t S 8(4 — £) [Section 4.1] 
(2855) —j—- 
5 


-6s zh +1<0 [Section 4.2] 
[21 —3) . ) 
21 3 


|m + 5| = 7 [Section 4.3] 


(es; =12] U [2, oo) <——} -_— 
-12 2 


4.5x —1< —10or6 
(-*,-2) 4 
—2 


2x = 12 [Section 4.2] 


25. 


26. 


27. 


28. 


29. 


30. 


GROCERY SHOPPING 
Let x = the number of 
items in the grocery bag 
shown on the right. 
Which statement below 
mathematically describes 
the number of items this 
type of bag can hold? 
[Section 4.2] iii 


i. x > 100rx < 15 
ii, x <10andx > 15 
iii. 1O <x <= 15 


iv. x > 10 andx < 15 


Graph the solution set: 


x-y<4 
y=0 [Section 4.5] 
x=0 
24,2 \-2 
Simplify (5) . Write the answer without 
—9a° 


using negative exponents. [Section 5.1] a 


Write 9.0895 x 10° in standard notation. 
[Section 5.2] 0.000000090895 


Find the product: (2a — b)(4a? + 2ab + b?) 
[Section 5.4] 8a° — b° 


Simplify: (3k — 1)? + (2k — 4)? 
[Section 5.4] 13k* — 10k + 17 


Factor each polynomial completely. 


31. 


32 


33. 


34. 


35. 


36. 


x? + dy — xy — 4x [Section 5.5] (x — y)(x — 4) 


6s* — 216s” [Section 5.6] 657(s + 6)(s — 6) 


8x° + 125y? [Section 5.6] (2x? + Sy)(4x* — 10x2y + 25y?) 


—3a* + ab + 2b? [Section 5.7] —(3a + 2b)(a — b) 
2 1 il 
Solve: x* = a + 1) [Section 5.9] 1, == 


Solve mm = mog + myg for m,. 


, _ _ mg 
[Section 5.9] m, = 5 — 7% 


Rational Expressions 
and Equations 


6.1 Rational Functions 
and Simplifying Rational 
Expressions 

6.2 Multiplying and Dividing 
Rational Expressions 


6.3 Adding and Subtracting 
Rational Expressions 


6.4 Simplifying Complex 
Fractions 

6.5 Dividing Polynomials 

6.6 Synthetic Division 


6.7 Solving Rational 
Equations 


6.8 Problem Solving Using 
Rational Equations 


6.9 Proportion and Variation 


Chapter Summary 
and Review 


Chapter Test 
Cumulative Review 


Reggie Casagrande/Getty Images 


from Campus to Careers 
Webmaster 


If you use the Internet, then you have seen first-hand what webmasters do. They 
design and maintain websites for individuals and companies on the 
World Wide Web. The job of webmaster requires excellent 
computer and technical skills. A background in business, 
art, and design is also helpful. Since webmasters are often 
called on to be troubleshooters when technical difficulties 
arise, those considering entering the field are encouraged 
to study math to strengthen their problem-solving abilities. 


: eo! 
In Problem 77 of Study Set 6.9, you will use the language of , ee ) 
variation to describe various aspects of Internet usage and yo8 wv 
website design. \ are 
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Objectives 
1 | Define rational expressions. 
| 2 | Evaluate rational functions. 
3 | Graph rational functions. 

| 4 | Find the domain of a rational 
function. 


5 | Simplify rational expressions. 


| 6 | Simplify rational expressions that 
have factors that are opposites. 


mare 


Rational Functions and Simplifying Rational 


Expressions 


Linear and polynomial functions can be used to model many real-world situations. 
In this section, we introduce another family of functions known as rational functions. 
Rational functions get their name from the fact that their defining equation contains 
a ratio (fraction) of two polynomials. 


kB Define rational expressions. 


Fractions that are the quotient of two integers are rational numbers. Fractions that 
are the quotient of two polynomials are called rational expressions. 


Rational Expressions 


A rational expression is an expression of the form 4 where A and B are 
polynomials and B does not equal 0. 


Some examples of rational expressions are 


4 


3x 8yz 5m +n 6a* — 13a + 6 
and a Tn 


x— 7 6y?z?’ 8m + 16 3a +a-2 


Caution! Since division by 0 is undefined, the value of a polynomial in the 


denominator of a rational expression cannot be 0. For example, x cannot be 7 in 


the rational expression ; 2 7, because the value of the denominator would be 0. 


Sm +n 


Ing, +16 7 cannot be —2, because the value of the denominator would be 0. 


4 Evaluate rational functions. 


Rational expressions in one variable often define functions. For example, if the cost 
of subscribing to an online research network is $6 per month plus $1.50 per hour of 
access time, the average (mean) hourly cost of the service is the total monthly cost, 
divided by the number of hours of access time used that month: 


C _ 150n +6 Cis the total monthly cost, and nis the number 
nn n of hours the service is used that month. 


The right side of this equation is a rational expression: the quotient of the binomial 
1.50n + 6 and the monomial n. 

The rational function that gives the average hourly cost of using the network for 
n hours per month can be written 


1.50n + 6 


n 


f(n) = 


We are assuming that at least one access call will be made each month, so the 
function is defined for n > 0. 


Rational Functions 


A rational function is a function whose equation is defined by a rational 


expression in one variable, where the value of the polynomial in the 
denominator is never zero. 


6.1 Rational Functions and Simplifying Rational Expressions 


1.50n + 6 
Use the function f(m) = —_— 
n 


to find the average 
hourly cost when the network described earlier is used for: 

a. 1 hour b. 9 hours 

Strategy We will find f(1) and f(9). 


WHY The notation f(1) represents the average hourly cost for 1 hour of use and 
f(9) represents average hourly cost for 9 hours of use. 


Solution 
a. To find the average hourly cost for 1 hour of time, we find f(1): 
1.501) + 6 
7) = oe 7.5 Input 1 for nand simplify. 


The average hourly cost for 1 hour of access time is $7.50. 


b. To find the average hourly cost for 9 hours of time, we find f(9): 


1.50(9) + 6 


= 2.166666666... 


{QQ = Input 9 for n and simplify. 


The average hourly cost for 9 hours of access time is approximately $2.17. = 


EER Graph rational functions. 


1.50n + 6 
n 


To graph the rational function f() = , we substitute values for n (the 


inputs) in the function, compute the corresponding values of f() (the outputs), and 
express the results as ordered pairs. From the evaluations in Example 1 and its Self 
Check, we know four such ordered pairs are: (1, 7.50), (3, 3.50), (9, 2.17), and 
(100, 1.56). Those pairs and others are listed in the table below. We then plot the 
points and draw a smooth curve through them to get the graph. 


1.50n + 6 fn) 
n) = ——_ A 
f@%) - ‘a 
9 
n f(n) e 
1| 7.50 —> (1, 7.50) Ss. 3 
> 
2) 4.50 —> (2, 4.50) g 6 
= 5 
313550 — (3, 3.50) og Any + LOTS 
4 3.00 — (4, 3.00) 2 3 
5 | 2.70 — (5, 2.70) 2 = 
1-3-1590 pte 
6 | 2.50 — (6, 2.50) 
7 236 -» (7,2.36) 1234567890 
Ti hi 
Sees (8 995) ae 
2 | eat) > (9, 2.17) As the access time increases, the graph 
10 | 2.10 — (10, 2.10) approaches the line y = 1.50, which indicates 
100 1.56 + (100, 1.56) that the average hourly cost approaches 


$1.50 as the hours of use increase. 


From the graph, we can see that the average hourly cost decreases as the 
number of hours of access time increases. Since the cost of each extra hour of access 
time is $1.50, the average hourly cost can approach $1.50 but never drop below it. 
Thus, the graph of the function approaches the line y = 1.5 as n increases. When a 
graph approaches a line, we call the line an asymptote. The line y = 1.5 is a 
horizontal asymptote of the graph. 


Self Check 1 


Find the average hourly cost 
when the network is used for: 
a. 3 hours $3.50 

b. 100 hours $1.56 


Now Try Problem 91 


Teaching Example 1 Use the function 


fin) = Lest to find the average 


hourly cost when the network is used 
for 

a. Shours b. 10 hours 

Answers: 

a. $2.70 b. $2.10 
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As n gets smaller and approaches 0, the graph approaches the y-axis. The y-axis 
is a vertical asymptote of the graph. 


IZJ Find the domain of a rational function. 


Since division by 0 is undefined, any values that make the denominator 0 in a 
rational function must be excluded from the domain of the function. 


Self Check 2 | EXAMPLE 2 | 4 ke \ 


Find the domain of: Find the domain of: f(x) = — F 
ao eet Tl yt+x- 

f (x) ~ x2 — 49 

Now Try Problem 25 

Self Check 2 Answer WHY We don’t need to examine the numerator of the rational expression; it can 

The domain is the set of all real be any value, including 0. The domain of the function includes all real numbers, 


b t —7 and 7: ‘ 
i meee ke Au (7, «) except those that make the denominator equal to 0. 


Strategy We will set x* + x — 6 equal to 0 and solve for x. 


Teaching E le 2 Find the d i Soon 
Cans “ P ne sae ener vr+x-6=0 Set the denominator equal to O. 
of: f(x) = aos i5 (x + 3)\(x — 2) =0 Factor the trinomial. 
Answer: 
+3= -2= E 
The set of all real numbers except 4 and Ana= oe aie meee 
—3. (—%, —3) U (-3, 4) U (4, &) fx | x x= -3 | xX =2 Solve each linear equation. 


is areal number and x # —3,x # 4} . . ; 
Thus, the domain of the function is the set of all real numbers except —3 and 2. 


Using set-builder notation we can describe the domain as {x | x is a real number and 
x # —3,x # 2}. In interval notation, the domain is (—~, —3) U (—3,2) U (2,~). Ml 


The Language of Algebra Another way that Example 2 could be phrased 
ax + 2 


ty 6 We can write x # —3 and 


is: State the restrictions on the variable. For ~ 
x #2. 


Using Your CALCULATOR Finding the Domain and Range of a Rational 
Function 


We can find the domain and range of the function in Example 2 by looking at 
its graph. If we use window settings of [—10, 10] for x and [—10, 10] for y and 
graph the function 


F(x) 3x +2 
x) =—————_ 
rt+x-6 


we will obtain the graph shown on the next page. 
From the figure, we can see that 


e As x approaches —3 from the left, the values of y decrease, and the 


graph approaches the vertical line x = —3. As x approaches —3 from 
the right, the values of y increase, and the graph approaches the 
vertical line x = —3. 


From the figure, we can also see that 


e As x approaches 2 from the left, the values of y decrease, and the graph 
approaches the vertical line x = 2. As x approaches 2 from the right, the 
values of y increase, and the graph approaches the vertical line x = 2. 


The lines x = —3 and x = 2 are vertical asymptotes. These asymptotes seem to 
appear in the figure. This is because graphing calculators draw graphs by 
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connecting dots whose x-coordinates are close together. Often when two such 
points straddle a vertical asymptote and their y-coordinates are far apart, the 
calculator draws a line between them, producing what appears to be a vertical 
asymptote. If instead of connected mode, you set your calculator to dot mode 


by pressing |MODE)], pressing W five times, pressing ® once, and then pressing 


ENTER], the vertical lines will not appear. 


From the figure, we can also see that 
e As x increases to the right of 2, the values of y decrease and approach 
the line y = 0. 
e As x decreases to the left of —3, the values of y increase and approach 


the line y = 0. 


The line y = 0 (the x-axis) is a horizontal asymptote. Graphing calculators do 
not draw lines that appear to be horizontal asymptotes. 


From the graph, we can see that every real 
number x, except —3 and 2, gives a value of y. This 
observation confirms that the domain of the 
function is (—%, —3) U (—3, 2) U (2, ©). We can 
also see that y can be any value. Thus, the range is 


(-—%, oo), 


OR Oe | Learning and Remembering 


“Most students express a wish to be more efficient in their studies. Knowing how 
your brain takes in and processes information, and then working with this system, 
will greatly improve your efficiency.” 

From the Study Skills Package, University of Waterloo Counseling Services 

The graph below is called the curve of forgetting. It shows how quickly a typical 
student forgets the new information presented in a one-hour lecture if he or she 
does not review the material later. Use the graph to estimate each of the following. 


What percent of the information is retained by Day 2? about 25% 

What percent of the information is forgotten by Day 7? about 88% 
What percent of the information is retained by Day 30? about 10% 

Do you think the curve of forgetting has an asymptote? Explain why or 
why not. yes 


For ways to improve retention, visit the website www.adm.uwaterloo.ca/ 
infocs/study_skills/curve.html 


100% End of lecture 


Percent of information retained 


Day | Day 2 Day 7 


Source: The University of Waterloo, Canada, Counseling Service 
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12a*b* 343 
20ab* 5b? 
Now Try Problem 33 


Simplify: 


10k 
Teaching Example 3 Simplify: 4 


Answer: 
ar 
5k 


3 


25k*r? 


EB Simplify rational expressions. 


When working with rational expressions, we will use some familiar rules from 
arithmetic. 


Properties of Fractions 


If a, b, c, d, and k represent real numbers, and if there are no divisions by 0, 
then 


Property 3 is true because any number times 1 is that number. 


ak afk sea a 
bk bk 5 b where b#0 and k#0 


To streamline this process, we can replace t in wie with the equivalent fraction i. 


1 
ak ake a |, 


bk bE bk 


1 


We say that we have simplified wh by removing a factor equal to 1. 


The Language of Algebra Property 3 is known as the fundamental property 
of fractions. Stated in another way, it enables us to divide out factors that are 
common to the numerator and denominator of a fraction. 


To simplify a rational expression means to write it so that the numerator and 
denominator have no common factors other than 1. 


Simplifying Rational Expressions 


Factor the numerator and denominator completely to determine their 
common factors. 


Remove factors equal to 1 by replacing each pair of factors common to 
the numerator and denominator with the equivalent fraction t. 


Multiply the remaining factors in the numerator and in the denominator. 


| EXAMPLE 3 | 8yzt 


Simplify: oe 


Strategy We will begin by writing the numerator and denominator in factored 
form. Then we will remove any factors common to the numerator and 
denominator. 


WHY The rational expression is simplified when the numerator and 
denominator have no common factors other than 1. v 
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Solution 
8yz4 2-2-2-y-+z-z- 
= Factor 8yz* and 6y*z* completely. 
6y727 2*3+yryez 
1 tot 2y te genes 
Zz -2-2 oP ae ae ae ae Replace 2'y? and . with re This removes the 
Z3+yry ZZ factor 5 1. 
ae 
3y 


8yzt 42? 
We say that ore simplifies to 3y" 


An alternate approach is to use rules for exponents to simplify the rational 
expression. 


1 = ; ; 
8yz4 Peo. 9s | he te dy 172 2 To divide exponential expressions 
Ete = a with the same base, keep the base 
6y"z 2 °3 3 3Y and subtract the exponents. 


To simplify rational expressions, we often make use of the factoring methods 


discussed in Chapter 5. 


x? — 16 
” 9x? + 8x 


6x° 
3x4 — 9x3 
Strategy We will begin by factoring the numerator and denominator. Then we 
will remove any factors common to the numerator and denominator. 


Simplify: a. 


WHY We need to make sure that the numerator and denominator have no 
common factors other than 1. If that is the case, then the rational expression is 
simplified. 


Solution 
6x° 2°3°x° Factor the numerator. 
a 3x4 — 9x3 a 3x3 (x = 3) In the denominator, factor out the GCF, 3x”. 
1 1 
B od Remove the factors common to the numerator 


and denominator. 


b. In the numerator, we factor the difference of two squares. In the denominator, 
we factor out the GCF, 2x. 


1 
2 
x” — 16 (24+ 4)(x = 4) Remove the binomial factor x + 4 that is 
Ax? + 8x 2x(x44) common to the numerator and denominator. 


1 
_x-4 
~ Ox 


This rational expression does not simplify further. 


Self Check 4 


Simplify: 
28x* 4 
a — 1axt x2 
x-9 Pee, 
" 5x? — 15x 5x 


Now Try Problems 35 and 39 


Teaching Example 4 Simplify: 
3 


Pe x? — 4x — 12 
” Sa@ = Fae x? — 36 
Answers: 
z Bre 
5 b. 
a ae es 
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When simplifying rational expressions, we can only remove factors common to 
the entire numerator and denominator. It is incorrect to remove terms common to 


the numerator and denominator. 


1 1 1 
x4 a’ —3a4 Z y — 36 
2x at fy 
z Yry 
xis aterm of x — 4. 2is aterm of a — 3a+2 y is aterm of y — 36anda 
and aterm ofa + 2. term of ~ —y—7. 


Using Your CALCULATOR Checking an Algebraic Simplification 


After simplifying an expression, we can use a Scientific calculator to check the 


answer. One spel to check whether + ety —* = =" x 4 is correct in Example 4b is 
x-—4 


to evaluate 3 aoe 7 © and >, for a value of x (say, 2). The expressions should 
give identical results. 


6. 
a ey 
(| 2 }x?2}}-—] 16 |} J+] IC 2 |X) 2 Ixe27}}4] 8) x] 2p} j= -0.5 


For 


For 


(2{-} 4D} [=] [G 2.x] 2 Di f= —Q-5 


The results of the evaluations are indeed the same. Evaluate the expressions 
for several other values of x. If the results differ for any given value, the 
original expression was not simplified correctly. 


We can also use a graphing calculator to show that the een in 
Example 4b is correct. We enter the functions f(x) = a = ® and g(x) =* 


as Y, and Y>, respectively. See figure (a). Then select the TABLE ne 
Reading across the table, the values of Y; and Y, should be the same for each 
value of x as shown in figure (b). Note for x = —4 the Y, value says error 
while the Y> value is 1. This happens as a result of removing the common 
factor x + 4 in the simplification. 


loti Plot2 Plot? 
SYIECKE-169 7 C2K2+BRD 
SWeECR-4)/02R) 

SYse 

Yas 


‘| 


Veo 


0 
1 
& 
3 
Ya= 4 


(a) 
A third need _ informally check the ee is to compare the graphs 
of f(x) = a4 ae © shown in figure (c), and g(x) = Les, shown in figure (d). 


Since the graphs appear to be the same, we can conclude that the 
simplification is probably correct. 
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| EXAMPLE 5 | ) Self Check 5 
Simplify: 


. 5 : Simplify: 
a, 10x + 25 , Se = ea x's 7 y —8 648 gos 
8x — 40 3a° +a —2 y? — 2y? + 3y —6 - 6x — 18 6 
Strategy We will begin by factoring the numerator and denominator 2b? + 7b -15 2-3 
completely. Then we will remove any factors common to the numerator and ” 2b? + 13b + 15 2b+3 
denominator. ; a-1 dig ef 


“P-awt+b6a-6 a +6 


WHY We need to make sure that the numerator and denominator have no 


common factors other than 1. If that is the case, then the rational expression is Now Try Problems 43,47, and 51 
simplified. a 
Teaching Example 5 Simplify: 
Solution g PT TD , Be + de 8 
a. We factor the perfect-square trinomial in the numerator. In the denominator, . = = 15 * 3x? x -—4 
we factor out the GCF, 8. Then we remove the common factor, x — 5. : _ 8x" + 27 
2x? +x -3 
1 Answers: 
x? — 10x +25 (%=S)(x — 5) : ; ee ae £-3 4 242 4 +9 
_ emove a Tactor equa to 1: =1. a. 6 Cc 
8x — 40 8(x x= 5 Fe oe | = 1 
(x= S) 
oa 
8 


b. We factor the trinomials in the numerator and the denominator and then 
remove the common factor, 3a — 2. 


1 
6a” — 13a +6 _ (3a~2)(2a — 3) 


Remove a factor equal to 1: oa 1 
2 3a —- 2 
+a-2 3 atl 
3a° +a GBa-—2)( ) 
2a — 3 
= This expression does not simplify further. 
at+1 
In the numerator, factor the sum of 
y-8 (y — 2)()* + 2y + 4) — two cubes. In the denominator, begin 
G3 2 a) the process of factoring b 
y —2y+3y-6 yy — 2) + 3 - 2) P — 


grouping. 
(y 2)(y" 2y + 4) — Inthe denominator, complete the 
(y a 2)(y? 4 3) factoring by grouping. 


Remove the factor common to the 


1 
2 
- O- 2) ZV) paamtoh and denminatan 


(=F? +3) eB at, 


_ y’ + dy + 4 This expression does not simplify 
7 ye 4:3 further. re 


Sometimes we will encounter rational expressions that are already in simplified 
form. For example, to attempt to simplify 
x? + xa + 2x + 2a 


xvr+x-6 


we factor the numerator and denominator: 


x(x + a) + 2(x + a) In the numerator, begin the process of 
= factoring by grouping. In the 

7+ x-6 (x — 2)(x + 3) ates 
x x denominator, factor the trinomial. 


x? + xa + 2x + 2a 


_ @& tax + 2) In the numerator, complete the 
ad (x — 2)(x + 3) factoring by grouping. 
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Since there are no common factors in the numerator and denominator, the rational 
expression is in lowest terms. It cannot be simplified. 


K Simplify rational expressions that have factors 
that are opposites. 


If the terms of two polynomials are the same, except that they are opposite in sign, 
the polynomials are opposites. For example, b — a anda — Db are opposites. 
To simplify e —;, the quotient of opposites, we factor —1 from the numerator 


and remove any factors common to both the numerator and the denominator: 


b-a -at+b 
= — Rewrite the numerator. 


a-—b a—b 
1 
_ =(g2°0) Factor out —1 from each term in the numerator and remove the 
(a—b) common factor a — b. 
1 
_ = 
=-1 


In general, we have the following principle. 


The Quotient of Opposites 


The quotient of any nonzero polynomial and its opposite is —1. 


Self Check 6 3x? — 10xy — 8y” 


2a” — 3ab — 9b? Simplify: 
3b? — ab 
Now Try Problem 55 


Simplify: Ay? — xy 


Strategy We will begin by factoring the numerator and denominator. Then we 


Seif Cheek 6 Answer look for common factors, or factors that are opposites, and remove them. 

as 3b ie = 3b WHY We need to make sure that the numerator and denominator have no 
common factors other than 1. If that is the case, then the rational expression is 

Teaching Example 6 Simplify: simplified. 

x* — 13xy + 12y” : 

alae eee S Solution 

a —- We factor the numerator and denominator. Because x — 4y and 4y — x are 
x-y opposites, their quotient is —1. 

x + 12y 


Since x — 4y and 4y — x are opposites, 
simplify by replacing oo with the 


-1 
3x? — 10xy — 8y* (3x + 2y)\(w=4y) 
Ay? = xy y(4y-—x) 


equivalent fraction a =-1. 
_ Gx + 2y) 
oy 
. . 3x + 2y —3x — 2y 
This result can also be written as F or } : xz 


Caution! A — symbol preceding a fraction may be applied to the numerator 
or to the denominator, but not to both. For example, 


3x +2y  —3x — 2y 
y Ty 


6.1 


Rational Functions and Simplifying Rational Expressions 


| 1. a. $3.50 b. $1.56 2. The domain is the set of all real numbers except —7 and 7: 
(—», -7) U(-7,7) U (7,”). 3.35 4 act, b t4 
| e e+ at 1 6, —2a + 3b or =2a— 3b 


x- 


5. a. |] 


3 


2b =:3 
2b +3 


b. 


STUDY SET 


I VOCABULARY 
Fill in the blanks. 


VPtx 
x? — 3x? 


1. A quotient of two polynomials, such as is 
called a tational expression. 


(x + 2)(3x — 


In the rational expression & _ 


+ 2)(4x + 2)? * 
common _[2ctor_ of the numerator and the 
denominator. 


2: + 2isa 


To simplify a rational expression, we remove factors 
common to the numerator and denominator. 


Because of the division by 0, the expression 8 1S 
undefined | 

The binomials x — 15 and 15 — x are called 
opposites, because their terms are the same, except 

that they are opposite in sign. 

6. The graph of the function shown in Problem 7 below 

approaches the positive x-axis. When a graph 

approaches a line, we call the line an _asymptote _, 


I CONCEPTS 


7. The graph of rational function f for x > 0 is shown in 
the illustration. Find each of the following. 


a. f(1) 1 b. f(2) 0.5 
c. The value(s) of x for which f(x) = 4 0.25 
d. The domain and range of f D: (0, ~), R: (0, ~) 


P Selected exercises available online at 
www.webassign.net/brookscole 


8. 


> 10. 


11. 


Average cost per unit ($) 


Average cost per unit ($) 


Fill in the blanks to show that | 
out —1 from each term in the numerator. 


go 


X 
=f 
x 


(4) 


1 


= —1 by factoring 


x-y ~yrx 


$k Pes 


Simplify each expression. 


: 3+S+x+yry  3y b (+ + 3)@— 3) ¢=—3 
"5+ Texe xe xy TW “(x + 2)(x + 8) x +2 
a(a — 9) @ 


“@-aQta) at 
Simplify each rational expression, if possible. 


3a” + 23 does not 


Fe simplify 


MANUFACTURING Each graph shows the average 
cost to manufacture a certain item for a given number 
of units produced. Which graph is best described as 
the graph of a: 


x + 8 does not 
a. ——_ 


x simplify : 


a. linear function? iii. b. quadratic function? i. 


c. rational function? iv. d. polynomial function? ii. 


Aa) aa 
9 LS 9 
8 = 8 
7 a7 
6 2 6 
5 25 
4 3 4 
3 2 3 
2 5 2 
1 Z 1 


os 
10 20 30 40 50 
Number of units produced 


{i 
10 20 30 40 50 
Number of units produced 


iii. iv. 
Ax) fx) 
9 9 
8 = 8 
7 37 
. 
Z 5 
4 5 4 
3 2 3 
2 © 2 ele - 
1 ad 


> x 
10 20 30 40 50 
Number of units produced 


10 20 30 40 50 
Number of units produced 
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12. Refer to the graphs in Problem 11. Complete the 16: G)— 12 
description of the graph by filling in each blank with » I) = x 
the word decreases or increases. 
a. Graph i. decreases, then steadily _increases_, x | f@) Ax) 
b. Graph ii. increases, then _ecreases_, and then 1 
steadily increases | als 
c. Graph iii. steadily _increases_, elas 
d. Graph iv. steadily decreases approaching a cost of | 1 
$2.00 per unit. 
16| 0.75 
I NOTATION 20] 0.6 
p> 13. A student checks his answers with those in the back 24) 0.5 6 4 6 16 20 24 
of his textbook. Determine whether they are 
equivalent. +2 
_ 17. f(x) == 
Answer  Book’s answer Equivalent? 
= 3 x | f(x) 4 
xe ap 3) “x +3 ve f 12 
—-x +4 == 4) | 
6x +1 6x + 1 Yes ala 
eae Tf dear Tl 
@=)E+2 | &+DE-4 sai 4) 15 
=e + 4 = yes 6) 133 
= ab 3b — 8 | 1.25 
3B =H a= 3b eS 
1@ | i-2 


i 
(x af 5)(x=S) 1 || ately 


14. a. In , what do the slashes show? 
a5) 
1 — ax+4 
removing a common factor of the numerator and 18. f(x) = 
denominator 
= x f@) - 
a3 (a=) 12 
b. In (+ 3) what do the slashes show? Ane 
x x 
; 4) 3 
removing factors that are opposites in the numerator and 
denominator Salle 
12 | 2.33 
[| GUIDED PRACTICE 
16 | 2.25 
Complete the table of values for each rational function (round to 50 
22 


the nearest hundredth when appropriate). Then graph the 
function. Each function is defined for x > 0. Label the horizontal 24 | 2.17 0 4 8 12 16 20 24 
asymptote. See Example 1 and Objective 3. 


x 


Find the domain of each rational function. Express your answer 


6 
> 15. f(x) = ms in words and using interval notation. See Example 2. 
19. f(x) == > 20. f(x) = > 
x f(x) fx) tA § hs | 
all real numbers except 0, all real numbers except 1, 
1) Ss (—~, 0) U (0, ~) (=~, 1) Ud, %) 
AE 21. fo) =—— > 22. f(x) = = 
- f(x) = y= = 
4/15 x+2 x? — 2x 
ele all real numbers except —2, all real numbers except 0 and 2, 
(8,2) 4 =25@) (—, 0) U (0, 2) U (2, ©) 
8 | 0.75 
10 | 0.6 


12 | 0.5 0 2 4 6 8 10 12 


3x -1 


x— x 


23. f(x) = 


all real numbers except 0 and 1, 
(2, OL, 1). (1, 20) 
x7 +3x4+2 
=% = 36 
all real numbers except —7 and 8, 
(—%, -7) U (-7, 8) U (8, &) 


25. f(x) = = 


24. f(x) = ers 


2x? — 3x -2 
> 26. f(x) = 


Simplify each rational expression. See Example 3. 


124° 55 
18a > 
se og: 
25a 5a° 
27st 3 
36st? 
24x7y'° 4y7 
18x‘y? oe 


27. 


29. 


31. 


33. 


25* sys 
555 ¥ 
12x 3 
lea? 
49xy? ry 
32. =o 
Q1ixy ° 
15a°b* 
34, as 
Pe oa 


28. 


30. 


Simplify each rational expression. See Example 4. 


35. 4 2 36. iy? se 

2? = 12,7 *-* 5y> + 15y? 7 *3 
> 37. Ss oe 38. al a 

16n* + 24n? 2” +3 36m* — 9m 4"! 

go, 2218 2 ao, 2 6 
y— 91 7-2 x—4 **2 

a A? = 25 5 ‘a 9b* = 16 5,4 
20a- 50 21b+28 7 


Simplify each rational expression. See Example 5. 


6.1 


all real numbers except —6 and 6, 
(—, —6) U (—6, 6) U (6, ©) 


x + 2x — 24 
all real numbers except —6 and 4, 
(—©;—6) Ui (-6,4) UA, ) 


5x = 10% + OX +9 45 
oS a a Ae re er 
x7—4x+4%*~? 2x + 6x : 
ae x? + 2x Leas ie: ik ae 
xv+4x4+3773 y?>—8y+12"~° 
iy, 3d°+13d+4 444 Or? + Ir +3 sa 
307 + 7d +2 4%? ar? +17r+217*’ 
ae 2h? + 9h-5 pas Oe tx 2 dead 
4 —4nhnt+1 7"! 8x2 + 2x -3 ** 
51. f° + 27 Silla 
e+37+4¢+12 ''4 
52. m + 64 m2 — 4m + 16 
m+ 4m? +3m+120 "3 
st+s*-65-6 2. 
53. 5 ss 
st] s st 1 
a +5d*-5d-25 p_s 
> 54. d* — 5d + 25 


d? + 125 


Simplify each rational expression. See Example 6. 


3m — 2mn — nr? 5s* — 4st — 2° 
55. ————.— 56. ——__.— 
mn —m st— Ss 
3m +n oe —@Gm + n) Ss¢¢ Os +) 
m m s s 


57. 


61. 


20x? — 20x* 


x7 —-2x4+1 
_ 20x 
bce | 
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58. 


d* — 16c* 
4c —d 
-—d-—4c 
x? — 2x — 15 
25 — x? 
5 i ae es ee) 
x +5 5+ 


«| Use a graphing calculator to graph each rational function. From 

= the graph, determine its domain and range. Answer using 
interval notation. See Using Your Calculator: Finding the 
Domain and Range of a Rational Function. 


63. 


65. 


D: (—2, —2) U (—2,2) U (2, ©), 


x 
f(x) = a 

D: (—~, 2) U (2, %), 
R: (—%, 1) U (1, *) 


w= 


x4 


R:(—%, ~) 


I TRY IT YOURSELF 


Simplify each expression. If an expression cannot be simplified, 
write “Does not simplify.” 


> 67. 


> 69. 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


2 

x +x — 30 
3x? — 3x — 60 
x +6 
3% + 4) 

2 
a—4 
a-8 

arf 
a+2a+4 

m> — mn? 

3 
mr + m’n — 2m 
mtn =i = 
n+ 2m n+ 2m 


sx + 4s — 3x — 12 


sx + 45 + 6x + 24 
Fé 


2x? — 3x —9 
2x7 + 3x —9 
Does not simplify. 
3x + 6y 
x + 2y 
3 
x4 + 3x3 + 9x? 
& = 27 
a 
2x” + 2x = 12 


x? + 3x? — 4x — 12 
2 

ers 

4x? + 8x +3 

6 +x — 2x? 

2 + 1 oe ae 

= yay, Ol Bae 


64. 


66. 


x+2 
ina 
D: (—~, 0) U (0, ~), 
R:(—%, 1) U (1, ~) 


f= 


x? -—3x—-4 


D:(—%, —1) U (-1,4) U (4, ~), 


R: (—®, 0) 


68. 


70. 


72. 


74. 


> 76. 


78. 


80. 


82. 


84. 


Ax? + 24x + 32 
16x? + 8x — 48 


(eds ae) a+b 
Kase Sb 


ax + by + ay + bx 
a+b 


ey 

6x? — 7x — 5 

2x? Se +2 

2 eae! 

ae 

yxy 

xy—-Xx 

Does not simplify. 
xe+8 


x* — 2x? + 4x? 
x+2 
” 


3x? — 3y? 


x? + 2y + 2x + yx 
3Q_— y) 
42 


6x? + 13x + 6 
6 — 5x — 6x? 


me ee ee ae 
= 2s = 


490 | Chapter6 Rational Expressions and Equations 


2 2 
x7 — 6x +9 —2y+1 
85. ae, ah 86. in ee 
81 —x L—y 
= 3 = y-l1 y-1 
O04+x29B4+xn 7 G24 9x43) G@+yP0ty)" GF +tDOtD 
16p°q° 30a°b'> 
87. 5 88. 
24pq 18a°b 
2p” Sb 
3q° 3a° 
 — 51° + 6t a* — 27a 
89, ———__— 90. ——— 
or -— ft 36a — 4a 
t=2 t=2 a + 3a +9 @ + 3a +9 
eee pes 46 +a) % da +3) 


I APPLICATIONS 


p> 91. 


> 92. 


> 93. 


> 94. 


ENVIRONMENTAL CLEANUP Suppose the cost 
(in dollars) of removing p% of the pollution in a river 
is given by the rational function 

50,000p 


f(p) = 100 — p 


where 0 = p < 100 


Find the cost of removing each percent of pollution. 
a. 50% $50,000 b. 80% $200,000 
DIRECTORY COSTS The average (mean) cost for 


a service club to publish a directory of its members is 
given by the rational function 


1.25x + 700 
x 


f(x) = 


where x is the number of directories printed. Find the 
average cost per directory if: 

a. 500 directories are printed. $2.65 

b. 2,000 directories are printed. $1.60 

UTILITY COSTS An electric company charges 
$7.50 per month plus 9¢ for each kilowatt hour (kwh) 
of electricity used. 


a. Find a linear function that gives the total cost of n 
kwh of electricity. c(m) = 0.09n + 7.50 


b. Find a rational function that gives the average cost 


per kwh when using n kwh. ¢(n) = °°" * 4° 


c. Find the average cost per kwh when 775 kwh are 
used. about 10¢ 


SCHEDULING WORK CREWS The rational 
function 


_ +2 
2t+2 


1G) 


gives the number of days it would take two 
construction crews, working together, to frame a 
house that crew 1 (working alone) could complete in 
t days and crew 2 (working alone) could complete in 
t + 2 days. 


a. If crew | could frame a certain house in 15 days, 
how long would it take both crews working 
together? almost 8 days 


> 95. 


> 96. 


b. If crew 2 could frame a certain house in 20 days, 
how long would it take both crews working 
together? about 9.5 days 


FILLING A POOL The rational function 
+ 3t 
ft = 
FO) 2t +3 


gives the number of hours it would take two pipes, 
working together, to fill a pool that the larger pipe 
(working alone) could fill in ¢ hours and the smaller 
pipe (working alone) could fill in tf + 3 hours. 


a. If the smaller pipe could fill a pool in 7 hours, 
how long would it take both pipes to fill the 
pool? about 2.5 hr 


b. If the larger pipe could fill a pool in 8 hours, 
how long would it take both pipes to fill the 
pool? about 4.6 hr 


RETENTION STUDY After learning a list of words, 
two subjects were tested over a 28-day period to see 
what percent of the list they remembered. In both 
cases, their percent recall could be modeled by 
rational functions, as shown in the illustration. 


A 
100 
90 
80 
70 
60 
50 
40 
30 
20 
10 


Percent of list recalled 


a 


Days since list was learned 


a. Use the graphs to complete the table. 


1) 2) 4) 7 |14 |28 


100 | 48) 40} 28)15 | 9 | 5 
LOO! | 27 || 1S) |) 2) 2 1 


Days since learning 0 
% recall—subject 1 


% recall—subject 2 


b. After 28 days, which subject had the better 
recall? subject 1 


I WRITING 
97. A student simplified Se 


2 Jy — 
24 5x + 


5 a 3x — 5 
> and obtained ~—; 
_ 6x2 — 7x — 5 

As a check, she graphed Y; = 5.375, 49 and 


Y, = Ax =; . What conclusion can be drawn from the 
graphs? Explain your answer. 


= 


p> 98. Simplify: fives, Then explain how the table of 
values for Y; = tis and Y> = ee shown in 


the illustration in the next column can be used to 
check your result. 


TION 


Multiplying and Dividing Rational Expressions 


In this section, we review the rules for multiplying and dividing arithmetic 
fractions—fractions whose numerators and denominators are integers. Then we use 
these rules, in combination with the simplification skills learned in Section 6.1, to 
multiply and divide rational expressions. 


8 Multiply rational expressions. 


6.2 Multiplying and Dividing Rational Expressions | 491 


J REVIEW 
Perform each operation. 
99. (a” — 4a — 3)(a — 2) a — 60° + 5a + 6 
P 100. (3c? + Sc) + (7 — c? — Se) 20° +7 
101. —3mn?(m? — Tmn — 2m?) —3m'*n? + 21m?n? + 6mn? 
102. (4u* + 2? — 3u?z”) — (wu? + 3z” — 3u?z’) 
=u? + Au? — 22? 


Objectives 


J) Multiply rational expressions. 
i 2 | Find powers of rational 
expressions. 


3 | Divide rational expressions. 


4 | Perform mixed operations. 


Recall that to multiply fractions, we multiply the numerators and multiply the 


denominators. For example, 


ere eat 
5 7 5-7 78 7:8 
11 
_ 6 = 2-2°5 Factor 4 as 2: 2. Factor8as2-2:2. 
35 T+2+2-2 Then simplify. 
a 
14 


We use the same procedure to multiply rational expressions. 


Multiplying Rational Expressions 


To multiply rational expressions, multiply their numerators and their 


denominators. Then, if possible, factor and simplify. 


For any two rational expressions, 4 and c 
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Self Check 1 


7 94 4 Multiply: 
gage, i. AY Oe 
Multiply: l6y ine 34 


Now Try Problem 17 


25a be 
lb 5a 


Strategy To find the product, we will use the rule for multiplying rational 
expressions. In the process, we must be prepared to factor the numerators and 


Teaching Example 1 Multiply: denominators so that any common factors can be removed. 
ie ¥ : St efile 

= “SS WHY We want to give the result in simplified form. 

- 

Answer: Solution 
Ay2 
a ab 25a° + b Multiply the numerators. 

* 


11b , 5a ~ 41b- 5a Multiply the denominators. 


3. 
It is obvious that the numerator and denominator of in : ey have several common 


factors, such as 5, a, and b. These common factors become more apparent when 
we factor the numerator and denominator completely. 
a+b 5+5+a+a-arb 
11b-5a 11-b-5:a 


Factor 25a”. 


1 1 1 
B-5+a-a-a-f Simplify by replacing 2, :, and e with the equivalent 
~ dd. b-3-a fraction 3 This removes the factor 2 : - : : — a 
1 11 
_ Sa Multiply the remaining factors in the numerator. 
~ 41 Multiply the remaining factors in the denominator. H 


Self Check 2 Multiply: 


bully: . x? —6x +9 5x? 5 v—x-6 x +x-6 
gee ee e 20x @ 18 tC? 
18a Ja + 21 
Pega te pa“ 56 Strategy To find the product, we will use the rule for multiplying rational 
. 2 er expressions. In the process, we must be prepared to factor the numerators and 
a’ — 49 a — 64 : 
denominators so that any common factors can be removed. 
Now Try Problems 19 and 23 
Self Check 2 Answers WHY We want to give the result in simplified form. 
a°(a + 3) . 
a —77— bel Solution 
x -—6x+9 5x7 (x? — 6x + 9) 5x7 Multiply the numerators. 
= 20x = 20x(6x — 18) Multiply the denominators. 


(x — 3)(x — 3)5xx Factor the numerator. 
~ 4+5+x+6(x — 3) Factor the denominator. v 
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(2-3 = 3) Sic Simplify by removing common eit re re 
= factors of the numerator and oe 
se 5 “= : 6(x=3) denominator. es ¢ - 3 
p= 2x — 15 x" + 9x + 20 
Multiply the remaining monomial x — 25 x? + 7x + 12 
x(x — 3) factors in the numerator. Answers: 
~ 24 Multiply the remaining factors in a a(a+3) be 1 
the denominator. 
Multiply the 
vr—x-6 x +x-6 (x? — x — 6)(x* +x —- 6) numerators. 
a4 age G2 — 4)(x2 — 9) Multiply the 


denominators. 
(x — 3)(x + 2)(x + 3)(x — 2) — Factor the 
(x + 2)(% — 2)(% + 3) — 3) Polynomials. 
1 1 1 1 Simplify by removing 
Ger-F)Ger Ze) (ea) common factors of 
= (x4 D(x D(x + B(x —3) the numerator and 
1 1 1 1 


denominator. 


Caution! Note that when all of the factors of the numerator and 


denominator are removed as shown, the result is 1 and not 0. 


Using Your CALCULATOR Checking an Algebraic Simplification 


We can check the simplification in Example 2a by graphing the functions 
f(x) = (= a 2\( 45), shown in figure (a), and g(x) = xa ») shown 
in figure (b), and observing that the graphs are the same, except that 0 and 3 
are not included in the domain of the function f. 


(a) (b) 


We can use the split-screen G-T (graph, table) mode to check the result of a 
multiplication. To set the split-screen feature on a graphing calculator, press 


MODE), press V seven times, press twice, then press | ENTER]. If we enter 
Y3 = Y, — Yo, use the cursor to highlight the = sign as shown on the next 


page in figure (c), and then press |GRAPH, we get the display shown in figure 


(d). The zeros under the Y3 column indicate that the value of 

DE a 43 2 = . 
(: ot (= a) and the value of Has) are the same for different 
values of x. (The error message is given because when x = 0 and x = 3, 
x? = 6x +9)(_5x?_)- 
(2 0x Vex z 7) is undefined.) 


The graph of Y3 = Y; — Y>2 is difficult to see because it lies on the x-axis. 
The graph indicates that for all x-values (except those that make the 


rational expressions undefined), Y; = 0, or more specifically, 


(= — 6% + 2)( 5x? ) x(x — 3) 
20x 6x — 18) ~~ 24° 
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Floti Flokz vere 
syst CHE -BH+ 
BaY5 Seeezeces. 18)> 


“i 


4 
See KCK-3 94 24 F 

VsBy—Ve = 
ia 4 
sWe= i= 


(c) (d) 


Self Check 3 | EXAMPLE 3 | 
= a 6x? + Sxy — 4y? 8x? + Oxy — Dy? 


Multiply: Multiply: 
2a? + Sab — 12b” 2a” — 3ab — 9b? ax? + Sxy + 3y° 12x° + Txy — 12y? 
2a? + lab + 126? 2a? — ab — 3b? Strategy To find the product, we will use the rule for multiplying rational 
Now Try Problems 29 and 31 expressions. In the process, we must be prepared to factor the numerators and 
Self Check 3 Answer denominators so that any common factors can be removed. 
@= 3b 
rae) WHY We want to give the result in simplified form. 
Solution 
Teaching Example 3 Multiply: 
2x? + Sxy — ae 2x? — Oxy — Sy? 6x + Sxy — 4y? . 8x? + 6xy — Qy? 
2x? + Txy + 3y? 2x7 + xy — y? 2x? + Sxy + ay 12x? + Txy — 12y” 
boil (6x7 + 5xy — 4y”)(8x* + 6xy — 9y*) Multiply the numerators. 
x+y 7 (2x + 5xy + 3y"\(120" + Txy — 12y7) Multiply the denominators. 


Z (3x + 4y)(2x — y)(4x — 3y)(2x + 3y) 
(2x + 3y)(x + y)(3x + 4y)(4x — 3y) 


(Bx ayj(2x _ y)(4x 39) (Qx-4+-3y) Simplify by removing common 


factors of the numerator and 


° xt sy + y)(3x-+4y) (4x =3y) denominator. 


Multiply the remaining factors in 


Factor the trinomials. 


_ any the numerator. Multiply the 
og ab y remaining factors in the 
denominator. i 


Self Check 4 | EXAMPLE 4 | ‘ ) 
= Ze Multiply: (2x — x’)- . 


Multiply: 5x° — 10x? + 20x — 40 
5 * * (4x — x”) Strategy We will write 2x — x* as a rational expression with denominator 1. 
8x" — 32x" + 8x — 32 (Remember, any number divided by 1 remains unchanged.) Then we will use the 
Now Try Problem 39 rule for multiplying rational expressions. 
Self Check 4 Answer a Dp Bs : eee 
x2 WHY Writing 2x — x° as =>—~ is helpful during the multiplication process when 
; 8(x2 + 1) we multiply numerators and multiply denominators. 
Teaching a 4 Multiply: Solution 
x 
i) a 2x — x7). 
ee ( )* S33 — 10x? + 20x — 40 
Answer: Fem 2 . 
wees = er 5 Write 2x — x? as *—* 
x+5 1 5x° — 10x* + 20x — 40 
(2x — x7)x Multiply the numerators. 
— 1(5x? — 10x + 20x — 40) Multiply the denominators. 
x(2 — x)x Factor out xin the numerator. 


~ Ye 5(x3 — 2x7 + dy — 8) Factor out 5 in the denominator. v 


6.2 Multiplying and Dividing Rational Expressions | 495 


x(2 — x)x In the denominator, begin factoring 
1+ 5[x7(@x — 2) + 4(x — 2)] Py grouping: 
In the denominator, complete the 
x(2 — x)x ; . 
= factoring by grouping. The brackets [ ] 
1+5@ — 2)(x" + 4) are no longer needed. 
=i Simplify. Recall that the quotient of any 
= x(2-X)x nonzero quantity and its opposite is —1: 


: 2 2-x 
1 SQ= 2x + 4) ie 


Multiply the remaining factors in the 
_ —x? numerator. 
5(x? +4) Multiply the remaining factors in the 
denominator. 


Since the — sign can be written in front of the fraction, this result can be 
expressed as 


x2 


~ 5(x2 + 4) 5 


Success Tip In Examples 2-4, we would obtain the same answer if we had 


factored the numerators and denominators first and simplified before we 
multiplied. 


49 Find powers of rational expressions. 


| EXAMPLE 5 | (2 ohms _ ) Self Check 5 


Find: 2 
- 2x +3 Find: (=>) 
Strategy We will find the product (= on Lx —— 1) using the rule for aa 

P ax +3 ax +3 g Now Try Problem 43 


multiplying rational expressions. Self Check 5 Answer 
x We + 35 
x* — 12x? + 36x? 


2. = * 
WHY The exponent 2 means the base, wpa et should be written as a factor 


two times. 

. 3x + y\? 
Solution Teaching Example 5 Find: ( >) 
ey C233) oe 

= Answer: 
2x + 3 2x + 3 2x+3 9x7 + 6xy + y? 
(x? +x — 1)? +x - 1) Multiply the numerators. x” — 8x + 16 
(2x of 3)(2x + 3) Multiply the denominators. 
xt + 2x3 — x7 -2x +1 
4x* + 12x +9 a 


EB Divide rational expressions. 


Recall that one number is called the reciprocal of another if their product is 1. To 
find the reciprocal of a fraction, we invert its numerator and denominator. We have 
seen that to divide fractions, we multiply the first fraction by the reciprocal of the 
second fraction. 


3..8_3,9 4.2 _4 21 
5°9 5 8 7°21 #72 
3°+9 4-21 


Self Check 6 
8a* | 28a* 2a 
: ra 73 


Now Try Problem 51 


Teaching Example 6 Divide: 


15x. 25x 
23.7? 3 

ye ye 

Answer: 
3y 

522 


Self Check 7 


. x-—-8 x7 +2x4+4 
Divide: : a 
9x — 9 3x" — 3x 
Now Try Problem 55 
Self Check 7 Answer 
H(x = 2) 
3 
Teaching Example 7 Divide: 
a—125) a +5at+25 
2a —10 ~ 12 
Answer: 
6 
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3°7 Factor 4 as 2° 2. Factor 21 as 
“2 3-7. Then simplify. 
1 


=6 


We use the same procedure to divide rational expressions. 


Dividing Rational Expressions 


To divide two rational expressions, multiply the first by the reciprocal of the 
second. Then, if possible, factor and simplify. 


For any two rational expressions, 4 and C where a # 0, 


A_C_A D_AD 
BD 8B Cc” Be 


Strategy We will use the rule for dividing rational expressions. After multiplying 
by the reciprocal, we will use rules for exponents to simplify the result. 


WHY We want to give the result in simplified form. 


Solution 
6 2 6 yz 
yr2 yz ypz2 20 


Multiply the first rational expression by the 
reciprocal of the second. 


_ byz Multiply the numerators. 
= yee Multiply the denominators. 
2+3+yl-33-2 Factor 6 and 20. To divide exponential expressions 
= y with the same base, keep the base and subtract 
2-2-5 the exponents. 
: 9) 4 
= Z:3° y Zz Remove the common factor of 2. Simplify the 
~ F295 exponents. 
1 
3z 
= 3 Write the result without the negative exponent. 
10y a 
EXAMPLE 7 xe+8 x7 -2x4+4 
ivide: ; 
4x +4 2x7 — 2 
Strategy To find the quotient, we will use the rule for dividing rational 
expressions. After multiplying by the reciprocal, we will factor each polynomial 
that is not prime and remove any common factors of the numerator and 
denominator. 
WHY We want to give the result in simplified form. 
Solution 
x+8 x7 -w+4 
Ax t+ 4° yy? 32 
r+8 2x? — 2 Multiply the first rational expression 
Ay +4 x7-2xr+4 by the reciprocal of the second. v 
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(x? + 8)(2x* — 2) 
(4x + 4)(x? — 2x + 4) 


(x + 22 = 2+ FAs 1) - 1) 
BG ee) 


(x + 2) — 1) 


Multiply the numerators. 
Multiply the denominators. 


Factor completely. x? — 2x + 4 is 
prime. Then simplify. 


2 a 


Caution! When dividing rational expressions, always write the result in 


simplest form by removing any factors common to the numerator and 
denominator. 


| EXAMPLE 8 | i ap 
Xx 


Divide: 4 + (b— 2) 
Strategy We will begin by writing b — 2 as a rational expression by inserting a 
denominator 1. Then we will use the rule for dividing rational expressions. 


WHY Writing b —2 over 1 is helpful when we invert its numerator and 
denominator to find its reciprocal. 


Solution 
b° — 4b . (b 2) b? — 4b . b—2 Write b — 2asa fraction with 
x-1 x-1 °° 1 a denominator of 1. 
b? — 4b 1 Multiply the first rational expression 
~ y-1 p-2 by the reciprocal of the second. 
b> — 4b Multiply the numerators. 
i (x = 1)\(b = 2) Multiply the denominators. 


b(b + 2\(b-2y 
— @— b=) 


_ bb +2) 
~ x1 


Factor b° — 4b and then simplify. 


Multiply the remaining factors in the 
numerator. Multiply the remaining 
factors in the denominator. | 


9 Perform mixed operations. 


| EXAMPLE 9 | PBS. WS? oF eaeH2 


Simplify: : 
PY Ge Se 1 Ox? 5x-3 x7 -2x-3 


Strategy We will consider the division first by multiplying the first rational 
expression by the reciprocal of the second. Then we will find the product of the 
three rational expressions. 


WHY By the rules for the order of operations, we must perform division and 
multiplication in order from left to right. 


Solution 
Since multiplications and divisions are done in order from left to right, we begin 
by focusing on the division. We introduce grouping symbols to emphasize this. To 


ee Z agi : 2x2 — 2 Fi 
divide the expressions within the parentheses, we invert =>"—z ~~ and multiply. WV 


Self Check 8 


4 2 
2a m — 9m 
Divide: 5 = (m? + 3m) 
a — 3a 
Now Try Problem 63 
Self Check 8 Answer 
m(m — 3) 
a(a — 3) 
Teaching Example 8 Divide: 
a — 16a 
at4 — won 
Answer: 


a 


Self Check 9 


Simplify: 
wr -25 | x — 5x Qn +3 
4x7 +12x +9 3x—1 3x? 4+ 14x —5 


Now Try Problem 67 
Self Check 9 Answer 
1 


x(2% a3) 
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Teaching Example 9 Simplify: ( x? + 2x — 3 ; 2x7 —2 ) 6x7 + 4x — 2 
SSE og Ee 6x2 + 5x +1 2x? —5x—3/ x2 -2x -3 
x +4x+4 a ee 12 x7 + 2x — 3 Ix? — 5x — 3 6x7 + 4x — 2 
x= 2 = . 
+k (aes 2x” — 2 ores 
in Next, we multiply the three rational expressions and simplify the result. 
x42 (x? + 2x — 3)(2x? — 5x — 3)(6x* + 4x — 2) 


(6x* + 5x + 1)(2x? — 2)(x? — 2x — 3) 


1 1 14 1 
(x + 3)(x=T) (2x +T)(x = 3)2(3x - 1)(x4T) Factor each polynomial 


~ (bx + NQr-+T)Ax + I= D(x=B)\(x4T) completely and simplify. 


(x + 3)(3x — 1) 


~ (3x + 1)(x + 1) 


ANSWERS TO SELF CHECKS 


STUDY SET 


3x4 a(a + 3) a — 3b x x? + 10% + 25 2a 
1. x ; a “a . 135% 4-pe 5 eS 6% 
x4 2 mm — 3 1 
7. 3 8. a(a — 3) 9. x(2x + 3) 


[I VOCABULARY 


Fillin the blanks. 
De! _97. x 
ia o - 4—T is the product of two _tational_ 
expressions. 
2. The reciprocal of £43 jg 247. 


3. To find the reciprocal of a rational expression, we 
_invert_jts numerator and denominator. 


p> 4. To simplify a rational expression, remove any factors 
_common to the numerator and denominator. 
I CONCEPTS 
Fillin the blanks. 
5. To multiply rational expressions, multiply their 
numerators and multiply their denominators Jn 
symbols, 
AC _ AC 
BD BD 
6. To divide two rational expressions, multiply the first by 
the _teciprocal_ of the second. In symbols, 
A C_A D AD 
BDBBE BB 


P Selected exercises available online at 
www.webassign.net/brookscole 


J NOTATION 
Complete each solution. 
Poe 25 (x? + 3x) (@=5) 
"5x —25 x+3 (Sx — 25) (x +3) 
x(x + 3)(x — 5) 
5(x — 5)(x + 3) 


_a 

5 
v-x-6 x-3 x? -x-6 x44 
4x? + 16x xt+4 4x? + 16x [O83 


_@-x- ORE 
(4x? + 16x) \(x — 3) 
(x — 3) (x + 2)(x + 4) 
Ax(x + 4) (x — 3) 
x+2 
~ 4x 


9. A student checks her answers with those in the back 


of her textbook. Determine whether they are 
equivalent. 


Student’s answer Book’s answer Equivalent? 


Sa es 

y y ul 
= 3 3S 

ie 3p 8 ae ae 
at b Gear 1p) 

(2 — x\(e + d) @ — 2) +d) yes 


> 10. a. Write 5x7 + 35x asa fraction. ae ae 


b. What is the reciprocal of 5x* + 35x? = 


[| GUIDED PRACTICE 
Multiply, and then simplify, if possible. See Objective 1. 


3, Mn 36 43 
a a P12 a 2 
re ia 

“2a 95° “36-35 


“10 15a* 252 "21 12p5 
12x° 4 be 18at , 
17. ue ee 3x > 18 eescidg g 


Ty* 8x? My’ “O10 8bF 


Multiply, and then simplify, if possible. See Example 2. 
y +6y+o. a ay 5 

, 15y 2y+6 0 

’ 3p” p> — 16 p(p — 4) 
6p + 24 6p a 


19 


20 


x +x-6 5x- 10 (x — 2) 
21. : 
5x x+3 ‘i 
2 
+4z,-5 5 
22,° ae 
25z-25 z+5 
> 23 x°+2x+1 2x*-2x.,, 
: 9x3 2x7 -2 
a a’ +6a* 3a — 12 3 
“ @-16 3a+18°*4 
- Ctt=6 £=9 page 
“ff - 649 £4 FONTS 
s-5s+6 s?’-6s-16,_, 
26. = — ise 
s° — 10s + 16 gs” + 2s 


Multiply, and then simplify, if possible. See Example 3. 
2x7-x-3 x*+x-2 
2 ae) 1 
x1 2x° +x — 6 
Op = Sp = 8 Dp a Sp = 3 oo o5 
p’-9 2p? +5p+2°?*? 


27. 


28. 
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37 —t-2 4°-9 |, 
62 —5t—-6 2+ 5t+3'°! 
9x7 + 3x -—20 3x7-S5x+2 ,._, 
3x2 — Txt 4 9x2 + 18x 45% 1! 
x’ + 4dxy + 4y* 3x - 6y 4 

2x? + 4xy ay? a 
way wey) 

xy x? + Qxy + y? % OY) 
3a” + Tab + 2b” a’ —ab ,_, 

a’ + 2ab 3a*> +ab “ 
a’ + 3ab + 2b? a? — 4ab 


> 34. . i 
a —3ab — 4b* ab* + 2b° ” 


29. 


30. 


31. 


32. 


33. 


Multiply, and then simplify, if possible. See Example 4. 


x+1 
35. 15x( 15x Jon 


c=] 
36. 20( =") i=7 
yt+8 
by 
3x + 


(2 
o( 


37. ) 2y + 16 or 2(y + 8) 


1 
8 
1 


> 38. ) 125% ++ 32 or 4(3x +8) 


4x 
a 
a 4 
39. (6a — a’)- # 
( ) 2a? — 12a + 6a — 360 2" +3) 
6 
n 6 
40. (10n — n7)- a 
( ) n’ — 10n? — 2n?+20n "2 


. x Ponto: gee 1)°(x + 2) 


41. (x* + x — 2cx — 2c) 


dc? — x2 x ++ Ze 
P42. (2ax — 10x + a -5)-—— 
° ax Xx ra * a 
Wx +x 


Find each power. See Example 5. 
2 
43 x —3 x? = he +9 
"Ay 44) + 8 + 16 


2 2 
> 44 (# “4 4t4 + 468 + 7 


t-—1 r=2e) 


2) _ 2 
2m m 3 4m* — 4m? — 11m? + 6m +9 
45. 5 pln 
6 ae | iliac 


4 2 
46. k* + 3k k? + GK + Ok? 
NG Spe py eH Be tae aoe 


Divide, and then simplify, if possible. See Objective 3. 


6 36. 17 34, 
i 55% ng a8 
49 2 24, ss 34 5 
5 45 * roa 
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Divide, and then simplify, if possible. See Example 6. 


22x* | 33x” ays 


27 y’ 3x6 p> 52 i be 803 
- par . pq? ; . se . at i: 
50 1510p” 12 144 ° 


Divide, and then simplify, if possible. See Example 7. 


x . x it 
55. P-— 8) x2 — Oy V+ Aw+4 
56 x . xt x6 
Os Ae Se OS 
7 x’ — 16 _ Sx +20 ae - 4 
x>-25 10x?- 50x **° 
2 2 
a-—9 9a + 27a 3 
58. : a 
> a _ 49 3a ae 21 3a(a — 7) 
3n? + 5n —2 n+3n+2 ae 
59. 2 : 2 ; eo | 
12n° -—13n+3 4n°+5n-6 
8y?— 14y—-15  4y?-9y -9 
> 60. a y as y 1 
6y°—-1ly-10 3y°—-7y-6 
Sed +d? 125e7 + d? ae 
61. : 
6d2 6c + 6d d(25c? — 5cd + d?) 
Pa 6m — 8n . 27m? — 64n? 2(m + n) 
m om? Om + 9n m3(9m? + 12mn + 16n?) 


Divide, and then simplify, if possible. See Example 8. 


3 
aoe yy + 3) 
63. y+2 . (y 3) ie oe 
x72. 73 1 
64. x zi (x 4) x(x + 2) 
2 
2. 1 
65. (x +1) +— = far 
2 
y 8y+16 | 
> 66. (y + 4) = i ort 


Perform each operation and simplify, if possible. See Example 9. 


6a*—7a-3  4a*-12a+9 2a -a-3 ,,, 
67. 2 ; 2 2 a= 
a“ —-1 a—1 3a" — 2a-1 
x>—-x-12 xv -—6xt+8 x7 -3x4+2 
68. —5 "9 “2 
Xe te Xe 2. x” —3x—-10 x° — 2x -15 
2x*—2x-4 3x7+15x 4x7-100 3. 
69. 2 - ; 2 2 
x7 +2x—8 x+1 x7 —x — 20 
— 4a? -10a+6 3-2a a-3 ‘ 
, a’ — 3a° 2a2 2a — 2 


I TRY IT YOURSELF 


Perform the operations and simplify. 


71 a oe oD 7-9 (x — 3)(x — 6) 
"4-7 xP —8x412 & tVETS) 
3: 
oe XFL a 
72. a pa 
> 4 2 2 
- ae ea a Se 
; 7-4 ie ETN 
x7 +2x-—35 x? + 4x - 21 (x + 7° — 5) 
74. 3 ° 2 2x4 
12x” x” — 3x i 
P-G  F+pq_, 
75. 2_ 2 3 2 2p 
P-q p+paqt pq 
— r-4 x +444 
“2b-—bx 2b+ bx 
9 LOr's: B9? aa 
* 6rs? 2rs 2° 
- 3a°b Sed? 
" 25ed* 6ab 1 
h-3 
79. 10(h = 10h + 30 or —10(h — 3) 
+4 
> 80. r(r— 25) — 35 r+ 4rorr(r + 4) 
a 2x? + Sxy + 3y ; 2x? + xy — 3y? Per 
. 3x? — 5Sxy + 2y" , 3x? — Sxy + 2y* aie 
os 2p* — Spq — 3q° _ 2p” + Spq + 2q° » — 
p? —9¢" 2p? Be Spq — 3q° p+ 2q 
x? +5xt+3 1 
83. (4x? — 9) + : oe 
ey xt+2 2x-3%*! 
2x — 6 —3 
84. (4x + 12) + ~S 7 2 +3) 
x 2 
x? — 3x? — 25x + 75 2x? + 6x7 + 18x 2x(x — 5) 
85. . 
x°— 27 x7+10x+25 **? 
xt+3xtxy+3y 3-x x+y 
86. 29 “43 Petd 


[I APPLICATIONS 


p> 87. PHYSICS EXPERIMENTS The following table 
contains data from a physics experiment. Complete 
the table. 


Trial Rate (m/sec) Time (sec) Distance (m) 


k? + 3k, +2 k? — 3k, 

1 =o reaeea ky(ky + 2) 
le? ak Gli, eS) 

2 Sere ko +6 | ko? + 11k + 30 
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88. GEOMETRY Find a simplified rational expression p> 92. A student obtained an answer of xa after 
that TEE teeeus re volume of the rectangular solid performing 2 -2 oar 3. As a check, he graphed 
e+ 3 x e 
shown here. (yt Y3 = Y; — Yo, where 
- (2) -() 
. x? 49)  \x+7 
ee , %, == 
x X A +8 xT 7 
aes w+de+4 The graph is shown. Explain what conclusion can be 
* : Sj ft drawn from the graph and the table. 
I WRITING 


89. Explain how to multiply two rational expressions. 
90. Write some comments to the student who wrote the 
following solution, explaining the error. 


Pen x-2_ F4+DE-Do 
rE I REVIEW 
=0 


Complete the rules for exponents. Assume that there are no 


91. The graph of Y3 = Y; — Y2, where divisions by 0. 
Yy 2x? — 5x —3 2x7 +5x-3 93. x'""x" = Fae 94, (x’")" = x”™ 
1 3 Ae n 
x = 9 QXxe eK a 2 x ie 
ss (oy= Boe. (2) = B 
ted (xy) y . 
i 
ee 97. x°=f 98.07 = & 
is shown. Explain how the graph and table can be - ae 
used to verify that 99, *_ = P= 100. (2) - ( Dy ) 
2 2 x” y x 
2x" — 5x -—3 2x°+5x-3 2x-1 Poo x 
2-9 Iwt5et2 xt+2 101. =a = _ 102, x! = x 
x 


SECTION 


= ' Objectives 
Adding and Subtracting Rational Expressions FI eid ine cunirece esioncl 
expressions with like 
. . denominators. 
The methods used to add and subtract rational expressions are based on the rules i2 | ROMER Tenet cea 


for adding and subtracting arithmetic fractions. In this section, we will add and Brecon inniee 
subtract rational expressions with like and unlike denominators. denominators. 

3 | Find the least common 

| denominator. 
RB Add and subtract rational expressions with like denominators. IZ¥ Perform mixed operations. 


To add or subtract fractions with a common denominator, we add or subtract their 
numerators and write the sum or difference over the common denominator. For 
example, 


Self Check 1 


Perform the operations: 
«tt, 1 ae 
22t = 22r Lit 
a 4 a+? 
a—-2a a-2a 2 


Now Try Problems 17 and 23 


b. 


Teaching Example 1 Perform the 
operations: 
5 9 a i 


7 et 7x “+a ata 


2 =i 
a i = 
x a 
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2.2 0s e.52° 2 
a a; 7 7 4 
ue 1 
a me 


We use the same procedure to add and subtract rational expressions with like 
denominators. 


Adding and Subtracting Rational Expressions That Have the Same 
Denominator 


To add (or subtract) rational expressions that have same denominator, add (or 
subtract) their numerators and write the sum (or difference) over the common 
denominator. Then, if possible, factor and simplify. 


If H and = are rational expressions, 


AB ATE 
DPD DD” D 


4 
Perform the operations: a. + b. 
p 3x 3x a-1 a-il 
Strategy In part a, we will add the numerators and write the sum over the 
common denominator. In part b, we will subtract the numerators and write the 
difference over the common denominator. Then, if possible, we will factor and 
simplify. 


WHY These are the rules for adding and subtracting rational expressions that 
have the same denominator. 


Solution 
4 a 4+ 7. Addthe numerators. Write the sum over the common 
co ae oa denominator, 3x. 
11 
=a The result does not simplify. 
3x 
b a a a= a Subtract the numerators. Write the difference 


= 4 2 
w@-1 a1 @-1 over the common denominator, a — 1. 


We note that the polynomials in the numerator and the denominator of the 
result factor. 
a(a — 1) 
(a + 1)(a—- 1) 
1 
a(a=T) 


= ——_— _ Simplify. 


(a+ Na=1) 


a 
a+1 a 


6.3 Adding and Subtracting Rational Expressions 


Using Your CALCULATOR Checking Algebra 

We can check the subtraction in Example 1b by replacing each a with x and 
graphing the rational functions f(x) = 32°47 — 7. Shown in figure (a), and 
g(x) = ; 4-7. Shown in figure (b), and observing that the graphs are the same. 


Note that —1 and 1 are not in the domain of the first function and that —1 is 
not in the domain of the second function. 


(a) (b) 


Figure (c) shows the display when the G-T mode is used to check the 


. ‘ : _ Jl: x — _* 
simplification. Here, Y; = Y; — Y2, where Yy = oq - po qand Y2 = ;44.- 


9 Add and subtract rational expressions with unlike 
denominators. 


Recall that writing a fraction as an equivalent fraction with a larger denominator is 
called building the fraction. For example, to write : as an equivalent fraction with a 


denominator of 35, we multiply it by 1 in the form of q When a number is multiplied 
by 1, its value does not change. 

ea ge 
O. 9 e. 35 

To add and subtract rational expressions with different denominators, we write 
them as equivalent expressions having a common denominator. To do so, we build 
rational expressions. 


Building Rational Expressions 


To build a rational expression, multiply it by 1 in the form of £, where c is any 
nonzero number or expression. 


The following steps summarize how to add or subtract rational expressions with 
different denominators. 


Adding and Subtracting Rational Expressions with Unlike 
Denominators 


Find the LCD. 

Write each rational expression as an equivalent expression with the LCD 
as the denominator. To do so, build each rational expression using a form 
of 1 that involves any factor(s) needed to obtain the LCD. 


Add or subtract the numerators and write the sum or difference over the 
LCD. 


Simplify the resulting rational expression, if possible. 


Self Check 2 


_ 3, 7 5b+7a 
Add: ra - 


Now Try Problem 25 


Teaching Example 2 Add: + 


Q |\o 


Answer: 
9b + 3a 
ab 


Self Check 3 


Subtract: 28 


gS a3 
Now Try Problems 29 and 31 


Self Check 3 Answer 
2a(a + 12) 


“(a + 3)(a — 3) 


Teaching Example 3 Subtract: 
8x ax 
CES. ag bl 


Answer: 
6x? + 2x 2x(3x + 1) 


2 
b 


(x +3\e+D” & +341) 
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Add: —+-— 
x sy 
Strategy The LCD for the rational expressions is xy. We will multiply each one 
by the appropriate form of 1 to build it into an equivalent rational expression 


with a denominator of xy. 


WHY Since the denominators are different, we cannot add these rational 
expressions in their present form. 


Solution 
3. 4 3 Y | 4 xX Build the rational expressions so that each has a 
xy x y " y x denominator of xy. 
_ 3y . 4x Multiply the numerators. 
= xy xy Multiply the denominators. 
_ 3y + 4x Add the numerators. Write the sum over the common 
oxy denominator, xy. 
4x 1% 
Subtract: 


PS ae 


Strategy The LCD for the rational expressions is (x + 2)(x — 2). We will 
multiply each one by the appropriate form of 1 to build it into an equivalent 
rational expression with a denominator of (x + 2)(x — 2). 


WHY Since the denominators are different, we cannot subtract these rational 
expressions in their present form. 


Solution 
4x _ 7x 
KZ .*-— 2 
4x x-2 Tx %x+2 ra eee ee eer ; 
: : uild each rational expression. 
452 @=4 2-2 e429 P 
Multiply the numerators. 
ty? Be Ix + 14x Multiply the sabiuiiababasion 
= Leave the denominator in factored form. 
(e+ 2)~x—-—2) (+ 2)(x — 2) Subtract the numerators. Write the 
difference over the common denominator. 
This numerator is written within 
parentheses to make sure that we 
(4x? _ 8x) _ (7x2 + 14x) subtract both of its terms. 
7 (x + 2)(x — 2) 


To subtract the polynomials in the 
numerator, add the first and the 


Ax? — 8x — 7x? — 14x 


(x + 2)(x — 2) opposite of the second. 
—3x" — 22x 
= Ge =2) Combine like terms in the numerator. 


If the common factor of — x is factored out of the terms in the numerator, this 
result can be written in two other equivalent forms. 
—3x? — 22x —x(3x + 22) x(3x + 22) 
(x + 2)(x—2) (x +2)(x-2) (x + 2)(x - 2) 


The result does not simplify. 


We can use the following fact to add or subtract rational expressions whose 


denominators are opposites. 
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Multiplying by —1 


When a polynomial is multiplied by —1, the result is its opposite. 


| EXAMPLE 4 | \ Self Check 4 
x y 


Add: 


+ 2a b 2a—b 
seal — x ; + 
yy Add Taio ime eae 


Now Try Problem 33 


Strategy Since the denominators are opposites, either one can serve as the 


LCD. If we choose x — y, we can multiply —~— by =} to build it into an 


Ve, 
equivalent rational expression with the denominator x — y. Teaching Example 4 Add: 
a yi 
WHY When y — x is multiplied by —1, the subtraction is reversed, and the result r<7 9-8 
isx — y. Answer: 
1 
Solution 
x ‘ y x yo —1 Build oS so that it has a denominator 
X-y yrx x-y y-x -1 ofx-y. 
x —y Multiply the numerators. 
= y -ytx Multiply the denominators. 
x -y Write the second denominator, —y + x, 


as x — y. The rational expressions now 


eae no 
y y have a common denominator. 

af 2 Add the numerators. Write the result 

x—-y over the common denominator, x — y. 
=1 Simplify. ie 

| EXAMPLE 5 | \ Self Check 5 
Subtract: 3 : 5 6 
. = =lly-t 3 
x— 15 Subtract: 6 sd = 


6-y 6-y 
. . eae 3 

Strategy We will begin by writing 3 as ;. Now Try Problem 37 
WHY Then we can multiply ; by the appropriate form of 1 to build it into an 
Teaching Example 5 Subtract: 


equivalent rational expression with a denominator of x — 15. 4 
Solution 7 aes 
nswer: 
ee z 3= é 9a + 23 
x=-15 1 x15 are 
3 x-15 7 Build ; to a rational expression with a 
1 x¥-—15 x-—15 = denominator of x — 15. 
=e : Distribute the multip! by 3 
istribute the multiplication hs 
x-15 x-15 P 
3x —45 —7 Subtract the numerators. Write the 
= —_._ difference over the common denominator, 
x — 15 
x= 16; 
_ 3x — 32 Combine like terms in the numerator. The 
ye result does not simplify. ral 


IER Find the least common denominator. 


When adding or subtracting rational expressions with unlike denominators, it is easiest 
if we write the rational expressions in terms of the smallest common denominator 
possible, called the least (or lowest) common denominator (LCD). To find the least 
common denominator of several rational expressions, we follow these steps. 
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Finding the LCD 


1. Factor each denominator completely. 


2. The LCD isa product that uses each different factor obtained in step 1 the 
greatest number of times it appears in any one factorization. 


SEIRCDECG | EXAMPLE 6 [nn 


Find the LCD of: 5a 1la 1 3—x 
5x 1 a. —— and 5 b. and — 
a. and —— 24b 18b x* — 12x + 36 x” — 6x 
a 21z 
a-1 3-@ Strategy We begin by factoring completely the denominator of each rational 
P25 and e+ Ia +10 expression. 
Now Try Problems 41 and 45 WHY Since the LCD must contain the factors of each denominator, we need to 
Self Check 6 Answers write each denominator in factored form. 
a. 8427 b. (a — 5)(a + 5)(a + 2) ‘ 
Solution 
Teaching Example 6 Find the LCD of: a. We write each denominator as the product of prime numbers and variables. 
13x diy 
© 58 oh 24b =2-+2-2-3+b=23-3-b 
i = si 18b° =2-3+3-b-b=2-3-B 
x7 — 49° x? — 14x + 49 
Answers: To find the LCD, we form a product using each of these factors the greatest 
a. 75y? b. (x + 7)(x — 7) number of times it appears in any one factorization. 


The greatest number of times the factor 2 appears is three times. 
[7 greatest number of times the factor 3 appears is twice. 
ee greatest number of times the factor b appears is 
| eae 


LCD =2-2-2-3- . b- b = 72b* 

b. We factor each denominator completely: 
x* — 12x + 36 = (x — 6)(x — 6) = (x — 6)” 
x? — 6x = x(x — 6) 


To find the LCD, we form a product using the highest power of each of the 
factors: 


The greatest number of times the factor x appears is once. 
The greatest number of times the factor x — 6 appears is twice. 


LCD = x(x—6)” o 


Success Tip Note that the highest power of each factor is used to form the 
LCD: 


24b = 2°-3+b 
16h? = 253" sh 


LCD = 2?-3?-b? = 


Self Check 7 


5x 1 15x + 42? 
Add: + = 
2822 21z ~~ 84z3 


Now Try Problems 49 and 51 


Strategy In Example 6, we saw that the LCD of these rational expressions is 
72b*. We will multiply each one by the appropriate form of 1 to build it into an 
equivalent rational expression with a denominator of 72b”. 


6.3 Adding and Subtracting Rational Expressions 


WHY Since the denominators are different, we cannot add these rational 
expressions in their present form. 


Solution 
Sa, lla 5a 3b _ lla 4 Build the rational expressions so that each 
24b | 1852 24b 3b. 18b2 4 has. denominator of 7267. 
_ Sab 44a Multiply the numerators. 
~ 7p a 2p Multiply the denominators. 
1Sab 444g Add the sili Write the sum over the 
= —_,— common denominator. The result does not 
72b simplify. 
EXAMPLE 8 - 4 
Subtract: —= 5 
x= Wee 1 XS 1 


Strategy We will factor each denominator, find the LCD, and build the rational 
expressions so each one has the LCD as its denominator. 


WHY Since the denominators are different, we cannot subtract these rational 
expressions in their present form. 


Solution 
We factor each denominator to find the LCD: 
The greatest number of times x — 1 


appears is twice. 
The greatest number of times x + 1 


x — 2x 4 1) 


1l=(« 
?-1=(x4 


1)(x 
1)@ — 1) 


)=(C 


appears is once. 
The LCD is (x — 1)?(x + 1) or (x — 1)(x — 1)(x + 1). 
We now write each rational expression with its denominator in factored 


form. Then we multiply each numerator and denominator by the missing factor, 
so that each rational expression has a denominator of (x — 1)(x — 1)(x + 1). 


x 4 
w—ae+1 x7-1 

x 4 Write each denominator 
_ (x-1)(x-1) («+ 1)(*-1) in factored form. 

x x+1 4 x —1 > Build each rational 
~(@-Da@-1l xt1) &FDQ—1) x—1_ expression. 

Multiply the 

xr+x 4x — 4 numerators. 

(x -D@-DeH1 (-—1e-—D&e+1) Multiply the 


denominators. 


Subtract the 
numerators. Write the 
difference over the 
common denominator. 


7 (x? + x) — (4x — 4) 
(x — 1)(x — 1)(x + 1) 


In the numerator, 
subtract the 
trinomials. 


x+x—-4x4+4 
~ (x — 1)(x - 1)(x +1) 
x? -3x+4 


~ (x - D(x - 1) 4 


Combine like terms. The 
1) result does not simplify. 


Teaching Example 7 Add: 
Ta a 
75b° 30° 
Answer: 
14ab + 5a 
150b3 


Self Check 8 


a+2 a—3 
Subtract: — a 
a—-4a+4 a-4 
Now Try Problem 57 
Self Check 8 Answer 
9a — 2 


(@ = 2)(@ = 2)la + 2) 


Teaching Example 8 Subtract: 


4 ¥ 
“yxy -6 x7-9 
Es cae | c= 3 
b. 2 yi 
BO See as 
Answers: 
—x? + 2x + 12 
as 
(4 + Z)e= 3) + 2) 
i‘ = a 
“(x + 2)(x + 3)(x — 2) 
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Self Check 9 


Perform the operations: 


Sa Z ; 


2 


e=2 @=5 
Now Try Problem 63 


at+5 


Self Check 9 Answer 
pes 
(a + 5)(a — 5) 

Teaching Example 9 Perform the 
operations: 

3a 1 at+2 
a—6a+5 a@—-1 a—4a 
Answer: 

4a” + 3a + 3 


(4 = S)\(a — 1\e + 1) 


Success Tip To build each rational expression, we use the FOIL method to 
multiply the numerators. Note that we do not multiply out the denominators. 
For example, to build the second rational expression, we have: 


@+D@>R A 


2-— 5x +4 
The result is: & ae Te = ie ==) 


IZ¥ Perform mixed operations. 


2x 1 x+1 
x -4 x? -3x42 x 4+x-2 


Perform the operations: 


Strategy We will factor each denominator, find the LCD, and build the rational 
expressions so each one has the LCD as its denominator. 


WHY Since the denominators are different, we cannot add or subtract these 
rational expressions in their present form. 


Solution 
We factor each denominator to find the LCD and note that the greatest number 
of times each factor appears is once. 


x? — 4 = (x — 2)(x + 2) 
x? -—3x+2=(x-2)(x-1)) LCD=(x- 2)(x + 2)(x - 1) 
x? +x —2 = (x — 1)(x + 2) 


We then write each rational expression as an equivalent rational expression 
with the LCD as its denominator and do the subtraction and addition. 


2x 1 x+1 
x-4 x?-3x4+2 vr+x-2 
2x 1 x+1 Factor the 
(x —2)(e +2) (w-2)(x-1)° (w@-1)(x + 2) denominators. 
2x x-1 1 ra 2. x1 x—-2 
~@—-2Daet+2 x-1 @&-Dae-D xvt+2' &-DE+2 x-2 


2x(x — 1) — 1(x + 2) + (0 + 1)(x — 2) Write the sum and difference over 
~ (x + 2)(x — 2)(x — 1) the common denominator. 
2x7 —2x —x —-2+x*7-x-2 
(x + 2)(x — 2)(x — 1) 
3x? — 4x — 4 


= Combine like terms. 


(x + 2)(x — 2)(x — 1) 


(3x + (x2 


= Factor the trinomial and simplify. 
+2 -1 
(x + 2)e=2)(x — 1) 
_ 3x +2 
(x + 2)(x — 1) 


Caution! Always write the result in simplest form by removing any factors 


common to the numerator and denominator. 


6.3 Adding and Subtracting Rational Expressions 


ANSWERS TO SELF CHECKS 
15 +2 5b +7 2a(a + 12) 2a —b lly + 36 3 
laggy be 2. 3. -G@aae-yp *% Gb 6. a. 84z 
15x + 422 9a — 2 45 
b. (a- S)(at+5)(a+2) 7. “ga 8. GonG@=a@FD @+5)\@—5) 


6.3. STUDY SET 


I VOCABULARY 


Fill in the blanks. 


. . + 
1. The rational expressions a and "=, | have a common 


denominator of 6n. 


2. The least common denominator _of 7 and © = XX ig 
x(x + 6). 


3. To _build_a rational expression, we multiply it by a 


form of 1. For example, = : 8 = 35. 


p> 4. The polynomials x — y and y — x are _opposites_ 
because their terms are the same but opposite in sign. 


| CONCEPTS 
Fill in the blanks. 


5. To add or subtract rational expressions that have the 
same denominator, add or subtract the ®umerators | 


and write the sum or difference over the common 
denominator , 


op A B * P 
In symbols, if 5 and F are rational expressions, 


A ,B_AtB A B \A=B 
D DOD 


D’D. D and 


6. When a number is multiplied by 
change. 


|_,its value does not 


7. To find the least common denominator of several 
rational expressions, factor_ each denominator 
completely. The LCD is a product that uses each 
different factor the _gceatest_ number of times it 
appears in any one factorization. 


x7 +3x x-1 x? + 3x — (Bee) 
x-1 x-1 x-1 


9. Consider the following two procedures. 


x Oe x(x x 

VP +dr-12 (+ O\e=2) x +6 
x x x-2 x? — 2x 

x+6 xt+6 x-2 (x+6\(x-2) 

a. In which of these procedures are we building a 
rational expression? ii 


b. For what type of problem is procedure ii often 
necessary? adding or subtracting rational expressions 


P Selected exercises available online at 
www.webassign.net/brookscole 


c. What name is used to describe 
procedure i? simplifying a rational expression 


10. The LCD for +++, and =z is 


x7 + 5x +6 
LCD = (x + 2)(x + 3)(x — 2) 


If we want to subtract these rational expressions, what 
form of 1 should be used: 


. 2x el x-2 
a. to build eee ee ay 


: 3x x43 
b. to build 274? 


11. Consider the following factorizations. 


2°3°3+(x- 2) 
3(x — 2)(x + 1) 
a. What is the greatest number of times the factor 
3 appears in any one factorization? twice 


b. What is the greatest number of times the factor 
x — 2 appears in any one factorization? once 


> 12. The factorizations of the denominators of two 


rational expressions follow. Find the LCD. 
2:3:+a-a-a 18a 
293° 38a" 4 


13. Factor each denominator completely. 


a 2°2°2+3*H°X 


* 40x? 
x + 25 
\. Oe be De = 3} 
n+ 3n-4 
ae (n + 8)(n — 8) 
p> 14. By what must y — 4 be multiplied to obtain 
4—y? -1 
J NOTATION 
Complete each solution. 
6x—1 ,3x—-2_ 6x—1+ Bie 
“3xy-1 0 3x-1  3x-1 
ox - EB 
~ 3x —1 
3( Seal ) 
~ 3x —1 
=6 
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8 1 8 4 1 3 The denominators of several fractions are given. Find the LCD. 
p18: 3v. Ay? 3B EE Ay “3 See Example 6. 
32v 3 41. 12xy, 18x7y 36xy 
12? ae bm 42. 15ab?, 27a°b 1350°b? 
_ ae Ss 43. x? + 3x, x7 — 9 x(x + 3)(x — 3) 
Re 44. 3y’ — 6y, 3y(y — 4) 3y(y — 2)0 - 4) 
§ GUIDED PRACTICE A5. x° + 27,x7 + 6x +9 (x + 3)%(x? — 3x + 9) 


p> 46. x? — 8x7 — 4x + 4 (x — 2)°(x? + 2x + 4) 


Add or subtract, and then simplify, if possible. See Example 1. 


47, 2x7 + 5x + 3,4x7 + 12x + 9,47 +2n4+1 
724258 3, 42 (2x + 3)°(x + 1)’ 
x ey 
am tae Sy a8. 2x2 + 5x + 3,4x2 + 12x + 9,4x + 6 2(2r + 3)%(x 4 
t aa 16x Me, ee 
19. —+—+# 20. — --5 3 
4r4r 3z Sy ai Perform the operations and simplify the result when possible. 
5 Ay 16 x 3x x+4 See Example 7. 
1. >" 4 22. + 2, 
y-4 y-4 2x+2 2x+2 11 S. & 5 Tb ay 
ag, — -— 50. ——-— # 
- 3x 9 er 9x 9 ‘ 5m 6m °"" 9s 4s 9S 
eae a a oo os ee 2 feat ogy 2. tees 
da Dark, OP Se ey 


Add or subtract, and then simplify, if possible. See Example 2. 


1S | 2 15q +2 Perform the operations and simplify the result when possible. 


26 2 4 19 2b + 19a 


25 Pp = Pq "a bt Oo See Example 8. 
7 11 949 - 295 5 7 20m = 21n 1 2 1 
aS 2 53. F 
27. 2b 3a 6ab p> 28. 3n 4m 12mn x+3 xr + dy + 3 *T! 
4 1 1 
Add or subtract, and then simplify, if possible. See Example 3. 34. y + 8y +12 yt+6%*? 
3 °) 8x — 2 m 4 
i fe 2 ae j= 5 
29 x+2 x-—4 (x + 2) — 4) 55. m + 9m + 20 m +7m+12 (m + 3)(m + 5) 
6 2 t 2 
30. 4a + 10 3 
Pe td at 3 OED es t6 PTD OED 
31. 6x 4x ye = Baby 57 x i x Dy + x 
x+3 x —3 & t+ 3)e - 3) * go ok Bye ae "x2 — 4 © FDO DE-D) 
t 8 2p 2a 3 
32. 1 i + 6f + 16 D2 bs abe 
if? f=20tare PB an 8 asad dg @~ Met DG=D 
e+ 2 x—3 ? 
Add or subtract, and then simplify, if possible. See Example 4. 59. 6x42 5x — 35 heh 
5x 4x 8x 10x 
Si a apes OO a at ee oe _— 
. i . . 4x —24 5x — 30 Me) 
35. 9m 2 9m + 2 36. 3s n 1 38-1 
m-nh n-~m"™" S-xX xo § Fe Perform the operations and simplify the result when possible. 
See Example 9. 
Add or subtract, and then simplify, if possible. See Example 5. ey 3 as 
61. + 3 
37 441 4-7 38.2 — i Oe 1 x 1 xt+1 x 1 
. g= 2 2-2 ° x+1%*7! 
> 62 4 2a a 3a ‘ 
> 39. x + 4x 1x? + #8 40. x — 3x ay = (5x “a 4 a 4 a 4 
; ee: ea Oe Bie ee 
8 2 © 4:2 + 14x + 54 -2(27 - 1x - 27) 
63. + = : 


2-9 x -3) x MEF DEH-3D Or ya + 3)x — 3) 


ae x mZ 2 =x +547 = 8 
4 x+2 x *@ + 2) - 2) 
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ee ox eT 2x 12 4 Ie -3 Perform the operations and simplify the result when possible. Be 
Oy —=1° Ox 42 6x2 + x2 — 2x CF - DCx + 2) careful to apply the correct method, because these problems 
2 3 Pe | involve addition, subtraction, multiplication, and division of 
> 66. 7=5 ot a8 24 aa L y rational expressions. 
= ee 
6 b+3 
1 1 2 . 3 
> 67. _ = 5 0 al BP—9 2b4+4 @+9C-3) 
x+y xy yo-Xx ‘ ‘ 
7 | b | 2H ” “ 3a" — 22a + 7 ; 8a“ — 8a iam 8(3a — 1) 
68. } } mor 2 +4 — 56 a+8 a+8 
a—b a+b pe— gett? a a a a 
4a 2 
87. +a2—2 
[| TRY IT YOURSELF G5 — 
Perform the operations and simplify the result when possible. 88 10z zy ote 
St7: £=3 “4 os 
69. 14s + 58 
Pr eee oe - 2at+1 a-4 3a = 3 Ma = 1) 
= _ 3a — 2% 3a —2 
> 70 t+5 ¢t-5 at 34-2, 2—3a" ” 
“4-5 £45 €- DES) 26 4 2. % 1 
90. 4 4 (x? + 9)(x — 3) 
LP RY oe x*- 81 x - 81 . 
71. ae 
- 2 a. * 91 etx +l’ , 
. = . = x1 
72. 4 +b aD a+ a or 204+ 2) weer OEY 
oe 7 2 2 es ied ee Sle ee 
Jee : 2 £ 
3x7 +3x 3x? —3x +12 | etagts (+t) 
73. 2. 2 ga 3 m 2 
x 5x + 6 x 5x + 6 93 m—3 
om —7 eae. ; m+5m +6 m + 3m +2 + 3m + 
> 74. 4 | 4 me +3 1 1 2 
Ss Ue Se 94. + + ——— 25 
a’ +ab b? ‘ m+1m-1 »wW-1 
75. =k Peer 27p* 9p i 
95. = Se 
y? —3xy x? + 4xy ‘ 35q21q © 
ae =p ae ee o¢, 22 . 10t is 
oe: ” 255° © 155? °° 
77. 2x +34 aa 
xt1 *7! 97 6 3 b= 3a 
1 * 5d? — 5d 5d —5 a@-D 
| n x 
18: ee Le eo ss as 9 5 —- 
4 x 5 “Oy? = 2 2r —-2 7 D 
79. =x? + Dig bs 5 2 2 
x2 — 2x — 3 3x2 — Ix —6 (3x + 2)@ + 1) — 3) St 4s~ — 12st + 9t 2s — 3t 
99. -5 2" 3,2 i(2s + 31) 
x+3 3x - 1 ied 4s" — 9t st 
00 Poe +2 we —x—-2Q GED 25x° — 40xy + 16y" xy" nua 
100. 2.4 ° 2 2 xGx Fas 
31. — 2 #3 4 xy 25x" — loy 
“x41 x-1° y2-177! 
a Tn _ 3m 3m? —n 
“m-n n-m pm-Imn+r 
Tmn — Tn? — 6m? + 3mn +n 
im — ny 
83. 8 i 16y? + 3 84. 5 + 7 oa +20 


oy 6y4 T8y4 6a. kat 
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J APPLICATIONS. } 104. Add the rational expressions by expressing them in 
101. DRAFTING Among the tools used in drafting are nai of a common denominator 245°. (Note: This 
the 45°-45°_90° and the 30°-60°-90° triangles anger EE) 
shown. Find the perimeter of each triangle. Express FS 
each result as a single rational expression. ‘~~; ° 4b? 6b 
An extra step had to be performed because the 
lowest common denominator was not used. What 
P 30° was the step? 
10 ‘ 105. Write some comments to the student who wrote the 
10 3 N following solution, explaining his misunderstanding. 
- : 
1 3Q1-:2 3-4 
° Multiply: — + — = : 
oy (45 oN 0" ultiply: 2 No Ax 
2\3% 
For a 45°-45°—90° triangle, these For a 30°-60°-90° triangle, this side _ a j Sy 
two sides are the same length. is half as long as the hypotenuse. 
6x 
> 102. THE AMAZON The Amazon River flows in an 4 2x 


easterly direction to the Atlantic Ocean. In Brazil, 
when the river is at low stage, the rate of flow is 
about 5 mph. Suppose that a river guide can canoe 
in still water at a rate of r mph. 


» 106. Write some comments to the student who wrote the 
following solution, pointing out where she made an 
error. 


a. Complete the table to find rational expressions xt+t1I1l-xtf 
that represent the time it would take the guide to 
canoe 3 miles downriver and to canoe 3 miles a. 


upriver on the Amazon. 5 


1 
Subtract: 
x 


x 
| — REVIEW 
; 3 
Downriver r+5 r+5 3 Solve each equation. 
: 3 
Upriver | Ps r—5 3 107. a(a — 6) = —9 arepeated solution of 3 
1 
b. Find the difference in the times for the trips 108. x7 — pics +1) =01, -4 


upriver and downriver. Express the result as a 7 P 
single rational expression. 3)-—5 hr 109. y+ y” = 0 arepeated solution of 0, —1 


Pm 110. 5x7 = 6 — 13x 2,-3 


I WRITING a 
103. Explain how to find the least common denominator 
of a set of rational expressions. 


Simplifying Complex Fractions 


A rational expression whose numerator and/or denominator contain rational 

expressions is called a complex rational expression or, more simply, a complex fraction. 

The expression above the main fraction bar of a complex fraction is the numerator, 

and the expression below the main fraction bar is the denominator. Two examples are: 
3a 1 1 


= Numerator =o 


y 


—— + Main fraction bar + 
6ac « Denominator _, — — a 


a xy 


6.4 Simplifying Complex Fractions 


In this section, we will discuss two methods for simplifying complex fractions. To 


simplify a complex fraction means to write it in the form 4, where A and B are 
polynomials that have no common factors. 


EB Simplify complex fractions using division. 


One method for simplifying complex fractions uses the fact that the main fraction 
bar indicates division. 


Simplifying Complex Fractions 


Method 1: Using Division 
1. Add or subtract in the numerator and/or denominator so that the 
numerator is a single fraction and the denominator is a single fraction. 


Perform the indicated division by multiplying the numerator of the 
complex fraction by the reciprocal of the denominator. 


Simplify the result, if possible. 


| EXAMPLE 1 | 3a 


Use Method 1 to simplify: 


ac 

bP 
Strategy We will perform the division indicated by the main fraction bar using 
the procedure for dividing rational expressions from Section 6.2. 


WHY We can skip the first step of Method 1 and immediately divide because the 
numerator and the denominator of the complex fraction are already single 
fractions. 


Solution 

3a 

b 3a , 6ac The main fraction bar of the complex fraction indicates 

6ac b | pe division. 

b2 
_ 3a ob To divide rational expressions, multiply the first by the 
~ b 6ac reciprocal of the second. 
_ 3a: b? Multiply the numerators. 
~~ b+ 6ac Multiply the denominators. 


1 
Bra-B-b Factor the numerator and denominator. Then simplify by 
B+2+B-a-+c  ‘emoving common factors of the numerator and denominator. 


b Multiply the remaining factors in the numerator. 
2c Multiply the remaining factors in the denominator. | 


Success Tip Method 1 works well when a complex fraction is written, or can 


be easily written, as a quotient of two single rational expressions. 


Self Check 1 


Use Method 1 to simplify: 
a 


8y° Sx 
21x? 6y* 
20y 


Now Try Problem 11 


Teaching Example 1 Use Method 1 to 


ix 
simplify: a = 
& 
y’ 
Answer: 
ae 
Sz 
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4 Simplify complex fractions using the LCD. 


A second method for simplifying complex fractions uses the concepts of LCD and 
multiplication by a form of 1. The multiplication by 1 produces a simpler, equivalent 
expression, which will not contain fractions in its numerator or denominator. 


Simplifying Complex Fractions 


Method 2: Multiplying by the LCD 


1. Find the LCD of all fractions within the complex fraction. 
Multiply the complex fraction by 1 in the form ep 


Perform the operations in the numerator and denominator. No fractional 
expressions should remain within the complex fraction. 


Simplify the result, if possible. 


Self Check 2 


Use Method 2 to simplify: ‘*. 
fs Use Method 2 to simplify: aaa 
sy 5x = 
= b 
21x° 6y" 
20y Strategy We will use Method 2 to rework Example 1. We can eliminate the 
Now Try Problem 11 fractions in the numerator and denominator of the complex fraction by multiplying 
. . . be 
= it by 1, written in the form 55. 
Teaching Example 2 Use Method 2 to 2 : 
. si WHY We use - because b” is the LCD of 3 and eae 
simplify: = Solution 
= 3a 3a 
bb PB 
ia fa ee BP Multiply the complex fraction by a form of t. =1. 
5z Po BP 
3ab” 
: 3a , 12 
7 b Multiply the numerators: +" - b’. 
6acb” Multiply the denominators: - Bw. 
b? 
_ 3ab Simplify the numerator of the complex fraction (highlighted in blue). 
~ 6ac Simplify the denominator of the complex fraction highlighted in red. 
_ +b Simplify the resulting rational expression. This is the same result 
4 that was obtained using Method 1. | 


Success Tip When simplifying a complex fraction, the same result will be 
obtained regardless of the method used. 


Self Check 3 


3 
mee Simplify 
3+2m Pp. oY aa & 


mt+2 m +2m 


Simplify: 


Strategy We will simplify the complex fraction using both Method 1 and 


Now Try Probl 17 
low Try Problem Method 2. 


WHY We want to show that the result is the same using either method. 
Solution 
Method 1 
We add in the numerator of the complex fraction to make it a single rational 
expression. 
2 2, Bae 
5 J < ‘ 5 2*S 5,5 
x _ x 1x Write 5 as 7 and x + 3.as —,—. Build | to have the 
x+3 x+3 LCD x (highlighted in blue). 
1 
2 Sx 
— + — 
— Multiply ° and * highlighted in bl 
= ultiply 7 and < highlighted in blue. 
x+3 PY' iit 
1 
2+ 5x 
_ x Add é and os to get z 7 ©* The numerator is now 
x+3 a single rational expression. 
1 
2+5x _x+3 Write the division indicated by the main fraction bar 
- x ba i using a + symbol. 
eee, Multiply by the reciprocal of < + 
= : ulti e reciprocal o ‘ 
x x+3 me P L 
_ 2-4 Sx Multiply the numerators and multiply the 
“x2 By denominators. 
Method 2 
The LCD of all rational expressions in the complex fraction is x. 
2 2. 
5 5 
= = ad Multiply th lex fraction by 1 in the form * 
= = ulti e complex fraction in the form ©. 
x+3 gS 7 P ? . 
2 
= ab De 
_ \% Multiply the numerators. 
— (x + 3)x Multiply the denominators. 
2 = 
—"x+5°x In the numerator, distribute the multiplication by x. 
x 
xe x+3-x In the denominator, distribute the multiplication by x. 
_ 2 3x Perform each of the four multiplications by x. Notice that no 
— x? + 3x fractional expression remains within the complex fraction. 


Using Your CALCULATOR Checking Algebra 


A check of the simplification done in Example 3 can be performed using a 
scientific calculator. If 


—+5 
x _ 2 Sk 


x+3 43x 


the expressions on each side will have identical values when evaluated for a 
given value of x (say, x = 4).To evaluate the expression on the left side, we 
enter these numbers and press these keys. 


6.4 


Simplifying Complex Fractions 


Teaching Example 3 Simplify: 


+3 
x 

a x 
Answer: 
4+ 3x 
xe) 
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Self Check 4 


28 
3 ; i dp = 25 
Simplify: 73 14 = 
eo - 


Now Try Problem 21 


Teaching Example 4 Simplify: 


2. 5 
#y 
3. 8 
xy 
Answer: 
2y — 5x 
3y + 8x 


(2 (=) 4[+]5 DIE] (G4 ]3 DIE 0-78571424b 


To evaluate the expression on the right side, we enter these numbers and press 
these keys. 


(2 (+) 5 [<x] 4D] [1 (4 be?) [] 3 [x] 4D] [=] [0- 785714286 


The results are the same, so it appears that the simplification is correct. We say 
“appears” because checking for only a single value of x is not definitive. The 
expressions should yield identical values when evaluated for any value of x for 
which the fractions are defined. 


We can also check the simplification in Example 3 by graphing the functions 
2 


x 


ug shown in figure (a) and g(x) = 3 a: - 


f(x) = 


observing that the graphs are the same. Each graph has window settings of 
[—10, 10] for x and [—10, 10] for y. 


shown in figure (b) and 


¥ a 


2.4 
—_ + aay 
x 

Simplify: = ri 
x y 


Strategy We will simplify the complex fraction using both Method 1 and 
Method 2. 


WHY We want to show that using either method, the result is the same. 


Solution 
Method 1 


To write the numerator and denominator of the complex fraction as single 
fractions, we add the rational expressions in the numerator and subtract the 
rational expressions in the denominator. 


2,3 2 Fo 3 ee The LCD for the numerator is xy. Build each rational 
. . « 
xy xy yx expression so that each has a denominator of xy. 
3 4. 3 y 4x The LCD for the denominator is xy. Build each 
. : + rational expression so that each has a 
nd 4 : denominator of xy. 
2y 3x 
_ xy xy Multiply the numerators. 
~ 38y Ax Multiply the denominators. 
xy xy 
2y + 3x 
x Add the rational expressions in the numerator 
= — aa and subtract the rational expressions in the 
3y — 4x denominator. 


6.4 Simplifying Complex Fractions 


2y + 3x : 3y — 4x Write the division indicated by the main fraction 


xy xy bar using a + symbol. 
2y + 3x x = 
= Z : z Multiply by the reciprocal of Al 
xy 3y — 4x 
11 
(2y + 3x)+x-y Multiply the rational expressions and simplify the 
xy: (3y = 4x) result. 
i, “SA. 
_ ay + 3x 
~ 3y — 4x 
Method 2 
The LCD of the fractions appearing in the complex fraction is xy. We multiply 
the complex fraction by 1 in the form of LEE. 
2 3 2 3 
he ae xy 
x bi 
3 - a = 3 = i : xy Multiply the complex fraction by a form of 1: - 
x y x sy 
2.3), 
_ \*¥ ~~ y Multiply the numerators. 
— 3 4 Multiply the denominators. 
a 
Ls 
2 3 ey ‘Ttiasait 
“xy t y “xy < In the numerator, distribute the multiplication by xy. 
x 
~<a 4 ae ey 
“xy 9 ‘xy <«—In the denominator, distribute the multiplication by xy. 
x 
eames Perf h of the fi Itipl b 
= t tiplicati 
ay = Ag erform each of the four multiplications by xy. x 


If negative exponents occur, we write an equivalent expression involving 
positive exponents and simplify using Method 1 or Method 2. 


| EXAMPLE 5 | gis ) Self Check 5 


Simplify: —; =a Ree. x+y? 
Simplify: ying 
r We will use the rule for exponents a” = + to wri h term of th 
Strategy We ot e ru : expo tsa zm to write each term of the Now Try Problem 29 
numerator and denominator without negative exponents. Self Check 5 Answer 
: . : f gre x ey 
WHY We can then simplify the resulting complex fraction. => or 
xy’ —x*y = xy(y — x) 
Solution ee ener eT 
We write the complex fraction without using negative exponents and use Method Dis Ni " re ne 
2 to simplify. <24at 
1 1 Answer: 
2 2. 
od yt fe + Use the rule for negative exponents to write axy" + 3x'y 
a_i = a7. ee y, x ?, and y? using positive y? 4 5x? 
x 7Y iit exponents. See the Caution! box. 
xy v 


Self Check 6 


b 2 


Simplify: b 


b? + 7b +12 


Now Try Problem 33 
Self Check 6 Answer 
b> +5b+8 

b 


Teaching Example 6 Simplify: 
4 
x? + 9x + 14 
5 2 
Met ES 
Answer: 
4 


3x = 4 


+ 
b+4 b+3 


Rational Expressions and Equations 


1 1 
ea ae 2.2 The LCD of all rational expressions in the 
x y xy ne f 
= —————_* complex fraction is xy. Multiply the 
1 1 #y ‘stig ee 
a complex fraction by (cp: 
2 2 
x y 
1 1 
- x yy Multiply the numerators. 
— 1 1 58 Multiply the denominators. 
2 oye 
x y 
1 1 In the numerator, distribute the 
=. yy? + =. xy? = pian 
x y multiplication by xy, 
1 ag 1 4.4 _ Inthe denominator, distribute the 
ie i g "ey * multiplication by xy’ 
x y P vey 
- xy” + yx? Perform each of the four multiplications 
a yx by x*y’. 
1 
xy Xx 
= Factor the numerator and denominator. 
(v4 X)(y — x) 
xy Simplify the rational expression by removing 
= the factor y + x that is common to the 
5 numerator and denominator. 


Caution! Recall that a factor can be moved from the numerator to the 


denominator if the sign of its exponent is changed. However, in this case, x, 


oer x 7, and ie are terms. Thus, 


a —3a+2 
3 _ 2 
a-2 a-1 


Simplify: 


Strategy We will factor a* —3a+2 and determine the LCD for all the 
fractions appearing in the complex fraction. Then we will use Method 2 to 
simplify. 

WHY Method 2 works well when the complex fraction has sums and/or 
differences in the numerator or denominator. 


Solution 
To find the LCD for all the fractions appearing in the complex fraction, we must 
factor a” — 3a + 2. 


1 1 
a—3a+2 _ (a—2)(a—1) 
3 2 3 2, 
a-2 a-I1 a-2 a-1 


Factor the trinomial a” — 3a + 2. 


The LCD of the fractions in the numerator and denominator of the complex 
fraction is (a — 2)(a — 1). We multiply the numerator and the denominator by 
the LCD. 
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1 
_ (a-—2)(a—1) (a-2)(a-1) 
3 _ 2; (a—2)(a—1) 
a-2 a-1 
a le 20e—D 
—________ |(q—2)(a— 
_ L(a—2)(a - 1) Multiply the numerators. 
= 3 2 Multiply the denominators. 
( = J(a-2(a-1 
a-2 a-1 
(a oa 2)(a a 1) Perform the multiplication in the 
_ (@ = 2Q@ = i) numerator. 
_ 3(a—2)(a-—1) 2a—2)(a—1) _ |n the denominator, distribute the LCD, 
Pee Pe (a= 2)(a— 1). 
1 Simplify each of the three rational 
_ 3(a = 1) = 2(a = 2) expressions highlighted in blue. 
1 In the denominator, use the distributive 
3a—-3-2a+4 property. 
1 
= In the denominator, combine like terms. 
at+1 


ANSWERS TO SELF CHECKS 
5x 5x 3+ 2m 5t — 2s yp tx x+y? b2 + 5b +8 
1. by! 2. by! 3. a2 4.7573, 5. ay OF vy — ) 6. b 


STUDY SET 


J VOCABULARY jp 4. Determine the LCD of the rational expressions 

Fill in the blanks. appearing in each complex fraction. 
a Sa? 4 6 1 

1. >— and — are examples of lex _rational a we | Dn. 

ae ; ples of complex _fational_ c », 2 mM 
y'x 2a3 os a see 
expressions, or more simply, ©o™plex_ fractions. C we 4 
p> 2. To simplify a complex fraction means to express it in c 4m? 

the form 4, where A and B are polynomials with no 7) a 12 Hae 3 
common factors. 7 p+2 pt+3 x+1 
a : p-1 + 2 

I CONCEPTS , : eee ae 

3. To simplify the following complex fraction, it is (p + 2)(p + 3) x(x + 1) 


multiplied by what form of 1? 5 
e 


4b 4.6 
Pt Pp t @ 
a) a 


3b 3b 


> 


t t 


P Selected exercises available online at 
www.webassign.net/brookscole 
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I NOTATION 


Complete each solution to simplify the rational expression. 


[| GUIDED PRACTICE 


Simplify each complex fraction. See Examples 1 and 2. 


Sm a 30" 
6 — Sm 25m 2 as fe 
ro => a ea 3 Use Method 1 9. 3a. “3. 10. b° 2p 
3 4 a 
_ im’ 8B 20x st! 
5:fg-m-B * 36x ° an ae 
2-3°5-5+m y 18x 
me 18x° 32m 
ap 13 35y" 2Ty' 14 45n'° 4n 
2 1 2 21 * Qy8 3x ae 
b b 
“ =* | Use Method 2 21y° a 
a. 3 5 3 @ 10 
= a int b 16c 8m 
T1d* 20 2a Tmn? 
15. 16. ae. 
(2 - i) - Be? aera" 32m. 2 
_\a_6 55d° 63n° 
Ga 
=p ab 
a b Simplify each complex fraction. See Example 3. 
2 1 
— Ba -—° we 35 3s 
_ a b a 255 t 5 — St 
5 3 17. —3 «#—3a 18. -5t =o 
«lab + => ab a : 
iy : 4 3 
2b- a 4p —— 3s — — 
= P p-i1 Ss -4 
Sb + 3a 19. 4 1 > 20. 3 sel 
; 12 == 6+— 
> 7. a. Fillin the blank: The expression = is equivalent to 
d 
a ra a Simplify each complex fraction. See Example 4. 
b. What is the numerator and what is the denominator 
y x y_ x 
of the following complex fraction? rer moar 
1. ye a aay 
. =x > 22. yx 
5 1 1 1 1 
Oke k —+-— = 
- 6—k-3:k2-9 - 2 ye 
ts tia 11 
8. A student checks her answers with those in the back of a b 1 ab , 
her textbook. Determine whether they are equivalent. = a pb 2s pee a b4-?® 
boa boa 
Student’s answer Book’s answer Equivalent? ea 
3 + 2 2t + 3 S fe £ >-- 
ee tt + 2) = a5, 2% 2+4 26, X__» 3-4 
ga ae 3225 “2. 1 eet "15 RES 
x + x? x2 +x yes alle = ee 
3xy(y + x) 3xy? + 3x?y @ a y x 
Qy = xQy + 3x) | Gy + Ry — 3) a 3 4 1 
se el = ed 
27 b b b=1 28 . ct+9 
? a i 7 6 a 42 * ee 3 7 10 @= 5 
b b Cc Cc 


Simplify each complex fraction. See Example 5. 


31. 


x2 y? 
xy 
yt 
xy 

=2 

a-—b 
2: 

b-a 
ab? — a2 a*(ab? — 1) 


> 30. 


32. 


x 
y 


x t+ x" 


=e yt 


+ 


yrs 


m | +2n 


= 
m Hh 
1 + 2mn 
1— mn 


Simplify each complex fraction. See Example 6. 


37. 


39. 


41. 


43. 


45. 


47. 


49. 


3 2 h 
+ ———— 
f=-3 @=2 2. i - R+3h+2 4 
5z 7 “4 __4 a 
27 -—5z+6 h+2 h+1 
2 1 1 
7 2+ 
GS. We 3 yew ae ee ee 
3 3 36. 1 Dc ae 
1+ 
x -9 x-1 
J TRY IT YOURSELF 
Simplify each complex fraction. 
i= ae | 
ee. er 
1-2 1-z 
y y 
x 4+5x+6 Key 
3xy Qx +4 AY. 1 
9— x? _- aa . 
6xy x 
6. 68 2 
Le oe Lae a 
x x g4:9 42 HX 8-32 42 
1 1. 12. 2°32 "6 1 oe 
nS se es —+-— 
Xx x2 x2 Xx 
ac—ad-ct+d 2x — tx + 2y — ty 
al er x? + xy + y? 
C-2%td+d ° 4 Pa 
gS et Pa Pet 
at+atl 15x + 15y 
+1 2+ = 
a _ = = 
3 ea p> 46 ; = 
+1 — 
a-1 y-7 
6a°b 
Sab” 44 
F 125b PAB ae te 
25 
1 1 
a=-44-— ar 1 as 
a a GB@+e@t+i 
“ sia ne 7 1s 
—--~-at4 =a Pad 


a 


51. 


53. 


61. 


63. 
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atl at3 wi 52 t-2 P+t-6y45 
2a 2a 7 4 4t-—8 
a +4a+3 t+3 
1 -1 
2 x + 
= -1 — p> 54. _ = 
xy (x+y) 
13,2 3 7.2 
xr xy oy” y- 2% 56 gM Fes 
ee ee ‘2 Se 
es ye 9 Post sg 
Sxy 5x?y? 3a 3a? 
xy+1 a rl 
14+— at 
xy a 
22 i__4 
y-l1_y 1 x x—-1 4-4 
3 nr ee a 
EA ee) ae + — 
y-1 1-y Gr ~~ 
t 7 
2 2 
x7 Yy 1 a—b T(a2 + ab + b?) 
_— > 62, ——— ; 
x+y a— b 
4 
a ae 
cd 4 én x wey 
e-! w got Pre: 2x? + y 
y 


I APPLICATIONS 


> 65. 


> 66. 


ENGINEERING The stiffness & of the shaft shown 
is given by the formula 


i 
Tit 
ki ky 


k= Section 2 


Section 1 
i js 
where k, and k, are the individual stiffnesses of each 


section. Simplify the complex fraction. Paar 


TRANSPORTATION If a bus travels a distance d, 
at a speed sj, and then travels a distance d at a speed 
52, the average (mean) speed s is given by the formula 


= d, als dy 
5 = —— 
d, , dp 
Sy 52 
Simplify the complex fraction. a 
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> 67. KITCHEN UTENSILS What is the ratio of the 71. Evaluate each expression for x = 2. 
width of the grip of the ice tongs to the width of the 4 
opening of the handles? Express the result in simplest 3 +x acs 
form. “4—+ x 
4 ae ee 
Grip Handles 2 ™ x 
ae | \ Pe: Determine whether the result verifies that 
d d 4, 
a _ xrt4 
: x 7D x+2 
p> 68. DATA ANALYSIS Use the data in the table to find 3 a - 


the average measurement for the three-trial 


experiment. Express the answer as a simplified 72. To check a simplification to verify that 


rational expression. ik 


a4 
abe 
3 _ r+4 
je x 2 x +2’ 
Measurement k = £ 5 + : 


a student graphed each expression’s associated 
i function. What conclusion can be made about the 
69. What is a complex fraction? simplification from the graphs? 


> 70. Which of the two methods for simplifying a complex 
fraction do you think is simpler? Explain. 


Solve each equation. 
8(a — 5) 3 7t t+ 6, 
73. = 4) 8 74. +—= 22 
ame Bow 510 #5 2 
75. a‘ — 13a? + 36=0 p76. |2x - 1| =9 
2, =2,3,=3 5,-4 


Dividing Polynomials 


We have discussed addition, subtraction, and multiplication of polynomials. We will 
now discuss how to divide polynomials. This topic appears in a chapter about 
rational expressions because rational expressions indicate division of polynomials. 
For example, 


et) ae 


+7) + (e+ 
Perr (x° — 3x + 7) + (x + 1) 
We begin with the simplest case, dividing a monomial by a monomial. 


[EB Divide a monomial by a monomial. 


To divide monomials, we can use the method for simplifying fractions or the 
quotient rule for exponents. 


| EXAMPLE 1 | 21x° ; 10r°s 


Simplify: a. i 
py 7x7 6rs° 


Write answers using positive exponents. 


Strategy First, we will simplify the rational expression by factoring and 
removing any factors that are common to the numerator and the denominator. 
Then we will simplify the rational expression using the rules for exponents. 


WHY We want to show that the result is the same using either method. 


Solution 
By simplifying fractions Using the rules for exponents 
é 1 a 4 1x5 Divide the coefficients. 
7 21x _ BAX XXX >= 3x°-2 Keep the common base x 
Tx? AsX°X 7X and subtract exponents. 
111 
= 3x° 
= 3x3 
6 i 1 i 6 Simplify = Keep each 
10r’s  2+Severererereres 10rS 3-225 44 S 
b. 6rs3 = 7 Vngenis brs 3 r base and subtract 
1 11 exponents. 
S55 
357 
3 Move s~* to the 
_ ar denominator and 
352 change the sign of the 
exponent. |_| 


Success Tip In this section, you will see that regardless of the number of 


terms involved, every polynomial division is a series of monomial divisions. 


E49 Divide a polynomial by a monomial. 


Recall that to add two fractions with the same denominator, we add their 
numerators and keep the common denominator. 


d od d 


a,b _atb 


We can use this rule in reverse to divide polynomials by monomials. 


Dividing a Polynomial by a Monomial 


To divide a polynomial by a monomial, divide each term of the polynomial by 
the monomial. 


Let A, B, and D represent monomials, where D is not 0, 


A+B_A.,B 
D oD D 


12a*b* — 18a7b* + 2a’ 
6a°b* 


Ox? + 6x 
3x 


Divide: 


Strategy We will divide each term of the polynomial in the numerator by the 
monomial in the denominator. 
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Self Check 1 
Simplify: 
30y* 


8c7d° at 
” 32¢°d? 4c° 
Now Try Problems 15 and 17 


Teaching Example 1 Simplify: 


3a°b* 52x4y 
" 2a*b * 13xy 
Answers: 

3b7 ‘ 
" b. 4x° 
a or ie 
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Self Check 2 


Divide: 
50h? + 15h? 
, 5h? 
225°? — stt? + 44st 
b. oo 
11s*t 
Now Try Problems 21 and 25 
Self Check 2 Answers 
, we 4 
a. DOR 3. Dy 25" = eek = 
MM ot 
Teaching Example 2 Divide: 
—3x? + 6x 
12x 
‘ 16x7y? — 8x?y? + 20x 
. 4x?y3 
Answers: 
ft b 4x ae 5 
a xT le t 
4 2 » ” xy 


WHY A fraction bar indicates division of the numerator by the denominator. 


Solution 
a. Here, we have a binomial divided by a monomial. 


9x7 + 6x 9x7 6x Divide each term of the numerator, 9x* + Gx, 


3xti(sé‘«‘C . 3x by the denominator, 3x. 
= 3x71 42x17! Perform each monomial division. Divide the 
coefficients. 
Keep each base and subtract the exponents. 
=3x+2 Recall that x° = 1. 


Check: We multiply the divisor, 3x, and the quotient, 3x + 2. The result 
should be the dividend, 9x” + 6x. 


3x(3x + 2) = 9x? + 6x The answer checks. 


The Language of Algebra ‘The names of the parts of a division statement are 


Dividend 
+ 
9x? + 6 
ea ax +2 
3x 
t t 
Divisor Quotient 


b. Here we have a trinomial divided by a monomial. 


Divide each term of 
the numerator by the 
denominator, Ga*b’. 


12a*b? — 18a°b* + 2a* = 12a*b? ~~ 18a” i 2a? 
6a7b* 6a7b* 6a7b* ~~ 6ab” 


2-2 Perform each 
= 2q* 2p?-2 — 3q3-2p2-2 + — monomial division. 
35° simplify: 2 = 4. 


= 2a°*b — 3a 4 


Since the variables in a polynomial must have whole-number exponents, 


2a°b — 3a + 2 is not a polynomial because the last term can be written as 
1)-2 
3b ~. 


The answer 
checks. 


1 
Check: 6u°b°( 2a — 3a + =) = 12a*b? — 18a°b* + 2a” 


Success Tip The sum, difference, and product of two polynomials are always 


polynomials. However, as seen in Example 2b, the quotient of two polynomials 
is not always a polynomial. 


IE Divide a polynomial by a polynomial. 


To divide a polynomial by a polynomial (other than a monomial), we use a method 
similar to long division in arithmetic. To use long division to divide x7 + 7x + 12 


(the dividend) by x + 4 (the divisor), we proceed as follows: 


xX 


Step 1 ae 7x +12 Divide the first term of the dividend by the first term of the 


2 
divisor: . = x. Write the result, x, above the long division symbol. 
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x Multiply each term of the divisor by x. Write the result, 
Step2 x+ 4)x2 + 7x +12 x + 4x, under x + 7x, and draw a line. Be sure to align the 
2 like terms. 
x” + 4x 
Xx Subtract x* + 4x from x° + 7x. Work column by column: 
Se et eee * ~e Sea ee 
—(x? + 4x) | 


3x + 12 Bring down the next term, 12. 


x+ 3 Divide the first term of 3x + 12 by the first term of the 


Step 4 +4)x2 + 7x + 12 divisor: > = 3. Write + 3 above the long division symbol to 
~(x? + 4x) form the second term of the quotient. 


Gx) + 12 


x+ 3 Multiply each term of the divisor by 3. Write the result, 
Step5 x+4 x2 + Ix + 12 3x + 12, under 3x + 12 and draw a line. Be sure to align the 


( oan 4 ) like terms. 
=(X xX 
3x + 12 
3x + 12 
0 


x+ 3 Subtract 3x + 12 from 3x + 12. Work vertically: 
Step 6 x + 4)x2 + 7x + 12 3x — 3x = Oandi2 — 12 = O. 


—(x* + 4x + 4x) 
3x4 12 
—(3x + 12) 


0 This is the remainder. 


Step 7 The division process stops when the result of the subtraction is a constant or a 
polynomial with degree less than the degree of the divisor. Here, the quotient is x + 3 
and the remainder is 0. 

We can check the answer using the fact that for any division: 


Divisor + quotient + remainder = dividend 


Divisor + quotient + remainder = dividend 
re— ey eee 
Check: (x + 4)(x + 3) + 0 = x*+7x +12 The answer checks. 


Success Tip The long division method aligns like terms vertically. 


oy + 

x +4)x2+ 7x +12 
—(x? + 4x) 

ox + 12 

-@q+ 2 A 


x-terms —! 
| 
constants 
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Self Check 3 | EXAMPLE 3 | ) 
2a° + 13a” + lla — 6 


3 7 = Divide: 
Divide: Ax? + 11x" + 2x — 3 Ivide 2a +3 
4x + 3 . Ow tk soe . 
Now Try Problems 27 and 33 Strategy We will use the long division method. The dividend is 
Seif Clieck 3 Answer 2a + 13a° + 11a — 6 and the divisor is 2a + 3. 
x? +2x-1 


WHY Since the divisor has more than one term, we must use the long division 


Teaching Example 3 Divide: method to divide the polynomials. 


2x? + 9x? + 5x — 6 


sii Divide the first term of the dividend by the first 
Answer: = 


e 
st Bee + sa) + 13a2+1la—6  termofthe divisor: = a’. Write the result, a* 


above the long division symbol. 


Solution 


, fe Multiply each term in the divisor by a’ to get 


2a + 3)2a3 + 13a2 + lla —6 2a” a Ba’. Subtract 2a” a 3a" from 2a” i 13a" 


3 7 and bring down the tla. 
—(2a° + 3a‘) | 
10a” + 11a 
a+ 5a Divide the first term of 10a” + 11a by the first 


2a) + 3)2a3 + 13a2 + lla — 6 term of the divisor: ‘gx = 5a. Write + 5a above 
=(26° ie 3a’) the long division symbol to form the second term 


of the quotient. 


a+ Sa Multiply each term in the divisor by 5a to get 
2a + 3)2a2 + Baz + lla 6 104 + 1a. Subtract 10a° + 15a from 10a° + tla 
and bring down the —6. 


—(2a° + 3a’) 
10a” + 11a 
—(10a? + 15a) 


—4da-6 


a+ 5a-2 Divide the first term of —4a — 6G by the first 
2a) + 3)2a3 + 13a2 + 1la — 6 term of the divisor: Se = —2. Write —2 above 


=a" + 3a’) the long division symbol to form the third term 
of the quotient. 


10a” + lla 
—(10a* + 15a) 


C4) — 6 


| ae mae ESTES Multiply each term in the divisor by —2 to get 


—4a — 6. Subtract —4a — 6 from —4a — Gto 


2a + 3)2a3 + 13a? + lla — 6 
2a* + 3a’ oe 
10a” + 1la 
—(10a* + 15a) 
—4da—-6 
—(—4a — 6) 


0 This is the remainder. Vv 


6.5 Dividing Polynomials 


Since the remainder is 0, the quotient is a* + 5a — 2. We can check the 
quotient by verifying that 


Divisor + quotient + remainder = dividend 
SSS 
Check: (2a +3)(a’ +5a—2) 4 0 =2a°+13a7+11la—6 The quotient 


checks. 


Success Tip The long division process is a series of four steps that are 


repeated: divide, multiply, subtract, and bring down. 


The long division method used in algebra can have a remainder just as long 
division in arithmetic does. 


| EXAMPLE 4 | ee a ) Self Check 4 


Divide: 2a° + 3a” — a — 85 
x-2 Divide: 3 
a 
Strategy We will use the long division method. The dividend is Nowy Problema? 
3x° + 2x° — 3x — 28 and the divisor is x — 2. Sabtick A hacer 
WHY Since the divisor has more than one term, we must use the long division 2a? + 9a + 26 + — 30 
aes 


method to divide the polynomials. 7 
; 2a* + 9a + 26 — —— 
Solution a-3 


3x7 + 8x + 13 : i 
Teaching Example 4 Divide: 


o> 2)6x3) + 2x2 — 3x —28 The first division: Bat = 3x; By? = 11x? — 22y +35 
-(Gx= 6x?) | adest 
@x?)- 3x The second division: ot = 8x. 3 ; 25 
a = Ose 
—(8x? — 16x) a=3 
(3X) — 28 The third division: ™* = 13. 
—(13x — 26) 


=2 Subtract: —26& — (—26) = —2. The remainder is —2. 


This division gives a quotient of 3x7 + 8x + 13 and a remainder of —2. It is 
common to form a fraction with the remainder as the numerator and the divisor 
as the denominator and to write the result as 


—2 ) 
3x? + 8x +13 + or 3x* + 8x + 13 — 
Dae x—- 2 
To check, we verify that 
~2 
Gc 2)(3x7 + & + 13 4 2.) =30 + 2x? — 3x — 28. a 


Success Tip The long division method for polynomials continues until the 
degree of the remainder is less than the degree of the divisor. Here, the 


remainder, —2, has degree 0. The divisor, x — 2, has degree 1. Therefore, the 
division process ends. 


The division method works best when the terms of the divisor and the dividend 
are written in descending powers of the variable. If the powers in the dividend or 
divisor are not in descending order, we use the commutative property of addition to 
write them that way. 
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Self Check 5 
Divide: 
2 + 3a)—4a + 15a? + 1803 — 4 
Now Try Problems 39 and 43 


Self Check 5 Answer 
6a7 +a-—2 


Teaching Example 5 eee 


(—9x + 8x? + 10x? — 9) + + 2x) 
Answer: 
4x? —-x -3 


Self Check 6 
Divide 125a* — 1 by Sa — 1 


Now Try Problem 47 
Self Check 6 Answer 
25a" + 5at1 


Teaching Example 6 Divide 8x* + 1 by 
Doe Ae, 

Answer: 

Ag? = D+ 1 


| EXAMPLE 5 | Divide: (—10x + 12x? + x* — 3) + (1 + 3x) 
Strategy We will write the dividend and divisor in descending powers of x and 


use the long division method. 


WHY It is easier to align like terms in columns when the powers of the variable 
in the dividend and divisor are written in descending order. 


Solution 
After writing the terms of the dividend and divisor in descending powers of x, we 
proceed as follows. 

4x7 - x -3 


Gx) 1Yi2x3)4 x? — 10x — 3 The first division: Be = 4,", 


—(12x* + 4x7) 


C3x?)- 10x The second division: =p = -x, 
=-30 = 3) 
=—3 The third division: = = -3. 
—(=9x = 3) 
0 
Thus, 
—10x tie tea 3 Lae = . 
x 


IZJ Divide polynomials with missing terms. 


If a power of the variable is missing in the dividend, we will insert placeholder terms 
or leave space. This keeps like terms in the same column, which is necessary when 
performing the subtraction in vertical form. 


| EXAMPLE 6 | Divide 64x° + 1 by 4x + 1. 


Strategy The dividend, 64x° + 1, does not have an x*-term or an x-term. We will 
insert a 0x term and a Ox term as placeholders and use the long division method. 


WHY We insert placeholder terms so that like terms will be aligned in the same 
column when we subtract. 


Solution 
After inserting placeholder terms of Ox? and Ox in the dividend, we proceed as 
follows. 


16x* — 4x +1 

Gx) + 1%64x5)+ Ox? + 7 +1 The first division: B40 = 16x. 

—(64x3 + 16x? ) 
The second division: =e = —Ay, 
—(—16x* — pe 
G+ 1 The third divicion: * = 1. 
—(4x + 1) 
0 
Thus, 
SE ae aa 


4x +1 a 


| EXAMPLE 7 | -17x7 + 5x 4+x74+2 
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Self Check 7 


Divide: ivide: 
ye —14+ 4 Diss ; . 
2a + 3a +a’ —6+a 
Strategy We will write the terms of the divisor and the dividend in descending @e+1—2a 
powers of x. Then we will insert any needed placeholder terms and use the long Now Try Problem 51 
division method. Self Check 7 Answer 
WHY We write the terms of the divisor and the dividend in descending powers at+5at+l114 a — 
a a 


of x (and insert necessary placeholder terms) so that like terms will be aligned in 
the same column when we subtract. 


Teaching Example 7 Divide: 


— 7x2 4 x4 — 
Solution ee 
After writing the divisor and the dividend in descending powers of x and icc. eee 
inserting Ox* for the missing term in the dividend, we proceed as follows: =e 43 
x? +3x-24 : 
x? — 4x x? -3x+4 
()+ 4x — Wed+ Ox? — 17x? + 5x +2 The first division: *; =<, 
-(Qt +4 -_ x’) 


Ax® 
= —4x, 
ae e 


C4x9— 16x? + 5x 
—(—4x? — 16x* + 4x) 
x+2 


The second division: 


This is the remainder. 


The degree of the remainder, x + 2, is 1 and the degree of the divisor, 
x* + 4x — 1, is 2. Since the degree of the remainder is less than the divisor, the 
division process stops. Thus, 


“lie +Se+x74+2 5 x+2 
A Bex -4x +5 
x°—1+4 4x xo +4x-1 
= 7 
ANSWERS TO SELF CHECKS 
a6 b& 2a 10h+3 b+! Bx? 42-1 
7 


A. 2a” + 9a + 26 + 4 or 2a” + 9a + 26 


2 18a — 17 
7.0 + 3a oe 


723 ~«C«*S 6a7 +a-—2 6. 25a*+5a41 


a 


\ 


STUDY SET 


I VOCABULARY 


3. Fillin the names of the parts of the following division. 


Fillin the blanks. Divisor Z Quotient 
1. The expression i is amonomial divided by a | x— 2 
monomial_, The expression pe od ar? isa x — 6)x2 — 8x — 4 + Dividend 
_polynomial_ divided by a monomial. The expression —(x? — 6x) 
ee a is a trinomial divided by a binomial , —2x — 4 
p> 2. The powers of x in 2x* + 3x° + 4x? — 7x — 8 are =(=2¢ + 12) 


written in _descending order. —16 < Remainder 


® Selected exercises available online at 
www.webassign.net/brookscole 
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4. Since 5x? + 6 is missing an x-term, we insert a 
placeholder _(Qx term in a division and write the 
polynomial as 5x* + Ox + 6. 


| CONCEPTS 
Fill in the blanks. 


5. a. To divide a polynomial by a monomial, divide each 
_term_of the polynomial by the monomial. 


, Mee" ike, S 


9 9 9 
; 30x* + 12x = 24 30x” , 
; 6 i 
. Divisor + quotient 
7. Suppose that after dividing 2x* + 5x7 — 11x + 4 
by 2x — 1, you obtain x7 + 3x — 4. Show 
how multiplication can be used to check the 
result. (2x — 1)(x? + 3x — 4) = 2x7 + 5x7 - 11x +4 


8. Consider the first step of the division process for 


+ remainder = dividend 


2x7 — 1)4x4 + 0x3 + 0x2 + Ox — 1 


How many times does 2x” divide 4x*? 2x7 


I NOTATION 
Complete each solution. 
9. x+ 7 
x + 4)x2 + IIx + 28 
-(2 + 4x) 
Tx + 28 
(7x + 38) 
0 
10. 2x — 1 
3x + 4)6x2 + 5x —4 
—(6x? + ax) 
—3x —4 
—(=3x = 4) 
0 


11. Ifa polynomial is divided by 3a — 2 and the quotient 
is 3a” + 5 with a remainder of 6, how do we write the 
result? 
3a7 +5 + gy 


A polynomial is divided by 3a — 2. The quotient is 
3a’ + 5 with a remainder of —6. Write the answer to 
the division in two ways. 
3a° + 5-7 8,30 + 54 


> 12. 


—6 
oa = 2 


3a 
13. List three ways we can use symbols to write 

x? — x — 12 divided by x — 4. 

—— 4)x2 — x — 12, (x2 — x — 12) + (x —4) 


x-4 1% 


p> 14. Is the following statement true or false? Justify your 
answer. 


2x7 — 9 = 2x7 + Ox? + Ox 


9 True; Ox” = 0, 0x = 0 


[| GUIDED PRACTICE 


Simplify. Write answers using positive exponents. 
See Example 1. 


4x’y? . 25x4y7 a 
15. 50 58 16. or 7 
8x°y Sxy 
33a°b° 5 — 63a* 
Ada*b? 4 * 81a%p? 9° 


4x* + 6x, i ee 
9 2x” +b 3x 20. a = 9a 
2 11 
4 2.3 5 4 + 3 
ee a ae y 
i y 
54a°y* — 18a*y? day 
> 23. aay? 3 
12x7y? + x3y? 2 
24. 7 sd 2xy* 4 - 
xy 
24x°y? — 12x°y!* + 36xy ryt ey 3 
25. —Ag D3 gS 4xy? 
xy : 
9x4y3 + 18x7y — 27xy* S 2 ay 
26. 55 4-345 
=9Ox"y i 


Perform each division. See Objective 3 and Example 3. 


x7 + 5x +6 x? + 10x + 21 
27. ——————_x+2 p28. x+3 
x+3 x+7 
x? — 10x + 21 x7 —-5x +6 
29. x-3 30. —————— ,-2 
x—7 x= 3 
lex? -1ee-5,  . 4g Oh Hx, 

4x +1 ‘i . Weag  “e" 
_ 6x ox -@& 9,8, ~ 
. x —3 Xe T ae = 
16x? + 16x? -9x -5 
34. A = x= 1 
4x + 5 


Perform each division. See Example 4. 


P+ ee +13+9 od, ‘ 
: t+ 6 rey 
=" s+ 10s + 179412 5, 4 
: s+ 8 ree 
37 as eee oe 3+, 
: 3x — 2 : dies 
6x? + 11x? -9x- 20 , ud 
38. oe = 6 ae 


2x +3 
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Perform each division. See Example 5. 68. Divide 6m*? + 2m? + m + 4 by 2m? — 3. 
10m +7 
39. (2a + 1 a)+(at1)ati am +1453 
40. (a — 15 + 6a”) + (2a — 3) 3a +5 69. C= oe (v-4) 70. (8w* : ahs (2w + 1) 
a ty Aw — LW 
41. (6y — 4 + 10y’) + (Sy — 2) 2y +2 4+ = agt 4 52 
p 42. (—10x + x7 + 16) + (x -— 2) x-8 71. a ae a+) 
24 9x3 + 4x + 
43. an =e be x7 +2 2x* + 3x? + 3x? — 5x % 
2 + 3x 72. we) ; as ie 
2 ite 
3+ 5x + 6x" + 11x* _, oe ; as 5 
> 44. 74x41 40x°z° — 8x°z — 4z 22a°b* — 18a°b — 52a 
3 + 2x > 73 5 74. Gah 
4 2 XZ a 
gy, PEE ESTES pba Gt ety ad ete 5 Mab — 9a ~ 7 
: ia x + 3x +2 
4x7 = 12x" + 17x -— 12, , a Saree 
46. 7 3 =e. a ot 
x- ae +i +4 
x -2+ e+ e+ 1 
Perform each division. See Example 6. 76. Sal + - s 55a” a 1s 
at+at 
47. Divide 8a° + 1 by 2a + 1. 4a? — 2a + 1 ere 
P 48. Divide 27a° — 8 by 3a — 2. 9a + 6a + 4 77. Divide 11x? — 4x + 8x* 743 by3 + 4x? — x. 
49. Divide 15a? — 29a” + 16 by 3a — 4. Sa? — 3a -4 a? —x +1 
50. Divide 15c3 — 19c? + 4 by 5c + 2. 32 — Se +2 eee aye ee: 
eo = £40 5 
Perform each division. See Example 7. 79 ise POR 0 Bar ae + 9 
51. Divide 7x2 — x + x‘ + 5x3 — 12 by x2 — 3 + 2x. ie 4 er 
+3x+4 a i a 
b> 52. Divide x4 +2 + 4x2 + 3x + 2x by x? +244. Dt. x? + 3)x6 + 2x4 — 6x? 
xr+x+1 wx — 3 
53. 3x7 — 7x + 4)7x — 1 + 6x3 — 5x2 82. m — 2)mn* — 3m? + 10 
So ae ne sd eee! 2 
2 = 3 2 
om 1+ oem eh 


I TRY IT YOURSELF 


Perform each division. 


55. y — 2)—24y + 24 + Gy? 6y - 12 
> 56. a — 3)54—-2lat+a@a-—is 
4a? +a*-3a+7 , 7 
57. el Aa? = 3a 
3x7 — 2x7 +x -6 de 4 
58. oe te 2 
x-1 : 


59. (x° — x4 + 2x7 — 8) + (xX? — 2) tr 44 


60. (x° + 3x + 5x7 +64 x4) + (x7 43) PC HxH2 


Sa = 10a pe 4 24b’ — 32b? 5 


> 83. ADVERTISING Find the length of one of the longer 
sides of the rectangular-shaped billboard if its area is 
represented by x° — 4x* + x + 6. x7 —5x+6 


p> 84. MASONRY The trowel shown is in the shape of an 
isosceles triangle. Find the height if its area is 
2 represented by 6 + 18¢ + #7 + 30°. 6 +2 


61. , ; 
Se mm 16b° : 


63. Divide 2s* + 13s + Sby2s + 3.5+5+5-55 
64. Divide 4s* + 6s + 1 by 2s — 1. 25+4+4+5.55 
40m"? «> 34578? aa 


15,30 7n10 40,12 75" 
35mPn?? ™ 14s e 


67. Divide m* — 4m? + 2m — 1 by m? + 1. m 


65. 66. 
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> 85. WINTER TRAVEL Complete the following table, 88. Explain the error in the following long division. Use 
which lists the rate (mph), time traveled (hr), and the word degree in your answer. 
distance traveled (mi) by an Alaskan trail guide using 
: 9x A 
two different means of travel. xt 
3x +1 
3x + 1)3x2 + 10x + 3 
7 2 
Dog sled 12x* + 13x — 14 ~(Gx_+__x) 
9x + 3 


Snowshoes | 3x44 | er | 3x2 + 19x + 20 


> 86. PRICING Complete the table for two items sold at a 


produce store. 


Simplify each expression. 

89. 2(x? + 4x — 1) + 3(2x* — 2x + 2) 
8x7 + 2x +4 

p> 90. 3(2a* — 3a + 2) — 4(2a” + 4a — 7) 

—2a? — 25a + 34 

91. —2(3y* — 2y + 7) — (y? + 2y — 4) + 4(y? + 2y - 1) 
—2y*? — y? + 10y — 14 

92. 3(4y? + 3y — 2) + 2(3y? — y + 3) — 5(2y? — y* — 2) 
2y? + lly? + Jy + 10 


(3x? — 15) + (x +3) =3x-94+—2 


x +3" 


Synthetic Division 


We have discussed how to divide polynomials by polynomials using a long division 
process. We will now discuss a shortcut method, called synthetic division, that we can 
use to divide a polynomial by a binomial of the form x — k. 


iB Perform synthetic division. 


To see how synthetic division works, we consider the division of 4x? — 5x* — 11x + 20 
by x — 2. 


4x7 + 3x —5 4 3-5 

x — 2)4x3 — 5x2 — 1ix + 20 1-2)4-5-11 20 

— (4x3 — 8x2) -(4- 8) 

3x" = 1x 3-11 
—(3x2 -_6x) -3- 6) 

— 5x + 20 —-5 20 

—(— 5x + 10) -—(-5 10) 

10 (remainder) 10 (remainder) 


On the left is the long division, and on the right is the same division with the 
variables and their exponents removed and the coefficients of the quotient moved to 
the left. We can remember the various powers of x without actually writing them, 
because the exponents of the terms in the divisor, dividend, and quotient were 
written in descending order. 


We can further shorten the version on the right. The numbers printed in color 
need not be written, because they are duplicates of the numbers above them. If we 
remember to perform subtraction at the proper times, the minus symbols and the 
parentheses can also be dropped. Thus, we can write the division in the following 
form: 


4 3-5 
1-2)4-5-11 20 
8 
3 
- 6 
- 5 
10 
10 


We can shorten the process further by compressing the work vertically and 
eliminating the 1 (the coefficient of x in the divisor): 


4 3 -5 

—2)4 -5 -11 20 
-8 -6 10 
3-5 10 


If we write the 4 in the quotient on the bottom line, the bottom line gives the 
coefficients of the quotient and the remainder. If we eliminate the top line, the 
division appears as follows: 

-2| 4 -5S -11 20 

-8 -6 10 
4 3 -5 10 


The bottom line is obtained by subtracting the middle line from the top line. If 
we replace the —2 in the divisor by 2, the division process will reverse the signs of 
every entry in the middle line, and then the bottom line can be obtained by addition. 
This gives the final form of the synthetic division. 


2} 4 -5 -11 20 These are the coefficients of the dividend. 


8 6 -10 
4 3; => 10 These are the coefficients of the quotient and the remainder. 
| | | | 
2 10 
4x° + 3x — 54 5) Read the result from the bottom row. 
as 
Thus, 
3 2 
— $y? = 11x + 
4x 5x 11x + 20 iB eet Bea 10 
x= 2 x= 2 


The Language of Algebra Synthetic division is used to divide a polynomial 


by a binomial of the form x — k. We call k the synthetic divisor. In the above 
example, we are dividing by x — 2, so k is 2. 
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Self Check 1 


Use synthetic division to divide: 


5x° — 4x — 33 byx — 3 Sx +11 
Now Try Problem 15 


Teaching Example 1 Divide: 
(8x? — 11x — 39) + (x — 3) 
Answer: 
8x + 13 


Self Check 2 


Use synthetic division to divide: 


x + 3x = 62 
x—4 
Now Try Problems 21 and 25 


Self Check 2 Answer 
14 


x= 4 


x + 4x +194 


Teaching Example 2 Divide: 
xt-x? 41 

Pe 
Answer: 


Poe +e + 64 — 
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Divide: (6x? — 29x — 5) + (x — 5) 
Strategy We will use synthetic division to divide. 
WHY When a polynomial is divided by a binomial of the form x — k, synthetic 
division produces the quotient (and possible remainder) with less effort than long 
division. 
Solution 


We write the coefficients in the dividend and the 5 in the divisor in the following 
form: 


Since we are dividing the +5] 6 —29 —5 This represents the dividend Gx’ — 29x — 5. 
polynomial by x — 5, the 
synthetic divisor is 5. 


Then we follow these steps: 


5| 6 -—29 —5 Begin by bringing down the 6. 
| 
6 
5| 6 —29 —5 Multiply 5 by 6 to get 30. 
30 
6 
5| 6 —29 -5 Add —29 and 30 to get 1. 
30 
6 il 
5] 6 -—29 -—5 Multiply 1 by 5 to get 5. 
30. 5 
6 1 


5] 6 -—29 —5 Add —5and5 to get oO. 


6 1 0 The remainder is O. 
The numbers 6 and 1 represent the quotient 6x + 1, and 0 is the remainder. Thus, 


6x7 — 29x — 5 
=6x+1 
x—-5 ms |_| 


| EXAMPLE 2 | oe xetx-1 
Divide: ————.— 
x= 3: 
Strategy We will use synthetic division to divide. 


WHY When a polynomial is divided by a binomial of the form x — k, synthetic 
division produces the quotient (and possible remainder) with less effort than long 
division. 


Solution 
We begin by writing 
3} 1 1 O -1 Write O for the coefficient of x, the missing term. 


and complete the division as follows. 


331 Bo -1 311 -1 3311 0 


\4 ee 12 3 12 36 


1 4 12 4 iy 35) 
jag then add. Multiply, then add. mre then add. 


The numbers 1, 4, and 12 represent the quotient x* + 4x + 12 and 35 is the 
remainder. Thus, 


a 2 

xwetx- 1 2 35 

AA Tay? td + 124 
x=3 ‘aia: <=3 | 


| EXAMPLE 3 | Divide Sa* + 6a° + 2 — 4a bya + 2. 


Strategy Here, the dividend and the divisor are polynomials in the variable a. 
Since a + 2 can be written as a — (—2), the divisor can be written in the form 
a — k and we can use synthetic division. 


WHY We will use synthetic division because it produces the quotient (and 
possible remainder) with less effort than long division. 


Solution 
First, we write the dividend with the powers of x in descending order. 


6a° + 5a* — 4a +2 


Then we write the divisor in a — k form: a — (—2). Thus, k = —2. Using synthetic 
division, we begin by writing 


—2}6 5 -4 2 


This represents division by a + 2. > 


and complete the division. 


-12 14 —20 
6 —-7 10 —18 


The remainder 
is negative. 


Thus, 


Sa’ + 6a° + 2 — 4a - —18 
= + 10+ 
a+2 o Ted§ a+2 | 


Success Tip Because the remainder is negative, we can also write the result as 


18 
at+2 


6a* — 7a + 10 


9) Use the remainder theorem to evaluate polynomials. 


Synthetic division is important because of the remainder theorem. 


Remainder Theorem 


If a polynomial P(x) is divided by x — k, the remainder is P(k). 
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Self Check 3 


Use synthetic division to divide 
2a — 4a? + 3a° — 3bya +1. 
Now Try Problems 29 and 33 


Self Check 3 Answer 
a ee ei 
a+1 


Teaching Example 3 Divide 
Tx? + 2x — 4+ 2x? byx +3. 
Answer: 


1 


4 +e == 
. . +3 


Self Check 4 
Let P(x) = 5x° — 3x7 +x +6. 
Find each value: 
a. P(1) 9 
b. use synthetic division to find 
the remainder when P(x) is 
divided by x — 1 9 
Now Try Problem 41 


Teaching Example 4 

Let PC) x? + 2x? — 3x 

Find each value: 

a. P(4) 

b. the remainder when P(x) is divided 
byx —4 

Answers: 

a. P(4) = —39 b. —39 


a 
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It follows from the remainder theorem that we can evaluate polynomials using 
synthetic division. We illustrate this in the following example. 


| EXAMPLE 4 | Let P(x) = 2x? — 3x* — 2x + 1. Find each value: 


a. P(3) b. the remainder when P(x) is divided by x — 3 


Strategy To find P(3), we will substitute 3 for x in P(x) and simplify. To find the 
remainder when P(x) is divided by x — 3, we will use synthetic division. 


WHY After finding the remainder in two ways, we will see that the method using 
synthetic division is easier. 


Solution 
To find P(3) we evaluate the function for x = 3. 


a. P(x) = 2x? — 3x? - 2x +1 


P(3) = 2(3)° — 3(3)° — 2(3) + 1 Substitute 3 for x. 
= 2(27) — 3(99) -6+ 1 
=54-27-6+1 
= 22 

Thus, P(3) = 22. 


b. We use synthetic division to find the remainder when 2x* — 3x” — 2x + lis 
divided by x — 3. 
3} 2 -3 -2 1 
6 9 21 
2 3 #7 22 
Thus, the remainder is 22. 
The same results in parts a and b show that instead of substituting 3 for x 
in P(x) = 2x? — 3x* — 2x + 1, we can divide the polynomial 
2x* — 3x? — 2x + 1 by x — 3 and note the remainder to find P(3). & 


Success Tip It is often easier to find P(k) by using synthetic division than by 


substituting & for x in P(x). This is especially true if k is a decimal. 


IER Use the factor theorem to factor polynomials. 


If two quantities are multiplied, each is called a factor of the product. Thus, x — 2 isa 
factor of 6x — 12, because 6(x — 2) = 6x — 12. A theorem, called the factor 
theorem, tells us how to find one factor of a polynomial if the remainder of a certain 
division is 0. 


Factor Theorem 


If P(x) is a polynomial in x, then 


P(k) = Oif and only if x — k is a factor of P(x) 


If P(x) is a polynomial in x and if P(k) = 0, k is called a zero of the polynomial 
function. 


| EXAMPLE 5 | Let P(x) = 3x° — 5x* + 3x — 10. Show that: 


a. P(2) = 0 b. x — 2 is a factor of P(x) 


Strategy We will substitute 2 for x in P(x) to verify that P(2) = 0. We will then 
use synthetic division to divide P(x) by x — 2. 


WHY Since P(x) = 0, the division has a remainder of 0. This means that the 
divisor and the quotient are factors of the dividend. 


Solution 
a. Use the remainder theorem to evaluate P(2) by dividing 
P(x) = 3x° — 5x* + 3x — 10 by x — 2. 
2|3 —=5 3 =10 
6 2 10 
3. 15 0 


The remainder in this division is 0. By the remainder theorem, the remainder is 
P(2). Thus, P(2) = 0, and 2 is a zero of the polynomial. 


b. Because the remainder is 0, the numbers 3, 1, and 5 in the synthetic division in 
part a represent the quotient 3x* + x + 5. Thus, 


(x —2)*(x7+x4+5)+ O = 3x? — 5x? + 3x - 10 
SS) OES 
Divisor - quotient + remainder = the dividend, P(x) 
or 
(x — 2)(3x? + x + 5) = 3x? — 5x* + 3x — 10 
Thus, x — 2 is a factor of 3x? — 5x + 3x — 10. a 


The result in Example 5 is true because the remainder, P(2), is 0. If the 
remainder had not been 0, then x — 2 would not have been a factor of P(x). 


Using Your CALCULATOR Approximating Zeros of Polynomials 


We can use a graphing calculator to approximate the real zeros of a 
polynomial function. For example, to find the real zeros of 
f(x) = 2x? — 6x* + 7x — 21, we graph the function as in the figure. 


It is clear from the display that the function f has a zero at x = 3. 
f(3) = 2(3)° — 6(3)° + 7(3) — 21 
= 2(27) — 6(9) + 21 — 21 
=0 


Substitute 3 for x. 


From the factor theorem, we know that x — 3 is a factor of the polynomial. To 
find the other factor, we can synthetically divide by 3. 
3] 2 -6 7 —21 
6 0 21 
2 07 0 
Thus, f(x) = (x — 3)(2x” + 7). Since 2x” + 7 
cannot be factored over the real numbers, we can 


conclude that 3 is the only real zero of the 
polynomial function. 


6.6 Synthetic Division 


Self Check 5 
Let P(x) =x° — 4x7 +x +6. 
Show that x + 1 is a factor of 
P(x) using synthetic division. 


Now Try Problem 65 


Self Check 5 Answer 
Since P(—1) = 0, x + 1 isa factor 
of P(x). 


Teaching Example 5 Let 


P(x) = 5x? + 7x? — 28x — 12. Show 
that: 

a. P(—3) = 0 

b. x + 3 is a factor of P(x) 

Answers: 

a. 5(—3)° + 7(-3)? — 28(—3) — 12 =0 
b. (x + 3)(5x” — 8x — 4) + 0 
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ANSWERS TO SELF CHECKS | 


| ox t dl 2x? +4r 419+ 4) 3.30-70+9+—% 4a9 b 9 
_ 5. Since P(—1) = 0, x + 1isa factor of P(x). 


STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. The method of dividing x? + 2x — 9 by x — 4 shown 
below is called synthetic division. 


441 2 -9 
4 24 
16 15 


2. Synthetic division is used to divide a polynomial by a 
_binomial_ of the form x — k. 
3. In Problem 1, the synthetic _divisor_jgs 4, 
p> 4. By the remainder theorem, if a polynomial P(x) is 
divided by x — k, the remainder is P(k). 
5. The factor theorem tells us how to find one factor of a 
polynomial if the remainder of a certain division is 0. 


6. If P(x) is a polynomial and if P(k) = 0, then k is 
called a _2°t°_ of the polynomial. 


[| CONCEPTS 


> 7. a. What division is represented below? 
(5x7 + x — 3) + (x + 2) 


b. What is the answer? 5x° — 10x + 21 + 
—2| 5 0 1 -3 
-—10 20 -—42 
5 -10 21 —45 


—45 
+z 


Fill in the blanks. 


> 8. In the synthetic division process, numbers below the 
line are _multiplied_ by the synthetic divisor, and that 
product is carried above the line to the next column. 
Numbers above the horizontal line are _added_, 
9. Rather than substituting 8 for x in 

P(x) = 6x° — x* — 17x + 9, we can divide the 
polynomial 6° — x* = 17x +9 by x ~8 to find P(8). 

10. For P(x) = x° — 4x* + x + 6, suppose we know that 
P(3) = 0. Then _*—3 isa factor of x° — 4x7 + x + 6. 


P Selected exercises available online at 
www.webassign.net/brookscole 


I NOTATION 
Complete each synthetic division. 
11. Divide 6x? + x* — 23x + 2 byx — 2. 


2| 6 1 -23 2 
12 26 6 
6 13 3 B 
p 12. Divide 2x* — 4x” — 25x + 15 by x + 3. 
2 -4 Be 15 
S 30 
2 po 5 0 


I GUIDED PRACTICE 

Use synthetic division to perform each division. See Example 1. 
13, (2x7 + x — 3) + (x — 1) 2x43 

14, (4x? — 5x — 6) + (x — 2) 4x +3 

15. (5x? — 27x + 10) + (x — 5) 5x-2 


16. (6x* — 29x + 20) + (x — 4) 6x —5 
p> 17. (3x? — 13x + 12) + (x — 3) 3x -4 
18, (2x* — 23x + 63) + (x — 7) 2x-9 
19. (5x? — 24x — 36) + (x — 6) 5x +6 
p> 20. (3x7 — 14x — 24) + (x — 6) 3x +4 


Use synthetic division to perform each division. See Example 2. 


a a —3a* +4 ay a —2a*-9 
. a-2 : a-3 
e=a=—2 a+at3 

3a° — 47a — 4 2a° — Ta + 5 

23. —______—__ > 24. —_____ 
a-4 a-1 
3a7 + 12a+1 2a* + 2a —5 

iiss 3b° — 31b + 13 - 4c? — 107c + 37 
. b= 3 . é— 35 
3b°> + 9b 4454, 4c? + 200-7 + 45 

4 —t¢-18 m+2m+5 

27. ——_—— 238, ———— 
f=—2 m—2 


* 
me m +2m+6+ a 


2 
ae Bt 1S os = 


2 
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Use synthetic division to perform each division. See Example 3. Use the remainder theorem and synthetic division to find each 
90: Dividex — 4 + 2 +6 byx +1. function value. See Example 4. 
B= S246 57. P(x) = x° — 4x? + x — 2;find P(2) -8 
30. Divide 4x? — 10x +12 + x? byx + 6. 58. P(x) = x? — 3x2 + x + Isfind P(1) 0 
x? -2x +2 
bar F 59. P(x) = 2x3 + x + 2; find P(3) 59 
31. Divide 20x° — 36x — 42 + 3x° by x + 8. 3 3 
ee ee > 60. P(x) =x + x° + 1; find P(—2) -3 
eS 4 Si oe. 362 19. = 
32, Divide 3x — 6x2 + 5x? + 10 byx +1. Be PS ee hae ee ee 
5x? — Ls +14 + 4 p> 62. P(x) =x° + 3x* — x* + 1; find P(-1) 2 
fit 2 3 -_ 1 
33. Divide 8 — 3x ei 2x” by x + 5. 63. P(x) = 3x5 + 1: find »(-4) = 
oy = Ge 12 Se 2) * 
> 34. Divide 1 — 4x + 7x* + 3x° by x + 3. p> 64. P(x) = Sx’ — 7x* + x? + 1; find P(2) 533 
3x7 - 2x +2 +55 
35. Divide 27 $30 — 17 + Be by x + 10. Use the factor theorem and determine whether the first 
= ye 43 =3 expression is a factor of P(x). See Example 5. 
. x + 10) A 5 
36. Divide 1 + x9 — 23x + Sx? byx + 8. 65. x — 3; P(x) = x — 3x" + Sx — 15 yes 
x= 3x1 Ay > 66. x + 1;P(x) = x° + 2x? — 2x — 3 (Hint: Writex + 1 


as x — (—1).) yes 


Use a calculator and synthetic division to perform each division. 67. x + 2; P(x) = 3x27 — Tx +4 (Hint: Write as 
See Examples 1-3. x — (—2).) no 
2 
7 = 0 aon — 0.66 4 re Pm 68. x; P(x) = 7x° — Sx? — 8x (Hint: x = x — 0.) yes 
x — 0. seeds 
27x27 +x —52 — I TRY IT YOURSELF 
38. ee 3.590 FS 
> x + 1.7 " nae Use synthetic division to perform each division. 
9x? — 25 eens 5x? + 4+ 6x? -44+ 3x? -x 
39... Se = Sik + 924) = i. aa << — = 
xeor 7 sis os x+1 a x-4 
3 40 
0.5x° + x : —— @ =g+ ler Se LL Sea 
40. — 53 (05x? + L15x + 3.645 + P75 M1. (a2 — Sx +14) + (x +2) 
a7 ea 
Let P(x) = 2x* — 4x? + 2x — 1. Evaluate P(x) by substituting 72. (x? + 13x + 42) + (x + 6) 
the given value of x into the polynomial and simplifying. Then x+7 
evaluate the polynomial by using the remainder theorem and > 73. Divide a® — 1 bya —1. 
synthetic division. See Example 4. et+e@t+arati 
Ai. PO) <1 42. P(2) 3 74. Divide b* — 81 by b — 3. 
Br as ang 
43. P(—2) —37 p> 44. P(-1) -9 b is hed 27 ; . 
> 45. P(3) 23 46. P(—4) —201 -" —6c° + 14c* + 38c° 7 4c* + 25c — 36 
as 
47. P(0) -1 48. P(4) 71 Ae = diet = Set ap 
S Ae 34 5,2 
Let O(x) = x* — 3x* + 2x” + x — 3. Evaluate Q(x) by 76. San er SO ee aes 


substituting the given value of x into the polynomial and 


x 
Sy? Hig = ox = x = 
simplifying. Then evaluate the polynomial by using the 7 ‘2 . _ 


3 2 3 2 
remainder theorem and synthetic division. See Example 4. 77. Sa" + 3a" = 21a ~7 78. Bi = ae + 2rd 
49. Q(-1) 2 50. O(1) -2 i +3 = ; 

51. O(2) -1 > 52. O(—2) 43 9a? — 21 gi? +2 
53. Q(3) 18 > 54. O(0) —3 - 4x4 + 12x° — x? —x + 12 
55. QO(—3) 174 56. O(—4) 473 . x+3 
4x3 —x +24 fa 
x? — 9x3 + x? — 7x — 20 
> 80. 
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81. 


83. 


84. 


> 85. 


86. 


87. 


88. 


3x? — 25x + 10x — 16 _ 2x3 + 3x* — 8x + 3 I WRITING 
g x—8 2 x+3 89. When dividing a polynomial by a binomial of the 
oF = 2 ae = Sx be the : : 
7 form x — k, synthetic division is considered to be 
ee a = F 16x" — 35x) + (x — 10) faster than long division. Explain why. 
Xx x 


(m? — m= —m-—1)+(m 
mais 


ma 1 


(4x3 — 1 + 5x”) + (x + 2) 


(O+24+t4+2)+(t4+1) 
2 di 


Divide 8a* — 10a? — 32a — 15 bya + = 


8a? — 16a — 20 


Divide 4a* — 2a* — 18a — 9 bya + S 


4a” — 8a — 6 


Objectives 


11 | Solve rational equations. 


| 2 | Solve rational equations 


with extraneous solutions. 


13 | Solve formulas for a specified 


variable. 


Self Check 1 


2 
Solve: =+ 


8 — 
5 x-4_ 


29 


Now Try Problem 13 


90. Let P(x) = x° — 6x? — 9x + 4. You now know two 
ways to find P(6). What are they? Which method do 
you prefer? 


91. Explain the factor theorem. 
> 92. This section includes a feature entitled Using Your 
Calculator: Approximating Zeros of Polynomials. 
What is a zero of a polynomial? 


J REVIEW 
Evaluate each expression for x = —3, y = —5,andz = 0. 
93. x’z(y* — z) 0 


4 


94. |y? — z| 125 
2y+1 


2 x-y 
oe ay 
2y-1+x 


> 96. 


SECTION 6.,, 


Solving Rational Equations 


In Chapter 1, we solved equations such as £Xx + 2 = ; by multiplying both sides by 


the LCD. With this approach, the equation that results is equivalent to the original 
equation, but easier to solve because it is cleared of fractions. 

In this section, we will extend the fraction-clearing strategy to solve another 
type of equation, called a rational equation. 


KB Solve rational equations. 


If an equation contains one or more rational expressions, it is called a rational 
equation. Rational equations often have a variable in a denominator. Some 
examples are: 

3 a x+3 2 


~=S ad and 


—x? + 10 3x 2x 
x2 —1 x-1 x41 


+ =2 
5 x+2 : 


To solve a rational equation, we find all the values of the variable that make the 
equation true. Any value of the variable that makes a denominator in a rational 
equation equal to 0 cannot be a solution of the equation. Such a number must be 
rejected, because division by 0 is undefined. 


Strategy This equation contains a rational expression that has a variable in the 
denominator. We begin by asking, “What value(s) of x make that denominator 0?” 


WHY If a number makes the denominator of a rational expression 0, that 
number cannot be a solution of the equation because division by 0is undefined. WV 


Solution 
We note that x cannot be —2, because this would produce a 0 in the denominator 


of 4. 
Since the denominators of the rational expressions in the equation are 5 and 
x + 2, we multiply both sides by the LCD, 5(x + 2), to clear the equation of 


fractions. 


7 This is the equation to 
t+ =2 
5 x+2 solve. 
= 3 Write each side of the 
3 7 equation within parentheses 
S(x + »(2 = xt+ 5) = 5x + 2)(2) and then multiply both 


sides by the LCD. 


On the left side, distribute 
the multiplication by 


SF »(2) +306 # »(—) = 5(@@ + 2)(2) 


+2 B(x + 2). 
1 3 1 7 On the left side, simplify: 
+2)yi5)+5 = 5(x + 2)(2 
a (3) : oa) OD Sa sand tE8 = 


3(x + 2) + 5(7) = 10(x + 2) Simplify each side. 


The resulting equation does not contain any fractions. We now solve this 
linear equation for x. 
3x + 6 + 35 = 10x + 20 
3x + 41 = 10x + 20 
—Tx = —21 
x =3 


Use the distributive property and simplify. 


Combine like terms. 
Subtract 10x and 41 from both sides. 
Divide both sides by —7. 


The solution is 3 and the solution set is {3}. To check, we substitute 3 for x in the 
original equation and simplify: 


Check: 


Success Tip To simplify the expression P a ss: we build each fraction to 


have the LCD 5(x + 2), add the numerators, and write the sum over the LCD. 


To solve the equation 3 + ty = 2, we multiply both sides by the LCD 


5(x + 2) to eliminate the denominators. 


Using Your CALCULATOR Solving Rational Equations Graphically 


To use a graphing calculator to solve 2 oe 5 = 2, we graph the functions 
f(x) = 2 + 4 and g(x) = 2. If we trace and move the cursor closer to the 
intersection point of the two graphs, we will get the approximate value of x 


shown in figure (a) on the next page. If we zoom twice and trace again, we get 
the results shown in figure (b). As we saw in Example 1, the exact solution is 3. 
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Teaching Example 1 Solve: 


5 . x—-1_ 
Answer: 

12 

- 
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Self Check 2 


aX 4 
Solve: = + 
=3 x° -9 x+3 
Now Try Problem 17 
Self Check 2 Answer 
18 


Teaching Example 2 Solve: 


20 ee: % 
r=x=6 x= 3 ee 2 
Answer: 


-4 


An alternate way of finding the point of intersection of the two graphs is to use 
the INTERSECT feature. In figure (c), the display shows that the graphs 
intersect at the point (3, 2). This implies that the solution of the rational 
equation is 3. 


VIEEPE+F ACFE) 


VIEBPE +P eCh+e) 


—— 


Intersection 
HES00ES191 ¥=1.99BSice HES Wo Wee 


HEe.SPBPES4 W=e.0089ee9 


(a) (b) (c) 


=x +10, 3x 2x 
e-1 x-1 x41 


Strategy We will begin by factoring the first denominator. 


Solve: 


WHY To determine any restrictions on the variable and to find the LCD, we 
need to write x” — 1 in factored form. 


Solution 
Since x* — 1 factors as (x + 1)(x — 1), we can write the given equation as: 


—x? + 10 , 3% 2x 
(x+1)(x-1) x-1 x+1 


Factor the denominator x* — 1. 


We see that —1 and 1 cannot be solutions of the equation because they make 
rational expressions in the equation undefined. 

We can clear the equation of fractions by multiplying both sides by 
(x + 1)(x — 1), which is the LCD of the three rational expressions. 


wt+Da- | 


—x? +10 


w+ne—0]G +)@-1) 


—x? + 10 3x 2x 
(x + 1)(x - 1) = a ae ne-0(2 ;) 


(e+ D- n(25)- (x+D- "ee) 


—x? +10 | 


oH] et 


1 
x4 1)(a-T) 
—x? + 10 + 3x(x + 1) = 2x(x — 1) 


—x? + 10 + 3x? + 3x = 2x? — 2x 


=i) 


“)- (x41) - 1) 


Simplify. The resulting equation does not 
contain any fractions. 

Use the distributive property. 

2x* + 10 + 3x = 2x” — 2x 


Combine like terms on each side. 


10 + 3x = —2x Subtract 2x? from both sides. 
10 + 5x =0 Add 2x to both sides. 
5x = —10 Subtract 10 from both sides. 
x=-2 Divide both sides by 5. 


The solution is —2. Verify that it satisfies the original equation. 
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Caution! After multiplying both sides by the LCD and simplifying, the 


equation should not contain any fractions. If it does, check for an algebraic 
error, or perhaps your LCD is incorrect. 


We can summarize the procedure used to solve rational equations. 


Solving Rational Equations 


Factor all denominators. 
Determine which numbers cannot be solutions of the equation. 


Multiply both sides of the equation by the LCD of all rational expressions 
in the equation. 


Use the distributive property to remove parentheses, remove any factors 
equal to 1, and write the result in simplified form. 


Solve the resulting equation. 


Check all possible solutions in the original equation. 


Using Your CALCULATOR Checking Apparent Solutions 


We can use a scientific calculator to check the solution —2 found in Example 2 
by evaluating 


—x* + 10 3x 2x 
x? =1 x-1 x+1 


In each case, the result is 4. Since the results are the same, —2 is a solution of 
the equation. 


We can also check by using a graphing calculator. One way of doing this is to 
enter 


—x? + 10 3x 2x 


vr-1 x-1 and eT 41 


1= 


and compare the values of the expressions when 
x = —2 in the table mode. See the figure. We know 
that —2 is a solution of 


— 


= $10 3% 2% 
x-1 x=1 x+1 


» 


because the value of Y1 and Y2 are the same 
(namely, 4) for x = —2. 


Wjztwresce 


1 Self Check 3 
2 b b— 14 1 
3 : = 

Solve: oo, aie 3 
Now Try Problem 25 


a a-6 
Solve: a 3g 


ce 
Strategy We will begin by factoring the second denominator. 


WHY To determine any restrictions on the variable and to find the LCD, we 
need to write 3a — 9 in factored form. 
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Teaching Example 3 Solve: 
a > 4 


5 x 
Answer: 
aS 


Self Check 4 


11 ] 


1 
Ive: + = 
BONE Dyas Aah o 
Now Try Problem 33 


Teaching Example 4 Solve: 
3 if 1 

22 ee Se 

Answer: 

2 


Solution 
Since the binomial 3a — 9 factors as 3(a — 3), we can write the given equation as: 
a a-—6 1 
2 3(a-3) 3 


Factor the denominator 3a — 9. 


We see that 3 cannot be a solution of the equation, because it makes one of the 
rational expressions in the equation undefined. 

We can clear the equation of fractions by multiplying both sides by 
2+3+(a — 3), which is the LCD of the three rational expressions. 


. is 1 Multiply both 
2-3-(a-3($)=2:3:@-3)| oF sides by the LCD, 
2*o* (4 = 3): 
a a—6 1 On the right side, 
2:3: (a-— (2) =2:3-(a-— 9 ¢—] —2°3-(a- (3) distribute 
2°95 «(a= 3); 


Remove common 
factors of the 
numerator and 
denominator. 


2-a-3)(§)=2- a>] | 2-A(a (3) 


1 


3a(a — 3) = 2(a — 6) — 2(a — 3) 
3a’ — 9a = 2a - 12 —- 2a + 6 Use the distributive property. 
3a” — 9a = —6 


Combine like terms. 


To use factoring to solve the resulting quadratic equation, we must write it in 
standard form ax” + bx + c = 0. 


3a° -9a +6=0 To get O on the right side, add 6 to both sides. 
a’ —3a+2=0 _ Divide both sides by 3. 


(a —1)(a — 2) =0 Factor the trinomial. 


a-1=0 or a-—2=0  Seteach factor equal to O. 
a=1 | a=2 
Verify that 1 and 2 both satisfy the original equation. a 


Recall that the quotient of a polynomial and its opposite is —1. For example, 
a 
iy 
denominators contain factors that are opposites. 


—1. We can use this fact when solving rational equations whose 


1 t 7 
Solve: | = 
we? pye6 iy 6 


Strategy We will begin by factoring the first denominator. 


WHY To determine any restrictions on the variable and to find the LCD, we 
need to write 6y — 6 in factored form. 


Solution 
Since the binomial 6y — 6 factors as 6(y — 1),we can write the given equation as: 
1 1 1 


6y-1) 1-y 6 v 


We see that 1 cannot be a solution of the equation because it makes two of the 
rational expressions in the equation undefined. 
We note that y — 1 and 1 — y are opposites. We can clear the equation of 
fractions by multiplying both sides by 6(y — 1). 
1 1 1 Multiply both sides 
6(y — | = 6(y - n(2) by the LCD, 
6y-1) 1-y 6/ ey —1). 
1 1 1 On the left side, 
6(y — | aay + 6(y - n(-4) = 6(y - n(2) distribute 
6(y — 1) 1-y 6/  ey—-1). 
1 1 1 v1 1 a 1 Simplify: 
——=|+6 = 1 - 
io nl alten, H (9) ant 
1-6=y-1 
-S=y-1 Combine like terms. 
—-4=y Add 1 to both sides. 
The solution is —4. Verify that it satisfies the original equation. a 


4 Solve rational equations with extraneous solutions. 


When we multiply both sides of an equation by a quantity that contains a variable, 
we can get false solutions, called extraneous solutions. This happens when we 
multiply both sides of an equation by 0 and get a solution that gives a 0 in the 
denominator of a rational expression. Extraneous solutions must be discarded. 


1-2 £-3 


ines BH == 
nels P49 £43 


Strategy We will clear the equation of fractions by multiplying both sides by the 
LCD, t + 2. 


WHY Equations that contain only integers are usually easier to solve than 
equations that contain fractions. 


Solution 
We note that t cannot be —2, because this would give a 0 in a denominator. 
3 f= 2t. t-3 
t+2 t+2 
1— 2t\ | t—3 Multiply both sides by 
(t+ (3 aera ) =(t+ n( 3 7 ) the LCD. 


Fa? 
3 


(1 + 2)(3) — (t+ »(4 - =) ae n(! = ) On the left side, distribute 


tt t+2 the multiplication by t + 2. 
1 1—-—2t 1 t-—3 Remove common factors 
(6 2)(3) = w+7( —) = w+7( 3) of the numerator and 
1 1 denominator. 
3t+6—-(1-2t) =t-3 Simplify. 
3t+6-1+4+2t=t-3 
St+5=t-—3 Combine like terms. 
4t = —8 
t= -—2 


Since ¢ cannot be —2, it is an extraneous solution and must be discarded. This 
equation has no solution. @ 
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Self Check 5 


2a 3a —5 


Solve: 2 


Now Try Problem 37 
Self Check 5 Answer 
No solution; 1 is extraneous. 


Teaching Example 5 Solve: 
Ax+1) x45 
4=3 £#x=3 
Answer: 
No solution; 3 is extraneous. 


a= a=1 
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Self Check 6 


Solve the law of gravitation 


2 _ Gmim2 


formula for r7. 7? = F 


Now Try Problem 41 


Teaching Example 6 Solve 
_ Gmymy 


7 for my. 
; 
Answer: 
y) 
Fr- 
m => 
Gm 


Self Check 7 


egies (= 3 re z= ss 
y Zz 


x y= x 


Now Try Problem 49 


Teaching Example 7 Solve 


. = + for R, 
R R, R, 
Answer: 

_ RR, 
a R,—R 


The Language of Algebra Extraneous means not a vital part. 
Mathematicians speak of extraneous solutions. Rock groups don’t want any 


extraneous sounds (like humming or feedback) coming from their amplifiers. 
Artists erase any extraneous marks on their sketches. 


EB Solve formulas for a specified variable. 


Many formulas involve rational expressions. We can use the fraction-clearing 
method of this section to solve such formulas for a specified variable. 


| EXAMPLE 6 | Physics The law of gravitation, formulated by Sir Isaac 


Newton in 1684, states that if two masses, 7m, and mp, are separated by a distance 
of r, the force F exerted by one mass on the other is 


Gmym | ie -| 
RSs 
r F 
mer e@ 
my, mM 


where G is the gravitational constant. Solve for m. 


Strategy To solve for mp, we will treat it as if it were the only variable in the 
equation. To isolate this variable, we will use the same strategy that we used in 
previous examples to solve rational equations in one variable. 


WHY We can solve a formula as if it were an equation in one variable because 
all the other variables are treated as if they were numbers (constants). 


Solution 


Multiply both sides by the LCD, r°. Simplify: ' = 1. 


= To isolate mz, divide both sides by Gm,. 


Gm, Gm, 
rF _ Simplify the right side by removing the factors G and m,, 
Gm, mete which are common to the numerator and denominator. 
re 
Mz = G Reverse the sides of the equation so that mz, is on the left. 
my 


| EXAMPLE 7 | Electronics In electronic circuits, resistors oppose the 


flow of an electric current. The total resistance R of a parallel combination of two 
resistors as shown is given by 


Resistor | 
1 o.oo ©)» . 
R = R RB Current — +— Total resistance? 
ss OD 
Resistor 2 


where R, is the resistance of the first resistor and R, is the resistance of the 
second resistor. Solve for R. v 


6.7 Solving Rational Equations 


Strategy To solve for R, we will treat it as if it were the only variable in the 
equation. To isolate this variable, we will use the same strategy that we used in 
previous examples to solve rational equations in one variable; we will clear the 
equation of fractions. 


WHY We can solve a formula as if it were an equation in one variable because 
all the other variables are treated as if they were numbers (constants). 


Solution 
We begin by clearing the equation of fractions by multiplying both sides by the 
LCD, which is RR,R>. 


1 1 
RRR) = Ree 5) 
af 


inn) ~ ssn) + a) 


R,R> = RR + RR, 
RR, = R(R, + R;) 


1 
A RRR =) 
2; 


Multiply both sides by the LCD. 


On the right side, distribute 
RR, Rp. 


Remove common factors of the 


numerator and denominator. 


Simplify. 
Factor out R on the right side. 


To isolate R, divide both sides by 
Ra # Ry 


Reverse the sides of the equation 
to write R on the left side. | 


ANSWERS TO SELF CHECKS 


1.9 2.18 3.3,5 4. —3 5. Nosolution;1 is extraneous 


_ _y 
Wek =F H¥ 


2 _ Gmimz 
6.r =F 


STUDY SET 


J VOCABULARY 
Fill in the blanks. 


1. Equations that contain one or more rational 
expressions, such as 5 = 4 + 124, are called 


_tational_ equations. 


i cee 1 1 
oar ar no 


1, 2 


. : ; x 
4. Consider the rational equation —— ri 
a. What values of x make a denominator 0? 3,0 


b. What values of x make a rational expression 


x-3° 


p> 2. When solving a rational equation, if we obtain a 
number that does not satisfy the original equation, the 
number is called an _©xtrancous solution. 


I CONCEPTS 
3. Is 2 asolution of the following equations? 
x+2 1 
. 5 = 1 yes 
x+3  x°+2x-—3 


P Selected exercises available online at 
www.webassign.net/brookscole 


undefined? 3,0 


c. What numbers can’t be solutions of the 
equation? 3,0 


p> 5. To clear the following equation of fractions, by what 
should both sides be multiplied? 


4 4y — 50 
y= 
10 5y = 35 


the LCD, 10(y — 5) 
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6. Perform each multiplication. 4 B) 1 ; 
P19. | = 3 
a(2) b ne 2( 3 ) x7-4 x-2 x4+2 - 
a. a . (x + 6)(x No=5 1 fe 2 ; 
3 3(x + 6) = 3x + 18 OS sfa8 wees 
ti 7 2 10 > 
c. 8(x + (a5) d. 6(m — i(_) 21 + = He 1 
7 2(x + 4) a. 5-—m "ES 9 gS” 2 ge = 4p 
i = 
. 2 2a — 1 1 
I NOTATION “at+4 @+2a-8 a-2 
Complete each solution. 23. 1 2 _ —2n 
, 0 7.9 n+2 n-3 ?W-n-6 
, 3y 30 2y > 24. 2x Bo 
10 7 9 x7+9x%+20 x+4 x+5 3 
sai(3° - 2) = a0 2) 
y Solve each equation. See Example 3. 
10 7 9 2 -% 4 
say ) sa ( ) = 0 ) 25. ——— 4,-1 
3y 30 2y sx-5. 15S 5S 
100 — Jy = 135 eae 3 or ee Pe 
ly = B “2x44 2 xw+4 ” 
y=-5 ss 3 gg PA 3 4 ‘ 
> 8 a " 2p a 2D 
u-lou w-u ve. 0 fi ask 30, 27. _ 10 = 
2 1 1 “t+3 ¢-2 s-4 s+2 
u-1” «(i “8 -3,10 
1 1 1,6 Ses eee i 
u(u ii( i" ) u(u ii] =| “x-2 x+2 “4£4+3 t—3 
l u u(u — 1) -1¢ 6 
2 1 1 
a) pai NS u wy) u(u — 1) Solve each equation. See Example 4. 
Qu +u-1=1 33 1 - 4 4 1 _ 14 3 
B= 2 “3x-18 6-x 3 “2x-16 8-x 2 
5 -8 -1 
a pe eee ee i 4 
I GUIDED PRACTICE ala 3-x 9 os 2-d 


Solve each equation. See Example 1. 


1 9 | 1 10 | Solve each equation. If a solution is extraneous, so indicate. 
%4tyain nS = See Example 5. 
1 1 2 1 1 3 3x 5x: 72 2x 4x — 60 
-=-- -=-- — 37. 4 = 38. 2 = 
11. 7 3 30° 12. 7 3 3p ~—9 r= a a ae 
= 18 2 as = 2 . 10 a No solution; 9 is extraneous. No solution; 10 is extraneous. 
‘yt 5 "30 at2~ 4 is, 
x+3 x?-2,-15 x-5 
15. 1 4 7 =3 a > 16 2 4 a =5 13 No solution; —3 is extraneous. 
2 .x-1 : a-—2 2 
3 2 18 
40. i gen 2a a 
; x — x x= 
Solve each equation. See Example 2. asin aatereeus 


ects 2 
"S43. Pah F=3 

5 1 1 : 
18 = 4: : 


Solve each formula for the specified variable. 
See Examples 6 and 7. 


41. 


42. 


43. 


A-I 
a? for A (from banking) 
A=LO+I 
z= * for x (from statistics) 
s 
LS SE +X 


E 
I = =—— for r (from physics) 


Ri +r 
_ E- IR, 
a: 
R- . 
> 44. P= for C (from business) 
C=R-nP 
n(n + Ny + 1) oe 
45. Ur = 5 for nz (from statistics) 
n= 2uR ss 7M 
PV, Po: 
46, 1 = * for T (from chemistry) 
eo PTV 
I= av 
_. Wi ee 
47. P = ———~ for Q, (from refrigeration/heating) 
© 
Qi.=T+e 
— ¢€r : 
48. S = for r (from mathematics) 
ar 
=a ee 
e= SS e 
1 1 1 : 
> 49. —= for R (from electronics) 
R R, R. R3 
7 RiRoR3 
= R2R3 + RiRs + RiR2 
x sy F 
50. —+ rn 1 for a (from mathematics) 
a 
—, -D® 
=o y 
E Retr : ‘ 
p51. —= for r (from engineering) 
e r 
_ eR 
t= Fee 
a RT 
52. P + —> = —— for b (from physics 
> ye V-s ( physics) 
p = PV3 + av ~ RTV? 
BVO 


I TRY IT YOURSELF 


Solve each equation. If a solution is extraneous, so indicate. 


XA? —1 ‘ 
x +3 x7 + 2x -3 
m+6 5 2 
3m—-12 4-m 3 
3 7 2 1 7 
—~+—=13! 56.—+==—3 
y  2y . x 2 2x 
3 3 — 
5) = No solution; 0 is extraneous. 
roy —4r r—-4 


58. 


59. 


61. 


63. 


65. 


67. 


> 69. 


71. 


73. 


> 75. 


76. 


77. 


78. 


79. 


80. 


81. 
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4t? + 36 4t —12 
P-9 ¢t+3 t-3 
No solution; —3 is extraneous. 
x+4 x 3 30 24 
= 60 t = 13 
2x+14 2x+6 16 yal yous 
41 
1,-11 8,5 
3 m n 12 
—=2- 16 62-=1+— ~-4,6 
m m—2 2 
xt+2 | 3 x es 3 1 2 
x-6 3-x 2 “4x —-8 36 6-3x 
a repeated solution of 2 5 
2 1 9 i 7 1 5 
t = 66. = t 
x 2 ody 2x 5x 2 6x 
eal 17 
2 25 
3—5y -—Sy—3 pg @= 3 28 
2+y y-2 “a+1 at+5 
0 2 
a 
eA 14 3 
x7-4 x«+2 2-x 
5 
—5 3 _ 2c 
c+? Jee eas 
4 
gen SD e559 5 1 
x= 3 f—~< "x44 x+4 * 
5; 3 is extraneous. 2,5 
a+2 a-4 ete2. 2 =3 
= il 74. = 4 
a+1l a-3 ZS Ze 2 
5 3 8 
at = 
Yh Yas Pe 
6 
34+ 2a 2—S5a 2 — 3a 


@+6+5a a@—4 @—6t+a 
2 


~“sS 


a s— 14 4 0 
s—2  2s%-35-2 et+1 
i 
1 1 1 
2 + 2 2 =0 
2y-3 y 4y+3 y-1 
=3 
x 3x +2 
x+2 x +4x +4 
2 
a-1 1-2a 2-a 
at+3 3-a a-3 
0 
5 2 +1 
: 1 


ee 3 23 g=1 
fi 
6 
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> 83. 


84. 


oe 
x-5 6 

5 1 x-1 , 
ay+12 9° #3e 2 

1 1 y+2 é 
y+5 3y+6 y?+7y+10 © 


For each expression in part a, perform the indicated operations 
and then simplify, if possible. Solve each equation in part b and 


check the result. 
welt. 8.% ~ a8 
pee oe y "72 ex 
lx + 30 6 
1D 
Se be 
» Bex x—-6 “6x x-6 
atie = 6 _6 
6x(x — 6) it 
m 1 m 1 
73. a —> = b. =1 
Stes m-2 m-3 m-2 m-—-3 
m2 — 4m + 2 4 
(= 2G = 3) 
a atl a b a+ a 
Ga anil “@W-a a-1 a 
2 2 


aa = 1) 


I APPLICATIONS 


89. 


> 90. 


PHOTOGRAPHY The illustration shows the 
relationship between distances when taking a 
photograph. The design of a camera lens uses the 
equation 

1 1 1 

i 

St S2 

which relates the focal length f of a lens to the image 
distance s, and the object distance s}. 


S182 
Si 


a. Solve the formula for f. / = 


b. Find the focal length of the lens in the illustration. 
(Hint: Convert feet to inches.) 46 in. 


SQ S$} 
i 5 ft A sa 
i“ 
, Focus 
Object Lens Image 


OPTICS See the illustration in the next column. The 
focal length, f, of a lens is given by the lensmaker’s 
formula, 


1 
a o6(# ip *) 
f Y rn 


where f is the focal length of the lens and 7, and /, are 
the radii of the two circular surfaces. 


91. ACCOUNTING As a piece of equipment gets older, 
its value usually lessens. One way to calculate 
depreciation is to use the formula 

Cc-S 
V=C-|——_|N 
(FP) 

where V denotes the value of the equipment at the 
end of year N, L is its useful lifetime (in years), C is 
its cost new, and S is its salvage value at the end of its 
useful life. 
a. Solve the formula for L. L = aS = oA 
b. Determine what an accountant considered the 

useful lifetime of a forklift that cost $25,000 new, 

was worth $13,000 after 4 years, and has a salvage 

value of $1,000. 8 yr 

92. ENGINEERING The equation 

9.8m aa f 
a= —— 
Mg + My, 
models the system shown, where a is the 
acceleration of the suspended block, m, and mz are 
the masses of the blocks, and f is the friction force. 
Solve for m3. m. = am tt 
ea my, YLLLZLZIIZZ, 
mg 

I WRITING 

93. Why is it necessary to check the solutions of a 
rational equation? 

> 94. Explain what it means to clear a rational equation of 


a. Solve the formula for f. 
c= Un + 06R 

b. Find the focal length of the lens in the illustration. 
20 


3 cm 
a 


fractions. Give an example. 


95. Would you use the same approach to answer the 
following problems? Explain why or why not. 


2 
x — 10 3x 2x 
implify: 
a a we—-1 ox-1 xt! 
aie eS 10° - ox 2x 
“7-41 x-1 x+1 


96. Explain how to solve the rational equation 
graphically: 


3x 1 
+==2 
5 


x—-—2 


x 


: a 
6 5 43 2 123456789 
=t 


SECTION 


In this section, we will use rational equations to model situations involving work and 


uniform motion. 


EB Solve shared-work problems. 
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J REVIEW 


Write each italicized number in scientific notation. 


97. 
98. 
99. 


100. 


Problem Solving Using Rational Equations 


OIL The total cost of the Alaskan pipeline, running 
800 miles from Prudhoe Bay to Valdez, was 
$9,000,000,000. 9.0 10° 


NATURAL GAS The TransCanada Pipeline 
transported a record 2,352,000,000,000 cubic feet of 
gas in 1995. 2.352 x 10'” 


RADIOACTIVITY The least stable radioactive 
isotope is lithium 5, which decays in 
0.00000000000000000000044 second. 4.4 < 10°” 


BALANCES The finest balances in the world are 
made in Germany. They can weigh objects to an 
accuracy of 35 X 10°”" ounce. 3.5 x 10 '° 


" Objectives 


1 ) Solve shared-work problems. 


| 2 | Solve uniform motion problems. 


Problems in which two or more people (or machines) work together to complete a 
job are called shared-work problems. To solve such problems, we must determine 
the rate of work for each person or machine involved. For example, suppose it takes 


you 4 hours to clean your house. Your rate of work can be expressed as i of the job 


is completed per hour. If someone else takes 5 hours to clean the same house, they 


complete k of the job per hour. In general, a rate of work can be determined in the 


following way. 


Rate of Work 


If a job can be completed in x hours, the rate of work can be expressed as: 


1 
= of the job is completed per hour 


If a job is completed in some other unit of time, such as x minutes or x days, 


the rate of work is expressed in that unit. 


Self Check 1 


PAINTING AHOUSE One crew can 
paint a house in 3 days and 
another crew can paint the same 
house in 4 days. If both crews 
work together, how long will it 
take them to paint the house? 
Now Try Problem 11 


Self Check 1 Answer 
If both crews work together, it will take 


13 days to paint the house. 


Teaching Example 1 LAWN CARE 
One crew can mow a lawn in 6 hours 
and another crew can mow the lawn in 
4 hours. If both crews work together, 
how long will it take them to mow the 
lawn? 

Answer: 

If both crews work together, it will take 


22 hours to mow the lawn. 
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To solve shared-work problems, we must also determine the amount of work 
completed. To do this, we use a formula similar to the distance formula d = rt used 
for motion problems. 


We=rt 


| EXAMPLE 1 | Home Construction One crew |i 


can drywall a house in 4 days and another crew can drywall 
the same house in 5 days. If both crews work together, how 
long will it take to drywall the house? 


Work completed = rate of work - time worked or 


Analyze It is helpful to organize the facts of a shared-work 
problem in a table. 


Form Let x = the number of days it will take to drywall the 
house if both crews work together. Since the crews will be 
working for the same amount of time, enter x as the time 
worked for each crew. 

If the first crew can drywall the house in 4 days, its rate working alone is \ of 


© Jim Craigmyle/Corbis 


the job per day. If the second crew can drywall the house in 5 days, its rate 
working alone is t of the job per day. To determine the work completed by each 
crew, multiply the rate by the time. 


Rate - Time = Work completed 
Ist crew x a 


2nd crew 


ie | Ble 


x 
x 5 


Enter this Multiply to get 
information each of these 
first. entries; W = rt. 


In shared-work problems, the number 1 represents one whole job completed. So 
we have 


The part of the job 1 the part of the job 1 1 job 
us uals 
done by Ist crew P done by 2nd crew completed. 
x x 
= + = = 1 
4 5 
Solve 
x Xx 
—~+rz=1 
4 5 
x x) Clear the equation of fractions by multiplying 
20( * * *) = 200) both sides by the LCD, 20. 
x x 
20( *) + 20( 2) = 20 Distribute the multiplication by 20. 
1 x T (x 
A-5> A +4-5% 3 = 20 Factor 20 as 4 - 5, and remove common factors. 
1 1 
5x + 4x = 20 Simplify. 
9x = 20 Combine like terms. 
20 
x= Divide both sides by 9. 


9 


6.8 Problem Solving Using Rational Equations 


State If both crews work together, it will take #2 or 23 days to drywall the house. 


Check In ny days, the first crew drywalls | . # = 3 of the house and the second 


crew drywalls § . # = ; of the house. The sum of these efforts, 3 + 2, iS 3 or 1 house 


drywalled. The result checks. 


Example 1 can be solved in a different way by considering the amount of work 
done by each crew in 1 day. As before, if we let x = the number of days it will take to 
drywall the house if both crews work together, then together, in 1 day, they will 
complete i of the job. If we add what the first crew can do in 1 day to what the 
second crew can do in 1 day, the sum is what they can do together in 1 day. 


What Ist crew can what 2nd crew what they can do 


do in 1 day can do in | day together in | day. 
1 1 1 
— + = => = 
4 5 x 


To solve the equation, begin by clearing it of fractions. 


1 1 il 
20r{ 5 of :) = 20x( +) Multiply both sides by the LCD, 20x. 


5x + 4x = 20 Distribute the multiplication by 20x and simplify. 
9x = 20 Combine like terms. 
20 
x= nm Divide both sides by 9. 


This is the same as the solution obtained in Example 1. 


| EXAMPLE 2 | Setting up Seating It takes the head custodian at a 


school 30 minutes less time than his assistant to set up the chairs for a program in 
the auditorium. Working together, they can set up the chairs in 20 minutes. How 
long would it take each person working alone to set up the chairs? 


Analyze We will organize the facts of this shared-work problem in a table. 


Form Let x = the number of minutes that it takes the assistant to set up the chairs. 
Then x — 30 = the number of minutes that it takes the head custodian to set up the 
chairs. 

If the assistant can set up the chairs in x minutes, his rate working alone 


eae 
18: 5 


(x — 30) minutes, his rate working alone is sy of the job per minute. Each rate 
is entered in the table below. 

If they work together, it takes them 20 minutes to complete the job. We enter 
20 minutes for the time worked for each person. To determine the work 
completed by each person, we multiply the rate by the time, as shown in the table. 


of the job per minute. If the head custodian can set up the chairs in 


Rate - Time = Work completed 


Assistant : 20 a 
* il 20 
Head custodian =—3) 20 -=30 
ee eS See 
Enter this Multiply to get 
information each of these 


first. 


entries; W = rt. Vv 


Self Check 2 


FILLINGAPOOL It takes a small 
garden hose 1 day longer to fill a 
swimming pool than a larger 
hose. Working together, they can 


fill the pool in 14 days. How long 


would it take each hose used 
individually to fill the pool? 


Now Try Problem 21 

Self Check 2 Answer 

The larger hose would take 2 days and 
the smaller hose would take 3 days to 
fill the pool. 


Teaching Example 2 ROOFING A 
HOUSE A homeowner estimates that 
it will take him 3 more days to roof his 
house than a professional roofer would 
take. If working together, the 
homeowner and professional roofer 
can complete the job in 26 days, how 
long would it take the homeowner 
working alone? 

Answer: 

It will take the homeowner 7 days to 
roof his house. 
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In shared-work problems, the number 1 represents one whole job completed. 


So we have 
The part of the the part of the ian 
job done by plus job done by equals em | ea 
the assistant the head custodian P 
20 20 
a + = 1 
x x — 30 
Solve 


Clear the equation 

of fractions by 
multiplying both sides 
by the LCD, x(x — 30). 


20 20 
x(x — 302 + == 50 


) = x(x — 30)(1) 


1 20 1 20 Distribute x(x — 30) 
PC cee 30)( 22) a x(x = 30) ) = x(x — 30)(1) and then remove 
1 1 


common factors. 


(x — 30)(20) + x(20) = x(x — 30)(1) Simplify. 


20x — 600 + 20x = x”? — 30x Perform the 
multiplication on each 
side. This is a 
quadratic equation. 


40x — 600 = x? — 30x Combine like terms. 


0=x*— 70x +600  Toget Oonthe left 
side, subtract 40x and 
add 600 to both 
sides. 


0 = (x — 10)(x — 60) Factor the trinomial. 


Sm 10 50 or x-—60=0 Set each factor equal 
to 0. 
x = 10 x = 60 


State The solutions of the equation are 10 and 60. If it takes them 20 minutes, 
working together, to set up the chairs, it does not make sense that it would take the 
assistant 10 minutes working alone. We reject that solution. Thus, we have found 
that, working alone, it takes the assistant 60 minutes and it takes the head custodian 
60 — 30 = 30 minutes to set up the chairs. 


Check In 20 minutes, the assistant completes 2 = 5 of the job while the head 


custodian completes a = - of the job. The sum of these efforts, 5 + z, is 3 or 1 job 


completed. The results check. a 


9 Solve uniform motion problems. 


In the next two examples, rational equations are used to model situations involving 
uniform motion. 


Road Trips A doctor drove 200 miles to attend a national 
convention. Because of poor weather, her average speed on the return trip was 
10 mph less than her average speed going to the convention. If the return trip 
took 1 hour longer, how fast did she drive in each direction? 
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Analyze We need to find her rates of speed going to and returning from the 
convention. They can be represented using a variable. The distance traveled was 
200 miles each way. To describe the travel times, we note that 


rt=d_ risthe rate of speed, t is the time traveled, and d is the distance. 


or 
d 
t=— _ Divide both sides by r. 
r 


Form Let r= the average rate of speed (in mph) going to the meeting. Then 
r — 10 = the average rate of speed on the return trip. We can organize the facts of 
the problem in the table. 


‘Going 


Rate - Time = Distance ge rmph 


Going r 20 200 
3 Returning 
Returning r—10 -%, 200 eg ys (vr 10) mph 
— 
Enter this | | | S00 ui 
information 
first. We obtained these entries 


by dividing the distance by 
the rate: t = 4. 


Because the return trip took 1 hour longer, we can form the following 
equation: 


The time it took to the time it took 


plus 1 equals 


travel to the convention to return. 
200 200 
— + il = 
r r— 10 


Solve We can solve the equation as follows: 


200 - 200 Multiply both sides by the 
rir 10( 7 + 1) =r(r- 10. — 5) LCD, r(r— 10). 


200 ) Distribute r(r — 10) and 


1 200 : 
r(r — 10) y + r(r — 10)1 = rp=10)( then remove common 


factors. 
200(r — 10) + r(r — 10) = 200r 
200r — 2,000 + r? — 10r = 200r 


a 
a= 


Distribute 200 and r. This 


is a quadratic equation. 
190r — 2,000 + r? = 200r Combine like terms. 
r* — 10r — 2,000 = 0 To get O on the right side, 
subtract 200Or from both 


sides. 
(r — 50)(r + 40) = 0 Factor r* — 10r — 2,000. 
r—50=0 or r+40=0 


r= 50 | r= —40 


Set each factor equal to O. 


State We must exclude the solution of —40, because a speed cannot be negative. 
Thus, the doctor averaged 50 mph going to the convention, and she averaged 
50 — 10 or 40 mph returning. 


Check At 50 mph, the 200-mile trip took 4 hours. At 40 mph, the return trip took 
5 hours, which is 1 hour longer. The results check. 


Self Check 3 


ROAD TRIPS A caravan of 
students traveled 150 miles to an 
academic competition. On the 
return trip, their average speed 
was 20 mph less than going, due 
to road construction. If the 
return trip took 2 hours longer, 
how fast did they drive in each 
direction? 


Now Try Problem 31 

Self Check 3 Answer 

The caravan of students averaged 

50 mph going to the competition and 
30 mph returning. 


Teaching Example 3 ROAD TRIPS 
A group of college students traveled 
300 miles to spend the weekend at 
home. Because of traffic conditions, 
their average speed on the return trip 
was 10 mph less than their average 
speed going. If the return trip took 

1 hour more, how fast did they drive 
each direction? 

Answer: 

They averaged 60 mph going home, and 
50 mph returning to college. 


Self Check 4 


WATERTRAVEL A motorboat goes 
5 miles upstream in the same 
time it requires to go 7 miles 
downstream. If the river flows at 
2 miles per hour, find the speed 
of the boat in still water. 


Now Try Problem 39 

Self Check 4 Answer 

The speed of the boat in still water is 
12 mph. 


Teaching Example 4 DINNER 
CRUISE A dinner cruise boat can 
travel 9 miles down the river and return 
in a total of 3 hours. If the boat can 
travel 8 mph in still water, find the 
speed of the river’s current. 

Answer: 

The river’s current is 4 mph. 


§(12 + c)Q2 - al 


5(12-+ (12 — (=) + 5(12 + aro a) = 5(12 + c)(12 (5) 


1 


45(12 
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| EXAMPLE 4 | Riverboat Cruises The Forest City Queen can make a 


9-mile trip down the Rock River and return in a total of 1.6 hours. If the riverboat 
travels 12 mph in still water, find the speed of the current in the Rock River. 


Analyze We can represent the upstream and downstream rates of speed using a 
variable. In each case, the distance traveled is 9 miles. To write an expression for the 
time traveled, divide the distance by the rate of speed. 


Form We can let c = the speed of the current (in mph). Since the boat travels 
12 mph and a current of c mph pushes the boat while it is going downstream, the 
speed of the boat going downstream is (12 + c) mph. On the return trip, the current 


), 


the time required for the downstream leg of the trip is pos hours, and the time 


distance 
rate 


pushes against the boat, and its speed is (12 — c) mph. Since t = (time = 


required for the upstream leg of the trip is ——- hours. We can organize this 
information in the table. 


Rate - Time = Distance Downstream 
Colne +¢| pr 9 
downstream 
Going 12-e 12 z= c 9 Upstream 
upstream 
Enter this 
information 
first. 


Divide the distance by the rate. 


We also know that the total time required for the round trip is 1.6 or 8 hours. 


The time it takes to the time it takes the total time for 


travel downstream to travel upstream the round trip. 
9 = 9 7 8 
12+¢ 12—<¢ - 5 
Solve We multiply both sides of the equation by 5(12 + c)(12 — c) to clear it of 
fractions. 
9 9 8 
= §(12 + c)(12 — o)| = 
Bre i2- :) see 0(5) 


Distribute 5(12 + c)(12 — c) and remove 
common factors. 


9 
1 


c) + 45(12 + c) = 8(12 + c)(12 — c) Simplify. 


540 


45c + 540 + 45c = 8(144 — c’) On the left side, distribute. On the right 


side, use the FOIL method. 
1,080 = 1,152 — 8c? 


Combine like terms and multiply. This is a 
quadratic equation. 


8c? — 72 =0 To get O on the right side, add 8c* and 
subtract 1,152 from both sides. 
c?-9=0 Divide both sides by 8. 
(c + 3)\(c — 3) = 0 Factor the difference of two squares. 
c+3=0 or c—3=0  Seteach factor equal to 0. 
c=-3 | c=3 Vv 


State Since the current cannot be negative, the solution —3 must be discarded. 


The current in the Rock River is 3 mph. 


Check The downstream trip is at 12 + 3 = 15 mph for 524 = 2 hr. Thus, the 


3 


distance traveled is 15+ = = 9 miles. The upstream trip is at 12 — 3 = 9 mph for 


9 


77 —3 = 1 hr. Thus, the distance traveled is 9 - 1 = 9 miles. Since both distances are 


9 miles, the result checks. 


ANSWERS TO SELF CHECKS 


6.8 Problem Solving Using Rational Equations 


1. If both crews work together, it will take 13 days to paint the house. 


2. The larger hose would take 2 days and the smaller hose would take 3 days to fill the pool. 


3. The caravan of students averaged 50 mph going to the competition and 30 mph returning. 


( 4. The speed of the boat in still water is 12 mph. 


STUDY SET 


I VOCABULARY 
Fill in the blanks. 


1. In this section, we call problems that involve: 


e people or machines completing jobs, shared- 
work problems. 


® moving vehicles, uniform _™otion problems. 


2. When a boat travels downstream_, the speed of the 
boat is increased by the current. When a boat travels 
_upstream_ the speed of the boat is decreased by the 
current. 


| CONCEPTS 
3. Fill in the blank: If a job can be completed in x hours, 
then the rate of work can be expressed as 1 of the job 
is completed per hour. 
> 4. a. It takes a night security officer 35 minutes to check 
each of the doors in an office building to make 
sure they are locked. What is the officer’s rate of 
work? i of the job per minute 
b. It takes a high school mathematics teacher 4 hours 
to make out the semester report cards. What part of 
the job does she complete in x hours? 7 
5. Complete the table. 


dS) 
1 
8 


6. Solve d = rt fort. t= 4 


P Selected exercises available online at 
www.webassign.net/brookscole 


7. Complete the table. 


Running ae 


Bicycling | gear 1S 


p> 8. A boat can cruise at 30 mph in still water. 


a. What is its cruising speed upstream against a 
current of 4 mph? 26 mph 


b. What is its cruising speed downstream with a 
current of 4 mph? 34 mph 


I NOTATION 
9. Write 4 hours using a mixed number. 4° hr 


> 10. Fill in the blanks: In the formula W = rt, the variable 
W stands for the work completed, r is the _fate_, and 
t isthe time , 


I APPLICATIONS 


> 11. ROOFING A homeowner estimates that it will take 
him 7 days to roof his house. A professional roofer 
estimates that he could roof the house in 4 days. 
How long will it take if the homeowner helps the 
roofer? 26 days 

12. DECORATING One crew can put up holiday 

decorations in a department store in 12 hours. A 
second crew can put up the decorations in 15 hours. 
How long will it take if both crews work together to 
decorate the store? 63 hours 
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13. 


> 14. 


> 15. 


16. 


> 17. 


HOUSEPAINTING The illustration shows two bids 
to paint a house. 


a. To get the job done quicker, the homeowner hired 
both the painters who submitted bids. How long 
will it take them to paint the house working 
together? 13 days 

b. What will the homeowner have to pay each 
painter? Santos: $412.50, Mays: $375 


Mays t 


House ™ Painting 


Santos Painting 


Residential Bid: 


Bid: 


3 days $200 per day 
@ $220 a day 5 days work 
Total: $660 Total: $1,000 


GROUNDSKEFPING It takes a groundskeeper 
45 minutes to prepare a Little League baseball field 
for a game. It takes his assistant 55 minutes to 
prepare the same field. How long will it take if they 
work together to prepare the field? 243 min 


FARMING In 10 minutes, a conveyor belt can move 
1,000 bushels of corn into the storage bin shown. A 
smaller belt can move 1,000 bushels to the storage bin 
in 14 minutes. If both belts are used, how long will it 
take to move 1,000 bushels to the storage bin? 52 min 


€ Ca 8 , 


BOTTLING Ata packaging plant, the older of two 
machines can fill 5,000 bottles of shampoo in 6 hours. 
A newer machine can fill 5,000 bottles in 4 hours. If 
both machines are used, how long will it take to fill 
5,000 bottles of shampoo? 22 hr 


THRILL RIDES 
At the end of an 
amusement park 
ride, a boat lands 
in a pool, splashing 
out a lot of water. 
Three inlet pipes, 
each working 
alone, can fill the 
pool in 10 seconds, 15 seconds, and 20 seconds, 
respectively. How long would it take to fill the pool if 
all three inlet pipes are used? 48 sec 


Image Copyright Jim Lopes, 2009. Used 
under license from Shutterstock.com 


18. 


19. 


> 20. 


21. 


p> 22. 


> 23. 


24. 


25. 


> 26. 


SMOKE DAMAGE Three ventilation fans, each 
working alone, can clear the smoke out of a room in 
12 hours, 16 hours, and 24 hours, respectively. How 
long would it take to clear out the smoke in the room 
if all three fans are used? 55 hr 


FILLING PONDS One pipe can fill a pond in 

3 weeks, and a second pipe can fill it in 5 weeks. 
However, evaporation and seepage can empty the 
pond in 10 weeks. If both pipes are used, how long 
will it take to fill the pond? 2-4 weeks 


HOUSECLEANING Sally can clean the house in 

6 hours, her father can clean the house in 4 hours, and 
her younger brother, Dennis, can completely mess 

up the house in 8 hours. If Sally and her father clean 
and Dennis plays, how long will it take to clean the 
house? 32 hr 


FINE DINING It takes a waiter 5 minutes less time 
than a busboy to fold the napkins used for the dinner 
seating in an upscale restaurant. Working together, 
they can fold the napkins in 6 minutes. How long 
would it take each person working alone to fold the 
napkins? waiter: 10 min, busboy: 15 min 


FIRE DRILL If the east and west exit doors of a 
banquet hall are open, the occupants can clear out in 
2 minutes. It takes 3 minutes longer to clear the hall if 
just the east door is open as it does if just the west 
door is open. How long does it take to clear the hall if 
just the west door is open? 3 min 


FUND-RAISING LETTERS Working together, two 
secretaries can stuff the envelopes for a political 
fund-raising letter in 4 hours. Working alone, it takes 
the slower worker 6 hours longer to do the job than 
the faster worker. How long does it take each to do 
the job alone? faster worker: 6 hr, slower worker: 12 hr 


SURVEYS It takes one team 9 days less than 
another to survey 1,000 people. If the teams work 
together, it takes them 20 days to complete such a 
survey. How long will it take each to do the survey 
alone? faster team: 36 days, slower team: 45 days 


PLUMBING An experienced plumber can install 
the plumbing in a new apartment twice as fast as 

his apprentice. Working together, they can complete 
the plumbing job in 4 days. How long would it 

take each, working alone, to complete the 
plumbing? experienced plumber: 6 days, apprentice: 12 days 


NEWSLETTERS An elementary school teacher can 
assemble and staple the weekly newsletter three 
times faster than her student aide. Working together, 
they can assemble and staple the letters in 12 minutes. 
How long would it take each, working alone, to 
complete the job? teacher: 16 min, student aide: 48 min 


> 27. 


> 28. 


29. 


30. 


> 31. 


> 32. 


> 33. 


34. 


DETAILING A CAR It takes a man 3 hours to wash 
and wax the family car. If his teenage son helps him, it 
only takes 1 hour. How long would it take the son, 
working alone, to wash and wax the car? 

15 hours 

CLEANUP CREWS It takes one crew 4 hours to 
clean an auditorium after an event. If a second crew 
helps, it only takes 1.5 hours. How long would it take 
the second crew, working alone, to clean the 
auditorium? 

22 hours 


OYSTERS According to the Guinness Book of 
World Records, the record for opening oysters is 

100 in 140 seconds by Mike Racz in Invercargill, New 
Zealand, on July 16, 1990. If it would take a novice 84 
minutes to perform the same task, how long would it 
take them working together to open 100 oysters? 
(Hint: Work in terms of seconds.) 

about 110 sec 

END ZONES One 
groundskeeper can 
paint the end zone 
of a football field in 
2 hours. Another 
can paint it in 1 hour 
20 minutes. How 
many minutes will it 
take them working together to paint the end zone? 

48 min 

TRUCK DELIVERIES A trucker drove 120 miles 
to make a delivery and returned home on the same 
route. Because of foggy conditions, his average speed 
on the return trip was 10 mph less than his average 
speed going. If the return trip took 1 hour longer, how 
fast did he drive in each direction? 

going: 40 mph, returning: 30 mph 

MOVING HOUSES A house mover towed a 
historic Victorian home 45 miles to locate it on a new 
site. On his return, without the heavy house in tow, his 
average speed was 30 mph faster and the trip was 

2 hours shorter. How fast did he drive in each 
direction? 

going: 15 mph, returning 45 mph 

TRAIN TRAVEL A train traveled 120 miles from 
Freeport to Chicago and returned the same distance 
in a total time of 5 hours. If the train traveled 20 mph 
slower on the return trip, how fast did the train travel 


in each direction? 
going: 60 mph, returning: 40 mph 


AP Photo/Brian Garfinkel 


ey 
Sp ie 


BOXING For his morning workout, a boxer bicycles 
for 8 miles and then jogs back to camp along the same 
route. If he bicycles 6 mph faster than he jogs, and the 


entire workout lasts 2 hours, how fast does he jog? 
6 mph 


> 35. 


> 36. 


37. 


38. 


> 39. 


40. 
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RATES OF SPEED Two trains made the same 
315-mile run. Since one train traveled 10 mph faster 
than the other, it arrived 2 hours earlier. Find the 
speed of each train. 35 mph and 45 mph 


DELIVERIES A FedEx delivery van traveled from 
Rockford to Chicago in 3 hours less time than it took 
a second van to travel from Rockford to St. Louis. If 
the vans traveled at the same average speed, use the 
information in the map to help determine how long 
the first driver was on the road. 2 hr 


St. Louis | 


COMPARING TRAVEL A plane can fly 600 miles 
in the same time as it takes a car to go 240 miles. If 
the car travels 90 mph slower than the plane, find the 
speed of the plane. 150 mph 


COMPARING TRAVEL A bicyclist can travel 

40 miles in the same time that a motorcyclist can 
travel 60 miles. If the bicyclist travels 12 mph slower 
than the motorcyclist, find the speed of the 
motorcyclist. 36 mph 


BOATING It takes 6 hours for a boater to travel 
16 miles upstream and back. If the speed of the boat 
in still water is 6 mph, what is the speed of the 
current? 2 mph 


RIVER TOURS A wave runner trip begins by going 
60 miles upstream against a current. There, the driver 
turns around and returns with the current. If the still- 
water speed of the wave runner is set at 25 mph and 
the entire trip takes 5 hours, what is the speed of the 
current? 5 mph 


| 


Image Copyright Crok Photography, 2009. 


Used under license from 


Shutterstock.com 
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> 41. 


> 42. 


43. 


BOATING A man can drive a motorboat 45 miles 
down the Colorado River in the same amount of time 
that he can drive 27 miles upstream. Find the speed of 
the current if the speed of the boat is 12 mph in still 
water. 3 mph 


CROP DUSTING A helicopter spraying fertilizer 
over a field can fly 0.5 mile downwind in the same 
time as it can fly 0.4 mile upwind. Find the speed of 
the wind if the helicopter travels 45 mph in still air 
when dusting crops. 5 mph 


In Example 1, one crew could drywall a house in 4 
days, and another crew could drywall the same house 
in 5 days. We were asked to find how long it would 
take them to drywall the house working together. 


e is the difference in lengths of time it takes 
each crew to drywall the house: 
5 days — 4 days = 1 day. 

e is the average of the lengths of time it 
takes each crew to drywall the house: 


4 days + 5 days 9 1 
5] = 5 days = 45 days. 


44. Write a shared-work problem that can be modeled by 
the equation 


. 
3 


+[=1 


7 
4 


Simplify each expression. Write answers using positive 


: : : exponents. 
Explain why each of the following approaches is tees xa 
incorrect. 45. (2 ) me 46. é ) aa 
n ge 
The time it would take to drywall the house “ : 
0 a alors 48. —3s°t —31 
e is the sum of the lengths of time it takes each 29 5 3-4. 0 
4x7 +x yyy 
crew to drywall the house: 49. -——_.,—_ -4 50. —— 
4 days + 5 days = 9 day. x Gy y ” 


51, (—x’Py"y2x7y® —x8y! 52. 52 3(r9)? 2571 


Proportion and Variation 


In this section, we will discuss the ratio-proportion model and four variation models. 
They can be used to solve a variety of application problems. 


EB Identify ratios, rates, and proportions. 


The quotient of two numbers or two quantities with the same units is often called a 
ratio. For example, 3 can be read as “the ratio of 2 to 3.” The notation 2:3 (read as “2 
is to 3”) is another way to denote a ratio. Some more examples of ratios are 


x2 


3x 


4x 
—— _ The ratio of 4x to 7y and 


The ratio of x — 2 to 3x 
Ty 


When we compare two quantities having different units, we call the comparison 
a rate, and we can write it as a fraction. One example is an average rate of speed. 
A distance traveled — 372 miles 
: . : —.—— = 62 mph < The average rate of speed 
in a period of time + 6 hours 
Rates are often used to express unit costs, such as the cost per pound of ground 
beef. 


The cost of a package of beef + $18.95 


-—— = $3. Ib Th 
The weight of the package + 5b variaper ls oe 
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An equation indicating that two ratios or rates are equal is called a proportion. 
Two examples are 


In the proportion 5 = 7, the terms a and d are called the extremes of the 


proportion, and the terms b and c are called the means. 
To develop a fundamental property of proportions, we suppose that 


is a proportion and multiply both sides by bd to obtain 


a C 
oa() = oa(5) To clear the fractions, multiply both sides by the LCD, bd. 


a Cc 
ba : rf = ee 7 Remove common factors of the numerator and denominator. 
1 1 
ad = bc Simplify. 


Since ad = bc, the product of the extremes equals the product of the means. 
The same products ad and bc can be found by multiplying diagonally in the 
proportion § = 5. We call ad and bc cross products. 


In a proportion, the product of the extremes is equal to the product of the means. 


ac . ac 
If; = then ad = bc and if ad = bc, then bog 


4 Solve proportions. 


To solve a proportion, we can use the fundamental property of proportions. 


Self Check 1 
xs 


x 
= -1 
x +6 Solve for x: ~ a 3 
x 


Solve for x: 


Strategy To solve for x, we will set the cross products equal. Now Try Problem 19 


WHY This equation is a proportion, and in a proportion the product of the 


means equals the product of the extremes. ae eee ae ee 


a2 oS 
Solution x x43 
x+3 x Answer: 
= This is the proportion to solve. =6 
x x+6 
(x + 3)(x + 6) =x-x Find each cross product and set them equal. 
x7 + Ox + 18 = x? Perform the multiplications. 
9x + 18 =0 Subtract x* from both sides. 
9x = —18 Subtract 18 from both sides. 


x= -2 To isolate x, divide both sides by 9. Vv 


Self Check 2 


Se x 
12 x+2 


Now Try Problem 27 


Solve: 


Teaching Example 2 Solve: 
2243 

x 6 
Answer: 


=6,3 


WIN 


al 
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The solution is —2 and the solution set is {—2}. To check, we substitute —2 for x in 
the proportion and simplify each side. 


Check: = = 
x x+6 
—24+3, -2 
—2 —2+6 
1 ,-2 
2° 4 
ao ae True 
2 2 a 


bee 


The expression ~~— is undefined if x is 0, because division by 


Caution! 


0 would be indicated. Similarly, a is undefined if x is —6. Thus, we can rule 


He Stead 


out 0 and —6 as possible solutions of —; roar 


Sol 5a +2 18 
olve: = 
2a a+4 


Strategy To solve for a, we will set the cross products equal. 


WHY This equation is a proportion, and in a proportion the product of the 
means equals the product of the extremes. 


Solution 
Because Sat 2 is undefined if a = 0, we have the restriction that a # 0. Because 
a - q is undefined if a = —4, we also have the restriction that a # —4. 
aa2 = 18 This is the proportion to solve. 
2a a+4 
(5a + 2)(a + 4) = 2a(18) Find each cross product and set them equal. 
5a° + 22a + 8 = 36a Perform the multiplications. 
5a’ — 14a + 8=0 To get O on the right side, subtract 36a from both 


(5a — 4)\(a — 2) = 0 


sides. 


Factor to solve the quadratic equation. 


Sa-4=0 or a-—2=0  Seteach factor equal to 0. 
Sa = 4 a=2 _— Solve each linear equation. 
4 
a=—z 
5 
The solutions are 2 and 2. Check each of them in the original equation. a 


EB Use proportions to solve problems. 


We can use proportions to solve many application problems. If we are given a ratio 
(or rate) comparing two quantities, the words of the problem can be translated into 
a proportion and we can solve it to find the unknown. 
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| EXAMPLE 3 | : \ Self Check 3 
Gourmet Cooking To make a dessert, a chef needs to 


purchase 14 pears. If they are on sale at 6 for $2.34, what will 14 cost? MOVIE TENENS Five adult 
admission tickets to a movie cost 
Strategy We will use the facts in the problem to set up a proportion. $42.50. What will 
WHY Three of the entries of the proportion (14, 6, and 2.34) are given. We can 8 tickets cost? $68 
find the fourth entry, the unknown cost of 14 pears, by solving the proportion. Now Try Problem 63 
Solution Teaching Example 3 PRICING A sign 
First, we let c= the cost of 14 pears in dollars. The price per pear when at the grocery store advertises salad 
: + $2.34 : : -. $c dressing on sale at 3 for $5.00. How 
purchasing 6 pears is “~~, and the price per peat when purchase 14 pears is 43. sadly will @ telien el calnd cieatas 
Since these rates are equal, we have the following proportion: cost? 
Answer: 
$2.34 is to 6 pears as $c is to 14 pears. opr 


Cost of 6 pears — 2,34 c + Cost of 14 pears 
6 pears +> 6 ~ 14 < 14 pears 


14(2.34) = 6c Find each cross product and set them equal. 


32.76 = 6c Multiply. 


32.76 _ 


6 c To isolate c, divide both sides by 6. 


c = 5.46 Perform the division. 


Fourteen pears will cost $5.46. a 


Success Tip Since proportions are rational equations, they can also be solved 
by multiplying both sides by the LCD. For Example 3, an alternate approach is 
to multiply both sides by the LCD of 6 and 14, which is 42. 


IZJ Solve problems involving similar triangles. 


If two angles of one triangle have the same measure as two angles of a second 
triangle, the triangles will have the same shape. In this case, we say that the triangles 
are similar triangles. Here are some facts about similar triangles. 


Similar Triangles 


If two triangles are similar, then 
1. The three angles of the first triangle have the same measure, respectively, 
as the three angles of the second triangle. 


2. The lengths of all corresponding sides are in proportion. 


Self Check 4 


HEIGHT OF A TREE Suppose the 
tree casts a shadow of 32 feet at 
the same time the yardstick casts 
a shadow of 4 feet. Find the 
height of the tree. 24 ft 


Now Try Problem 71 


Teaching Example 4 HEIGHT OF A 
LIGHT POLE A light pole casts a 
12-foot shadow at the same time a 
5-foot stick casts a shadow of 2 feet. 
Find the height of the light pole. 
Answer: 

30 ft 
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The following triangles are similar triangles. 


F Corresponding angles have the same 
measure. 


The corresponding sides are in 


7 proportion: 
C 30 ew 
4 ~ 2x 
4 Med 
> ax 32 
x 
° 1_ 2 
2 saa 274 
x 


Success Tip Similar triangles do not have to be positioned the same. When 
they are placed differently, be careful to match their corresponding letters 


correctly. For example, in the illustration below, 


ARST is similar to AMNO 


The properties of similar triangles often enable us to find the lengths of the 
sides of triangles indirectly. For example, we can find the height of a tree and stay 
safely on the ground. 


Height of aTree A tree casts a shadow of 29 feet at the 
same time as a vertical yardstick casts a shadow of 2.5 feet. Find the height of the 
tree. 


Strategy We will use the facts in the problem to set up a proportion. 


WHY Three of the entries of the proportion are given. We can find the fourth 
entry, the unknown height of the tree, by solving the proportion. 


Solution 

Refer to the figure, which shows the triangles determined by the tree and its 
shadow and the yardstick and its shadow. Because the triangles have the same 
shape, they are similar, and the measures of their corresponding sides are in 
proportion. If we let h = the height of the tree in feet, we can find h by setting up 
and solving the following proportion: h is to 3 as 29 is to 2.5. 


Height of the tree —+ h 29 < Length of the tree’s shadow 
Height of the yardstick — 3 OS a= Length of the yardstick’s shadow 


2.5h = 3(29) 


Find each cross 
product and set them 


equal. 
2.5h = 87 Multiply. 
h = 34.8 To isolate h, divide 


both sides by 2.5. 


The tree is about 35 feet tall. 


IE Solve problems involving direct variation. 


To introduce direct variation, we consider the formula for the circumference of a 
circle 


C=7D 


where C is the circumference, D is the diameter, and 7 ~ 3.14159. If we double the 
diameter of a circle, we determine another circle with a larger circumference C, such 
that 


C, = 7(2D) = 27D = 2C 


Thus, doubling the diameter results in doubling the circumference. Likewise, if we 
triple the diameter, we will triple the circumference. 

In the formula, C = 7D, we say that the variables C and D vary directly, or that 
they are directly proportional. This is because C is always found by multiplying D by 
a constant. In this example, the constant 7 is called the constant of variation or the 
constant of proportionality. 


Direct Variation 


The words “y varies directly as x” or “y is directly proportional to x” means 


that y = kx for some nonzero constant k. The constant k is called the constant 
of variation or the constant of proportionality. 


Since the formula for direct variation (y = kx) 
defines a linear function, its graph is always a line 
with a y-intercept at the origin. The graph of y = kx 
where x = O appears in the figure for three positive 
values of k. 

One example of direct variation is Hooke’s law 
from physics. Hooke’s law states that the distance a 
spring will stretch varies directly as the force that is 
applied to it. 

If d represents a distance and f represents a 
force, this verbal model of Hooke’s law can be 
expressed as 


d=kf The direct variation model can be read as “d is directly proportional to f.” 


where k is the constant of variation. Suppose we know that a certain spring stretches 
10 inches when a weight of 6 pounds is attached (see the figure). We can find k as 
follows: 


To find the force required to stretch the spring a distance 10 in. 
of 35 inches, we can solve the equation d = kf for f, with | 
d = 35andk =3. 


d=kf a 
- 7 = = 
10 = k(6) Substitute 10 for d and 6 for f. = = Unstretched 
5 Ss = length 
aoe = = 
= 


a 
= 
‘SE 


6.9 
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Self Check 5 


CURRENCY EXCHANGE When 
exchanging currencies, the 
number of British pounds 
received is directly proportional 
to the number of U.S. dollars to 
be exchanged. If $800 converts to 
392 pounds, how many pounds 
will be received if $1,500 is 
exchanged? 735 British pounds 


Now Try Problem 79 


Teaching Example 5 CURRENCY 
EXCHANGE When exchanging 
currencies, the number of euros 
received is directly proportional to the 


number of U.S. dollars to be exchanged. 


If $500 converts to 350 euros, how 
many euros will be received if $700 is 
exchanged? 

Answer: 

490 euros 
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d=kf 
— 5 . 5: 
35 = 3f Substitute 35 for d and 5 for k. 


105 = 5f 
21=f 


Multiply both sides by 3. 
Divide both sides by 5. 


Thus, the force required to stretch the spring a distance of 35 inches is 21 pounds. 


| EXAMPLE 5 Currency Exchange The | 


convert 
currency calculator shown here converts from US. 


dollars to Japanese yen. When exchanging these 
currencies, the number of yen received is directly oe 
proportional to the number of dollars to be 500 

exchanged. How many yen will an exchange of into 

$1200 bring? [Yapanese ven JPY | 


amount 


Di 230) 


Strategy We will use a direct variation model to 
solve this problem. 


WHY The words the number of yen received is 
directly proportional to the number of dollars to be 
exchanged indicate that this type of model should be used. 


Solution 
The verbal model can be represented by the equation 
y=kd  thisisa direct variation model. 


where y is the number of yen, k is the constant of variation, and d is the number of 
dollars. From the illustration, we see that an exchange of $500 brings 57,250 yen. 
To find k, we substitute 500 for d and 57,250 for y, and then we solve for k. 


y=kd 
57,250 = k(500) 
1145 =k To isolate k, divide both sides by 500. 


To find how many yen an exchange of $1,200 will bring, we substitute 114.5 for & and 
1,200 for d in the direct variation model, and then we evaluate the right side. 


y=kd 
y = 114.5(1,200) 
y = 137,400 
An exchange of $1,200 will bring 137,400 yen. a 


We can use the following steps to solve variation problems. 


Solving Variation Problems 


To solve a variation problem: 


Translate the verbal model into an equation. 


Substitute the first set of values into the equation from step 1 to determine 
the value of k. 


Substitute the value of k into the equation from step 1. 


Substitute the remaining set of values into the equation from step 3 and 
solve for the unknown. 


[J Solve problems involving inverse variation. 


In the formula w = an w gets smaller as / gets larger, and w gets larger as / gets 


smaller. Since these variables vary in opposite directions in a predictable way, we say 
that the variables vary inversely, or that they are inversely proportional. The constant 
12 is the constant of variation. 


Inverse Variation 


The words “y varies inversely as x” or “y is inversely proportional to x” mean 


that y = k for some nonzero constant k. The constant k is called the constant 
of variation. 


The formula for inverse variation, y = - defines a 
rational function whose graph will have the x- and 
y-axes as asymptotes. The graph of y = & where x > 0 


appears in the figure for three positive values of k. 

In an elevator, the amount of floor space per 
person varies inversely as the number of people in the 
elevator. If f represents the amount of floor space per 
person and n the number of people in the elevator, the 
relationship between f and n can be expressed by the 
equation. 


f= k This inverse variation model can also be read as 
n_ “f is inversely proportional to n.” 


The figure shows 6 people in an elevator; 
each has 8.25 square feet of floor space. To 
determine how much floor space each person 
would have if 15 people were in the elevator, we 
begin by determining k. 


k 
f= 


Substitute 8.25 for f and 6 for n. 


k = 49.5 Multiply both sides by 6 to solve 
for k. 


To find the amount of floor space per person if 15 people are in the elevator, we 
proceed as follows: 


k 
fae 
n 
49.5 
f= 15 Substitute 49.5 for k and 15 for n. 


f =3.3 Do the division. 


If 15 people were in the elevator, each would have 3.3 square feet of floor space. 


Success Tip If we multiply both sides of y = k by x, we get xy = k. Thus, for 


the inverse variation model, k is simply the product of one pair of values of x 
and y. (Assume x # 0.) 
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Self Check 6 


PHOTOGRAPHY Find the 
intensity when the photographer 
is 8 feet away from the 

subject. 16 foot-candles 


Now Try Problem 81 


Teaching Example 6 
PHOTOGRAPHY In Example 6, find 
the intensity when the photographer is 
2 feet away from the subject. 

Answer: 

256 foot-candles 
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| EXAMPLE 6 | Photography The intensity J of light received from a 


light source varies inversely as the square of the distance from the light source. If 
a photographer, 16 feet away from his subject, has a light meter reading of 4 foot- 
candles of luminance, what will the meter read if the photographer moves in for a 
close-up 4 feet away from the subject? 


& 
d2? 
I represents the intensity and d* represents the square of the distance from the 
light source. 


Strategy We will use the inverse variation model of the form J = where 


WHY The words intensity varies inversely as the square of the distance indicate 
that this type of model should be used. 


Solution 
k This inverse variation model can also be read 


I= z as “is inversely proportional to d*.” 


To find k, we substitute 4 for J and 16 for d and solve for k. 


k 
I= zg 
k 
4=—>5 
16° 
k 
4=— 
256 
1,024 =k To isolate k, multiply both sides by 256. 


To find the intensity when the photographer is 4 feet away from the subject, we 
substitute 4 for d and 1,024 for k and simplify. 


The intensity at 4 feet is 64 foot-candles. a 


Success Tip The constant of variation is usually positive, because most real- 
life applications involve only positive quantities. However, the definitions of 


direct, inverse, joint, and combined variation allow for a negative constant of 
variation. 


Solve problems involving joint variation. 


There are times when one variable varies as the product of several variables. For 
example, the area of a triangle varies directly with the product of its base and height: 


1 
A =—=bh 
2 


Such variation is called joint variation. 


Joint Variation 


If one variable varies directly as the product of two or more variables, the 


relationship is called joint variation. If y varies jointly with x and z, then 
y = kxz. The nonzero constant k is called the constant of variation. 


| EXAMPLE 7 | Force of the Wind 


The force of the wind on a billboard varies 
jointly as the area of the billboard and the ee Connected 


square of the wind velocity. When the wind is io net™ | 18 ft 
= access |7 | 
> 


blowing at 20 mph, the force on a billboard  1.300-1234567 
30 feet wide and 18 feet high is 972 pounds. 
Find the force on a billboard having an area 
of 300 square feet caused by a 40-mph wind. 


Strategy We will use the joint variation 

model f = kAv*, where f represents the force 

of the wind, A represents the area of the billboard, and v? represents the square 
of the velocity of the wind. 


WHY The words the force of the wind on a billboard varies jointly as the area of 
the billboard and the square of the wind velocity indicate that this type of model 
should be used. 


Solution 
f = kAv? 


The joint variation model can also be read as 
“f is directly proportional to the product of A and ve 


Since the billboard is 30 feet wide and 18 feet high, it has an area of 30+ 18 = 540 
square feet. We can find k by substituting 972 for f, 540 for A, and 20 for v. 
f = kAv? 
972 = k(540)(20)? 
972 = k(216,000) 
0.0045 = k 


Evaluate: (20)* = 400. Then do the multiplication. 
Divide both sides by 216,000 to solve for k. 


To find the force exerted on a 300-square-foot billboard by a 40-mph wind, 
we use the formula f = 0.0045Av” and substitute 300 for A and 40 for v. 


f = 0.0045Av? 
= 0.0045(300)(40)* 
= 2,160 
The 40-mph wind exerts a force of 2,160 pounds on the billboard. & 


3 Solve problems involving combined variation. 


Many applied problems involve a combination of direct and inverse variation. Such 
variation is called combined variation. 


EXAMPLE 8 Highway Construction The time it takes to build a 
highway varies directly as the length of the road, and inversely as the number of 
workers. If it takes 100 workers 4 weeks to build 2 miles of highway, how long will 
it take 80 workers to build 10 miles of highway? 
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Self Check 7 


FORCE OF THE WIND Refer to 
Example 7. Find the force of a 
25 mph wind on a billboard 
having an area of 375 square 
feet. approx. 1,055 Ib 


Now Try Problem 85 


Teaching Example 7 ENERGY 
Kinetic energy of an object varies 
jointly with its mass and the square of 
its velocity. A 25-gram mass moving 
at the rate of 30 centimeters per 
second has a kinetic energy of 

11,250 dyne-centimeters. Find the 
kinetic energy of a 10-gram mass that is 
moving at 40 centimeters per second. 
Answer: 

8,000 dyne-centimeters 


Self Check 8 


HIGHWAY CONSTRUCTION How 
long will it take 60 workers to 
build 6 miles of highway? 
Now Try Problem 91 


Self Check 8 Answer 
20 weeks 
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Teaching Example S HIGHWAY Strategy We will use the combined variation model t = _ where ¢t represents 
CONSTRUCTION Refer to Example . : re ’ 

8. How long will it take 100 workers to the time in days, / represents the length of road built in miles, and w represents 
build 20 miles of highway? the number of workers. 

Answer: 

AO weeks WHY The words the time it takes to build a highway varies directly as the length 


of the road, and inversely with the number of workers indicate that this type of 
model should be used. 


Solution 
The relationship between these variables can be expressed by the equation 


t = — _ This is a combined variation model. 
w 


We substitute 4 for t, 100 for w, and 2 for / to find k: 


_ k2) 
~ 100 
400 = 2k Multiply both sides by 100. 
200 = k Divide both sides by 2 to solve for k. 
We now substitute 80 for w, 10 for /, and 200 for k in the equation t = a and 
simplify: 
kl 
t=— 
w 
200(10) 
j= 
80 
= 25 
It will take 25 weeks for 80 workers to build 10 miles of highway. a 


1,3 2.3,1 3. $68 4. 24ft 5. 735 British pounds 6. 16 foot-candles 
| 7. approx. 1,055Ib 8. 20 weeks 


XY J 


STUDY SET 


J VOCABULARY p> 5. If two angles of one triangle have the same measure as 
Fillinthe blanks two angles of a second triangle, the triangles are 
° similar . 


1. A ratio is the quotient of two numbers or two 
quantities with the same units. 


6. The equation y = kx defines _irect_ variation: As 


x increases, y _increases 
2. An equation that states that two ratios are equal, such 


as 5 = :, is called a proportion , 
3. In x = ni the terms 50 and 9 are called the _cxtremes_ 
and the terms 3 and x are called the _™c@ns_ of the 


proportion. In a proportion, the product of the 


_extremes jg equal to the product of the means _, 
5 


~ # 


7. The equation y = * defines inverse variation: As 
x increases, y decreases 


8. The equation y = kxz defines _j0i"t_ variation, and 


y= Ks defines combined variation. 


4. The ss_ products for the proportion 2 are 10x 


and 15. 


P Selected exercises available online at 
www.webassign.net/brookscole 


[| CONCEPTS 


Determine whether direct or inverse variation applies and 


sketch a possible graph for the situation. 


9. Direct > 10. 


Sales tax on the item 
Volume of a gas 
in a cylinder 


A Inverse 


Price of an item 


11. A 


Inverse 


> 12. 


Time to paint a room 
Distance a spring 
stretches 


Number of painters 


I NOTATION 
Complete each solution. 
7 xt+3 
13. Solve: a 8 
7(12) = 6(x + 3) 
84 = 6x + 18 
66 = 6x 
11 =x 
18 3 
> 14. Solve: ae = 14 
18(14) = (2e#a)3 
252 = 6x + 3 
249 = 6x 
415,=x 


I GUIDED PRACTICE 


Solve each proportion. See Example 1. 


Pressure on the gas 


Direct 


Force applied to a spring 


ee eee 
“5 25 27 
7.7 prt b= Ss 
“3 5 x-1 4 
5 Oh +6 7 4g 
19. = 20. ee 
5z+3 2z+6° t 3 WW 
x- 2 x1 a _at2 > 
21. reas ee ie, > 22. ; 3 


> 33. 


> 35. 
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Solve each proportion. See Example 2. 


ne 2 = ee 
3x 36 4 

A ie Se eae 

2 ; +6 5 

27, a, SB Ge 
x+3 x4+5 ? x + 3x > 

565 eg eg a | 
b+5 3b +8 —-2 ¢e¢+2 


Express each verbal model in symbols. See Objectives 5 and 6. 
31. A varies directly as the square of p. A = kp” 


32. ¢ varies directly as s. ¢ = ks 
z varies inversely as the cube of t. z = ' 


34. v varies inversely as the square of r. v = 


Express each verbal model in symbols. See Objectives 7 and 8. 
C varies jointly as x, y, and z. C = kxyz 
36. d varies jointly asr and t. d = kit 


37. P varies directly as the square of a and inversely as 
the cube of j. P = Fa 

38. M varies inversely as the cube of n and jointly as x 
and the square of z. M@ = ae 

Express each variation model in words. In each equation, k is the 

constant of variation. See Objectives 5 and 6. 


39. r = kt r varies directly as ¢. 
40. A = kr? A varies directly as the cube of r. 


41. b = — b varies inversely as h. 


h 


k 
> 42. d= ws d varies inversely as the fourth power of W. 


Express each variation model in words. In each equation, k is the 
constant of variation. See Objectives 7 and 8. 


43. U = krs*t U varies jointly as r, the square of s, and ¢. 
44, L = kmn L varies jointly as m and n. 


m 
p> 45. P = — Pv aries directly as m and inversely as n. 
n 


46. R = —,; R varies directly as L and inversely as a: 
d 


J TRY IT YOURSELF 


Solve each proportion. 
b+4 3b-6 2y+6 4y— 16 
47. = Z 8. = 39 
5 3 2 3 5 
5 b pt2. pHs 4 
49. =— =§,2 50. = 
b+3 2 p+5 p-2? 
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9%+6 7 ee 2 
“2437 z2<+3 “We t+3n) ne +4n4+3 
no solution no solution 
Pe ne a 
“A Bh 8 "5  6b-13 
-5,0,5 ee 
ee Xo 6 He a > 
“y4+2 x+2 “a-3 a-3 
6 5 
sy P=1_1=+f oe n 
ar nn?) "6 n-1 
-3,-1,1 -2,0,3 
gp, 202 4+1_ 45 60, 2 = 15% =2 
. 2 12 “5 0.25 
=§4 14 
Poe ae o2 
“10 ¢ “m  -6 
—10, 10 =6,6 


I APPLICATIONS 


Use a proportion to solve each problem. 


63. 


64. 


65. 


CAFFEINE Many convenience stores sell super-size 
44-ounce soft drinks in refillable cups. For each of the 
products listed in the table, find the amount of 
caffeine contained in one of the large cups. Round to 
the nearest milligram. 202 mg, 139 mg, 125 mg 


Soft drink, 12 0z Caffeine (mg) 
Mountain Dew 35) 
Pepsi 38 
Coca-Cola Classic 34 


TELEPHONES As of 2007, Luxembourg, in Europe, 
had 1,500 mobile cellular telephones per 

1,000 people—the highest rate of any country in the 
world. If Luxembourg’s population is about 

480,200, how many mobile cellular telephones does 
the country have? 720,300 


WALLPAPERING Read the instructions on the 
label of wallpaper adhesive. Estimate the amount of 
adhesive needed to paper 500 square feet of kitchen 
walls if a heavy wallpaper will be used. about 2 gal 


COVERAGE: One-half gallon will hang 
approximately 4 single rolls (140 sq ft), 
depending on the weight of the wall covering 
and the condition of the wall. 


> 66. 


67. 


> 68. 


69. 


p> 70. 


RECOMMENDED DOSAGES The recommended 
child’s dose of the sedative hydroxine is 0.006 gram 
per kilogram of body mass. Find the dosage for a 
30-kg child in grams and in milligrams. 0.18 g = 180 mg 


ERGONOMICS The science of ergonomics 
coordinates the design of working conditions with the 
requirements of the worker. The illustration gives 
guidelines for the dimensions (in inches) of a 
computer workstation to be used by a person whose 
height is 69 inches. Find a set of workstation 
dimensions for a person 5 feet 11 inches tall. Round to 
the nearest tenth. eye: 49.9 in., seat: 17.6 in., elbow: 27.8 in. 


27.0 
Working/ 


SHOPPING A recipe for guacamole dip calls for 

5 avocados. If they are advertised at 3 for $1.98, what 
will 5 avocados cost? $3.30 

DRAWING See the illustration. To make an 
enlargement of the sailboat, an artist drew a grid over 
the smaller picture and transferred the contents of 
each small box to its corresponding larger box on 
another sheet of paper. If the smaller picture is 

3 in. X 5 in. and if the width of the enlargement is 

7.5 in., what is the length of the enlargement? 12.5 in. 


i 


DRAFTING Ina scale drawing, a 280-foot antenna 
tower is drawn 75 inches high. The building next 


to it is drawn 24 inches high. How tall is the actual 
building? 84 ft 


Use similar triangles to solve each problem. 


71. 


72. 


73. 


> 74. 


FLAGPOLES A man places a mirror on the ground 
and sees the reflection of the top of a flagpole, as in 
the illustration. The two triangles in the illustration 
are similar. Find the height h of the flagpole. 25 ft 


77. The language of variation 


WASHINGTON, D.C. The Washington Monument 
casts a shadow of 1664 feet at the same time as a 


5-foot-tall tourist casts a shadow of 15 feet. Find the 
height of the monument. 555 ft 


1 1 

ait 1665 ft 

WIDTH OFA RIVER Use the dimensions in the 
illustration to find w, the width of the river. The two 
triangles in the illustration are similar. 462 ft 


79. 


FLIGHT PATHS An airplane ascends 150 feet as it 
flies a horizontal distance of 1,000 feet. How much 
altitude will it gain as it flies a horizontal distance of 
1 mile? (Hint: 5,280 feet = 1 mile.) 792 ft 


p> 80. 


150 ft 


1,000 ft 


75. 


76. 


81. 
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GRAPHIC ARTS The 
compass in the illustration is 
used to draw circles with 
different radii (plural for 
radius). For the setting 
shown, what radius will the 
resulting circle have? 4 cm 


SKI RUNS A ski course with 5 mile of horizontal run 


falls 100 feet in every 300 feet of run. Find the height 
of the hill. 880 ft 


from Campus to Careers 
is often used to describe Webmaster 
various aspects of the 
Internet and websites. 
Determine whether each 
statement, generally 


speaking, is true or false. 


a. The dollar amount of 
sales that an Internet 
website receives is 
inversely proportional to the amount of 
Internet traffic that visits the website. false 


Reggie Casagrande/Getty Images 


b. The download time of an Internet website 
varies directly with the bandwidth being 
used. false 

c. Search engines like Google place a value on a 
website that is directly proportional to the 
number of sites that link to it. true 


Solve each problem by writing a variation model. 


78. 


GRAVITY The force of gravity acting on an object 
varies directly as the mass of the object. The force on 
a mass of 5 kilograms is 49 newtons. What is the force 
acting on a mass of 12 kilograms? 117.6 newtons 


FREE FALL An object in free fall travels a distance 
s that is directly proportional to the square of the 
time f¢. If an object falls 1,024 feet in 8 seconds, how 
far will it fall in 10 seconds? 1,600 ft 


FINDING DISTANCE The distance that a car can 
go varies directly as the number of gallons of gasoline 
it consumes. If a car can go 288 miles on 12 gallons of 
gasoline, how far can it go on a full tank of 

18 gallons? 432 mi 


FARMING The number of days that a given number 
of bushels of corn will last when feeding cattle varies 
inversely as the number of animals. If x bushels will 
feed 25 cows for 10 days, how long will the feed last 
for 10 cows? 25 days 
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ORGAN PIPES The frequency of vibration of air in 
an organ pipe is inversely proportional to the length 
of the pipe. If a pipe 2 feet long vibrates 256 times per 
second, how many times per second will a 6-foot pipe 
vibrate? 854 


|x 1 >| 


GAS PRESSURE Under constant temperature, the 
volume occupied by a gas varies inversely to the 
pressure applied. If the gas occupies a volume of 

20 cubic inches under a pressure of 6 pounds per 
square inch, find the volume when the gas is subjected 
to a pressure of 10 pounds per square inch. 12 in.° 


REAL ESTATE The following table shows the 
listing price for three homes in the same general 
locality. Write the variation model (direct or inverse) 
that describes the relationship between the listing 
price and the number of square feet of a house in this 
area. P = 105f 


Number of square feet Listing price 


1,720 $180,600 
1,205 $126,525 
1,080 $113,400 


TRUCKING COSTS The costs of a trucking 
company vary jointly as the number of trucks in 
service and the number of hours they are used. When 
4 trucks are used for 6 hours each, the costs are 
$1,800. Find the costs of using 10 trucks, each for 

12 hours. $9,000 


OIL STORAGE The 
number of gallons of oil 
that can be stored ina 
cylindrical tank varies 
jointly as the height of 
the tank and the square 
of the radius of its base. 
The constant of 
proportionality is 23.5. Find the number of 
gallons that can be stored in the cylindrical tank 
shown. 26,437.5 gal 


ELECTRONICS The voltage (in volts) measured 
across a resistor is directly proportional to the current 
(in amperes) flowing through the resistor. The 
constant of variation is the resistance (in ohms). If 

6 volts is measured across a resistor carrying a current 
of 2 amperes, find the resistance. 3 ohms 


}x—— 15 ft ——>| 
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ELECTRONICS The power (in watts) lost in a 
resistor (in the form of heat) varies directly as the 
square of the current (in amperes) passing through it. 
The constant of proportionality is the resistance 

(in ohms). What power is lost in a 5-ohm resistor 
carrying a 3-ampere current? 45 w 


STRUCTURAL 
ENGINEERING The 
deflection of a beam is 
inversely proportional to 
its width and the cube of 
its depth. If the deflection 
of a 4-inch-wide by 4-inch- 
deep beam is 1.1 inches, find the deflection of a 
2-inch-wide by 8-inch-deep beam positioned as in the 
illustration. 0.275 in. 


Width Force 
les 


Depth | | 


= 


STRUCTURAL Width 5 
orce 

ENGINEERING , tke 

Find the deflection _ a 


of the beam in 

Exercise 89 when the 
beam is positioned as in 
the illustration. 4.4 in. 


TENSION IN A STRING When playing with a Skip 
It toy, a child swings a weighted ball on the end of a 
string in a circular motion around one leg while 
jumping over the revolving string with the other leg. 
See the illustration. The tension T in the string is 
directly proportional to the square of the speed s of 
the ball and inversely proportional to the radius r of 
the circle. If the tension in the string is 6 pounds when 
the speed of the ball is 6 feet per second and the 
radius is 3 feet, find the tension when the speed is 8 
feet per second and the radius is 2.5 feet. 12.8 lb 


GAS PRESSURE The pressure of a certain amount 
of gas is directly proportional to the temperature 
(measured on the Kelvin scale) and inversely 
proportional to the volume. A sample of gas at a 
pressure of 1 atmosphere occupies a volume of 

1 cubic meter at a temperature of 273 Kelvin. When 
heated, the gas expands to twice its volume, but the 
pressure remains constant. To what temperature is it 
heated? 546 Kelvin 


6.9 Proportion and Variation 


I WRITING 96. (6a°x* — 2ax? + 3a*) + (—4a7x? — 2a°) 
2a°x? — 2ax* + a? 

97. (3y + 1)(2y* + 3y + 2) 
oy? + lly? + 9y +2 

98. (5k — 6m’)? 
25k? — 60km? + 36m* 


93. Distinguish between a ratio and a proportion. 
p> 94. Give examples of two quantities from everyday life 
that vary directly and two quantities that vary 
inversely. 


T REVIEW 


Perform the indicated operations. 


Ba tes 2) € a Da ) 
5. et t + 
?. (3» gs ay Ta 
2 


STUOY SKILLS CHECKLIST 


Preparing for the Chapter 6 Test 


There are several common mistakes that students make when working with the topics of 
Chapter 6. To make sure you are prepared for the test over this material, read the list below to 
help you avoid these mistakes. 


When simplifying fractions that have more than one term in the numerator and/or the denominator, you must 
factor the numerator and denominator using the factoring strategies from Chapter 5. When you have 
completely factored the numerator and denominator, remove all common factors. 


a’ — 3a — 10 (esa +2) Gi to D 
@=25 Ge aots) ars 
To multiply fractions, you do not get common denominators. Simply factor across the numerators and factor 
across the denominators and remove common factors. 


es ae” A= a) ee 
7 = il BS 2 " GANG Nx-2 1 7 


To divide fractions, make sure to multiply the first fraction by the reciprocal of the second fraction. 


4a? 8a’_—s 4a 3b A-d’ BB 1 


3b? 3b «3b? 8a? A-B-b-2-A-@? 2D 


[| When adding or subtracting fractions, you must have a common denominator. Then you add or subtract across 
the numerator and keep the common denominator. 
2 © Dx  O@ +5) 2c 6x4 30° 8x 30 
x+5 x x(xt+5) x45) se te 5) sae +e S) 


When subtracting a fraction with more than one term in the numerator, make sure you distribute the negative 
through the entire numerator being subtracted. 
5x +7 8x = 5 5x+7—-—(3x—-5) S5x+7-3x+5 2x4+12 
is = 2) Ge = 2B) see = 2) 2iee = 2) se = 2) 


When solving equations that involve rational expressions, you can remove the fractions by multiplying both 
sides by the LCD of the entire equation. When working with rational expressions, you must work with the 
fractions that are in the expression. 


Multiplying both sides of an equation by a quantity that contains a variable can lead to extraneous solutions. 
All possible solutions of a rational equation must be checked. 
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cHapteR 6 SUMMARY AND REVIEW 


SECTION 6.1 Rational Functions and Simplifying 
Rational Expressions 


| DEFINITIONS AND CONCEPTS EXAMPLES 
A rational expression is an expression of the | Rational expressions: 
form 4 where A and B are polynomials and B Ce ee a+2 
does not equal 0. xy? p= 55! an aaa 
A rational function is a function whose : : 6x n+3 
equation is defined by a rational expression in ae x-2 and: gi) n+2n—-9 
one variable. 
Since division by 0 is undefined, any values : : . on _—x+3 
that quale the. dsnantaatee’ Gua sahonal Find the domain of the rational function: f(x) = ecg 


function must be excluded from the domain of 


a ; 
fhe tuneion: x°-—4=0 Set the denominator equal to O. 


(x + 2)(x — 2) =0 Factor the difference of two squares. 
x+2=0 or x—2=0 Set each factor equal to 0. 
x=-—2 | X= 2 Solve each equation. 


The domain of the function is the set of all real numbers except —2 and 
2. In interval notation, the domain is (—%, —2) U (—2, 2) U (2, ~). 


il 
x— 4 (x4+Z(x-2) x-2 


To simplify a rational expression: 


1. Factor the numerator and denominator Simplify: x +4° x4 5) 
completely. 1 
2. Remove factors equal to 1 by replacing i 7 
each pair of factors common to the 2a°-5a*—-12a a(2a+3)(a-4) 2a+3 
numerator and denominator with the 202 —11a2 + 12a a(2a — 3)(a=4) ~ 2a — 3 
1 1 


equivalent fraction t. 


3. Multiply the remaining factors in the 
numerator and in the denominator. 


The quotient of any nonzero expression and 7x — 6 _ 
its opposite is —1. 6—7x 


—1 Because 7x — 6 and 6 — 7x are opposites. 


1 
10-2b 2(5-—b) 25>) 2 


be —5b b(b-5) b(b=S) 


1 


Simplify: 


J REVIEW EXERCISES 


1. Complete the table of values for the rational 


function f(x) = - where x > 0. Round to the nearest 


hundredth when appropriate. Then graph the 
function. Label the horizontal asymptote. 


2 
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3. Find the domain of the rational function 


_ 2x? + 8x 
f@) = 3x 


and using interval notation. 


Express your answer in words 


The domain is the set of all real numbers except —6 and 4: 
(—%, —6) U (—6, 4) U (4, ). 


a 4. Use a graphing calculator to graph the rational 
— 3x + 2 


function f(x) = . From the graph, determine 
the equations of the horizontal and vertical 


asymptotes and the domain and range. 


ll 
2 
il 
De y = 3,x = 0;D:(—%, 0) U (0, ~), R:(—~, 3) U (3, ) 
o} || 8 
Ae Simplify each rational expression, if possible. 
48x7y x? — 49 
5 | 0.8 5. 8 6. Are ae AL 
76xy x” + 14x + 49 
6 | 0.67 12x E it 
19y7 Bae et 4 
U\| es r x — x +4 4 x? + 6x + 36 
8 | 0.5 2x° + 16x? "x7 — 216x* 
1 1 
; 2x?(x + 2) x*(x — 6) 

2. Use the graph of F(x) Sac — 5ad + 5bc — 5bd nm? + mn — 2mn? 
function f to find each 12 9. 5d? — Sc2 10. agi = = oe 
of the following: -a-b m + 2n 

10 e+ ad 2m +n 
a. f(12) 1 ‘ 6x2 — 5x — 4 2m — 2n 
b. The value(s) of th Ox2 — 24x + 16 2. Aa 
x for which 5 f = + ’ _) 

f(x) = 62 4 e+e 3m? — 10m + 8 
c. Thedomainand 2 Larne a ae eee ae 
range of f > x does not simplify oe = or4 Ss 
D: (0, %), R: (0, %) 0 4 8 12 16 20 24 aie ae 


Multiplying and Dividing Rational 


Expressions 


| DEFINITIONS AND CONCEPTS 


To multiply rational expressions, multiply the 
numerators and multiply the denominators. 


Then simplify, if possible. 


EXAMPLES 
Multiply, and then simplify, if possible. 


it 1 1 
y 827 +y 2ArZgrzry 2z 
y 42 yodg yryry hog y? 
x—4 3x+9 (x7 —4)Gx +9) — Multiply the numerators. 


x+3 x+2 


(x + 3)(x + 2) Multiply the denominators. 
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1 1 
(4-2)(x — 2)+3+ (x43) Factor completely 
Gar s)ger2) and then simplify. 


1 1 


= 3(x — 2) Multiply the remaining factors in the 
numerator. 
Multiply the remaining factors in the 
denominator. 


To divide rational expressions, multiply the Divide, and then simplify, if possible. 

first by the reciprocal of the second. 
AC A D_ AD 
BD BC BC 


Multiply the fi ional 
etd t3 3 x4+4r4+3 x i ict e first rationa 
> : expression by the 


2 . ~~ 2 
x” + 3x x XP Se 3 reciprocal of the second. 


a (x? + 4x + 3)-x Multiply the numerators. 
Then simplify, if possible. ~ (x? + 3x) +3 Multiply the denominators. 


1 1 
(x + Dies3) *X — Factor completely and 


5 then simplify. 
AF 


Multiply the remaining 
x+1 factors in the numerator. 
> 3 Multiply the remaining 
factors in the denominator. 


J REVIEW EXERCISES 


_4\2 
Perform the operations and simplify when possible. 19. (4 ~) 
7 + 
45 3x°y* 10 2 —4h+4 
: : he + 83 + 16 
35 21x*y" ne + 3m +9 ne — 27 
y 2 20. 5) ; 
ne 2 2 m +4m+mrt+4r  am-+ar+ 6m + 6r 
i672. + 4x =x a+6 
le 7 (m + 4)(m — 3) 
* Bo epee 54 8m? + 6mn — On? 6m? + 5mn — 4n? 
; . ara a 2a _ 2 
Of = Sea 4 Dy? Se eS 2 Smn + 3n° 12m 7mn — 12n 
17, — ee mee 
4a” — 36a 2a + Sa — 3 3 > e > ; 
2a -1 a xo + 3x° 4+ 2x 0 x — 3x —4x 2x° — 4x — 16 
— ° oe ” 2x? — 2x — 12 © 3x? — 3x x? + 3x+2 
t—4t —, 2 3x(x — 1) 
NBs es + 2t) CS crs 
p= 
£ 
Adding and Subtracting Rational 
Expressions 
| DEFINITIONS AND CONCEPTS EXAMPLES 


To add (or subtract) two rational expressions Add: 
ith lik i t) th 
wit e denominators, add (or subtract) the ; Pen ee eee rr a on 
numerators and keep the common x” — 26 1 x —- 26+ 1 
: — sum over the common 
denominator. x—5 x-5 x—5 denominator, x — 5. 
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x? — 25 
Combine like terms. 
=D 
To simplify the result, factor 


1 
7 (x + S)(e5) the numerator and remove the 
= xr-=5 factor common to the 
1 numerator and denominator. 


=x+5 


To find the LCD of several rational The denominators of two rational expressions are given. Find the 
expressions, factor each denominator and use | LCD: 
each factor the greatest number of times that 2-46-63 ee 8 


it appears in any one de inator. Th LCD =3:-3:-(x-4 -4 
pp y nominator e ee ey (x — 4) - 4+) 


product of these factors is the LCD. = 9(x — 4) 
To add or subtract rational expressions with Subtract: 
nlik i find the LCD 
eee Cenomnaters a 7 . . ane 2x 1 2x ¥ 1 x+5 Build each rational expression 
express each rational expression with a 5 = 5 : to have the LCD of x(x +5) 
denominator that is the LCD. Add (or a Fo ee : - 2 eas : 
subtract) the resulting fractions and simplify _ 2x x +5 Multiply the numerators. 
the result, if possible. x(x +5) x(x +5) — Multiply the denominators. 
2x2 — (x +5) eurinaoe aiid numerators. 
= Write the difference over the 
x(x + 5) common denominator. 
x(x Si 5) eé resu joes Nov simplity. 
REVIEW EXERCISES 
Perform the operations and simplify when possible. Perform the operations and simplify when possible. 
5 a oe 1 . é 
ee 3 31. 9 — a 
xy BOY’ 3 at+1 14z 16z 
9a +8 40x + Ty?z 
ve ad’ x c+ cd 1 iti Toe 
"CO -P 8 -&* 4 4x 3 2a+4 9 
33. = 34. = 
ri 6 x-4 x+3 3 a+2 
25. 1 2 4x? + 9x + 12 2a? + 8a — 19 
t-3 3-t ‘3 ( — Dw + 3) 3a +2) 
aud =—3 4 4 
26 ae a : 35. oe 36 ay —6y 10-5 
. + = 23x 
pe+i3p+12. p?+13p4+12 ?*” ae On al 
+ yy + 7) T5y@ — 2) 
The denominators of some rational expressions are given. Find 37. 6 5 
the LCD. Cl a Eh 
1 
27. 15a°h, 20ah* 60a7h* Gia ee ; F 
28. ab? — ab, ab”, b” — b ab*(b — 1) 38. — 5 
2 2 a+2 a+2a 2a+4 
29. x 4x —5,x 25 (x — 5)(x + 5)(x +1) 2a — 3 


2a 


30. m? — 4m + 4, m? — 8 (im? + 2m + 4)(m — 2)? 
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| DEFINITIONS AND CONCEPTS EXAMPLES 


Complex fractions contain fractions in their 2 3 ,m 
numerators and/or their denominators. : t m 4 aa be 
Complex fractions: —, —————, and 
m 1 1 
— pees — + — 
At 2 a b 
Two methods are used to simplify complex Simplify: 
fractions. 
4x? 
saa 1: eae i penta di a y 4x? _ 14x The main fraction bar of the complex 
enominator as single ractions. Then divide ia ee ; Gade i Mestuadiion. 
the fractions and simplify. ae 6 
F y 
This method works well when a complex 2 ae : ; . 
: : : : ‘ 4x y To divide rational expressions, multiply the 
fraction is written, or can be easily written, as Sg a ; 
: ; : ; 14x first by the reciprocal of the second. 
a quotient of two single rational expressions. Jy ‘ 
_ axtey Multiply the numerators. 
a ye 14x Multiply the denominators. 
Z =) e 2a ‘y Factor the numerator and denominator. 
= Then simplify by removing common factors 


ye ye re ay of the numerator and denominator. 


Multiply the remaining factors in the 
2x numerator. 
Ty? Multiply the remaining factors in the 
denominator. 


Method 2: Determine the LCD of all the | Simplify: 
rational expressions in the complex fraction 


: : 1 1 
and multiply the complex fraction by 1, —-y == y The LCD of all the rational expressions in 
written in the form teR. a = ; 2x the complex fraction is 2x. Multiply the 
: = = 2x complex fraction by 1 in the form Bx 

This method works well when the complex oe Dy " 
fraction has sums and/or differences in the 1 
numerator or denominator. ——y )2x 

_ \*% Multiply the numerators. 

_ 5 Multiply the denominators. 

ae 3 
& 


1 In the numerator, distribute the 
—a 28 = y* 2x multiplication by 2x. 

= cee In the denominator, perform the 
5 multiplication by 2x. 


_ 2 2dxy In the numerator, perform each 
— 5 multiplication by 2x. 
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J REVIEW EXERCISES 


1 
ey ; = 1+ 
Simplify ise complex fraction. , ee (x — y) 2 Pe btd 
a y ° go =" ° 1 a 
39, ——— a od b+d 
14a°b p’+5p +6 os = 
—— e- "= 2 —b~ a 
9c4 3pt 2b 3 8 
2be? p= 3 a 
z 2(p + 2) b-1 b r+3 
1 2 1 2 45. a? 46. ri ) 
ee aa x x b-1 5b r-2 P+r-6 
“2 4 : 4. 3 26? — 3b +3 4r — 8 
i Ler eS 35 = 2 ar +5 
a b xX Xx 
b + 2a wae 
2b — a Poe S 


| DEFINITIONS AND CONCEPTS EXAMPLES 


To divide monomials, use the method for | Divide the monomials: 


simplifying fractions or use the rules for 


11 1 
exponents. 2 ey rae 2 Keep each base 
wy s a A PP 'd or oP ef = z alge 3 and subtract 
20pq Ae 5 v4 ° 4 “a°4 20pq 5 the exponents. 
_ 2p _ 2p'q* 
Sq 5 
Move q~” to the 
2p denominator 
=~ and change the 
Sq sign of the 
exponent. 
- ; : a 994 45,347 9 94 377 
To divide a polynomial by a monomial, divide a 9ce°d" — 12c°d 9ced 12cd 
Divide: = 
each term of the numerator by _ the 27cd* 27cd*—_27cd* 
Gees nunatae _ co 4c*d? Do each monomial 
3d @ division. 
Long division can be used to divide a Divide 6x* — x* + 6x + Sby2x +1. 
polynomial by a polynomial (other than a 2 
; ae : 3x° — 2x + 4 
monomial). The long division method is a . : ae 
series of four steps that are repeated: Divide, @a)+ 1Y63)— x? + 6x +5 The first division: 3° = 3x°. 
multiply, subtract, and bring down the next —(6x? + 3x°) | 
term. CAx?)+ 6x The second division: ape = —2x. 
When the division has a remainder, write the —(—4x? — 2x) 
° . ind Pees re at 
answer in the form Quotient + “Givisor d+ 5 The third division: %* = 4. 
—(8x + 4) 


1 The remainder is 1. 


6x + 5 2 1 
= 3x 2x +4 4+ 5-55- 


The long division method works best when the 
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5x +x°4+34 3x? 


aa Sas 3 2 
terms of the divisor and the dividend are To divide x+1 swrite: x + Ix + 3x? + Sx +3 
written in descending powers of the variable. 

When the dividend has missing terms, insert ee a8 ae + 
such terms with a coefficient of 0, or leave a To divide x—3 swrite: x — 3)x? + Ox — 9 
blank space. 
J REVIEW EXERCISES 
Perform each division. Write answers using positive exponents. 51. b+ 5)b2 + 9b+20b+4 
4,7 
Sue ae 33v — 82 +3°-10 , 
52. v — 3v-10 


? 55hk? 11k? 
4s. (5x3y3z!°) = (10x7y®z"°) i 


Qy3z10 


Perform each division. 


ao, 308 $22, 6 


6a + > 


30xy = ior y = 1sy” sy 
50. Bey + + y 
—10xy . 


| DEFINITIONS AND CONCEPTS 


Synthetic division is used to divide a 
polynomial by a binomial of the form x — k. 


Remainder theorem: If a polynomial P(x) is 
divided by x — k, the remainder is P(k). 


It follows from the remainder theorem that a 
polynomial can be evaluated using synthetic 
division. 


Factor theorem: If P(x) is divided by x — k, 
then P(k) = 0, if and only if x — k is a factor 
of P(x). 


Synthetic Division 


1+ 3v 
53. x + 2)x3 4 x7 -2x+4 


-4 


54. Divide (8m? — 18m — 9) by 4m + 1. 2m-5+ 7-4, 
55. (3a° — 2a” — 8) + (a + 5) 3a—-2 + a+? 

m® + m® — 4m* + 5m? — 1 ‘ i 4 
56. m nm aes 


m* + Im" — 3 


EXAMPLES 


5x7 — x7 + 4x — 3 
x+1 


Use synthetic division to divide: 


We write the divisor in x — k form as x — (—1) to determine that 
k = —1and proceed as follows: 


This represents 


iitinweny le -l & 2 
—-5 6 -10 
5 -6 10 —13 < This is the remainder. 
5x3 — x2 + 4x — 3 . i AS 
Thus, *=—2 2 —* = 5x” — 6x + 10 + 3%. 


Since the remainder in the previous division is —13, the remainder 
theorem guarantees that P(—1) = —13. We can check this by 
evaluating the function at x = —1: 
P(x) = 5x? — x? + 4x -— 3 
P(-1) = 5(-1)° — (-1)’ + 4(-1) - 3 
=-5-1-4-3 
=—13 


Determine whether x — 3 is a factor of 2x7 — 8x7 + 9x — 9. 


We can use synthetic division to find the remainder when the 
polynomial is divided by x — 3. If the remainder is 0, x — 3 is a factor. 
If the remainder is not 0,x — 3 is not a factor. 


Chapter6 Summary and Review 


Since the remainder is 0,x — 3 is a factor of 2x7 — 8x* + 9x — 9, 


J REVIEW EXERCISES 


Use synthetic division to perform each division. 63. Let P(x) = x* — 2x° + x? — 3x + 12. Use the 
57. (x2 — 13x + 42) + (x - 6) remainder theorem and synthetic division to find 
x= 7 P(—2). 


54 
58. Divide m*> — 6m? + 11m — 6 by m — 3. P 
fe = nb D 64. Let P(x) = x” — 13x° — 27. Use the remainder 
~3n> + 10n* + Tn? + 2n2 + 9n — 4 theorem and synthetic division to find P(5). 
59. =2a7 
n-4 


3 
3n* — 2n n’—2n+1 


Use the factor theorem to determine whether the first 


3 2 
60. 4x” + 5x" — 1 expression is a factor of P(x). 
AR ae 65. x — 5; P(x) = x° — 3x2 — 8x — 10 
4x? — 3x +645 mm 
ws 2 3 4 
61. Diese a ae + 3a" + 10 bya + 1. 66. x + 5; P(x) = 2x9 + 4x? — 5x + 5 
3a’ —-at+4+—— 
: ‘ ert Hint: Write x + 5 asx — (—5). 
ro x +1 a 
“3-3 


me 24 H \ 
x” ++ 3x Ox +27 + esq 


| DEFINITIONS AND CONCEPTS EXAMPLES 
If an equation contains one or more rational : . 4 x 2a 2 3 
; ie 3 A Rational equations: = and = + 
expressions, it is called a rational equation. 5 x-1 a+%9at+20 at+5 at+4 
To solve a rational equation: 3 1 5 
Solve: = 
1. Factor all denominators. 2 a-4 2-8 
2. Determine which numbers cannot be If we factor the last denominator, the equation can be written as: 
solutions of the equation. 3 1 5 
3. Multiply both sides of the equation by the pe ey ee 2(a — 4) 
LCD of all rational expressions in the 


We see that 4 cannot be a solution of the equation, because it makes 


equation. : : ‘ : 
at least one of the rational expressions in the equation undefined. 


4. Use the distributive property to remove 
parentheses, remove any factors equal to 
1, and write the result in simplified form. 


We can clear the equation of fractions by multiplying both sides by 
2(a — 4), which is the LCD of the three rational expressions. 


5. Solve the resulting equation. + Multiply 


Check all possible solutions in the original a - 9(3 us ty! = 2(a—4) ae both sides 
equation. 2 =4 L2(a—4)] bythe Len. 
2a ~ 4(3) +2@- 4(—27) =20- 4/27] ier 
a 2 a Ge 4 = a | 2(a = 4) | istribute. 
bo-o())-a02o(ch) hee g] 
an —)+ = common 
2 a—4 2(a-4) 4 factors. 


1 “1 1 
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(a-—4)3+2=5 — Simplify. 
3a -12+2=5 Distribute. 
3a -10=5 Combine like terms. 


3a =15 Add 10 to both sides. 
a=5 Divide both sides by 3. 


The solution is 5. Verify that it satisfies the original equation. 


Multiplying both sides of an equation by a sive 2 +6 ee 
quantity that contains a variable can lead to ee x-1 °° x-1 


extraneous solutions. 


Multiply both sides 
by the LCD, x — 1. 
must be checked. 


x +6 7 
All possible solutions of a rational equation | — (==) =(- y(2 a 


(x - 1) x+6 
x- 


1 =aw-DQ)+0- n(4) Distribute. 


i x+6 1 7 Remove common 
we a(ttt)=«- e+e) ne 


1 1 


x+6=(x-1)(2)+7 
xO6=2x—-2+7 
x+6=2x+5 


1l=x 


Simplify. 
Distribute. 
Combine like terms. 


Solve for x. 


Since 1 makes the denominator of a rational expression 0, it does not 
check. It is an extraneous solution. The equation has no solution. 


REVIEW EXERCISES 


oe 2 ot 26 
x — 4 we - 4) 


10 
Solve each equation, if possible. 74. a. Simplify: 
Xx 


2 _ dy Xx 


a pee 10 4 5 
“x 10 2x “bt t-7>? b. Solve: = 3 
x —-4y x x-4 
3 2. 1 
69. 2,2 
y ytl1 2 Solve each formula for the indicated variable or expression. 
2 1 1 
70. LZ a 
3x +15 18 3x+12 75 = b for b b xl a 
3 1 2 4 2 2 
71. _ = x ». es x2h? — g2p2 
x+2 2—X 7-47 18: Hoty = 
+ 2x + 
72, ~*3 Sa a ae pr 
a=3 = %% 210 x= 2 71. = + for R R= 2 
5 15 R RR, Rk : 
73. a or T= 2-3 no solution; 3 is extraneous. "6. k= me ee _ ma 


F 


| DEFINITIONS AND CONCEPTS 
Rate of Work: If a job can be completed in 


x units of time, the rate of work can be 
expressed as : of the job is completed per unit 
of time. 

Shared-work problems: 


Work completed = rate of work - time 
worked 


Uniform motion problems: 


_ distance 
rate 


Time 


When a boat travels downstream, the speed of 
the boat is increased by the current. When a 
boat travels upstream, the speed of the boat is 
decreased by the current. 


Chapter6 Summary and Review 


Problem Solving Using Rational Equations 


EXAMPLES 


PRINTERS Working alone, a 300-A model printer can print a 
company’s payroll checks in 30 minutes. A 500-X model can print the 
same checks in 20 minutes. How long will it take if the printers work 
together to print the checks? 


Analyze Let x = the number of minutes it will take the printers, 
working together, to print the checks. Enter the data in a table. 


‘Rate - Time = Work completed 


Model 300-A 35 x x 
Model 500-X x x 


Form The part of the job done by the 300-A model plus the part of the 
job done by the 500-X model equals 1 job completed. 


x x 
paaeae + —_— = 
30 =. 20 
Solve 
x x 
+ = : ; : 
oo( 30 <) 60(1) Multiply both sides by the LCD, 60 


x x 
tee eH eee ieciants a er : 
oo +) oo( =) 60(1) Distribute the multiplication by 6O 


2x + 3x = 60 Perform each multiplication by 60. 
5x = 60 Combine like terms. 
60 
=—=12 
v5 
x=12 


State Working together, it will take the printers 12 minutes to print 
the checks. 


Check In 12 minutes, the 300-A model will do 33 = 2 of the job and the 
500-X model will do 55 = 2 of the job. Together they will do 7 + 3 =1 
whole job. The result checks. 


See pages 554-557 for examples. 


Chapter6 Rational Expressions and Equations 


J REVIEW EXERCISES 


79. a. Ifa painter can complete a job in 10 hours, what 83. ADVERTISING A small plane pulling a banner 
is the painter’s rate of work? 1/10 of the job per hour can fly at a rate of 75 mph in calm air. Flying 
b. If the painter works for x hours, how much of the down the coast, with a tailwind, the plane flew ; 
job is completed? + of the job is completed 40 miles in the same time that it took to fly 35 miles 
: : th t,into ah ind. Find the rate of th 
80. DRAINING A TANK If one outlet pipe can drain . ce bod Aeaayand: Hae eEeerthe 
a tank in 24 hours and another pipe can drain the eo 
tank in 36 hours, how long will it take for both pipes 
to drain the tank? 142 hr 
81. ELECTRICIANS It takes an apprentice 5 days 1 A STOP SUNBURN PAIN] 
more than an experienced electrician to wire a K 0 : WITH SOLARCAINE || 
1,500-square foot house. Working together, they vw 


can wire such a house in 6 days. How long would 


it take each person working alone to wire the 
house? experienced electrician: 10 days, apprentice: 15 days 84. TRIP LENGTH Heavy traffic reduced a driver’s 


usual speed by 10 mph, which lengthened her 
200-mile trip by 1 hour. Find the driver’s usual 
speed. 50 mph 


82. SINKS A faucet can fill a garage sink in 2 minutes. 
It takes 3 minutes for the drain to empty the sink 
when it is full. How long will it take to fill the sink if 
the drain is open and the faucet is on? 6 min 


SECTION 6.9 Proportion and Variation 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A proportion is a statement that two ratios are 4 28 Extremes: 4 and 63 


Proportion: = = — 
equal. In the proportion § = 4, a and d are the r 9 63 Means: 9 and 26 


extremes and b and c are the means. 
In any proportion, the product of the extremes 


is equal to the product of the means. (The 
cross products are equal.) 


PrananGen: bY gaa Cross product: 4 + 63 = 252 
P " 9° 63 Cross product: 9 + 28 = 252 


To sol i t th t of th +2 6 
0 solve a proportion, set the product of the Solve the proportion: x _6 


extremes equal to the product of the means 4 x 
and solve the resulting equation. 
(x + 2)x = 4:6 Ina proportion, the product of the extremes 
is equal to the product of the means. 
x? + 2x = 24 
x? + 2x -24=0 Subtract 24 from both sides. 
(x + 6)(x — 4) =0 Factor the trinomial. 


x+6=0 or x—4=0 Set each factor equal to 0. 
x=-6 | x=4 


The solutions are —6 and 4. Both solutions check. 


Chapter6 Summary and Review 


If two angles of one triangle have the same 
measure as two angles of a second triangle, 
the triangles are similar. The lengths of 
corresponding sides of similar triangles are 
proportional. 


had : b 
In these similar triangles: - =-= 
e 


Similar triangles have the same shape but not ¢ d 
necessarily the same size. a 


See page 564 for an example. 


The words y varies directly as x or y is | The distance d that a spring stretches varies directly as the force f 
directly proportional to x mean that y = kx | attached to the spring: d = kf. 

for some nonzero constant k, called the 

constant of variation. 


The words y varies inversely as x or y is. If the voltage in an electric circuit is kept constant, the current 


inversely proportional to x mean that . 
aera I varies inversely as the resistance R: [ = R 


k 
y = — for some nonzero constant k. 
x 


Strategy for Solving Variation Problems Suppose d varies inversely as h. If d = 5 when h = 4, find d when 
1. Translate the verbal model into an h = 10. 
equation. 


1. The words d varies inversely as h translate to d = k. 


2. Substitute the first set of values into the %, ‘Ti wesubsetites tor dand A toch weliave 


equation from step 1 to determine the 


value of k. 5 = k 

3. Substitute the value of k into the equation 4 
from step 1. 20 =k Multiply both sides by 4. 

4. Substitute the remaining set of values into ; _ ; — 20 
the equation from step 3 and solve for the 3. Since k = 20, the inverse variation equation is d = 7. 
unknown. 4. ‘To answer the final question, we substitute 10 for h. 

20 
d=—=2 
10 


Joint variation; One variable varies as the | The number of gallons g of oil that can be stored in a cylindrical tank 
product of several variables. For example, | varies jointly as the height h of the tank and the square of the radius 


y = kxz (kis a constant). r of its base: g = khr’. 
Combined variation: A combination of direct | The gravitational force F between two objects with masses m, and m 
and inverse variation. For example, varies directly as the product of their masses and inversely as the 
kx square of the distance d between them: F = eats 
ar (k is a constant) 
REVIEW EXERCISES 
Solve each proportion. 89. SIMILAR TRIANGLES Find the height of a tree 
ee, ae eee 1 e210 if it casts a 44-foot shadow when a 4-foot shrub 
85. 9. A 86. an” casts a 25-foot shadow. 70.4 ft 
5 =H 12 90. COOKING A recipe for spaghetti sauce requires 
—r 3r 18 3f-3 four 16-ounce bottles of ketchup to make 2 gallons 
87. ES pay 88. Pp = # of sauce. How many bottles of ketchup are needed 


O,=1 2,3 to make 10 gallons of sauce? 20 
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91. SCALE MODELS A model of a playhouse was 95. HURRICANE WINDS The wind force on a vertical 
made using a 1/12th scale. If the scale model is surface varies jointly as the area of the surface and 
5.5 inches tall, how tall is the playhouse? 66 in. the square of the wind’s velocity. If a 10-mph wind 
92. PROPERTY TAX The property tax in a certain exerts a force of 1.98 pounds on the sign shown in the 
county varies directly as assessed valuation. If a tax illustration, find the force on the sign if the wind is 
of $1,575 is charged on a single-family home blowing at 80 mph. 126.72 Ib 


assessed at $90,000, determine the property tax on 
an apartment complex assessed at $312,000. $5,460 
93. ELECTRICITY For a fixed voltage, the current 
in an electrical circuit varies inversely as the 
resistance in the circuit. If a certain circuit has a 


ee —— 15 ft ——_> 


current of 23 amps when the resistance is 150 ohms, 


find the current in the circuit when the resistance is ane 


doubled. 1.25 amps 


94. Assume that x, varies directly with the third power 
of t and inversely with x. Find the constant of 
variation if x, = 1.6 when t = 8 and x = 64. 0.2 96. Does the graph show direct or inverse 

variation? inverse variation 


J 


Time it takes to get 
a certain job done 


Rate at which the 
work is done 


1. Fill in the blanks. 


a. A quotient of two polynomials, such as 5 a 


x= 8 
: . . — 2x - 3? 
is called a _fational_ expression. 


i doar Ve eT, 
b. The _reciprocal_ of 7 is 4. 


x 1 
atx. , 

c. 77 is an example of a complex’ fraction. 
8 x 


d. When solving a rational equation, if we obtain a 
number that does not satisfy the original equation, 
the number is called an _&Xtancous solution. 

e. An equation that states that two ratios are equal, 
such as 5 = 3, is called a proportion , 


2. Explain the error that was made in the solution shown 
below. 


Simplify: 
1 
A(x + 2) + 3% —3) Wer) + 3(x A) 
x+2 7 e+ 
1 
_ 2+ ZF 9 
1 
=3x-7 
Simplify each rational expression. 
xy ey 4, 2 t4 2 
18x°y*z? 3xy x =.4 4 2 


3y — 62 6 et PY ty sy 
“ 2z-y Axy + 12y* si 
7. Graph the rational function y 


f(x) = 2 for x > 0. Label the 
horizontal asymptote. 


és 
Sk 
iS 
Ul 
eae) 


8. Find the domain of the rational function 


2 . . . 
f(x) = = Express it using interval 


notation. (—~,0) U (0,1) U (1, ~) 


Perform the operations and simplify when necessary. Write all 
answers using positive exponents only. 


‘ x ee a 
: zy? yz y* 
a+5at+6 a’ —5a+6 
10. —; _—; 1 
a—4 a—9 
xu+2u+3x+6 13u-39 |, 
11. 2 7) x+1 
uu—9 xo +3x+2- 
i ety x -—xyt+y «+ yy 
16x? 8x7 + 8xy = 
ws a+7a+12 16-a? 
. a+3 “ a-4 
- (2x — 3)° 3x7 + 7x +2 x +x = 2 m5 
“x2 -Ae +1 0 3x2-2e-1 2x7-3x5  * 
py, A OSE. 
“et =0 °° Pete 
ee 3wx wx + 10 
“wx-5  5S-—wx 
DD: +4 gape apo 
17. 8b iq 
18 at+3 a—4 ba = 17 
*P-a-2 ee — 09 — 3 4 * DE- 2ke—3) 
Simplify. 
2u2w* ae k 
13 v Pe 20 3K OK +1 yey gee 
s 4uw* 2vw . k 3 3k? — 9k — 9 


uv k+1 ok 
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18x7y? — 12x3y7 + 9x 
i. Dine z 2. 


—3xy" 


22. Divide: (y* — 48) + 


(y+ 2) y—%wt4-sF5 


23. Let P(x) = 4x° + 3x* + 2x — 7. Use synthetic 
division to find P(2). 41 


24. Use the factor theorem to decide whether x + 3 isa 
factor of P(x) = x* + 3x° — 16x? — 27x + 63. 
x + 3 is.a factor of P(x). 


Solve each equation. 
34. UB 3 


25. 5. = a7 40 
x? 20x = 2x 


u—2 u—4 
26. +3=uc 5;3 is extraneous. 
u—3 3-u 
a 3 au 
“x-2 2x 
4 5 7 
28. —; 5 = 2 
m-9 m—-m-12 m-—Tm+12 


1 
29. —=— +—forn n=— 
r 1 In se : 
2 2 
x O12 
30: 2 iene ee aa 
a b = y 


31. ROOFING One crew can finish a 2,800-square-foot 
roof in 12 hours, and another crew can do the job in 
10 hours. If they work together, can they finish before 
a predicted rain in 5 hours? If not, how long will they 
have to work in the rain? no, a of an hour 


32. HOSPITALS It takes a technician 45 minutes 
longer than his supervisor to clean an outpatient 
surgery room. Working together, they can clean 
the room in 30 minutes. How long would it take 
each person working alone to clean the 
room? supervisor: 45 min, technician: 90 min 


33. 


34. 


35. 


36. 


37. 


38. 


TOURING THE COUNTRYSIDE A man bicycles 
5 mph faster than he can walk. He bicycles a distance 
of 24 miles and then hikes back along the same route. 
If the entire trip takes 11 hours, how fast does he 
walk? 3 mph 


RIVER CRUISES A paddleboat can make an 8-mile 
trip up the Mississippi River and return in a total of 

3 hours. If the boat travels 6 mph in still water, find 
the speed of the current. 2 mph 


SHADOWS Refer to the illustration. Find the height 
of the tree. 80 ft 


ANNIVERSARY GIFTS A florist sells a dozen 
long-stemmed red roses for $57.99. In honor of their 
16th wedding anniversary, a man wants to buy 

16 roses for his wife. What will the roses cost? $77.32 


SOUND Sound intensity (loudness) varies inversely 
as the square of the distance from the source. If a 
rock band has a sound intensity of 100 decibels 

30 feet away from the amplifier, find the sound 
intensity 60 feet away from the amplifier. 25 decibels 


Draw a possible graph 
showing that the weekly 
earnings of a person varies 
directly with the number of 
hours worked during the 
week. Label the axes. 


Weekly earnings ($) 


Number of hours 
worked 


CHAPTERS 1-6 


CUMULATIVE REVIEW 


1, Evaluate: 12 — 6[(130 — 4°) — 2] [Section 1.3] —372 


2. Simplify: 9(a* + 3a) — 5(3a — a®) — 8(—a — a°) 
[Section 1.4] 22a? + 20a 


3. Solve: aE ee 5 2 = a 3 [Section 1.5] —2 


= . aa 
4. Solve! =a + (n — 1)dforn. [Section 1.6] n = oe 


5. Find the area of a circle with diameter 25 inches. 
Round to one decimal place. [Section 1.6] 490.9 in.” 


6. TRUCK SALES See the following graph. A truck 
dealership is going to order 150 new Toyota Tundra 
trucks. According to the survey, exactly how many 
silver trucks should be purchased to meet the expected 
customer demand? [Section 1.7] 24 


2006 Passenger Truck 
Color Popularity 


Color % of the market 
White 26% 
Silver 


Source: Infoplease.com 


7. LIFE EXPECTANCY Determine the predicted rate of 
change in the life expectancy of females during the years 


2000-2050, as shown in the graph. [Section 2.3] 
Life expectancy will increase 0.1 year each year during this period. 


Life Expectancy Projection 2000-2050 
(life expectancy at birth, by sex in U.S.) 


90 


Female 


80 


70 


1950 1975 2000 2025 2050 


Based on data from the Social Security Administration, 
Office of Chief Actuary 


Find an equation of the line with the given properties. Write the 

equation in slope-intercept form. 

8. Passing through (7, 5) and perpendicular to the line 
whose equation is y = 5x — 4 [Section 2.4] y = —7x + 54 


9. Passing through (—4, 5) and (2, —6) 
[Section 2.4] y= —Ux —7 


10. The graph of a line is shown on the graphing 
calculator screen below. The axes are scaled in units 
of 1. 


a. Give the x- and y-intercepts of the line. 
[Section 2.2] (—3, 0), (0, -7) 

b. What is the slope of the line? [Section 2.3] —4 

c. The line doesn’t lie in one quadrant. Which 
quadrant is that? [Section 2.1] I 


d. What is the equation of the line? 


[Section 2.4] y = —he ag 


e. Does the line pass 
through (15, —42)? 
[Section 2.2] yes 


11. If g(x) = —3x° + x — 4, find g(—2). [Section 2.5] 18 


12. Determine whether the equation x = |y|defines y to 
be a function of x. If it does not, find two ordered 
pairs where more than one value of y corresponds to 
a single value of x. [Section 2.5] no; (1, 1), (1, -1) 


13. Graph f(x) = |x + 4|and 
give its domain and range in 
interval notation. 

[Section 2.6] D:(—, ©), R:[0, ©) 
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x=yt3 
14. Solve the system 4 1 fe, 
4X — 6Y =3 
by graphing. [Section 3.1] 
(—2, —5) 


15. ENGINEERING The 
tensions 7; and 7; (in 


pounds) in each of the Ts Tt 
ropes shown in the 

illustration can be found A 

by solving the system o| 


bas — 0.87 = 0 
0.87; + 0.67 = 100 
T, = 80, T> = 60 


Find 7, and 75. [Section 3.2] 


16. JEWELRY A jeweler wants to make angel pins from 
an alloy that has a 40% silver content. The jeweler 
has on hand two alloys, one with 50% silver content 
and one with a 25% silver content. How many ounces 
of each alloy should be used to make 20 ounces of the 
40% silver alloy? Use two variables to solve the 
problem. [Section 3.3] 12 0z 50% alloy, 8 oz 25% alloy 


x +2y+3z=11 
17. Solve: {5x — y = 13 
2x — 3z = —11 


[Section 3.4] (2, —3, 5) 


3 
18. Evaluate: 
8 valuate 9 4 


| [Section 3.7] 8 


Solve. Write the solution set in interval notation and then 
graph it. 
19. 5x + 6=4 + 2x [Section 4.1] 


(—2,3] <—}—> 


20. 5(x + 2) S$ 4(x + 1) and11 +x <0 [Section 4.2] 


(2, -11) <—)_- 
-11 


21. —4(x + 2) = 12 or 3x + 8 < 11 [Section 4.2] 


(-%, 1) ——- 


22. |34 — 2| + 1 = [Section 4.3] 
3118 


23. Graph: y < 4 — x [Section 4.4] 


24. Without graphing, determine if (4, —2) is a solution of 
the system 


Bere 


Section 4.5] yes 
xt+tys2 ! Ty 


Simplify each expression. Write answers using positive 
exponents only. 


25. (3bb*b*c°)* [Section 5.1] 81b™* 


26. 9d 8(d°)* [Section 5.1] 8id"° 
x : 
27. ~ 50K-7 (Section 5:1] —<.3 


x2ly3 


-3 
28. ra) [Section 5.1] —< 


29. MONEY Express the dollar value of each type of 
US. coin and currency shown in the illustration, using 
a power of 10. For example, one hundred dollars can 


be expressed as $107. [Section 5.2] 
penny: $10 7, dime: $107, one-dollar bill: $10°, 
one-hundred-thousand-dollar bill: $10° 


30. Write each number in scientific notation and 


a +. 6,150,000,000 
perform the indicated operation: ~~G p93 


[Section 5.2] 2.05 x 10’? 
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31. SUNDIALS Refer to the illustration. The graph a4 1 910 3972510 : 
shows the correction that must be made to a sundial : 16° s ]@G2r's") [Section 5.4] 
reading to obtain accurate clock time. The difference os 


is caused by the Earth’s orbit and tilted axis. 
[Section 5.3] 


_ 2,874 ,,4 3 Ax ‘ 
a. Is this the graph of a function? yes aa ee ee) eee 


= Ig = G0" 2 1a 
b. During the year, what is the maximum number 
of minutes the sundial reading gets ahead of a 


clock? about 17 39. (2x° — 1)* [Section 5.4] 


; : ‘ Ax? = die? + 1 
c. During the year, what is the maximum number - 


of minutes the sundial reading falls behind a 


clock? about 14 40. (a + b + c)(2a — b — 2c) [Section 5.4] 


d. How many times during a year is the sundial 2a” + ab — b? — 3be — 2c? 
reading exactly the same as a clock? 4 


Minutes 
i Factor each expression. 
Sundial 
ahead 15 41. 3r’s° — 6rs* [Section 5.5] 
of 40 3rs3(r — 2s) 
clock 5 
Sundial —5 9 10 11 12 42. 5(x — y) — a(x — y) [Section 5.5] 
behind _jq Month of the year ( ~ yi " 
clock 


-15 


43. xu + yv + xv + yu [Section 5.5] 
(x + y)(u + v) 


32. Graph f(x) = 2x* — 3 and 
give its domain and range in 
interval notation. 

[Section 5.3] 
D: (—%, %), R:[—3, 2) 


44, 81x* — 16y* [Section 5.6] 
(9x? + 4y?)(3x + 2y)(3x — 2y) 


45. 8x° — 2Ty° [Section 5.6] 
(2x — 3y”)(4x? + 6xy? + 9y*) 


SOE pxt [3 


46. 3 — 10x” + 8x* [Section 5.7] 
(4x? — 3)(2x* — 1) 


33. Find the degree of 17x°y* + x*y + 3. [Section 5.3] 7 


47. (x — y)* + 3(x — y) — 10 [Section 5.7] 
34. Simplify the polynomial: 30? me ee + 2c ile dil aa ae, 
[Section 5.3] ie = rc 
48. x? + 10x + 25 — 162° [Section 5.8] 
GES +d)@ + 3 — 424) 


Perform the indicated operations. 


35. (x° + 3x — 2x + 7) + (x* — 2x7 + 2x +5) [Section 5.3] 49. Solve b2x? + a?y? = a?b? for b?. [Section 5.5] 
2x? + x7 + 12 gee a’y? 


2 2 
ee — xs 


36. (2m?n? + 2m — n) — (—2m?n? — 2m +n) [Section 5.3] 50. Solve: 6x2 + 7 = —23x [Section 5.9] 
4n?n? + 4m — 2n 1.9 
=i oS 
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51. Solve: x? — 4x = 0 [Section 5.9] 
iy ne 


52. CAMPING The rectangular-shaped cooking surface 
of a small camping stove is 108 in.*. If its length is 
3 inches longer than its width, what are its 


dimensions? [Section 5.9] 
9 in. by 12 in. 


_ xy + xy — by 
53. Simplify: ;—_— [Section 6.1] 
3x°y + Sxy — 2y 
wee 3S 
a 1 


54. Find the domain of the function f(x) = a or 


Express your answer in words and using interval 


notation. [Section 6.1] 
all real numbers except 0 and 2;(—~*, 0) U (0,2) U (2, ©) 


Perform the indicated operations and then simplify, if possible. 


6 
n 


n° — 10n? — 2n? + 20n 


55. (10n — n°*)- [Section 6.2] 


“ee 


(we — 2) 


3 3 3 2 2: 
= “te =p 
56. = T ; . Z a [Section 6.2] 
q —P q + pq 
at 
Pp 
2 3 x — By 
57. + 5) z [Section 6.3] 
Koy x—y xy 
4 
ey 
18 11 
5 +1 
Cc 
= ion 6.4 
58 ; ~3 10 [Section 6.4] 
Cc C2 
e+9 
e=5 


Perform the division. 


Sy* + 45y° ; 
59. —__,— [Section 6.5] > + 3y 
15y 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


16x? + 16x* — 9x — 5 


ines [Section 6.5] 4x7 — x -1 


x x+4 
+3 [Section 6.7] —17 


ax = 3" Se 3 
xt+2 x-2 


Solve: [Section 6.9] 0 


ECONOMICS The controversial Phillips curve 
shown below depicts the trade-off between 
unemployment and inflation as seen by one school of 
economists. If unemployment drops to very low levels, 
what does the theoretical model predict will happen to 
the inflation rate? [Section 6.9] It will rise sharply. 


co 

oh 

x Phillips curve 

2 

£ 

& The theory Recent experience 
3 

ir 

ne] 

2 

8 

4 

Low Unemployment rate High 


ECONOMICS See Exercise 63. The graph shows 
that economic factors have not followed the Phillips 
model in recent years. As unemployment has 
dropped to very low levels, what has happened to the 
inflation rate? [Section 6.9] It has dropped. 


COOKING A recipe for brownies calls for 4 eggs 
and 15 cups of flour. If the recipe makes 15 brownies, 
how many cups of flour will be needed to make 

130 brownies? [Section 6.9] 13 cups 


FARMING The number of days a given number of 
bushels of corn will last when feeding chickens varies 
inversely with the number of animals. If a certain 
number of bushels will feed 300 chickens for 4 days, 
how long will the feed last for 1,200 chickens? 
[Section 6.9] 1 day 
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Se 
from Campus to Careers 


General Contractor 


The growing popularity of remodeling has created a boom for general 
contractors. If it’s an additional bedroom you need or a makeover of 
a dated kitchen or bathroom, they can provide design 
and construction expertise, as well as knowledge of local 
building code requirements. From the planning stages of 
a project through its completion, general contractors use 
mathematics every step of the way. 


In Problem 138 of Study Set 7.5, you will use concepts 
from this chapter to examine the movement of construction 
materials through a tight hallway. 
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Objectives 
1 | Find square roots. 


| 2 | Find square roots of expressions 
containing variables. 


3 | Graph the square root function. 
| 4 | Find cube roots. 
B Graph the cube root function. 


6 | Find nth roots. 


Self Check 1 


Find the square roots of 144. 


Now Try Problem 21 
Self Check 1 Answer 
iz, =i 


Teaching Example 1 Find the two 
square roots of 49. 

Answer: 

1,-F 


TION 7.1 


Radical Expressions and Radical Functions 


In this section, we will reverse the squaring process and learn how to find square 
roots of numbers. We will then generalize the concept of root and consider cube 
roots, fourth roots, fifth roots, and so on. We will also discuss a new family of 
functions, called radical functions. 


EB Find square roots. 


When solving problems, we must often find what number must be squared to obtain 
a second number a. If such a number can be found, it is called a square root of a. For 
example, 

e Ois a square root of 0, because 0? =0. 

e 4is asquare root of 16, because 4? = 16. 

e —4 is a square root of 16, because (—4)* = 16. 

e 7xy is a square root of 49x’y”, because (7xy)” = 49x’y. 


° —T7xy is a square root of 49x*y*, because (—7xy)* = 49xy?. 


The preceding examples illustrate the following definition. 


Square Root of a 


The number b is a square root of the number a if b* = a. 


All positive numbers have two real-number square roots, one that is positive 
and one that is negative. 


| EXAMPLE 1 | Find the two square roots of 121. 


Strategy We will determine the numbers that, when squared, produce 121. 
WHY This is the definition of square root. 


Solution 
The two square roots of 121 are 11 and —11, because 
117=121 and (-11)? = 121 a 


In the following definition, the symbol V _ is called a radical symbol, and the 
number a within the radical symbol is called a radicand. An expression containing a 
radical is called a radical expression. 

Radical symbol + ~/q <— radicand 

pees 


Radical 
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Square Root Notation 


If ais a positive number, 
Va represents the positive or principal square root of a. It is the positive 
number we square to get a. 


— Va represents the negative square root of a. It is the opposite of the 
principal square root of a: —Va = —1- Va. 


The principal square root of 0 is 0:V0 = 0. 


To evaluate square root expressions, it is helpful to memorize the natural 
numbers that are perfect squares. 


1=? 2=57 81 = 97 169 = 13% 289 = 177 
4-2? 36=6 100=10° 196=14% 324=187 
9=3? 49=7 121=11% 225=15% 361 = 197 
146=4 64=8 144=12? 256=16 400 = 20° 


| EXAMPLE 2 | Evaluate each square root: a. Vi ob V8l « -V8L 
1 16 
d. -V225 e. i f. —) aoa g. V0.04 bh. — 0.0009 


Strategy In each case, we will determine what positive number, when squared, 
produces the radicand. Then we will apply the sign that is in front of the radical. 
WHY The symbol V indicates that the positive square root of the number 


written under it should be found. The symbol —V _ indicates that the negative 
square root of the number written under it should be found. 


Solution 
a V1=1 b. V/81 = 9 
c —V81 = —-9 d. —\V/225 = -15 


eo Pe ai) 
aa ae "N41 Oo 


g. V 0.04 = 0.2 h. —V0.0009 = —0.03 eS 


Numbers such as 1, 81, i oy and 0.04 are called perfect squares, because each 


one is the square of a rational number. In Example 2, we saw that the square root of 
a perfect square is a rational number. 
The square roots of many positive numbers are not rational numbers. For 


example, V11 is an irrational number. To find an approximate value of V11, we 


enter 11 into a calculator and press the square root key|V___|. (On some calculators, 
the|V___| key must be pressed first.) 


V11 ~ 3.31662479 


Caution! 
example, V —9 is not a real number, because no real number squared equals 


Square roots of negative numbers are not real numbers. For 


—9. Square roots of negative numbers come from a set called the imaginary 
numbers, which we will discuss in Section 7.7. 


Self Check 2 


Evaluate each square root: 


a. —V49 -7 


Now Try Problems 27 and 29 


Teaching Example 2 Evaluate each 
square root: 


a. V121 b. —V25 
169 

+ af = Os = V036 

“ \ 295 

Answers: 


13 
ae A be =3 1 i a —0.6 


Self Check 3 
Simplify: 
a. 250° 5\a| 


b. 16a* 4a? 
Now Try Problems 34 and 39 


Teaching Example 3 Simplify: 
a. V8lx° b. V36a" 
ce. Vx" + 14x + 49 


Answers: 
a. 9|x| b. 6a? ec. |x +7| 


Chapter 7 Radical Expressions, Equations, and Functions 


9 Find square roots of expressions containing variables. 


If x # 0, the positive number x” has x and —x for its two square roots. To denote 


the positive square root of VV x?, we must know whether x is positive or negative. 
If x is positive, we can write 


Ve=ax V¥ represents the positive square root of x’, which is x. 
If x is negative, then —x > 0, and we can write 
Vx? =-x V¥ represents the positive square root of x*, which is —x. 


If we don’t know whether x is positive or negative, we can use absolute value 
symbols to guarantee that Vx? is positive. 


Definition of \/x2 


For any real number x, 


V2 = |x| 


We use this definition to simplify square root radical expressions. 


Simplify: a. V1l6x7 ob, Vx7 +2x +1 = Vm" 


Strategy In each case, we will determine what positive expression, when 
squared, produces the radicand. 


WHY The symbol V _ indicates that the positive square root of the expression 
written under it should be found. 


Solution 
If x and m can be any real number, we have 


a. V16x7 = V(4x)* — Write the radicand 16x as (4x). 


|4x| Because (|4x|)* = 16x*. Since x could be negative, absolute value 
symbols are needed. 


4|x| Since 4 is a positive constant in the product 4x, we can write it 


outside the absolute value symbols. 
b. Vx? + 2x +1 
=V(x +1) 


=|x+1| Since x + 1 can be negative (for example, when x = —5,x + 1 


c Vim = m 


Factor the radicand: x° + 2x +1= (x + ihe 


is —4), absolute value symbols are needed. 


2\2 4 . 2 
Because (m*)“ = m’. Since m°2O, no absolute value symbols are 
needed. a 


If we are told that x represents a positive real number in parts a and b of 
Example 3, we do not need to use absolute value symbols to guarantee that the 
answers are positive. For example, if x > 0, then 


V16x" = 4x If x is positive, 4x is positive. 
Ver +2x+1=x+1 = xis positive, x + 1is positive. 


IER Graph the square root function. 


Since there is one principal square root for every nonnegative real number x, the 


equation f(x) = Vx determines a function, called a square root function. Square 
root functions belong to a larger family of functions known as radical functions. 
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| EXAMPLE 4 | ) Self Check 4 
Graph f(x) = Vx and find its domain and range. 


Graph f(x) = Vx + 2 and find 
Strategy We will graph the function by creating a table of function values and its domain and range. 


plotting the corresponding ordered pairs. 


y 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 
To graph this square root function, we will evaluate it for several values of x. We 
begin with x = 0, since 0 is the smallest input for which Vx is defined. 


f(x) = Vx 
Now Try Problem 42 
f(0) = V0 =0 Substitute 0 for x. Self one a Answer 


D: [0, ©), R: [2, 2) 


We enter the ordered pair (0,0) in the table of values below. Then we 


continue the evaluation process for x = 1,4, 9, and 16 and list the results in the Teaching Example 4 Graph 


table. After plotting all the ordered pairs, we draw a smooth curve through the f(@) = Vx — 3 and find its domain and 
points. This is the graph of function f (see figure (a)). Since the equation defines a range. 
function, its graph passes the vertical line test. Answer: 


We can use a graphing calculator with window settings of [—1, 9] for x and 
[-1, 9] for y to get the graph shown in figure (b). From either graph, we can see H 
that the domain and the range are the set of nonnegative real numbers. fz 
Expressed in interval notation, the domain is [0, 2°), and the range is [0, °°). 


Wa) F Nat—[3 


y 
zi D: [0, ©), R: [-3, ) 
f@) = Vx 
x | f@) | @ f@) l 
i-t)) 
0) 0 (0, 0) 5 
1 1 (Gl, 10) 
4 2 (4, 2) -l 1 2 3 4 5 6 7 8 9 10° 11 Rr 1p 144 #15) 16 sala 
=i D ; 
9 3 (9,3) omain 
16 4 (16, 4) (a) 
t 
Select values 
of x that are 
perfect 
squares. 
(b) | 


The graphs of many radical functions are translations or reflections of the 
square root function, f(x) = Vx. For example, if k > 0, 

© The graph of f(x) = Vx + kis the graph of f(x) = Vx translated k units up. 

¢ The graph of f(x) = Vx — kis the graph of f(x) = Vx translated k units 


down. 

© The graph of f(x) = Vx + kis the graph of f(x) = Vx translated k units to 
the left. 

e The graph of f(x) = Vx — kis the graph of f(x) = Vx translated k units to 
the right. 


The graph of f(x) = — Vx is the graph of f(x) = Vx reflected about the x- 
axis. 
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Self Check 5 | EXAMPLE 5 | ; ; 4 
Graph f(x) = —Vx + 4 — 2 and find its domain and range. 


Graph f(x) = Vx — 2 — 4and 


find its domain and range. Strategy We will graph this function by translating and reflecting the graph 
f(x) = Vx. 


WHY f(x) = —Vx + 4-2 is the reflection of f(x) = Vx about the x-axis, 
translated 4 units left and 2 units down. 


: Solution 

L The graph is shown in figure (a). We can confirm this graph by using a graphing 
spa -P 74 calculator with window settings of [—5, 6] for x and [—6, 2] for y to get the graph 
shown in figure (b). 


Now Try Problem 48 We can determine the domain of the function algebraically. Since the 
Self Check 5 Answer expression Vx + 4 is not a real number when x + 4 is negative, we must require 
D: [2, ©), R:[-4, ~) that 

Teaching Example 5 Graph x +420 Because we cannot find the real square root of a negative number. 

f(x) = —Vx — 1 + 2and find its ; 

domain and range. Solving for x, we have 

Answer: 


x 2-4 ~The x-inputs must be real numbers greater than or equal to —4. 


1 Thus, the domain of f(x) = —Vx + 4 — 2 is the interval [—4, ~). 
L - From either graph, we can see that the domain is the interval [—4, ©) and 
that the range is the interval (—~, —2]. 


b 4 


D: [1, ©), R:(—%, 2] 


Self Check 6 P 


endulums The period of a 
PENDULUMS ‘To the oedree pendulum is the time required for the pendulum to swing 
hundredth, find the period of a back and forth to complete one cycle. The period (in seconds) 
pendulum that is 3 feet long. is a function of the pendulum’s length L (in feet) and is 


given by 
Now Try Problem 108 
Self Check 6 Answer [L 
1.92 sec f(L) =e 32 
Teaching Example 6 PENDULUMS Find the period of the 5-foot-long pendulum of the clock. 
To the nearest tenth, find the period of Round the result to the nearest tenth. 
a pendulum that is 4 feet long. 
Answer: Strategy To find the period of the pendulum we will find 
2.2 sec f (5). 
WHY The notation /(5) represents the period (in seconds) 


of a pendulum whose length L is 5 feet. 
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Solution 


L 
f(L) = 2m | 


15 
f(5) = 277 32 Substitute 5 for L. 


== 2.483647066 Use a calculator to find an approximation. 


The period is approximately 2.5 seconds. a 


Using Your CALCULATOR Evaluating a Square Root Function 


To solve Example 6 with a graphing calculator with window settings of 

[—2, 10] for x and [—2, 10] for y, we graph the function f(x) = 27 35, as in 
figure (a). We then trace and move the cursor toward an x-value of 5 until we 
see the coordinates shown in figure (b). The period is given by the y-value 
shown on the screen. By zooming in, we can get better results. 


x 


After entering Y; = 27 35, we can also use the TABLE mode to 
evaluate the function. See figure (c). 


WEST AICS SEY 


HEE GEL2°66 Y=2.4RB9SEH 


(a) (b) 


Z¥ Find cube roots. 


When we raise a number to the third power, we are cubing it, or finding its cube. We 
can reverse the cubing process to find cube roots of numbers. To find the cube root 
of 8, we ask “What number, when cubed, is equal to 8?” It follows that 2 is a cube 
root of 8, because 2? = 8. 

In general, we have this definition. 


Cube Root of a 


The number b is a cube root of the real number a if b* = a. 


We note that 64 has two real-number square roots, 8 and —8. However, 64 has 
only one real-number cube root 4, because 4 is the only real number whose cube is 
64. All real numbers have one real cube root. A positive number has a positive cube 
root, a negative number has a negative cube root, and the cube root of 0 is 0. 


Cube Root Notation 


The cube root of a is denoted Wa. By definition 


Wa=b if B=a 
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Earlier we determined, that the cube root of 8 is 2. In symbols we can write: 8 = 9. 
The number 3 is called the index 


Index 


| 
V8 


Success Tip Since every real number has exactly one real cube root, it is 
unnecessary to use absolute value symbols when simplifying cube roots. 


Definition of He 


For any real number x, 


=X 


To simplify cube root radical expressions, it is helpful to memorize the whole 
numbers that are perfect cubes. 


1= 27=3? 12285=5%5 343=7 729 = 93 
8=2 64=4 26=6 #£512=8 1,000 = 10° 


Self Check 7 i 
cc eas 
— mi 


Simplify: Simplify: a. W125 c W-27x° 
3 
a. V1,000 10 Bae 
a d.¥-— =e. WO0.216xy* 
b. 3/— ; 27b 
2 re 
7 te Strategy In each case, we will determine what number or expression, when 
Cc = a —Ja 


cubed, produces the radicand. 
Now Try Problems 50 and 53 
J WHY The symbol W _ indicates that the cube root of the number written under 


Teaching Example 7 Simplify: it should be found. 
a Vea pd « Y—2160 Solution 
27 W125 3 
duos a. V125 =5 Because 5° = 5-5-5 = 125. 
2 
a4 be 3 c —6a 1 1 
3 = me ee | 
b. ira) Because (3) mots ay = ee 
«. W273 = —3x Because (—3x)” = (—3x)(—3x)(—3x) = —27x°. 


8a° 2 : 
: {-% =-% Because (~22)° = (~38)(-35)(-22) = -25. 


e. W/0.216x*y° = 0.6xy* —_ Because (0.6xy”)® = (0.6xy’)(0.6xy*)(0.6xy*) = 0.216x°y°, 


EB Graph the cube root function. 


Since there is one cube root for every real number x, the equation f(x) = Wx 
defines a function, called the cube root function. Like square root functions, cube 
root functions belong to the family of radical functions. 
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Self Check 8 


Consider f(x) = Vx + 1. 

a. Graph the function. 
Strategy We will graph the function by creating a table of function values and b. Find its domain and range. 
plotting the corresponding ordered pairs. 


EXAMPLE 8 Consider f(x) = Wx. 
b. Find its domain and range. c. Graph: g(x) = Wx — 2 


a. Graph the function. 


WHY After drawing a smooth curve though the plotted points, we will have the 
graph. The answers to parts b and c can then be determined from the graph. 


Solution 
a. To graph the function, we select several values for x and find the corresponding 
values of f(x). We begin with x = —8. 


f(x) = Vx 
f(—8) = V—-8 Substitute —8 for x. Now Try Problem 58 
Self Check 8 Answer 
f(=8) = —2 D: (—%, 2), R: (—", %) 


We enter —8 for x and —2 for f(x) in the table. Then we let x = —1, 0, 1, and 8, 


: . ‘ . : Teaching Example 8 Consider 
and list each corresponding function value in the table. After plotting the 


fz) = Wx + 3. 


ordered pairs, we draw a smooth curve through the points to get the graph a. Graph the function. 
shown in figure (a). b. Find its domain and range. 
Answers: 


a. y 
ry 


si 
{ 
ps 
ae 
w 


aa 
f@) = Vx b. D:(—%, ), R:(—%, %) 
x f(x) 


=§))—2) | — (-8, —2) 
(0 Vl > (-1, -1) 


0 0 —+(0,0) 
ii — (1,1) 
eee — (8,2) 


t 


Select values of x that 
are perfect cubes. 


b. From the graph in figure (a), we see that the domain and the range of function 
f are the set of real numbers. Thus, the domain is (—, ~) and the range is 


(-@, 00), 
c. Refer to figure (b). The graph of g(x) = Wx — 2 is the graph of f(x) = Wx, 
translated 2 units downward. a 


K& Find nth roots. 


Just as there are square roots and cube roots, there are fourth roots, fifth roots, sixth 
roots, and so on. In general, we have the following definition. 
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Self Check 9 


Evaluate each radical expression, 
if possible: 

2. Vi! 

b. V/10° 10 

c. W/—64 nota real number 

Now Try Problems 62,66, and 70 


nth Roots of a 


The nth root of a is denoted by Va, and 


Va=b if b"=a 


The number n is called the index (or order) of the radical. If n is an even 
natural number, a must be positive or zero and b must be positive. 


When n is an odd natural number, the expression Vx where n > 1 represents an 
odd root. Since every real number has just one real nth root when n is odd, we don’t 
need to worry about absolute value symbols when finding odd roots. For example, 


W/243 = W/3? = 3 Because 3° = 243. 
W-128x! = V( 2x)’ = —2x Because (—2x)’ = 128%’, 


When nv is an even natural number, the expression Wx, where n > 1 and x > 0, 
represents an even root. In this case, there will be one positive and one negative real 
nth root. For example, the real sixth roots of 729 are 3 and —3, because 3° = 729 and 
(—3)° = 729. When finding even roots, we can use absolute value symbols to 
guarantee that the nth root is positive. 


W(-3)4 = |-3| =3 We could also simplify this as follows: 
VW (-3y* = Ve1= 5. 
W/729x° = V/(3x)® = |3x| = 3|x| The absolute value symbols guarantee that the 


sixth root is positive. 


In general, we have the following rules. 


Rules for oe 


If x represents a real number and n > 1, then 


If n represents an odd natural number, Wx" = x. 


n 
If n represents an even natural number, Vx" 


In the radical expression Wx, n is called the index (or order) of the radical. 
When the index is 2, the radical is a square root, and we usually do not write the 
index. 


Vex Ve 


Caution! When n is even, where n > 1 and x < 0, Vx is not a real number. 


For example, W/—81 is not a real number, because no real number raised to 
the fourth power is —81. 


Evaluate each radical expression, if possible: 


1 
a. W625 ob. W-1 og W382, a © W107 


Strategy In each case, we will determine what number, when raised to the 
fourth, fifth, sixth, or seventh power, produces the radicand. 


WHY The symbols WW ,W ,and WV _ indicate that the fourth, fifth, sixth, 


or seventh root of the number written under it should be found. 


Solution 
a. W625 = 5, because 5* = 625 


b. \/—1 is not a real number. 
c. W/—32 = —2, because (—2)° = —32 
(5) cx de 

2) 64 


e. V/10’ = 10, because 10’ = 10” 


Using Your CALCULATOR Finding Roots 


Read 625 as “the fourth root of 625.” 
This is an even root of a negative number. 


Read \/—32 as “the fifth root of —32.” 
Read\/ 2 as “the sixth root of a 


Read W/10’ as “the seventh root of 107” 
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Teaching Example 9 Evaluate each 
radical expression, if possible: 


a 3 = b. W/—625 
c. W/—243 a. —W/64 


Answers: 
a. 5 b. not a real number 
ee a 


The square rootkey V ona reverse entry 


scientific calculator can be used to evaluate Py 


square roots. To evaluate roots with an index 
greater than 2, we can use the root key 


Vy 


. For example, the function 


13V 
= 3/—— 
ay) 4a y 


gives the radius of a sphere with volume V. To 
find the radius of the spherical propane tank 
shown in the figure, we substitute 113 for V to get 


3V 


r(113) = 3 “ 


b 


To evaluate a root, we enter the radicand and press the root key 
by the index of the radical, which in this case is 3. 


| PROPANE 
Capacity 113 ft 


Vy | followed 


2-9991391148 


3 [x] 113 [=] [G 4 [Xx] [z] D] [=] [2nd] | Vy) [3] [= 
3(113) : 
To evaluate the cube root of -;— using a direct entry calculator, we enter 
these numbers and press these keys. 
3 [2nd] | Vy| [C3 |X] 113 [=] JC 4 [X] [z] J] )] [ENTER 


To evaluate the cube root of aut) using a graphing calculator, we enter these 


numbers and press these keys. 


MATH] 4 |(| 3 113 


x 2nd] |z} })} 1) 


[( 


4 [x 


ENTER 


) 


WY (C3113) / (4%) 


2-999139118 


The radius of the propane tank is about 3 feet. 


606 | Chapter 7 Radical Expressions, Equations, and Functions 
Self Check 10 | EXAMPLE 10 | oS ate ; ) 
Simplify each expression. Assume that x can be any real 


Simplify each expression. number. 
Assume all variables are 
5/5 4/74 6 6 3 3 
unrestricted. a. Vx b. V 16x c. V(x + 4) d. V(x + 1) 
4 8 2 . P i 2 : . 
a. V 16a" 2a Strategy When the index z is odd, we will determine what expression, when raised 
b. VW(a+ 5) a+5 to the nth power, produces the radicand. When the index n is even, we will determine 
« V(x? + 4x + 4) |x +2] what positive expression, when raised to the nth power produces the radicand. 
Now Try Problems 73,75, and 82 WHY This is the definition of the nth root. 
Teaching Example 10 Simplify each Solution 
expression. Assume all variables are a. Wx? =x Since nis odd, absolute value symbols aren’t needed. 
unrestricted. 4 
a VW pb. WS b. W/16x* = |2x| = 2|x| Since nis even and x can be negative, absolute value symbols 
. W64x® a Wie + 1 are needed to guarantee that the result is positive. 
AnSWeESS c. W(x + 4)° = |x +4] Absolute value symbols are needed to guarantee that the 
ax box” ¢, 2|x| d.|x + 1| result is positive. 
d. V (x + 1)" =xt+1 Since nis odd, absolute value symbols aren't needed. a 


If we know that x represents a positive real number in parts b and c of Example 10, 
we do not need to use absolute value symbols to guarantee that the results are positive. 


W16x* = 2x If x is positive, 2x is positive. 
W(ix+4)2=x+4 Itxis positive, x + 4 is positive. 


. “ue . n 
We summarize the definitions concerning Vx as follows. 


Summary of the definitions of \/x 


If 1 represents a natural number greater than 1 and x represents a real 
number, then 

If x > 0, then Vx is the positive number such that (Wx)" =x. 

Ifx = 0, then Vx = 0. 
and n is odd, then V/x is the real number such that (Wx)" =x. 


Ifx <0 ; : 
nis even, then Vx is not a real number. 


ANSWERS TO SELF CHECKS 


1.12,-12 2a.-7 be 3. a. 5|al| b. 4a’ 
4. D:[0, ©), R:[2, ) 5. D:[2,%),R:[-4,%) 6. 1.92sec 7. a. 10 b. 5 c. —Sa 


-5| f(x) =x = 2-4 


b. D: (—%, ), R: (-%, oo) 
9. a ; b. 10 c. not areal number 
10. a. 2a7 bat5 «|x+2| 


STUDY SET 


7.1 Radical Expressions and Radical Functions 


I VOCABULARY 
Fill in the blanks. 
1. 5x7 isthe square root of 25x*, because 
Gx 7 = 25x", 
2. f(x) = Vx and g(t) = Wt are tadical_ functions. 
p> 3. Thesymbol V _ is called a _tadical_ symbol. 


4. In the expression V/27x®, 3 is the _index_and 27x° is 
the tadicand | 


5. When nis an odd number, x represents an _0dd_ 
root. 


6. When n is an _©Ye2_ number, Vx represents an even 
root. 

7. When we write Vb* + 6b + 9 = |b + 3|, we say 
that we have simplified the radical. 


8. 6is the cube root of 216 because 6° = 216. 


| CONCEPTS 
Fill in the blanks. 


9. bisa square root of aif b* = a. 
10. VO0=0 and W0= 0 


11. The number 25 has _'W°_ square roots. The principal 
square root of 25 is the _positive_ square root of 25. 


> 12. \—4 isnot areal number, because no real number 
squared equals —4. 
13. Vx=yify=x 
14. Vx? = |x) and Wx = 
15. The graph of f(x) = Vx + 3 is the graph of 
f(x) = Vx translated 3 units _UP_. 


> 16. The graph of f(x) = Vx + 5 is the graph of 
f(x) = Vx translated 5 units to the eft. 


I NOTATION 
Translate each sentence into mathematical symbols. 


17. The square root of x squared is the absolute 
value of x. Vx" = |x| 


p> 18. The cube root of x cubed is x. W/x* = x 
19. f of x equals the square root of the quantity x minus 


five. f(x) = Vx —5 


p> 20. The fifth root of negative thirty-two is negative 
two. W/—32 = -2 


P Selected exercises available online at 
www.webassign.net/brookscole 


I GUIDED PRACTICE 

Find the two square roots of each number. See Example 1. 
21. 81 9,-9 p> 22. 169 13, -13 

23. 256 16, —16 24. 196 14,—14 


Evaluate each square root. See Example 2. 


25, 4/121 ii 26. V/144 12 
27. —V64 -8 38, V1. 
141 4 2 
29. ue : 30. —\/5- -5 
31, -\/0.25 0s p> 32. V0.16 04 


Find each square root. Assume that all variables are 
unrestricted, and use absolute value symbols when necessary. 
See Example 3. 


33. V4x7 2/2] 34. V16y4 ay? 

35. V(t + 5)" |r +5] 36. V(a + 6)" |a + 6| 

37, V(—5b)* 5|5| 38. V(—8c)* 8\c| 

39. Va? + 6a + 9 a + 3| p> 40. Vx? + 10x + 25 |x +5] 


Complete each table, graph the function, and determine its 
domain and range. See Example 4. 


41. f(x) = —Vx Pm 42. f(x) = Vx -—2 
Oi} 2 
eile 
li: 
Soule 
i |e | 16| 2 


D: [0, 2), R: (—~, 0] D: [0, 2), R:[—2, 2) 


y. y 
A 


fay Ae 
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43. f(x) = Vx-1 44. f(x) = -Vx+1 


Complete each table, graph the function, and determine its 
domain and range. See Example 8. 


x | f@) x | f@) p> 57. f(x) = -Vx 58. f(x) = Vx +2 
ice O)| ral 
: ; ; ; x f(x) x fx) 
4| 1 4| -1 Ee. ores. 
Cole: Oils SNe. pia 
16] 3 igi) 3 a sie 
D: [0, 2), R:[—1, ©) D: [0, »), R:(—%, 1] ea ae 
Sale Same 
: : D: (—~, %), R:(—%, 2) D: (—~, %), R: (=, 2) 
y 
He eee x 
sacaneeEl feed 


Graph each function and find its domain and range. 
See Example 5. 


45. f(x) = Vx+4 


D: [-4, %), R: [0, %) 


> 46. f(x) = -Vx-1 


9. = 3 —3 
D: [1, ©), R: (—%, 0] 59. f(x) = Vx 


60. f(x) = -Vx +2 


47. f(x) =Vx+2-1 


D: [-2, »), R:[-1, ») 


4s. f(x) = -Vx-34+2 


D: [3, ©), R:(—%, 2] 


y y 
ry 


ftx)-=+Nx+3-+2 


Nee, 


FAG p = belt 2 TT 


Simplify each cube root. See Example 7. 


49. \/1 1 p50. \/512 8 
51. W/—-125a> —5a 52. V—8y> —2y 


6 3 
a 8a as 64.3 125x ‘Sx 
V 27b> 3b V 216y® 6y” 


55. W/0.064a°b° 0.4ab? 56. V/0.001x°y® 0.1x°y? 


D:(—%, &), Rie(=a, 20) 


J 


y y x f@) x f(x) 
| 81/5 8| 4 
1A! 4 
Paya Ne 27P||-24 -1/} 3 
1) -2 i) 
fixy=—Nx-1 
iSya|]| al 8] 0 


D: (—2, 2%), R: (—99, 0) 


Hix SNe 2 


Evaluate each radical, if possible. See Example 9. 


61. \/81 3 
63. —W/243 -3 
65. W/—256 not real 
16 2 
67. 4/— — 
V 625 5 


62. V/64 2 
64. —W/625 —5 
66. / —729 not real 
68 5 _ 243 ae 
pron V 32 2 
> 70. —.4 BL _3 
: 256 
72. V/—91! _9 


7.1 Radical Expressions and Radical Functions | 609 


Simplify each expression. Assume that all variables represent eI J APPLICATIONS 


nonzero numbers. See Example 10. 
P Use a calculator to solve each problem. In each case, round to 


73. W32a° 2a Pp 74, V/—32x° 26 the nearest tenth. 
75. W/16a* 2\c! 76. W/x"4 |x3| 105. EMBROIDERY The ad 
7, Wee ie 78. \/6Ab® 2/0] radius r of a circle is 


given by the formula 


1 4 1 1 8 1, 
4 py 4{— x8 —,2 
79. 16" 5 || > 80. a1" 3* ; A 


81. W(x + 2) |x +2 82. W(x + 1p x+1 


where A is its area. 


83. W(x + 2)? «+2 84. W(x + 4) |x +4] Find the diameter of 
the embroidery hoop 
I TRY IT YOURSELF shown on the right if there are 38.5 in.” of stretched 


Evaluate each radical, if possible. fabric on which to embroider. 7.0 in. 


85. \/—25 not real 86. —\/—49 not real > 106. BASEBALL The length of a diagonal of a square 
: : : 2 : 
a 3 is given by the function d(s) = V 2s", where s is the 
ey: (—4y" 4 88. V(—9)" 9 length of a side of the square. Find the distance from 


89. \/8a> 2a pm 90. W—27x° —3x2 home plate to second base on a softball diamond 
and on a baseball diamond. The illustration gives the 
W/—1.000p393 — 43/343, 7,2 ; 
ahs 1,000p"q" -10pq = 92. ‘V343a°b" Tab dimensions of each type of infield. 84.9 ft, 127.3 ft 
93. 3/— 16 ao 94. W/0.008z° 0.223 Softball Baseball 
8 2 60 feet between 2nd base 90 feet between 
W bases bases 
_ W—0.0645%° — 0.4927 3 6p6 3 2,9 
95 0.0645 0.49°t 96 10007 ? 10%? 
W| Usea calculator to find each square root. Give the answer to four i : = 
“ decimal places. 
97. V12 3.4641 98. 340 18.4391 
99. V679.25 26.0624 100. V0.0063 0.0794 
Graph each function and find its domain and range. 
101. f(x) = Vx +1 102. f(x) = —Vx +1 p> 107. PULSE RATES The approximate pulse rate (in 
D:{—%, ©), Bo( =o, 99) Ds (=), Ra( 08; 88) beats per minute) of an adult who is ¢ inches tall is 
; given by the function 
4 : 590 
Fix) ae 1 p(t) = a 


SHRSsfien wsestestt %¥ The Guinness Book of World Records 1998 lists Ri 


Myong-hun of North Korea as the tallest living 
man, at 7 ft 85 in. Find his approximate pulse rate 


as predicted by the function. about 61.3 beats/min 


> 108. THE GRAND CANYON The time ¢ (in seconds) 
that it takes for an object to fall a distance of s feet is 


103. f(x) = -Wx -3 104. f(x) = Wx-1 


D: (—™, ©), R:(—%, D: (—, ©), R:(—%, 
“— ac given by the formula 
' ' _vs 
4 
p In some places, the Grand Canyon is one mile 
Lhd (5,280 feet) deep. How long would it take a stone 
HEH dropped over the edge of the canyon to hit 
bottom? 18.2 sec 
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> 109. 


> 110. 


p> 111. 


p> 112. 


BIOLOGY Scientists will place five rats inside the 
controlled environment of a sealed hemisphere to 
study the rats’ behavior. The function 


d(V) = 3) n(¥) 


gives the diameter of a hemisphere with volume V. 
Use the function to determine the diameter of the 
base of the hemisphere if each rat requires 125 cubic 
feet of living space. 13.4 ft 


AQUARIUMS The function 


alg) = fz 


determines how long (in feet) an edge of a 
cube-shaped tank must be if it is to hold g gallons of 
water. What dimensions should a cube-shaped 
aquarium have if it is to hold 1,250 gallons of 
water? 5.5 ft x 5.5 ft x 5.5 ft 


COLLECTIBLES The effective rate of interest r 
earned by an investment is given by the formula 


A 
= Ww — 1 
‘ qf 


where P is the initial investment that grows to value 
A after n years. Determine the effective rate of 
interest earned by a collector on a Lladro porcelain 
figurine purchased for $800 and sold for $950 five 
years later. 3.5% 


LAW ENFORCEMENT The graphs of the two 
radical functions shown in the illustration can be 
used to estimate the speed (in mph) of a car 
involved in an accident. Suppose a police accident 
report listed skid marks to be 220 feet long but 
failed to give the road conditions. Estimate the 
possible speeds the car was traveling prior to the 
brakes being applied. dry: about 72 mph, wet: about 47 mph 


Dry-pavement 


Wet pavement 


I WRITING 


113. 


> 114. 


115. 


116. 


Explain why 36 has two square roots, but V6 is 
just 6, not —6. 

If x is any real number, then \V/x? = x is not correct. 
Explain. 

Explain what is wrong y 

with the graph on the 4 
right. 


5 
: fae 
F3 
1 


Explain how to estimate 
the domain and range of 
the radical function that is 
graphed on the right. 


[ REVIEW 


Perform the operations. 


117. 


> 118. 


119. 


p> 120. 


x—x-6 =A 
x7 -2x-3 x7 +x-2 
P= 3x-4 x? - 2x -3 & 
Po ee ee ee ee, 

3 3m = 3(m* + 2m — 1) 
m—1 (m+ 1)(m - 1) 
x-4 32 4+21x-1 
2x + 1 Ge — 1)@x + 1) 


i 


4)(x 


+ 1) 
G@=3y 


mt+1 
20+ 3 
3x — 1 
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SECTION 7.2 
Simplifying and Combining Radical Expressions 


: Objectives 


i) Use the product rule to simplify 
radical expressions. 


j 2 | Use prime factorization to 
simplify radical expressions. 

3 | Use the quotient rule to simplify 

radical expressions. 


4 | Add and subtract radical 
expressions. 


In algebra, it is often helpful to replace an expression with a simpler equivalent 
expression. This is certainly true when working with radicals. In most cases, radical 
expressions should be written in simplified form. We use two rules for radicals to 
do this. 


EB Use the product rule to simplify radical expressions. 


To introduce the product rule for radicals, we will find V4+25 and V4V/25 and 
compare the results. 


Square root of a product Product of square roots 


V4-25 = V100 V4V25 =2+5  Readas “the square root of 4 times 


the square root of 25.” 
= 10 = 10 
In each case, the answer is 10. Thus, V4+25 = V4V/25. Likewise, 
W827 = W216 VW8W/27 = 2-3 
=6 =6 


In each case, the answer is 6. Thus, W8 +27 = W/8W/27. These results illustrate the 
multiplication property of radicals. 


The Product Rule for Radicals 


The nth root of the product of two numbers is equal to the product of their nth 
roots. 


If Va and Wb represent real numbers, then 
Vab = Var’ 


As long as all radical expressions represent real numbers, the nth root of the 
product of two numbers is equal to the product of their nth roots. 


Caution! The multiplication property of radicals applies to the nth root of 
the product of two numbers. There is no such property for sums or differences. 
For example, 


V9+44V9O4+V4 V9-44V9-V4 


V13#34+2 V5 43-2 
V13 #5 V5 41 


Thus, Va + b # Va + Vband Va —b # Va—- Vb. 


The product rule for radicals can be used to simplify radical expressions. When a 
radical expression is written in simplified form, each of the following is true. 


Simplify: 

a. V'20 2V5 
b. W/24 2W3 
c. W/128 2/4 


Now Try Problems 14, 16,and 20 


Teaching Example 1 Simplify: 


a. V52_ ib. V75 

ec W72 da. —W80 
Answers: 

a. 2V13 b. 5V3 


« 29 da. -2W5 
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Simplified Form of a Radical Expression 


Each factor in the radicand is to a power that is less than the index of the 
radical. 


The radicand contains no fractions or negative numbers. 


No radicals appear in the denominator of a fraction. 


To simplify radical expressions, we must often factor the radicand using two 
natural-number factors. To simplify square-root, cube-root, and fourth-root radicals, 
it is helpful to memorize the following lists. 


Perfect squares: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225,... 
Perfect cubes: 1, 8, 27, 64, 125, 216, 343, 512, 729, 1,000, ... 
Perfect-fourth powers: 1, 16, 81, 256, 625,... 


Simplify: a V12  b V98 «. W554 ds —W/48 


Strategy We will factor each radicand into two factors, one of which is a perfect 
square, perfect cube, or perfect-fourth power, depending on the index of the 
radical. Then we can use the product rule for radicals to simplify the expression. 


WHY Factoring the radicand in this way leads to a square root, cube root, or 
fourth root of a perfect square, perfect cube, or perfect-fourth power that we can 
easily simplify. 


Solution 

a. To simplify 12, we first factor 12 so that one factor is the largest perfect 
square that divides 12. Since 4 is the largest perfect-square factor of 12, we 
write 12 as 4 - 3, use the product rule for radicals, and simplify. 


V12 = V4+3 Write 12a612 = 4-3. 


Write the perfect-square factor first. 


= V4V3 The square root of a product is equal to the product of the 
square roots. 


= 2V3 Evaluate V/4. Read as “2 times the square root of 3” or as 
“2 radical 3.” 


We say that 2V3 is the simplified form of 12, 
b. The largest perfect-square factor of 98 is 49. Thus, 
V98 = V/49-2 — Write 98 in factored form: 98 = 49-2. 


= V49V2 The square root of a product is equal to the product of the 


square roots: V49-2 = V49V2. 
= ae) Evaluate V 49. 


c. Since the largest perfect-cube factor of 54 is 27, we have 


VW54 = VW/27-2 ~~ Write 54 as 27-2. 


= W27V/2 The cube root of a product is equal to the product of the cube 
roots: W/27-2 = W/27W/2. 
= 3W2 Evaluate W/27. v 
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d. The largest perfect-fourth power factor of 48 is 16. Thus, 
—-W48 = —W/16-3 Write 48.25 16-3. 


~W16W/3 The fourth root of a product is equal to the product 
of the fourth roots: W163 = W16- V3. 


=a5 Evaluate 16. 


Variable expressions can also be perfect squares, perfect cubes, perfect-fourth 
powers, and so on. For example, x* is a perfect square because it is the square of x”. 
Perfect squares: x7, x*,x°,x*,x",... 
Perfect cubes: x°,x°, x, x7, x,... 


Perfect-fourth powers: Fe ae cag ashe ogy Oe 


Self Check 2 
| EXAMPLE 2 | Simplify: ets 


a. <n? b. \/128a> «W240 d. Wa? Simplify. All variables represent 
All variables represent positive real numbers. posanedeal numer 


a. V98b? 7b\V/2b 


Strategy We will factor each radicand into two factors, one of which is a perfect E. W—54y> ~3y V2? 
nth power. c WV Buy's Pee 
WHY We can then apply the rule the nth root of a product is the product of the Now Try Problems 22, 28, and 32 


nth roots to simplify the radical expression. 
Teaching Example 2 Simplify: 


lution 
cece 9:8 a Vb" bh. Vi2Se" & VW —54e™ 
a. The largest perfect-square factor of m’ is m”. ieee 

Vim? = Vm +m — Write m® in factored form as m® +m. a Vb b. 5x°V5x_ e. —3x° W237 


= Vm'Vm Use the product rule for radicals. 
= m*Vm Simplify Vm. 
b. Since the largest perfect-square factor of 128 is 64 and the largest perfect- 


square factor of a” is a*, the largest perfect-square factor of 128a° is 64a*. We 
write 128a° as 64a* - 2a and proceed as follows: 


V128a° = V64a*+2a Write 128a° in factored form as 64a‘ « 2a. 
= V64a*V2a Use the product rule for radicals. 
= 8a°V 2a Simplify 64a", 


c. We write —24x° as —8x° - 3x* and proceed as follows: 


W240? = W—8x3 + 3x? By is the largest perfect-cube factor of 24x”. Since 
the radicand is negative, we factor it using —8x°. 


WY —8x3W/3x? Use the product rule for radicals. 
= —2xW3x" Simplify W/—8x°. 


d. The largest perfect-fifth power factor of a’ is a’, and b” is a perfect-fifth power. 


Wab = Wah? + at a°b’ is the largest perfect-fifth power factor of ae. 
= Wah? W/a* Use the product rule for radicals. 
abW/a* Simplify \/a°b. = 


3 Use prime factorization to simplify radical expressions. 


When simplifying radical expressions, prime factorization can be helpful in 
determining how to factor the radicand. 
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Self Check 3 | EXAMPLE 3 | gs ; hs ) 
Simplify. All variables represent positive real numbers. 


Simplify: 
9: \/975 AT a V150 ob, 29764 cs W/2245°” 
b. W/189c%d> 3cdW/7e Strategy In each case, the way to factor the radicand is not obvious. Another 
Now Try Problems 34, 36, and 39 approach is to prime-factor the coefficient of the radicand and look for groups of 
like factors. 
Teaching E le 3 Simplify. All sia : 2 a 
pani t papas eect WHY Identifying groups of like factors of the radicand leads to a factorization of 
numbers. the radicand that can be easily simplified. 
3/_ it ‘ 
sa ae or Solution 
Okt y a. V150 = V2-3-+5+5 Write 150 in prime-factored form. 
a. 3V7_ b. —3xW/6x? = V2-°3V5-5 Group the pair of like factors together and use the product 
c. 3xy?W/2xy> rule for radicals. 
= V2-3V5? Write 5-5 as 5°. 
= V6°:5 Evaluate V5”. 
=5V6 Write the factor 5 first. 


b. W/297b* = W/3-3-+3-11-5°-b Write 297 in prime-factored form. The largest 
perfect-cube factor of b* is b”. 


= W3-3-3-b°V/11b Group the three like factors of 3 together and 
use the product rule for radicals. 


= W3b°W11b Write 3-3 +3as3°. 
= 3bW11b Simplify W/3°b°. 


c. W/22458¢7 = W2-2-2-2-2-7-s8 - tt Write 224 in prime-factored form. 
The largest perfect-fourth power 
factor of t’ is t*. 


= W2-2-2-2+58- 14W/2-7- 8 Group the four like factors of 
2 together and use the product rule 


for radicals. 
= YP 2*78e Write 2-2-2-2a6 2+. 
= 2871/1407 Simplify W/2%6°r". Fa] 


IER Use the quotient rule to simplify radical expressions. 
To introduce the second property of radicals, we consider these examples. 


Square root of a quotient Quotient of square roots 


100 100 _~—-:10 
100 _ 455 100 _ 10 
4 V4 2 
=§ 5 
100 ~-V100 


Since the answer is 5 in each case, = ——. Likewise, 


64. 164 4 
3), — = — 
ies a ae 


64 64 


Since the answer is 2 in each case, 3 7 


. These results illustrate the division 


g 
ioe) 


property of radicals. 
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Division Property of Radicals 
If Va and Wb represent real numbers, then 


where b # 0 


Ma 
W/b 


As long as all radical expressions represent real numbers, the nth root of the 
quotient of two numbers is equal to the quotient of their nth roots. 


S 


EXAMELES iaphbe wan: belo ee 
pe N64 Nao? “ V 2756 
Assume that the variables represent positive real numbers. 


Strategy In each case, the radical is not in simplified form because the radicand 
contains a fraction. To write each of these expressions in simplified form, we will 
use the quotient rule for radicals. 


WHY Writing these expressions in 4 form leads to square roots of perfect 
squares and cube roots of perfect cubes that we can easily simplify. 


Solution 
a. We can write the square root of the quotient as the quotient of two square 
roots. 


The square root of a quotient is equal to the quotient 
of the square roots. 


Evaluate: V 64 = 8. 


8 
1S V15 ‘The square root of a quotient is equal to the 
“VV 490x2 49x2  Wwotient of the square roots. 


Simplify the denominator: V 49x = 7x. 


c. We can write the cube root of the quotient as the quotient of two cube roots. 
Since y # 0, we have 


3/72 
3 10x? a 10x* The cube root of a quotient is equal to the quotient of cube 
a7 W27y® roots. 


: 


—W10x7 
= 3y? Simplify the denominator. 


| EXAMPLE 5 | Simplify each expression. Assume that all variables represent 
V45xy* W—432x5 
b. ; 
N/ 5x 8x 


positive numbers. a. 


Va a 


Wo Vb 
WHY When the radicands are written under a single radical symbol, the result is 
a rational expression. Our hope is that the rational expression can be simplified. W 


Strategy We will use the quotient rule in reverse: 


Self Check 4 


Simplify 
a. i a a 
36a2 6a 
a’ Vas 
625y"* Sy 


Assume that all variables 
represent positive real numbers. 


Now Try Problems 42 and 46 


Teaching Example 4 Simplify: 


: 13 J 22 i 5a’ 
a. b. = © ai 
36 81x? 8b° 


Assume that the variables represent 
positive real numbers. 
Answers: 
Vi Ve Ver 
a. b. c. 
6 9x Ib 


Self Check 5 


Simplify each expression. 
Assume that all variables 
represent positive numbers. 


V/50ab7 


a. ———— 5b 
V2a 
/ —2,000x°v> , 
b. ————. -10w Vx 
2x 
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Now Try Problems 49 and 53 


Teaching Example 5 Simplify each 
expression. Assume that all variables 
represent positive numbers. 


a. b. —— 
V2y 3x7 

Answers: 

a. 7x b. —5x° 


Solution 
a. We can write the quotient of the square roots as the square root of a quotient. 


oe. — Use the d fF radical 
= se the division property of radicals. 
V5x Sx 


= Voy? Simplify 2". 
= 3y Simplify the radical. 


b. We can write the quotient of the cube roots as the cube root of a quotient. 


V—432x° 432x° 
; =+ Use the division property of radicals. 
W8x 8x 
= W—54x4 Simplify 422" 
= W-27x7+2x — -27%° is the largest perfect cube that divides 


—54x", 
= W-27x°VW/2x Use the multiplication property of radicals. 


Simplify: V/—27x" = —3x. isa 


lI 
2 
* 
< 
a 


IZ Add and subtract radical expressions. 


Radical expressions with the same index and the same radicand are called like or 
similar radicals. For example, 3V2 and 2V2are like radicals. However, 


© 3V5 and 4V2are not like radicals, because the radicands are different. 
© 3W5 and 25 are not like radicals, because the indexes are different. 


For a given expression containing two or more radical terms, we should attempt 
to combine like radicals, if possible. For example, to simplify the expression 


3V2 + 2V2, we use the distributive property to factor out V2 and simplify. 
3V2 + 2V2 = (3 + 2)V2 
=5V2 


Radicals with the same index but different radicands can often be written as like 


radicals. For example, to simplify the expression V27 — V'12, we simplify both 
radicals first, and then we combine the like radicals. 


V27 = V12 = V9+3 = V4-3 
= V9V3 — V4V3___ Use the multiplication property of radicals. 
= 3V3 - 2V3 Simplify V9 and V4. 
= (3 -—2)V3 Factor out V3. 
a4 1V3 = V3. 


As the previous examples suggest, we can use the following rule to add or 
subtract radicals. 


Write 27 and 12 in factored form. 


Adding and Subtracting Radicals 


To add or subtract radicals, simplify each radical expression and combine all 
like radicals. To add or subtract like radicals, combine the coefficients and keep 
the common radical. 


7.2 Simplifying and Combining Radical Expressions 


| EXAMPLE 6 | Simplify: 2V/12 — 3V/48 + 3V3 


Strategy Since the radicals are unlike radicals, we cannot add or subtract them 
in their current form. However, we will simplify the radicals and hope that like 
radicals result. 


WHY Like radicals can be combined. 


Solution 
We simplify 2V/12 and 3V/48 separately and then combine like radicals. 


2V 12 — 3V48 + 3V3 =2V4-3 -3V16-34+3V3 
= 2V4V3 — 3V16V3 + 3V3 
= 2(2)V3 — 3(4)V3 + 3V3 
= 4V/3 — 12V3 + 3V3 All three expressions have 


the same index and 
radicand. 


(4—-12+ 3)V3 Combine the coefficients of 
these like radicals and keep 
V3. 


= -5V3 


| EXAMPLE 7 | Simplify: /16 — W/54 + W/24 


Strategy Since the radicals are unlike radicals, we cannot add or subtract them 
in their current form. However, we will simplify the radicals and hope that like 
radicals result. 


WHY Like radicals can be combined. 


Solution 
We begin by simplifying each radical expression separately: 


W16 — 54 + W/24 = W/8+2 — V/27-2 + W8-3 
= W8W/2 — W27V/2 + V8V3 
= 2W2 -3W2 + 2W3 


Now we combine the two radical expressions that have the same index and 
radicand. 


W16 — W54 + W24 = -W24+2W3 2V/2-3V2=-1W2=-V2. 


Caution! Even though the radical expressions — W/2 and 2/3 in the last line 
of Example 7 have the same index, we cannot combine them, because their 
radicands are different. Neither can we combine radical expressions having the 


same radicand but a different index. For example, the expression W2+ W2 
cannot be simplified. 


EXAMPLE 8 


W16x* + W/54x* — W/—128x* 


Strategy Since the radicals are unlike radicals, we cannot add or subtract them 
in their current form. However, we will simplify the radicals and hope that like 
radicals result. 


Simplify: 


Self Check 6 


Simplify: 
3V75 — 2V/12 + 2V48 19V3 
Now Try Problem 59 


Teaching Example 6 Simplify: 
5V'50 — 3V98 — V72 


Answer: 


2/9 


Self Check 7 
Simplify: /24 — W/16 + W/54 
Now Try Problem 70 


Self Check 7 Answer 
2W3+ W2 


Teaching Example 7 Simplify: 
W40 + 2V/135 — W/250 


Answer: 
8w5 — 5W/2 


Self Check 8 


Simplify: 
V32x3 + V'50x3 — V'18x3 
Now Try Problem 77 
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Self Check 8 Answer 


6x V 2x : 
Solution 


Teaching Example 8 Simplify: 


WHY Like radicals can be combined. 


We simplify each radical expression separately, factor out W/2x, and simplify. 


5W/48x7 — 2xW3x3 + W243x7 
Answer: 


W16x* + W54x* — ¥/—128x4 


11xW/3x3 


= W8x3 + 2x + W/27x3 - 2x — W—64x3 + 2x 


= W8xPW2x + W27xPRW/2x — W/—64x3W/2x 
= 2vW2x + 3xW2x + 42x 


= (2x + 3x + 4x) W/2x 


= 9x W2x 


All three radicals have the same index and 
radicand. 


Combine like radicals. 


Within the parentheses, combine like terms. = 


la 


~ ANSWERS TO SELF CHECKS 


1a 2V5 b. 21/3 « 2W4 2.a. 7bV2b b. —3yVW2y?_ «. PW 
3.a.5V11 b. 3cdW7c 4, a. 


Vib, Y@ 5. a, Sb b, —10xv Wx 


6. 19V3 7. 2173+ W288. 6xV/2x 


7.2 STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. Radical expressions such as W/4 and 6V/4 with the 
same index and the same radicand are called _like_ 
radicals. 


p> 2. Numbers such as 1, 4, 9, 16,25, and 36 are called 


perfect squares_. Numbers such as 1, 8,27, 64, and 
125 are called perfect cubes _. 


3. The largest perfect-square {actor of 27 is 9. 
4. “To simplify \/24” means to write it as 2/6. 


I CONCEPTS 

Fill in the blanks. 

5. Wab = Wa/b 
In words, the nth root of the product of two 
numbers is equal to the product of their 


nth roots m 
a_ Wa 
Pe wo = 
b We 


In words, the nth root of the quotient of two 
numbers is equal to the quotient of their 
nth roots 2 


P Selected exercises available online at 


www.webassign.net/brookscole 


> 7. Consider the expressions V 4-5 and V4V/5. Which 
expression is 


b. 


c. 


the square root of a product? 
V4+5 
the product of square roots? 


V4V5 


How are these two expressions related? 


V4-5 = V4V5 


Consider the expressions Wa and \/\3. Which 
expression is 


b. 


c 


the cube root of a quotient? 
3/4 
We 
the quotient of cube roots? 
Va 
How are these two expressions related? 
3/@ _ Wa 
Write two radical expressions that have the same 
radicand but a different index. Can the expressions 
be added? 
V5, W/5 (answers may vary); no 


Write two radical expressions that have the same 
index but a different radicand. Can the expressions 


be added? 
V5, V6 (answers may vary); no 
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> 10. Explain the mistake. Simplify each expression. Assume that all variables represent 
W54 = W274 27 positive numbers. See Example 4. 
71V7 3 A/3 
uQ3 3 fe pa 
= W27 + W227 41. as > 42. a3 
=3+3 
= 43. 3 cs v7 44, 3 co v4 
The second step is incorrect. The cube root of a sum is not equal oe # 125 5 
to the sum of the cube roots. 2 4 2 
45 = 8 46413 
: 2 Ae : 8 go 4 
I NOTATION 16° 48 64a® 8a 
2 33 
Complete each solution. a7. 4 Sx W5x 48. 3 lla" W11a 
p11. W/32k" = RE 4k moe <S ioe ae 
= We W4k Simplify each expression. Assume that all variables represent 
= 21-/ ett See Example 5. : 
om x4 98x V 75y : 
V/80s7t 80s7t 49. Tx 50. Sy 
p 2 Tas = V2x V3y 
KY Ss 
Ja 24 V180ab* a V112ab? 
= 16 . 
ia ‘ Vsab" Viab 
53 Y 68 a yilis fog, VEST ae 
I GUIDED PRACTICE i Wey 
Simplify each expression. See Example 1. <i W567a2 aa - W/972x" aston 
13. V20 2V5 14, V8 2V2 Big wie 
15. —V200 -10V2 16. —V250 -5V/10 
Simplify each expression. See Example 6. 
3 3 3 ) 
17. 80 2/10 18. V270 3/10 
velar ve 57. V98 — V'50 58. V/72 — V’200 
19. —W/32 ~2./2 20. W768 4\/3 2V2 -4V2 
59. 3/24 + V/54 p> 60. V18 + 2/50 
Simplify each expression. Assume that all variables are positive 9V6 13V2 
numbers. See Example 2. Pp 61. V20 + V125 - V80 62. V98 — V50 - V72 
21. Va" ava 22. Vb" Vb 3V5 -4V2 
5 5 63. V63 + V72—- V28 64. 80 + 45 — V27 
23. V50x* 5x2 > 24. V75a* 5aV3 V7 + 6V2 5 - 3V3 
25. V32b 4V2b 26. V80c 4V5c 
Simplify each expression. See Example 7. 
27, W—54x° 37/2 > 28. —W—81a® 303 
“ 65. \/32 — V/108 66. \/80 — V/10,000 
as oe ea a 5x BWV/5 -W4 -8v/10 
322 64 2 67. 2/125 — 5W/64 68. 3/27 + 12/216 
—10 81 
31. V175a°b° SabV7b 32. V128a°b” 8ab?V2ab 
69. 2/16 — W/54 > 70. 20/250 — 4W/5 + W16 
3 ya 4r3 
Simplify each expression. Assume that all variables represent bi ‘ F ile ae ‘ 
positive numbers. See Example 3. 71. — W243 — W768 72. ve + 5W/2 — V/162 
=5V3 4V2 
33. V180 6V5 34, V112 4V7 
35. Wi16y4 2yW2y 36. V/40b" 2n2\/Sb Simplify each expression. Assume all variables represent positive 
numbers. See Example 8. 
37. —V300xy -10V3 38. V200x7y 10xV/2y 
By ane ae athe) 73. 4VIn+6V2x 74, 16 Ty + 3 Ty 
39. W/32x!y? 23yW2y 40. W/64x)y® 2x*yW/2y 10V/2x 19\/Ty 


75. V18t + V300t — V243t 321 + V1 
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76. 80m — V128m + V288m 4\V/5m + 42m 

77. W/24x + W/3x 3V/3x 78. W/16y + W/128y 6v/2y 
79. V50a* + 2aV8 + 2V200a7 29a\/2 

80. /54a° — 3W/16a° + 4W/128a° 1302/2 


> 


I TRY IT YOURSELF 


Simplify each expression. Assume that all variables represent 
positive numbers. 


a1. Vm? mn? Unb 
83. Vy ab’? ab? Wa?b 


82. Wa"4 a Vat 
84. W81xy? ary Wy 


85. W/250 5\/2 86. V/96x 2x7 Wx" 
7, ¥-500 ay 
V5 Vi 
89. W/—81 -3v3 90. V/—72 -29 
91. V/96 2.3 92. V/256 2/2 
4 ; 


95. —V112a° —4aV7a 96. V147a? 7a? 


3a 


Simplify and combine like radicals. All variables represent 


I APPLICATIONS 


First give the exact answer, expressed as a simplified radical 
expression. Then give an approximation, rounded to the nearest 
tenth. 


» 119. UMBRELLAS The surface area of a cone is given 


by the formula S = amrVr? + h’, where r is the radius 
of the base and / is its height. Use this formula to 
find the number of square feet of waterproof cloth 
used to make the umbrella. 87/5 ft?: 56.2 ft 


A=2ht 


r=4ft 


> 120. STRUCTURAL ENGINEERING Engineers have 
determined that two additional supports need to be 
added to strengthen a truss. Find the length L of 


each new support using the formula 


be eC a 
E= t 3/14 ft 11.2 f 
V2°2 4 ee 


positive numbers. 
97. 4\/2x + 6V/2x 98. 6\W/S5y + 3\W/5y 
10V2x IW 5y 
99. 8W/ 7a" — TW Ta’ 100. 10W/12xyz — W/12xyz 
Ta? OW 12xyz 
101. V2 — V8 102. 20 — V'125 
-Vv2 -3V5 a=20ft | \ Joins at the 
103. 141/32 — 15V/162 p> 104. 231/768 + V/48 midpoint of 
=i70 94/3, this segment 
4/z79 4 4/542 _ v4 
105. 3 fa + 232 106. 4 a — W/48 > 121. BLOW DRYERS The current / (in amps), the 
wine : - "ee 7 = power P (in watts), and the resistance R (in ohms) 
17, SY — Vi6y'z 108. i 4 z+ V9yz are related by the formula J = \/ 2. What current 
yVvz ZVy ; : : : 
is needed for a 1,200-watt hair dryer if the resistance 
109. V36xy" + V49xy" 110. ae — V8x is 16 ohms? 5\/3 amps; 8.7 amps , 
13y Vx 2x : oe 
3/ran 3 4/TAS TAD > 122. SATELLITES Engineers have determined that a 
oo a ai +2W8a > 112. : 4 . PO PeY spherical communications satellite needs to have a 
5 5 < capacity of 565.2 cubic feet to house all of its 
vie: Ye J Voy V25y operating systems. The volume V of a sphere is 
aad Vi 7, JSady! — Vay" related to its radius r by the formula r = aL ; 
, shay y ” What radius must the satellite have to meet the 
iia w/e _ Wey “fe Wey engineer’s specification? Use 3.14 for aw. 3\/5 ft; 5.1 ft 
3x Vxy" 
116. Wxy? + W8xy* — W/27xy4 
0 
117, V181 + V300¢ — V243¢ 
3V2t + V3t 
p> 118. V80m — V128m + V288m 
4V5m + 4V2m 
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> 123. DUCTWORK The pattern shown below is laid 
out on a sheet of galvanized tin. Then it is cut 
out with snips and bent along the dotted lines to 


= 


125. Explain why V/9x* is not in simplified form. 


make an air conditioning duct connection. Find > 126. How are the procedures used to simplify 3x + 4x 
the total length of the cut that must be made and 3Vx + 4Vx similar? 

with the tin snips. (All measurements are in 127. Explain how the graphs of Y, = 3\/24x + VW54x 
inches.) (26V5 + 103) in.:75.5 in. and Y> = 9\/6x can be used to verify the 


simplification 3V 24x + V54x = 9V6x. In each 
graph, settings of [—5, 20] for x and [—5, 100] for 
y were used. 


> 124. OUTDOOR COOKING The diameter of a circle is 


given by the function d(A) = aon, where A is the Vi vesvemeven 


area of the circle. Find the difference between the 
diameters of the barbecue grills. 6\/3 in.; 10.4 in. (a) 
Cooking area 128. Explain how to verify algebraically that 
147 in? Cooking area Vv 200x°y” = 10xy* V 2xy. 


48rr in? 


Perform each operation. 


129. 3x?y3(—Sx3y 4) — 5" 


y 


p> 130. (2x? — 9x — 5) ~ 


— 4 
2x" + x 
131. 2p — 5)6p2 — Tp — 25 3p +4 Pee 
xy Cae 
132. 7 t ea 
x y 


Multiplying and Dividing Radical Expressions 


In this section, we will discuss how to multiply and divide radical expressions. These 
problems often require the use of procedures and properties studied earlier, such as 
simplifying radical expressions, combining like radicals, the FOIL method, and the 
distributive property. 


8 Multiply radical expressions. 


We have used the product rule for radicals to write radical expressions in simplified 
form. We can also use this rule to multiply radical expressions that have the same 
index. 


Multiply and then simplify: 
a. -2V/14 (5V2) 
b. W/4x5 - 9W/8x" 


Now Try Problems 24 and 28 
Self Check 1 Answers 


a. —20V7_ b. 18xW/2x 


Teaching Example 1 Multiply and then 
simplify: 

a. V5V/10 

b. 3V/25x + W/15x? 


Answers: 


a. 5V2 
b. 15xV/3 


Self Check 2 
Simplify: 4V/2(3V/5 — 2V8) 


Now Try Problem 32 


Self Check 2 Answer 
12/10 — 32 
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The Product Rule for Radicals 


The product of the nth roots of two nonnegative numbers is equal to the nth 
root of the product of those numbers. 


If Va and Wb are real numbers, 
Va-N/b = Varb 


| EXAMPLE 1 | Multiply and then simplify: 
a. 3V6(2V3) —b. —2W 7x 6V/49x" 


Strategy In each case, we will multiply the coefficients and then use the product 
rule for radicals to multiply the factors of the form Va and Vb. 


WHY The product rule for radicals is used to multiply radicals that have the 
same index. 


Solution 

We use the commutative and associative properties of multiplication to multiply 
the coefficients and the radicals separately. Then we simplify any radicals in the 
product, if possible. 


a. 3V6(2V3) = 32) V6V3 


Write the coefficients together and multiply the 
radicals together. 


= 6V18 3(2) = Gand V6V3 = V'18. 
=6V9V2 Simplify: Vi8 = V9-2 = Vave. 
= 6(3)V2 Evaluate: V9 = 3. 

= 1872 Multiply. 


b. —2W7x + 6W/49x7 = —2(6) W7x W/49x7 
—12W 7x + 49x? 


Write the coefficients together and the 
radicals together. 


Multiply the coefficients and multiply the 


radicals. 
= -12W7x » Px? Write 49 as 7°. 
= -122WP xe Write 7x » 72x? as 7°x°. 
= —12(7x) Simplify: P< =e 
= —84x Multiply. 


Recall that to multiply a polynomial by a monomial, we use the distributive 
property. We use the same technique to multiply a radical expression that has two or 


more terms by a radical expression that has only one term. 


Simplify: 3V3(4V8 — 5V10) 


Strategy We will use the distributive property and multiply each term within 
the parentheses by the term outside the parentheses. 


WHY The given expression has the form a(b — c). 
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Solution 


3V/3(4V8 - 5V'10) 
=3V3:4V8 — 3V3-5V10 
= 12/24 — 15\/30 


Distribute the multiplication by 3V3. 


Multiply the coefficients and multiply the 


radicals. 
= 12V4V6 - 15/30 Simplify: V24 = 4-6 = V4ve, 
= 12(2) V6 — 15/30 V4 = 2, 


= 24V6 — 1530 


Recall that to multiply two binomials, we multiply each term of one binomial by 
each term of the other binomial and simplify. We multiply two radical expressions, 


each having two terms, in the same way. 


| EXAMPLE 3 AV (V7 + V2)(V7 - 32) 


Strategy As with binomials, we will multiply each term within the first set of 
parentheses by each term within the second set of parentheses. 


WHY Within each parenthesis there are two terms. This is an application of the 
FOIL method for multiplying binomials. 


Solution 


(V7 + V2\(V7 - 3V2) 
Vi te ad 


= VIV7 - 3VIV2 + V2V7 - 3V2V2 


Use the FOIL method. 


=7-3V14+ V14 3(2) Perform each multiplication: 
VIV7 = V'49 = 7 and 
VaV2= V4 = 2, 

=7-2V14-6 Combine like radicals: 
—3V14 + Vi4 = -2V'14. 

=1-2V14 Combine like terms: 


7-6=1. 


| EXAMPLE 4 | Multiply (V3x —~V5 )( V2x + V10). Assume that x > 0. 


Strategy As with binomials, we will multiply each term within the first set of 
parentheses by each term within the second set of parentheses. 


WHY Within each parenthesis there are two terms. This is an application of the 
FOIL method for multiplying binomials. 


Solution 


(V3x - V5)(V/2x + V10) 
= V3xV2x + V3xV10 — V5V2x — V5V10 


= Vox? + V30x — V10x — V50 
= V6V x? + V30x — V10x — V25V2 


= Vox + V30x — V10x — 5V/2 


Use the FOIL method. 


Perform each multiplication. 


Simplify V Gx" and 50. 


Teaching Example 2 Simplify: 
2V7(4V14 — 5V/21) 


Answer: 


56V2 — 70V3 


Multiply: 
(V5 + 2V3)(V5 — V3) 


Now Try Problem 34 
Self Check 3 Answer 


-1+ V15 


Teaching Example 3 Multiply: 
(Vil - 3V2)(4Vi1 - v2) 


Answer: 


50 — 13/22 


Self Check 4 
Multiply (Vx + 1)(Vx — 3). 
Assume that x > 0. 
Now Try Problem 40 
Self Check 4 Answer 
x — 2Vx -3 


Teaching Example 4 Multiply 
(Vix + V3)(Vx — V5). 
Assume that x > 0. 

Answer: 


BVT = 85K NV x = VIS 


Find: 

a. (Vii) 

b. (3W/4y)° 

C. (Vx -8 = 5)" 

Now Try Problems 42, 46, and 48 


Self Check 5 Answers 
a. 11 b. 108y 


Ge #e=—10Vx%=—8 +17 


Teaching Example 5 Find: 
a. (V13) b. (4\/2x7)° 
c. (vx + 3)" 


Answers: 
a. 13. b. 128x7 «a x+6Vx+9 
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Success Tip It is important to draw the radical sign carefully so that it 
completely covers the radicand, but no more than the radicand. To avoid 


confusion, we often write an expression such as 6x in the form xV6. 


49 Find powers of radical expressions. 


To find the power of a radical expression, such as (v5) or (7a we can use the 
definition of exponent and the product rule for radicals. 


(V5) = V5V5 (W2) = W2-W2-W2 
= V25 = V8 
=5 =2 


These results illustrate the following property of radicals. 


The nth Power of the nth Root 


If Va is a real number, 


(vay =« 


| EXAMPLE 5 (V5) be (2W7x7)) a (Win +1 + 2) 


Strategy In part a, we will use the definition of square root. In part b, we will 
use a power rule for exponents. In part c, we will use the FOIL method. 


WHY Part a is the square of a square root, part b has the form (xy)”, and part c 
has the form (x + y)’. 

Solution 

a. (V5) =5 Because the square of the square root of 5 is 5. 


3 


b. We can use the power of a product rule for exponents to find (2 V 7x”) 
(awie)? = 27 wae? 
= 8(7x’) 
= 56x" 


Raise each factor of 2\/7x* to the 3rd power. 
Evaluate: 2° = 8. Use (Wa)” =a. 


c. We can use the FOIL method to find the product. 
(Vm +1+ 2) =(Vm +14 2)(Vm +1 +2) 
= (Vm +1) +2Vm+14+2Vm+14+2-2 
=m+1+2Vm+14+2Vm+1+4 Use(Wa)"=a 
=mt+4Vm+1+5 


Combine like terms. 


EB Rationalize denominators. 


In Section 7.2, we saw that a radical expression is in simplified form when each of 
the following statements is true. 


1. Each factor in the radicand is to a power that is less than the index of the 
radical. 
2. The radicand contains no fractions or negative numbers. 


3. No radicals appear in the denominator of a fraction. 
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We now consider radical expressions that do not satisfy requirement 2 and 
radical expressions that do not satisfy requirement 3 of this list. We will introduce an 
algebraic technique, called rationalizing the denominator, that is used to write such 
expressions in an equivalent simplified form. 

To divide radical expressions, we rationalize the denominator of a fraction to 
replace the denominator with a rational number. For example, to divide V5 by V3, 
we write the division as the fraction 


V5 The denominator is the irrational number V3. This radical expression is not in 


\/3 simplified form, because a radical appears in the denominator. 


To eliminate the radical in the denominator, we multiply the numerator and the 
denominator by a number that will give a perfect square under the radical in the 


denominator. Because 3 - 3 = 9 and 9 is a perfect square, \/3 is such a number. 


v5 VBS cues ivalent fracti ttiply by YE = 1 
= = DH T= To build an equivalent fraction, multiply by = = 1. 
3 V3 V3 v8 
_ V15 Multiply the numerators: V5-V3= V5. 
V9 Multiply the denominators: V3:VB= V9. 
V15 
= 3 Simplify: V/9 = 3. The denominator is now the rational number 3. 
Thus, 3 = = Since there is no radical in the denominator and 15 cannot be 


simplified, the expression ve is in simplest form, and the division is complete. 


Success Tip As an informal check, we can use a calculator to evaluate each 
expression. 


ves ~ 1.290994449 


V3 


nae ~ 1.290994449 


Self Check 6 


: ; : /20 4 
Rationalize each denominator: a. 7 b. a Rationalize each denominator: 

. . . . . 24 3 
Strategy In part a, we will examine the radicand in the denominator and ask, oak oa b. W3 
“By what must we multiply it to obtain a perfect square?” In part b, we will 
examine the radicand in the denominator and ask, “By what must we multiply it Now Try Problems 52 and 56 
to obtain a perfect cube?” ne pact 

2V 30 b 5V27 

WHY The answers to those questions will determine what form of 1 we use to iar “3 


rationalize each denominator. 
Teaching Example 6 Rationalize each 


Solution denominator: 

a. This radical expression is not in simplified form, because the radicand contains se 7 
a fraction. We begin by writing the square root of the quotient as the quotient ean *S 75 
of two square roots: Answers: 


2V33 TW 45 
2» = v20 Apply the division property of radicals: 2 = Va = 11 * 15 
\/ 7] V7 PP prop Vb ue 


Self Check 7 


Rationalize the denominator: 


V/ 4ab* 

VV 2a°b* 
Assume that a > 0 and 
b > 0, ¥2ab 


Now Try Problem 62 


Teaching Example 7 Rationalize the 


. V6rb® 
denominator: = 
3a°b 
Answer: 
BV 2a 


a 
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To rationalize the denominator, we proceed as follows: 


V0 V_VI 


= Multiply by the form of 1 to rationalize the denominator. 
VI Wi wt 


_ V 140 Multiply the radicals. 
7 49 This radicand is now a perfect square. 

2\/35 Simplify: V140 = V4-35 = V4V/35 = 2V35 and 
oF V49 = 7. 


b. Here, we must rationalize a denominator that is a cube root. We multiply the 
numerator and the denominator by a number that will give a perfect cube 


under the radical sign. Since 2 - 4 = 8 is a perfect cube, W/4 is such a number. 


4 4 W4 
W4 


Multiply by a form of 1 to rationalize the denominator. 


V2 W2 Wa 
_ 4w/4 Multiply the radicals in the denominator. 
~ W/Z This radicand is now a perfect cube. 
AW 4 
is Simplify: V8 = 2. 


Simplify: 2Y4 = 2-2V4 = awa, 


V 5xy* 
Vay? 


Rationalize the denominator: 


Assume that x and y are positive numbers. 


Strategy We will begin by using the quotient rule for radicals in reverse 


Ma _ nf a 
Wo b 


WHY When the radicals are written under a single radical symbol, the result is a 
rational expression. Our hope is that the rational expression can be simplified, 
which could possibly make rationalizing the denominator easier. 
Solution 
There are two methods we can use to rationalize the denominator. In each 
method, we simplify the expression first. 

Method 1 Method 2 

V 5xy* 5xy? V 5xy* 5xy? 

Vx" 


<< 
(es) 
5 
ie) 
<< 
wo 


AWS AS Sa g 


Y = Multiply within 
y the radical. 


the radical. 


Vy Multiply outside V5y 
Vy 


“ 


< 
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EXAMPLE 8 ri 


Rationalize the denominator and assume q > 0: 5003 
q 


Strategy We will begin by using the quotient rule for radicals \/F = ee 


WHY When the radicals are written under separate radicals, our hope is that the 
radical in the denominator can be simplified, which could possibly make 
rationalizing the denominator easier. 


Solution 
We write the expression as a quotient of two radicals. Then we simplify the radical 
in the denominator before rationalizing. 


fi Vu 
20q° 20q° 


The square root of a quotient is the quotient of the 


square roots. 


To simplify V 204”, write it as V 4q° * 5q. 


= Simplify: V4q" ‘5q= V4q'V5q = 24°54. 


V5 
To rationalize the denominator, multiply by Ve =1. 
q 


= Multiply the radicals: V 5qV 5q = 5q. 


= Multiply in the denominator. 


Ws 
9m 
Strategy We will examine the radicand in the denominator and ask, “By what 
must we multiply it to obtain a perfect cube?” 


Rationalize the denominator: 


WHY The answers to those questions will determine what form of 1 we use to 
rationalize each denominator. 


Solution 
We multiply the numerator and the denominator by W/3m?, which will produce a 
perfect cube, 27m’, under the radical sign in the denominator. 


V5 _ V5 V3m" 
V9m = W9m W/3m? 
15m? Multiply the radicals. 


3 Vm This radicand is now a perfect cube. 


Multiply by the form of 1 to rationalize the denominator. 


a al Simplify the denominator: 27m? = 3m. 


IZ3 Rationalize denominators that have two terms. 


So far, we have rationalized denominators that had only one term. We will now 


discuss a method to rationalize denominators that have two terms. 


Self Check 8 


Rationalize the denominator: 


e 1 W An? 
16h? 4i° 


Now Try Problem 65 


Teaching Example 8 Rationalize the 
7 
d inator: 3/—— 
enominator =m 
Answer: 
6x 


Self Check 9 


Rationalize the denominator: 
V5 \/85b 
Vite 2? 


Now Try Problem 70 


Teaching Example 9 Rationalize the 


| V2 
denominator: : - 
¥ 25a 
Answer: 
W10a 
Sa 


Self Check 10 


Rationalize the denominator: 
? 2 Vx — V5 
"V341 ° Vx+V5 
Self Check 10 Answers 
5 = 1 p. © 2V5x +5 
x=3 
Now Try Problems 74 and 80 


Teaching Example 10 Rationalize the 
denominator: 


: 3 Vx - V3 
i.) a ee 

Answers: 

; 44/5 +3 i x —2V3x +3 
: 4 as x—3 
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One-term denominators Two-term denominators 
V5 11 4 1 Vx + V2 
V3 V20g? —-W2 V2+1> Vx- V2 


To rationalize a denominator of for example, we multiply the numerator 


1 
V24+1 
and denominator by \/2 — 1, because the product (v2 + 1)(V2 = 1) contains no 
radicals. 


(V2 +1)(V2-1)= are (1? 


Use a special product formula. 


Radical expressions that involve the sum and difference of the same two terms, 
such as V2 + 1 and V2 — 1, are called conjugates. 


A p Vet V2 
"MA 41 Ve = VF 


Strategy We will rationalize the denominator by multiplying the numerator and 
the denominator by the conjugate of the denominator. 


Rationalize the denominator: 


WHY Multiplying the denominator by its conjugate will produce a new 
denominator that does not contain radicals. 


Solution 
a. We multiply the numerator and denominator of the fraction by V2-1, 
which is the conjugate of the denominator. 


(v2-1) 


1 t 
V2+1 (Vv2+1) (V2 -1) 
In the denominator, multiply the binomials: 
aes (V2 +1)(V2-1)= Vav2-V2+V2-1 


=2-1. 
2—1 — Simplify: We=t_ VE=1i 4g 4, 


1 


b. We multiply the numerator and denominator by Vx + V2, which is the 
V2, and simplify. 


(Vx + V2)(Vx + V2) 
(Vx — V2)(Ve + V2) 


conjugate of Vx — 


Vet V2 _ 
Vx - V2 


x V2x t V2x + 2 In the numerator and denominator, 
_ oD use the FOIL method. 
x+2V2x +2 


In the numerator, combine like radicals. 


x= 2 


8 Rationalize numerators. 


In calculus, we sometimes have to rationalize a numerator by multiplying the 
numerator and denominator of the fraction by the conjugate of the numerator. 
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Self Check 11 


ieee Was — 
Rationalize the numerator: Wa Rationalize the numerator: 
. . . . Vx + 3 x 9 
Strategy To rationalize the numerator, we will multiply the numerator and the Ve £=9VE 


denominator by the conjugate of the numerator. 


WHY After rationalizing the numerator, we can simplify the expression. 
Although the result will not be in simplified form, this nonsimplified form is often 


Now Try Problem 82 


Teaching Example 11 Rationalize the 


desirable in calculus. octet, oe 
‘ Vx 
Solution Answer: 
We multiply the numerator and denominator by Vx + 3, which is the conjugate x — 25 
of the numerator. # > BVE 
Vx —3 Vx-3 Vx4+3 Multiply by a form of 1 to rationalize the 
Vx a Vx Vx +3. Numerator. 
2 2 
2 (vx) — 3) Multiply the numerators using a special-product rule. 
x + 3Vx Multiply the denominators. 
_ x-@9 
x + 3Vx a 


f 


ANSWERS TO SELF CHECKS 


1a. -20V7 b. 18xW2x 2. 12V10- 32 3. -1+ V15 4.x -2Vx-3 


5.a. 11 b. 108y « x—10Vx—8+17 6. a. 2% p, 527 7, V2ub g, Ware 


, WBS a0, a, 3-1 bt 2VEtS 1, 258, 


a 4h? 


STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. To multiply _ (v3 + V2\(V3 - 2Vv2), we can use 
the FOIL method. 


2. To multiply 2V5(3V8 + V3), use the _distributive_ 


property to remove parentheses. 


. . 4. —— 
3. The denominator of the fraction —— is an rational _ 


V5 


number. 
> 4. The conjugate of Vx + Lis Vx — 1. 


sical 4 
5. To _tationalize the denominator of —=, we multiply 


V5 


the numerator and denominator by V5. 
6. To obtain a _perfect_ cube under the radical in the 
3 
denominator of ==, we multiply the numerator 


V5n 
and denominator by V/25n’. 


® Selected exercises available online at 
www.webassign.net/brookscole 


[| CONCEPTS 
Perform each operation, if possible. 
7. 4V6 + 2V6 8. 4V/6(2V6) 
6V6 48 
9. 3V2 -2V3 10. 3V/2(-2V3) 
can’t be simplified -6V6 


Perform each operation, if possible. 


P11. 5+ 6W6 > 12. 5(6W6) 
can’t be simplified 306 
3 3 
> 13. 30W/15 > 14. VS 
5 5 
6W/15 can’t be simplified 
15. Consider V3 = V3V7 Explain why the 
VI VIVI 


expressions on the left-hand side and the right-side 
side of the equation are equal. 

When the numerator and the denominator of a fraction are 
multiplied by the same nonzero number, the value of the 
fraction is not changed. 
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3 


Ws 


16. To rationalize the denominator of why wouldn’t 


3 


V3 
we multiply the numerator and denominator by —=? 
We don’t get a perfect-cube factor under the W3- 
radical in the denominator. 

3 


12 
17. Explain why AE is not in simplified form. 


A radical appears in the denominator. 


[3 
. Explain why aie is not in simplified form. 


The radicand contains a fraction. 


I NOTATION 

Fill in the blanks. 

19. Multiply: 5V8-7V6 

5V8-7V6 = 5(7)V8V6 

=35V/ ii 
= 35V 16 -3 
= 35(4)V3 
= 140V3 


> 20. Rationalize the denominator: 


9 9+ W/2a 
W 4a" 7 W 4a?» W/ 2a 
9W2a 
y 8a> 
9W2a 


2a 


iS) 


J GUIDED PRACTICE 


Perform each multiplication and simplify. All variables represent 
positive numbers. See Example 1. 


21. V5V/10 22. V7V35 
52 75 

23. ee 24. —5V'8b(4V/3b ) 
24aV/10 —40bV6 

25. 3V/2V/12 > 26. V/3(4V/18) 
6W3 12W/2 

27. (3W/9a’ )(2W/3a) 28. (2/1667 )( —\/46") 
18a —8b? 


Perform each multiplication and simplify. See Example 2. 


29. 3V/5(4 — V5) 30. 2V'7(3V7 — 1) 
12475 = 15 A= 97 

31. 3V2(4V6 + 2V7) b> 32. -V3(V7 - V15) 
24/3 + 6V/14 =A Fh 4 FAS 


> 40. 


Perform each multiplication and simplify. See Example 3. 


33. (V2+1)(V2-3) 34. (2V3 + 1)(V3 - 1) 
-1-2V2 5- V3 
35. (V5 + V3)(V5 — 2V3) 
-1- V15 
> 36. (V6 + 3V5)( V6 - 4V5) 
=.= Wa 


Perform each multiplication and simplify. All variables represent 
pag numbers. See Example 4. 


37. (V5z + V3\(V5z + V3 
52 + 2152 + 3 


) 
38. (V3p — V2)(V3p + V2) 
) 
) 


39. (V5b — V3)(V/2b + V6 
bV10 + V30b — V6b — 3V/2 
(V3y - V2)(V2y - V3 
yV6 —5Vy + V6 


Perform each multiplication and simplify. All variables represent 
positive numbers. See Example 5. 


a1. (V7) 42. (23) 
7 23 
43. (32x) 44, (2xV5)° 
18x 20x? 
3/z_2\3 3/o,.2\3 
45. (3\/5x°) > 46. (-2V/9y") 
135x* —72y* 
47. (Vx —2+3) as. (Vx + 1-2) 
OW ee 2b 7 £>42Vae4 TES 
Rationalize each denominator. See Example 6. 
1 V7 5 V/15 
49 77 50. — 
36 30 [64 4\/10 
51 — —— 52, 4 /— 
30 5 10 5 
1 3; 2 3 
See psa, — 
2 2 We 3 
3 =) 100 
55. —= V3 56. 
/9 Wi0 2 
W2 We WO 36 
Cy ae yaar 58. — 
94 54 6 
1 Ww 1 W116 
59. Wa ca 60. Wa 5) 


Rationalize each denominator. Assume all variables represent 
positive numbers. See Example 7. 


a V8 2W2xy a5 V9xy /3x 
, xy , 3x7y x 
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ba. 10xy* sy meres Sab*c \/2p 99. —4\/5r7s(5W/2r) —20r\/10s 
2xy V10abe 7 100. —V 3xy"(- V 9x°) 3x WV xy" 
3 2 
Rationalize each denominator. Assume all variables represent P 101. Vx (x +3 Vx (x + 3) x°(x + 3) 
positive numbers. See Example 8. 102. Vy*(x + y) V(x + y)? v(x + yy? 
re ee a ee m 103. —2V5x(4V2x — 3V3) —axVi0 + 6V15x 
8a° 4a 2b° 2° 
104. 3V7e(2V7t + 3307) 420 + VV 210 
13 V65p 2 V6t 
67. 5p" sp p> 68 orate 105. (3x a V2y)(V3x + V2y) 3x — 2y 
> 106. (V3m + V2n )(V3m + V2n) 3m + 2\V/6mn + 2n 
Rationalize each denominator. Assume all variables represent 
pe eae 107. (2V3a — Vb)(V3a + 3Vb) 6a + 5V3ab ~ 3b 
re 3/492 Wrabe es 3/9 Wy > 108. (SVp — V3q)(Vp =I 2V3q) 5p + 9V’3pq — 6q 
“W2ab  » "W3xy > 109. (3V2r 2r ay 18r — 12V2r + 4 
WI WW i4p? os W5p? 15p°¢ 110. (2/3¢ + 5) 12 + 203 + 25 
V4p 7? V9q 4 111. -2(V3x + V3) —6x — 12vx - 6 
2, 
Rationalize each denominator. Assume all variables represent 112. 3(V5x = V3) = Loe eo 
positive numbers. See Example 10. 
fe x 1) Simplify each radical expression by rationalizing the 
73. ? 4/2 & 1 74. 3 denominator. All variables represent positive real numbers. 
VI 1 Viet 2 5 V3 
V2 3v2- vi0 V3 "Vg 4 " \/5q 10 
75. VE ri 76. ne’ =3:= 2y3 
7 = 115 Vis 116 wal 
341 Za 1 : ; 
je lt Page iat ee 2 v3 
V3-1 V24+1 1 ws ‘ 
/< = Vy Vi + Vy x+2Vayty 117. Vig 2 Mees 
79. vn P80. Re 
Yx-2vxy ty . V7 -— V29-2/14 VRE V2 
x-y ee as ree Neo +2N6 
Rationalize each numerator. Assume all variables represent 2+ V7 
positive numbers. See Example 11. 2 Vx = 1) 3 Pee 
121. P 122. : 
a1, W422 «-4 eo Vp+3 p-9 Vxt1 x71 Vx-2 x-4 
: Va at+2Va : Vp p-—3Vp 
123, et oa tag, PE Ve 
- 3+Vb 9-5 agg 4—p V2z-1 V3t+1 
"fh 3B = 6 " Vp 2p +p 
J APPLICATIONS 
I TRY IT YOURSELF > 125. STATISTICS An 
Simplify each radical expression. Assume that all variables example of a normal 
represent positive numbers. distribution curve, or bell- 
as. VIIVII 11 a6, V35V35 35 i ah alg diane 
the illustration. A fraction 
87. V2V8 4 88. V/3V27 9 that is part of the equation 
89. 2V3V6 ov 90. —3V11V33 233 eee 
91. 5/25 5 92. —\/7\/49 —7 : 
2 2 oV 20 
93. |-2V 2} 8 94. |—3V 10) 90 
( v2) ( V10) where a is a letter from the Greek alphabet. 
95. Vab?V ab ab’ 96. V/8xV Axey 4x?Vy Rationalize the denominator of the fraction. V 27 


2 
97. V5abV5a SaVb 98. V15 78/107 SrsV6 o 
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> 126. ANALYTIC GEOMETRY The length of the 
perpendicular segment drawn from (—2, 2) to the 
line with equation 2x — 4y = 4 is given by 

_ 12-2) + (92) + (4)! 
VQy + Cay 

Find L. Express the result in simplified radical form. 

Then give an approximation to the nearest tenth. 


8V5 _ 
5 


L 


3.6 


» 


TRIGONOMETRY In B 
trigonometry, we must often 

find the ratio of the lengths 

of two sides of right v2 

triangles. Use the 

information in the 

illustration to find the ratio A Cc 


length of side AC 
length of side AB 


> 127. 


v2 


Write the result in simplified radical form. Ss 


MECHANICAL ENGINEERING A measure of 
how fast the block shown in the next column will 
oscillate when the system is set in motion is given by 
the formula 


[ky + ko 
@ = ,/——— 
m 


where k, and k; indicate the stiffness of the springs and 
mis the mass of the block. Rationalize the right-hand 
side and restate the formula. V (ky + ky)m 


m 


> 128. 


129. The period of a pendulum is the time required for 
the pendulum to swing back and forth to complete 
one cycle. The period (in seconds) is a function 


given by 


E 
f(t) =2m/£ 


Rationalize the right-hand side and restate the 
formula. /(L) = mA 


ELECTRONICS A formula that is used when 
designing AC (alternating current) circuits is 


1 1 


~ In VLC 


> 130. 


fo 


Rationalize the right-hand side and restate 


the formula. i= =F) 


131. Explain why Vm + Vm = m but VWm+ W/m # m. 
(Assume that m > 0.) 


p> 132. Explain why the product of Vm + 3 and Vm — 3 
does not contain a radical. 


BP REVIEW =a 
Solve each equation. 
2 

133. 3-4 =11 
134. S5(s — 4) = —S(s — 4) 4 
135. 5 + 2 a 

b=2 2= b b 3 

> 136. 2 1 1 1 


oa, Ge ee 2) 4 


Solving Radical Equations 


Many situations can be modeled by equations that contain radicals. In this section, 
we will develop techniques to solve such equations. 


[EB Solve equations containing one radical. 


Radical equations contain a radical expression with a variable radicand. Some 
examples are 


Vx+3=4 Wx =2 Vx-Vxt+1=-1 


To solve equations containing radicals, we will use the power rule. 


The Power Rule 


If we raise two equal quantities to the same power, the results are equal 
quantities. 


If x, y, and n represent real numbers and x = y, then 


x” = y" 


If we raise both sides of an equation to the same power, the resulting equation 
might not be equivalent to the original equation. For example, if we square both 
sides of the equation 


QM x«=3 
with a solution set of {3}, we obtain the equation 
(2) x° =9 


with a solution set of {3, —3}. 

Equations 1 and 2 are not equivalent, because they have different solution sets, 
and the solution —3 of Equation 2 does not satisfy Equation 1. Since raising both 
sides of an equation to the same power can produce an equation with solutions that 
don’t satisfy the original equation, we must always check each proposed solution in 
the original equation and discard any extraneous solutions. 

When we use the power rule to solve square root radical equations, it produces 


expressions of the form (Va ie We have seen that when this expression is simplified, 
the radical symbol is removed. 


The Square of a Square Root 


For any nonnegative real number a, 


(Va) =a 


| EXAMPLE 1 | Solve: Vx+3=4 


Strategy We will use the power rule and square both sides of the equation. 


WHY Squaring both sides will produce, on the left side, the expression 
( Vx +3 y that simplifies to x + 3. This step clears the equation of the radical. 


Solution 
To eliminate the radical, we apply the power rule by squaring both sides of the 
equation and proceed as follows: 


Vx+3=4 This is the equation to solve. 


(Vx+3) = 4) janie i 
x = (4) To clear the equation of the square root, square both sides. 


x+3=16 Perform the operations on each side. 


x= 13 Subtract 3 from both sides. 


We must check the proposed solution 13 to see whether it satisfies the 


original equation. Vv 


7.4 Solving Radical Equations | 633 


Self Check 1 
Solve: Va-2=3 11 


Now Try Problem 22 


Teaching Example 1 Solve: 
Vx -6=5 


Answer: 
31 


Self Check 2 


AMUSEMENT PARK RIDES In 
Example 2, how long a vertical 
drop is needed if the riders are to 
free fall for 3.5 seconds? 196 ft 


Now Try Problem 28 


Teaching Example 2 AMUSEMENT 
PARK RIDES In Example 2, how 
long a vertical drop is needed if the 
riders are to free fall for 4 seconds? 


Answer: 
256 ft 
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Evaluat= the Check: Vx +3 =4 © This is the original equation. 
left side. 13+344 Substitute 13 for x. 
Do not : 
square V1624 
both 
4=4 True. 
sides when o 
checking! 
Since 13 satisfies the original equation, it is the solution. a 


The method used in Example 1 to solve a radical equation containing a radical 
can be generalized as follows. 


Solving an Equation Containing Radicals 


Isolate one radical expression on one side of the equation. 


Raise both sides of the equation to the power that is the same as the index 
of the radical. 


Solve the resulting equation. If it still contains a radical, go back to step 1. 


Check the results to eliminate extraneous solutions. 


Amusement Park Rides The 
distance d in feet that an object will fall in ¢ seconds is 
given by the formula 

-.[4 
16 
If the designers of the amusement park attraction 
shown to the right want the riders to experience 
3 seconds of vertical free fall, what length of vertical 
drop is needed? 


Strategy We will begin by substituting 3 for the time 
t in the formula. 


WHY We can then solve the resulting radical equation in one variable to find the 
unknown distance d. 


Solution 
We substitute 3 for ¢ in the formula and solve for d. 
‘= d 
16 
d 
3= 16 Here the radical is isolated on the right-hand side. 
d 2 
3B) = ( <) Raise both sides to the second power. 
d 
9=— Simplify. 
144=d Solve the resulting equation by multiplying both sides by 16. 


The amount of vertical drop needs to be 144 feet. oO 


| EXAMPLE 3 | Solve: V3x+1+1=x 


Strategy Since 1 is added outside the square root symbol, there are two terms on 
the left side of the equation. To isolate the radical, we will subtract 1 from both sides. 


WHY This will put the equation in the form where we can square both sides to 
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Self Check 3 
Solve: V4x+1+1=x 


Now Try Problem 29 
Self Check 3 Answer 
6, 0 is extraneous 


clear the radical. Teaching Example 3 Solve: 


Solution Virb de Dae 
We first subtract 1 from both sides to isolate the radical. Then, to eliminate the valeaiial 


; : : 6, 0 is extraneous 
radical, we square both sides of the equation and proceed as follows: 


V3x+1+1=x 
3x +1=x-1 
(V3x + 1) =@-1) 


3x +1=x*—2x +1  Onthe right-hand side, (x — 1)? = (x — 1)(x — 1) = 
ox xt1=¥ — 2x41. 


Subtract 1 from both sides. 


Square both sides to eliminate the square root. 


0 = x* — 5x Subtract 3x and 1 from both sides. This is a 
quadratic equation. Use factoring to solve it. 
0 = x(x — 5) Factor x* — Bx. 
x=0 or x-—5=0 — Set each factor each to O. 
x =0 | x=5 


We must check each proposed solution to see whether it satisfies the original 
equation. 


This is the check for 0: 
Check: V3x+14+1=x V3xt+1+1=<x 


V3(0) +1+120 V3(5)+1+125 


V1+120 V16 +125 
2#0 = 


This is the check for 5: 


Since 0 does not check, it must be discarded. The only solution of the original 
equation is 5. a 


Using Your CALCULATOR Solving Equations Containing Radicals 


To find approximate solutions for 

V3x + 1+ 1 =x witha graphing calculator, we 
use window settings of [—5, 10] for x and [—2, 8] for 
y and graph the functions f(x) = V3x + 1+ 1 and 
g(x) = x. We then use the INTERSECT feature to 
approximate the point of intersection of the graphs. 
See the figure to the right. The intersection point of (5, 5) implies that 5 is a 
solution of the radical equation. Check this result. 


Inkerseckion 
hee ok 


Wee 


Self Check 4 
Solve: Wo°+8=x+2 0, -2 


Now Try Problem 34 


Solve: Wx°+7=x+1 


Strategy Note that the index of the radical is 3. We will use the power rule and 
cube both sides of the equation. 

Teaching Example 4 Solve: 
Wixi +27 =x +3 
Answer: 

@; =3 


WHY Cubing both sides will produce, on the left side, the expression 
( Wx +7 y that simplifies to x° + 7. This step clears the equation of the radical. 


Self Check 5 
Let g(x) = V/10x + 1. For what 
value(s) of x is g(x) = 1? 0 
Now Try Problem 39 


Teaching Example 5 Let 


f(x) = W4x — 4. For what value(s) 
of xis f(x) = 2? 

Answer: 

3 


Self Check 6 
Solve: Vx -4=2Vx — 16 20 


Now Try Problem 43 
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Solution 
Veet 7=xt1 This is the equation to solve. 
( YF + 7) =(x+ iD Cube both sides to eliminate the cube root. 
PHT Ht 3x2 + 3x41 (K+ NP = (KF AK + YK +1). 
0 = 3x* + 3x — 6 Subtract x° and 7 from both sides. 
O=x7+x-2 Divide both sides by 3. To solve this quadratic 
equation, use factoring. 
0 = (x + 2)(x - 1) Factor the trinomial. 
x+2=0 or x-1=0 
x= -2 x=1 
We check each proposed solution to see whether it satisfies the original equation. 
Check: Vert 7=x+1 Veet 7=x41 
/(-22+72-2+4+1 WP +721+1 
J=8 47 21 W1+742 
/-1 2-1 Wei 
-1=-1 2= 


Both —2 and 1 are solutions of the original equation. 


| EXAMPLE 5 | Let f(x) = W/2x + 1. For what value(s) of x is f(x) = 5? 


Strategy We will substitute 5 for f(x) and solve the equation 5 = W/2x + 1.To 
do so, we will raise both sides of the equation to the fourth power. 


WHY Raising both sides to the fourth power will produce, on the right side, the 


expression ( W2x +1 y" that simplifies to 2x + 1. This step clears the equation of 
the radical. 


Solution 
To find the value(s) where f(x) = 5, we substitute 5 for f(x) and solve for x. 


f(x) = V2x +1 
5= W2x+1  Thisisthe equation to solve. 


Since the equation contains a fourth root, we raise both sides to the fourth 
power to solve for x. 


4 
(5)4 = ( 72x + 1) Use the power rule to eliminate the radical. 


625 = 2x + 1 Perform the operations on each side. 
624 = 2x To solve the resulting equation, subtract | from both sides. 
312 =x Divide both sides by 2. 


If x = 312, then f(x) = 5. Verify this by evaluating f(312). 


4 Solve equations containing two radicals. 


Solve: V5x +9 =2V3x +4 


Strategy We will square both sides to clear the equation of both radicals. 


WHY We can immediately square both sides since each radical is isolated on one 
side of the equation. 


Solution 
V5x+9=2V3x+4 This is the equation to solve. 


( V5x + 9) = (2 V3x + 4)’ Square both sides. 


5x + 9 = 4(3x + 4) On the right-hand side: (2V3x+ 4) = 
2°(V/3x + 4) = 4(3x + 4). 
5x +9 = 12x + 16 Distribute the multiplication by 4. 
—7 = 7x Subtract 5x and 16 from both sides. 
-l=x Divide both sides by 7. 


We check the proposed solution by substituting —1 for x in the original equation. 


V5x+9=2V3x4+ 4 This is the original equation. 
V5(-1) + 9 2 2V3(-1) + 4 Substitute —1 for x. 
V422V1 
2 


=2 True 


7.4 Solving Radical Equations 


The solution is —1. | 


When more than one radical appears in an equation, it is often necessary to 
apply the power rule more than once. 


| EXAMPLE 7 | Solve: Vx+ Vx+2=2 


Strategy We will isolate Vx + 2 on the left side of the equation and square 
both sides to eliminate it. After simplifying the resulting equation, we will isolate 
the remaining radical term and square both sides a second time to eliminate it. 


WHY Each time that we square both sides, we are able to clear the equation of 
one radical. 


Solution 

To remove the radicals, we must square both sides of the equation. This is easier 
to do if one radical is on each side of the equation. So we subtract Vx from both 
sides to isolate Vx + 2 on the left-hand side of the equation. 


Vxt+Vxt+2=2 
Vx+2=2- Vx Subtract \Vx from both sides. 
2 x 
( Vx + 2) = (2 _ vx) Square both sides to eliminate the 


square root. 
xe2=4-2Vx-2Ve+x (2 - Vx)? = (2 - Vx)(2 - Vx) = 
4-—2Vx-2Vx4+x. 


x+2=4-4Vx4+x Combine like radicals: 
—2Vx — 2Vx = -4Vx. 

2=4-4Vx Subtract x from both sides. 

—2 = -4Vx Subtract 4 from both sides. 
1 
=" Vx Divide both sides by —4 and simplify. 
i 5 both sid 
—=x uare both sides. 
4 ’ v 


Teaching Example 6 Solve: 
Vat +21 =3Ve=5 


Answer: 
an 


Self Check 7 
Solve: Va+ Va+3=31 


Now Try Problem 46 


Teaching Example 7 Solve: 


Ox + 164+ Vox = 8 


Answer: 
1 


Self Check 8 


STATISTICS A formula used in 
statistics to determine the 
necessary size of a sample to 
obtain the desired degree of 
accuracy is 


Pq 
n 


ll 
NX 
r) 


Zo Pq 


@ 


Solve the formula for n. » = 


Now Try Problem 54 


Teaching Example 8 STATISTICS 

A formula used in statistics to 
determine the necessary size of a 
sample to obtain the desired degree of 
accuracy is 


_ Lo 
Vn 


Solve the formula for n. 
Answer: 


Z (72) 
a 
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Check: Vx + Vx+2=2  Thisis the original equation. 
1 1 % 
—+,/—-+222 Substitute} for x. 
a+y3 ‘ 
144/29 Guenettie® desi se a2 
2 4 INK O asjanaa ‘| 4 > 4 
1.3 
~+—£2 Evaluate ve 
2 2 
2=2 True 
The solution is i B 


Using Your CALCULATOR Solving Equations 
Containing Radicals 


To find approximate solutions for Vx + Vx + 2 = 5 

(an equation similar to that in Example 7) with a GSS 
graphing calculator, we can use window settings of ee, tee 
[—2, 10] for x and [—2, 8] for y and graph the 

functions f(x) = Vx + Vx + 2 and g(x) = 5. 


The figure shows that the INTERSECT feature gives the approximate 
coordinates of the point of intersection of the two graphs as (5.29, 5). 
Therefore, an approximate solution of the radical equation is 5.29. Check its 
reasonableness. 


EB Solving formulas containing radicals. 


To solve a formula for a variable means to isolate that variable on one side of the 
equation, with all other quantities on the other side. 


| EXAMPLE 8 | 8 Depreciation Rates A piece of office equipment that is 


now worth V dollars originally cost C dollars 3 years ago. The rate r at which it 
has depreciated (lost value) is given by 


4 
=1-3/— 
Ve 


Solve the formula for C. 
Strategy To isolate the radical, we will subtract 1 from both sides. We can then 


eliminate the radical by cubing both sides. 


V\3 
WHY Cubing both sides will produce, on the right, the expression (-) that 


simplifies to -t . This step clears the equation of the radical. 


Solution 
We begin by isolating the cube root on the right-hand side of the equation. 


r-1=—-J—> Subtract 1 from both sides. 
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V 3 
(r- De = | 3 4 Cube both sides. 
5 V 
(r-1y = "G6 Simplify the right-hand side. 
C(ir-1y=-V Multiply both sides by C. 
Vv 3 
C=- (r- DP Divide both sides by (r — 1)”. 
<= 
ANSWERS TO SELF CHECKS 


1 11 2. 196ft 3. 6,0 is extraneous 


4.0,-2 5.0 6. 20 


71 &n= 


2. 
z) PY 


e 


STUDY SET 


I VOCABULARY 
Fill in the blanks. 
1. Equations such as Vx+4-4=5and 
Wx +1 = 12 are called _radical_ equations. 


2. When solving equations containing radicals, try to 
_isolate_ one radical expression on one side of the 
equation. 

3. Squaring both sides of an equation can introduce 

extraneous solutions. 


To _check_a proposed solution means to substitute it 
into the original equation and see whether a true 
statement results. 


I CONCEPTS 
What is the first step in solving each equation? 
5. Vx +4=5 6. VWxt4=2 
Square both sides. Cube both sides. 


Simplify each expression. Assume all variables represent positive 
numbers. 


7. (vx) - 
9. (4V2x)° 32x 


8. (Vx —5) x-5 
10. (-Vx +3) x43 


Simplify each expression. Assume all variables represent positive 
numbers. 


mar (Wx) x m2. (Wx) x 
> 13. (—W2x)° ~2x > 14. (2V x + 3)" 8x + 24 


> 15. Fill in the blank to make a true statement. Vx 
represents the number that, when squared, gives x . 


P Selected exercises available online at 
www.webassign.net/brookscole 


16. Find the error. 


18. 


WG +1-3=2 
Vx += 11 
(Vx41) =u 
x+1=11 

x = 10 


Only one side of the equation was squared. 


Solve Vx —-2+2=4 : 
graphically, using the 


graphs at the right. 6 


fae Ve 2 +2 


g(x) =4 


Use your own words to restate the power rule: If x, y, 


and n represent real numbers and x = y then x” = y”. 
If we raise two equal quantities to the same power, the results 
are equal quantities. 


I NOTATION 


Complete each solution to solve the equation. 


19. 


2Wx-2=4 
(gm) = 7 
4(x — 2) = 16 
4x -— 8 = 
4x = 24 

x=6 


| 
— 
oO 
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p20. V1—2x = Vx+ 10 
(Wimax) = (Vx + 10)" 
1-2x =x+10 
—3x =9 
x= =3 
J GUIDED PRACTICE 


Solve each equation. See Example 1. 


21. V5x —-6=22 22. V7x — 10 = 12 22 
23. Vox+1=54 > 24. Vox + 13 =7 6 


Use the formula t = veo to find the indicated value. 
See Example 2. 


25. Ifd = 16, findr. 1 
27. Ift = 2, find d. 64 


26. If d = 32, find’. V2 
p> 28. Ift = 4, find d. 256 


Solve each equation. Cross out any extraneous solutions. 
See Example 3. 


29. V2r-—3+9=r 30. -s—3=2V5-s 


14,6 =i, F 
31. Vy+2=4-y P32.V-x1+24+2=x 
ef PEP 3 


Solve each equation. See Example 4. 


33. Wx —-7=x-1 34, Wx + 56=x4+2 
2.) 2, —4 

35. Wb? —- 63 =b—-—3 p36. Wm? +26=m+2 
4,-1 


t-=3 


See Example 5. 

37. Let f(x) = W3x — 6. For what value(s) of x is 
f(x) = —3? -7 

> 38. Let f(x) = V2x* — 7x. For what value(s) of x is 
f(x) = 22 -44 

39. Let f(x) = W3x + 1. For what value(s) of x is 
f(x) = 4? 85 

40. Let f(x) = V/4x — 4. For what value(s) of x is 
f(x) = -2? -7 


Solve each equation. See Example 6. 


41, 2Vx = V5x — 16 42. 3Vx = V3x + 54 
16 9 


43. 2V4x +1 =Vx+4 > 44. V3(x 4 4) = V5x- 12 
0 12 


Solve each equation. See Example 7. 


45. Vx -54+ Vx =5 46. Vx —-7+ Vx =7 
9 16 

a7. Vz +3-Vz=1 pas. Vx + 12+ Vx =6 
t 4 


Solve each equation for the indicated variable. See Example 8. 


49. v = V2¢gh forh h =~ 


2g 


p50. d= 14 Viforh n= 5% 


[1 ar 
51. T=2 for] /= 
7 32 or a 
/12 3 
i. gad ev pee 
T i 
A 
53. r= 5 — lfor A A= Per + 1) 
A A 
54. r = 3/— — 1 for P P= —— 
pene 4 ‘is (+1) 
2 2 
| Vv 5 3 L 
55. La = Le 1 ~ piorv’ v= e(1-=4) 
A 2 
56. R, = a Ry for A A= 7R/ + 7RY 


I TRY IT YOURSELF 


Solve each equation. Cross out all extraneous solutions. 
57. Win -1=34 

58. V12m + 4=4 5 

59. W10p +1 = W1lp —78 

60. W/10y +6 =2Wy 1 


54 V12x-5 51 

x= 5) ate 
V 16x — 12 

62. a 


63. Vx +2- V4—x=01 
64. V6 —x—- V2x+3=01 
65. V—5x + 24=6-—x 4,3 
p66. V22y + 86=y+95,-1 
67. Wx? + 4x? — 4 = -x -1,4 
68. V/8x +8+2=03 
69. W128+4+2=014 
> 70. u = Wu — 6 + 242 
71. Vxt54+Vx—-3=44 
72. Vb +7-Vb-5=29 
73. V2y+1=1-2Vy 0,4 
74. Vut+3=Vu-—34 
75. Vy +74+3= Vy+4-3 
p> 76.1+Vz=Vz431 
77.2+ Vu= 2u +7 1,9 


- r+ 4= V5r + 20 + 4r 1, -4 
. Veet i-3Vts-149 8 6/ 


p> 80. V4s +1 — Vos = -1 6.9 
81. Vx + 5+ Vx+2=52,10 
82. V2x + 54+ V2x+1+4=03 
83. Vx -5- Vx t+3=46 
84. Vx +8-Vx—-4=-28 
f APPLICATIONS 
» 85. HIGHWAY DESIGNS A curved concrete road will 


> 86. 


> 87. 


accommodate traffic traveling s mph if the radius of 
the curve is r feet, according to the formula s = 3Vr. 
If engineers expect 40-mph traffic, what radius should 
they specify? Give the result to the nearest foot. 178 ft 


FORESTRY The higher a lookout tower is built, the 
farther an observer can see. That distance d (called 
the horizon distance, measured in miles) is related to 
the height h of the observer (measured in feet) by the 
formula d = 1.4\V/h. How tall must a lookout tower 
be to see the edge of the forest, 25 miles away? 
(Round to the nearest foot.) 319 ft 


WIND POWER The power generated by a certain 
windmill is related to the velocity of the wind by the 
formula 


a eae 
0.02 


where P is the power (in watts) and v is the velocity 
of the wind (in mph). Find how much power the 
windmill is generating when the wind is 

29 mph. about 488 watts 
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> 88. DIAMONDS The effective rate of interest r earned 


> 89. 


> 90. 


by an investment is given by the formula 


A 
rao 
P 


where P is the initial investment that grows to value 
A after n years. If a diamond buyer got $4,000 for a 
1.73-carat diamond that he had purchased 4 years 
earlier, and earned an annual rate of return of 

6.5% on the investment, what did he originally pay 
for the diamond? $3,109 


THEATER PRODUCTIONS The ropes, pulleys, 
and sandbags shown are part of a mechanical system 
used to raise and lower scenery for a stage play. For 
the scenery to be in the proper position, the following 
formula must apply: 


ws = Vw + we 
If w, = 12.5 Ib and w3 = 7.5 lb, find w,. 10 lb 


CARPENTRY During construction, carpenters often 
brace walls as shown, where the length of the brace is 
given by the formula 


t=VP +R 


If a carpenter nails a 10-ft brace to the wall 6 feet 
above the floor, how far from the base of the wall 
should he nail the brace to the floor? 8 ft 
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91. 


> 92. 


SUPPLY AND DEMAND The number of wrenches 
that will be produced at a given price can be 
predicted by the formula s = V/5x, where s is the 
supply (in thousands) and x is the price (in dollars). 
The demand d for wrenches can be predicted by the 
formula d = V/100 — 3x7. Find the equilibrium price; 
that is, find the price at which supply will equal 
demand. $5 

SUPPLY AND DEMAND The number of mirrors 
that will be produced at a given price can be 
predicted by the formula s = V 23x, where s is the 
supply (in thousands) and x is the price (in dollars). 
The demand d for mirrors can be predicted by the 
formula d = 312 — 2x°. Find the equilibrium 
price—that is, find the price at which supply will equal 
demand. $8 


I WRITING 


93. 


> 94. 


95. 


96. 


1 | Simplify expressions of the form 
1/n 
Gu 
B Convert between radicals and 
Ei Simplify exponential expressions 
| 4 | Simplify expressions of the form 
ant, 
15 | Simplify expressions with 
| 6 | Use rules for exponents to 


Simplify radical expressions. 


Objectives 


If both sides of an equation are raised to the same 
power, the resulting equation might not be equivalent 
to the original equation. Explain. 

Explain how the radical equation V 2x — 1 = x can 
be solved graphically. 


Explain how the table on the 
right can be used to solve 


V4x —-3 -2= V2x — Sif 
Y, = V4x — 3 —2and 
Y, = /2x — 5. 


3 
q 
5 
5 
ri 
:] 


Explain how to use the 
graph shown on the right to 
approximate the solution of 


Wx - 0.5 = 1. 


fuse E-1 


TION 


: We 
rational exponents. 


with variables in their bases. 


negative rational exponents. 


simplify expressions. 


| REVIEW 


97. 


98. 


99. 


> 100. 


Rational Exponents 


have worked with exponential expressions 


LIGHTING The intensity of the light reaching you 
from a light bulb varies inversely as the square of 
your distance from the bulb. If you are 5 feet away 
from a light bulb and the intensity is 40 foot-candles, 
what will the intensity be if you move 20 feet away 
from the bulb? 2.5 foot-candles 

COMMITTEES What type of variation is shown 
below? As the number of people on this committee 


increased, what happened to its effectiveness? 
inverse; it decreased 


Effectiveness of 
the committee 


Number of people on a committee 


TYPESETTING If 12-point type is 0.166044 inch 
tall, how tall is 30-point type? 0.41511 in. 


GUITAR STRINGS The frequency of vibration of 
a string varies directly as the square root of the 
tension and inversely as the length of the string. 
Suppose a string 2.5 feet long, under a tension of 

16 pounds, vibrates 25 times per second. Find k, the 
constant of variation. 15.625 


containing natural-number 
exponents, such as 5° and x’. In Chapter 5, the definition of exponent was extended 
to include zero and negative integers, which gave meaning to expressions such as 8 * 
and (—9xy)°. In this section, we will again extend the definition of exponent—this 
time to include rational (fractional) exponents. We will see how expressions such as 


g/?, (4), and (—32x°) 7° can be simplified by writing them in an equivalent 
radical form or by using the rules for exponents. 


EB Simplify expressions of the form a”. 


We have seen that positive-integer exponents indicate the number of times that a 


base is to be used as a factor in a product. For example, x° means that x is to be used 


as a factor five times. 


5 factors of x 
SS 

5 _ 
XS XK KN 


Furthermore, we recall the following rules for exponents. 


Rules for Exponents 


If there are no divisions by 0, then for all integers m and n, 


m+n 


= xX 


It is possible to raise many bases to fractional powers. Since we want fractional 
exponents to obey the same rules as integer exponents, the square of 10'/? must be 
10, because 


(10'/?)? = 10°)? Keep the base and multiply the exponents. 
= 10' eet 
= 10 10' = 10 
However, we have seen that 
(vio)? = 10 


Since (10'/7)? and (V/10)° both equal 10, we define 10"? to be V/10. Likewise, we 
define 


10°32 tobe 10 and 10'/* to be 10 


Rational Exponents 


A rational exponent of + indicates the nth root of its base. 


If n represents a natural number greater than 1 and x represents a real 
number, then 


We can use this definition to simplify exponential expressions that have rational 
exponents with a numerator of 1. For example, to simplify 8'/°, we write it as an 
equivalent expression in radical form and proceed as follows: 


Index 
se = W8 =2 The base of the exponential expression, 8, is the radicand. The 
denominator of the fractional exponent, 3, is the index of the radical. 
Radicand 
Thus, 81/7 = 2. 


Write each expression in radical form and simplify, if possible. 
a9? ib -(#)" c. (—64)'5 sd. 164 oe (4)" f. 0/8 

. . 9 . . acy) ; 
gy" h. —(x)”" 
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Self Check 1 


Write each expression in radical 
form and simplify, if possible: 


1/3 
a. 16"? b. (-2) 


8 
c. —(6x°)'4 


Now Try Problems 20, 22, 23,27, 
and 33 
Self Check 1 Answer 


a4 b. -3 c. —W6x? 


Teaching Example 1 Write each 
expression in radical form and simplify, 
if possible: 


1/2 ay 4) 1/5 
a 23°" ‘Di 16 6 =Gry" 


Answers: 


a5 b3 « -W3x" 


Self Check 2 


Write the radical with a 
fractional exponent: Tab 


Now Try Problem 38 
Self Check 2 Answer 
(Jab) 


Teaching Example 2 Write the radical 


with a fractional exponent: Vv Oxy7z 
Answer: 
(Oxy2z)/ 


Self Check 3 


STATISTICS The formula 


ae 


gives the population standard 
deviation. Write the formula 
using a radical. 


Now Try Problem 44 
Self Check 3 Answer 


_ [a — B) 
Pee pot sae at 
N 
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Strategy First, we will identify the base and the exponent of the exponential 
expression. Then we will write the expression in an equivalent radical form using 
the rule for rational exponents x!” = Vx. 
WHY We can use the methods from Section 7.1 to evaluate the resulting square 
root, cube root, fourth root, and fifth root. 
Solution 
16\" 16 
a. 9? = V/9 b. ( ) = 
9 9 
=3 
ae 
3 
c. (—64)3 = W-64 d. 1614 = W/16 
= —-4 =? 
(3)" nel f. 0 = W/o 
e. | — = »/-— 
32 32 =0 
ae 
2 
g y= Vy h. —(2x’)!/° = —wW/2x? | 


3 Convert between radicals and rational exponents. 


We can use the rules for rational exponents to convert expressions from radical form 
to exponential form, and visa versa. 


| EXAMPLE 2 | Write V5xyz as an exponential expression with a rational 


exponent. 
Strategy We will use the rule for rational exponents in reverse: Vx = x'/”. 


WHY We are given the radical expression and we want to write an equivalent 
exponential expression. 


Solution 
The radicand is 5xyz, so the base of the exponential expression is 5xyz. The index 
of the radical is an understood 2, so the denominator of the fractional exponent is 2. 


V5xyz = (Sxyz)'/? — Recall: VSxyz = W/Sxyz a 


Rational exponents appear in formulas used in many disciplines, such as science 
and engineering. 


Satellites The formula 


gives the orbital radius (in meters) of a satellite 
circling Earth, where G and M are constants and 
P is the time in seconds for the satellite to make 
one complete revolution. Write the formula 
using a radical. 


Earth 


Strategy We will write the exponential 
expression in an equivalent radical form using 


the rule for rational exponents x'/" = Vx. v 


WHY We are given an exponential expression involving a rational exponent with 
a numerator of 1 and we want to write an equivalent radical expression. 


Solution 
The fractional exponent 4 has a denominator of 3, which indicates that we are to 
find the cube root of the base of the exponential expression. So we have 


IGMP? 
r= i} 
An? a 


EE Simplify exponential expressions with variables in their bases. 


As with radicals, when n represents an odd natural number in the expression x'/” 
where n > 1, there is exactly one real nth root, and we don’t have to worry about 
absolute value symbols. 

When nv represents an even natural number, there are two nth roots. Since we 
want the expression x'/” to represent the positive nth root, we must often use 
absolute value symbols to guarantee that the simplified result is positive. Thus, if 1 is 
even, 


(x")/" = |x| 


When n is even and x is negative, the expression x’/” is not a real number. 


| EXAMPLE 4 | Simplify each exponential expression. Assume that the 


variables can be any real number. 


a. (—8x°)'7 ob, (256a°)8 ow. [(y + 4)7]2 sd. (250°)? se. (—256x*)!4 


Strategy We will write each exponential expression in an equivalent radical 
form using the rule for rational exponents x'/" = Wx. 


WHY We can use the methods from Section 7.1 to evaluate the resulting cube 
root, eighth root, square root, and fourth root. 


Solution 
a. (—8x°)'7 = —2x Because (—2x)” = —8x*. Since nis odd, no 


absolute value symbols are needed. 


b. (256a*)'/8 = 2\a| Because (2|a|)° = 256a°. Since nis even and a 
can be any real number, 2a can be negative. Thus, 


absolute value symbols are needed. 


ey + 4)? 


ly + 4| Because |y + 4|* = (y + 4)*. Since nis even 
and y can be any real number, y + 4 can be 
negative. Thus, absolute value symbols are 


needed. 


Because (5b)? = 25b*. Since b* = O, no 
absolute value symbols are needed. 


4. 250")? =5r" 


e. (—256x*)!/* is not a real number. 


Because no real number raised to the 4th power 
is —256x*. |_| 


If we are told that the variables represent positive real numbers in parts b and c 
of Example 4, the absolute value symbols in the answers are not needed. 


(256a®)'/8 = 2a 
RC li a 


If a represents a positive number, then 2a is positive. 


If y represents a positive number, then y + 4 is positive. 
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Teaching Example 3 STATISTICS 

L(x — x)?\1/2 
The formula s = | ——__— 

n=t1 

gives the sample standard deviation of 
a set of data. Write the formula using a 
radical. 
Answer: 


LE = 2)F 
-— j= 1. 


Self Check 4 


Simplify each expression. 
Assume that the variables can be 
any real number. 

a. (625a*)'* 5a] 

b. (64)? p 

Now Try Problems 48, 49, and 53 


Teaching Example 4 Simplify each 
exponential expression. Assume that 
the variables can be any real number. 
a. (—32x°)/> 

b. (81x4)!/4 

ce. (25x*)/? 

d. (—16x*)'/4 

Answers: 

a. —2x b. 3|x| e. Sx? 

d. not a real number 


Chapter 7 Radical Expressions, Equations, and Functions 


We summarize the cases as follows. 


Summary of the Definitions of x” 


If n represents a natural number greater than 1 and x represents a real 
number, 


If x > 0, then x'/” is the positive number such that (x'/”)" = x. 
If x = 0, then x” = 0. 


and n is odd, then x’”” is the real number such that (x'/")" = x. 


ix <of 


and n is even, then x'/” is not a real number. 


3 Simplify expressions of the form a”. 


We can extend the definition of x'/” to include fractional exponents with numerators 
other than 1. For example, since 87/* can be written as (8'”*)*, we have 


82/3 = (81/3) 
— (*Ve/) F 1/3 + ; 
— (8) Write 8” in radical form. 
2 Find the cube root first: 1/8 = 2. 
=4 Then find the power. 


Thus, we can simplify 8°° by finding the second power of the cube root of 8. 


The numerator of the rational 
exponent is the power. 


3 
87/3 a (8) The base of the exponential expression is the radicand. 


tt 


The denominator of the exponent 
is the index of the radical. 


We can also simplify 8°/° by taking the cube root of 8 squared. 
87/3 = (g2y'/8 
= 64" Find the power first: 8° = 64. 
= VW64 Write 64”? in radical form. 


=4 Now find the cube root. 


In general, we have the following rule. 


The Definition of x” 


If m and n represent positive integers (n # 1) and Vx represents a real 


number, 


gS (Wx)" and #7” = 


m/n 


Because of the previous definition, we can interpret x””” in two ways: 


1. x’”/" means the mth power of the nth root of x. 


2. x" means the nth root of the mth power of x. 


To avoid large numbers, it is usually better to find the root of the base first, and 
then calculate the power using the rule x” = ay 


1 


3/4 
1 Cae 


Simplify: a. 9°? — b. ( 


Strategy First, we will identify the base and the exponent of the exponential 
expression. Then we will write the expression in an equivalent radical form using 


the rule for rational exponents x” = (Wx)”. 


WHY We can use the methods from Section 7.1 to evaluate the resulting square 
root, fourth root, and cube root. 


Solution 
Power 
Root 


3 
a. 97/7 = W/9 Because the exponent is 3/2, find the square root of the base, 9, to 
P q 
get 3. Then find the third power of 3. 


b 1 \3/4 3 1 \3 Because the exponent is 3/4, find the fourth root of the base, 
"\46 ~ 16 = to get 5. Then find the third power of 5 to get s 


Bw 

8 

als 
= 
is) 
5 


4 
c. (—8x7)*7 = ( / 8x3 ) Because the exponent is 4/3, find the cube root of the 
base, —8x°, to get —2x. Then find the fourth power of —2x 
to get 16x", 


Success Tip We can also evaluate x””” using Vx"", however the resulting 
radicand is often extremely large and more difficult to work with. 


(-80°)* = W(-8°)* 


= W4,096x!? 
= ion. 


Using Your CALCULATOR Rational Exponents 


We can evaluate exponential expressions containing rational exponents using 


the exponential key |y" | or |x” | on a scientific calculator. For example, to 


evaluate 107/°, we enter these numbers and press these keys: 


10 [y*] [G 2 [=] 3 D] [= 4.-6b41568834 


7.5 Rational Exponents 


Self Check 5 


Simplify: 
a. 16°? 64 
b. (—27x°)*/? 9x4 


Now Try Problems 57,62, and 66 
Teaching Example 5 Simplify: 

1\43 
a. 25°? b. () ce. (-27x3)¥8 


Answers: 
a. 125 bei c Sixt 


648 


Self Check 6 


Write using positive exponents 
only and simplify: 

a. 1671/4 3 

b. (219) 

Now Try Problems 71, 73,and 75 


Teaching Example 6 Write each 
expression using positive exponents 
only and simplify if possible: 

a. 8-7? pb. (-8)77 e. (8) 


d. -8°77 e, : 


9-2/3 
Answers: 
£ 1 1 
c= b4 eG = d=—= @4 
a ‘1 c ; d. 4 e 
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Note that parentheses were used when entering the power. Without them, 
the calculator would interpret the entry as 10° + 3. 


To evaluate the exponential expression using a direct entry or graphing 


calculator, we use the || key, which raises a base to a power. Again, we use 


parentheses when entering the power. 


10 [A] [G 2 [=] 3 D] [ENTER Lo*C2/3) 
4641586834 


To the nearest hundredth, 107/3 = 4.64. 


EE Simplify expressions with negative rational exponents. 


—m/n 


To be consistent with the definition of negative-integer exponents, we define x 
as follows. 


Definition of x7" 


If m and n represent positive integers, % is in simplified form, and x 
represents a real number, then 


—m/n _ — ym/n 


x where x # 0 


| EXAMPLE 6 | Write each expression using positive exponents only and 


1 
simplify, if possible: a. 64-7 ~—b. (-16) 4. (— 32?) 7 eP 
Strategy We will use one of the rules gOS <u or <a = x'"/" to write the 
reciprocal of each exponential expression and change the exponent’s sign to 
positive. 

WHY If we can produce an equivalent expression having a positive rational 
exponent, we can use the method of this section to simplify it. 
Solution 
a, 64°14? = Sie b. (—16) */4 is not a real number, because 
64 (—16)'/* is not a real number. 
1 
— V64 
a 
8 
1 1 
5)-2/5 _ — 1463/2 
c (—32x ) a (32x55 d. 16-37 = 167 
7 1 =(i6") 
[(-320°)P = (v8) 
= 1 = 4 
(Ww —32x° iP = 
_ 1 
(—2x) 
1 


Ax? a 


Caution! By definition, 0° is undefined. A base of 0 raised to a negative 


1 


power is also undefined. For example, 0 * would equal q2> Which is undefined 


because we cannot divide by 0. 


[al Use rules for exponents to simplify expressions. 


We can use the rules for exponents to simplify many expressions with fractional 
exponents. If all variables represent positive numbers, absolute value symbols are 
not needed. 


| EXAMPLE 7 | Simplify each expression. All variables represent positive 


real numbers. Write all answers using positive exponents only. 
8/3 1/3 
Pe aes a b. (57/7) «. (a?/*bY?)® d. 
Strategy We will use the product, power, and quotient rules for exponents to 
simplify each expression. 


WHY The familiar rules for exponents discussed in Chapter 5 are valid for 
rational exponents. 


Solution 

a. 597/759/7 = 52/743/7 Use the rule xx" = x", 
— 55/7 ee a a 
= Adai5 +5 =7. 


b Oy = se) Use the rule (x")"” = x", 


= 597 Multiply: 5(3) = &. 
c. (a7/7b"7)° = (a7/3)§(bY)® Use the rule (xy)" = x'y’. 
=p Use the rule (x”)" = x” twice. 
=o bh Simplify the exponents. 
a83q"/3 
a Yad Use the rules xx" = x"*" and = x" 
a 

= g8/3+V/3-6/3 ap e 

= 23/3 eg) 2S 

=e °3- 5a 

=a . =, | 


| EXAMPLE 8 | 8 Assume that all variables represent positive numbers, and 


perform the operations. Write all answers using positive exponents only. 
a. aa + a?!) b. Ds + xy 


Strategy We will use the distributive property and multiply each term within 
the parentheses by the term outside the parentheses. 


WHY Then each expression has the form a(b + c). 


Solution 
a. a As a?!) = av3qi/5 als av >q3/> 
= QStV5 4 g4/5+3/5 


Use the distributive property. 


Use the rule xx" = x"*", 
& pee 


7/5 


Simplify the exponents. 


ata 


We cannot add these terms because they 


are not like terms. Vv 
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Self Check 7 


Simplify. All variables represent 
positive numbers. 
a. (xy? xy? 

ger 
Now Try Problems 80, 81,84, 
and 86 


Teaching Example 7 Simplify. All 
variables represent positive numbers. 
eer hay 


G7/5 
Fd 


1/8, 2/3\24 
ee yey” a 7 


Answers: 
a 7? bp, 74° 
e x*y'© dx 


Self Check 8 


Simplify. All variables represent 
positive numbers. Write all 
answers using positive exponents 
only. 

a, x2/7(x4/7 4 9/7) x97 + x 
b(n = 22") 1 = oe" 


Now Try Problems 88 and 90 


Teaching Example 8 Simplify. All 
variables represent positive numbers. 
Write all answers using positive 
exponents only. 

a. xl/4(yl/4 — 53/4) 

b. x°/8(x3/8 + 75/8) 

Answers: 

ax/?—x bxt1 
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b. x27? af x!/?) = yl/2,-1/2 4 y1/2,1/2 


= x'/24+(-1/2) 4 ,1/2+1/2 


Use the distributive property. 


Use the rule xx" = xt", 


xo + x! Simplify each exponent. 
1+.x reat 


Simplify radical expressions. 


We can simplify many radical expressions by using the following steps. 


Using Rational Exponents to Simplify Radicals 


1. Change the radical expression into an exponential expression. 
2. Simplify the rational exponents. 


3. Change the exponential expression back into a radical. 


Simplify: 
a. W/3? V3 
b. V 64x7y? V/8xy 


Now Try Problems 92 and 94 


b. W/x® « V 27x°y? d. WV 
Strategy We will write each radical expression as an equivalent exponential 


expression and use rules for exponents to simplify it. Then we will change that 
result back into a radical. 


Simplify: a. va 


WHY When the given expression is written in an equivalent exponential form, 
we can use rules for exponents and our arithmetic skills with fractions to simplify 


Teaching Example 9 Simplify: 


15/a5 21 6/3 
a V2? b.Vx’y4 «a VW 
Answers: 


a V2 b. V xy? t. VE 


the exponents. 


Solution 

a. W/3? = (3°)'/4 
= 32/4 
= 31/2 


= V3 
b. 8 © _ (ye 
= 9/8 


3/4 
= x?/ 


= (x3)!/4 


=We 


c. VITRF = By)!” 


Change the radical to an exponential expression. 
Use the rule (x)" = x", 
Simplify the fractional exponent: 2 = 3 


Change back to radical form. 

Change the radical to an exponential expression. 
Use the rule (x)" = x". 

Simplify the fractional exponent: g = 3. 

Write 8 as 3(4). 

Change back to radical form. 


Write 27 as 3° and change the radical to an exponential 


expression. 
= 33/9 x9/9),3/9 Raise each factor to the ‘ power by multiplying the 
fractional exponents. 
= sayy Simplify each fractional exponent. 
= x77)" Use the rule (xy)” = x"y”. 
=y 3x7y Change back to radical form. 
d. AC = Sf Change the radical Wt to exponential notation. 
= (t')' Change the radical \/t"” to exponential notation. 
=e Use the rule (x)” = x™”, Multiply: : = 7 


Change back to radical form. 


ANSWERS TO SELF CHECKS 
a4 b.-2 « —W6x? 2. (7ab)/© 3.0 = \/ 22TH 4a. Sal be 2? 
5. a. 64 b. 9x4 6B a5 b 


9a? 


9. a. V3 b. V8xy c. Vn 


STUDY SET 


I VOCABULA 
Fill in the blanks. 


1. The expressions 4’? and (—8) 7/3 have 
rational (or fractional) exponents. 


2. In the exponential expression 27”, 27 is the _base_, 
and 4/3 is the ©xponent , 


3. In the radical expression V/4,096x'”, 3 is the _index_, 
and 4,096x!? is the tadicand_, 


p> 4. 324° means the fourth power of the fifth root of 32. 


I CONCEPTS 
5. Complete the table by writing the given expression in 
the alternate form. 


250 

(W=27) (-27)" 
(16) ° 16-34 
(vs1)° 81°? 


6. Explain the two rules for rational exponents illustrated 
in the diagrams below. 
ro 
a. (—32)'9 = W-32 


The denominator of the rational exponent indicates that we 
are to find the Sth root of the base. 


aa. 
b. 12572 (7198) 
— 


The denominator of the rational exponent indicates that we 
are to find the cube root of the base. The numerator indicates 
that we are to find the 4th power of the cube root. 


» 7. Graph each number on the number line. 


{8 (—125)'9 —16 1/4 43/2 (G5) } 
> > > > 100 


125)" (9/100)? 16-14 923 43/2 
-5 -4 3 2 -1 0 1 2 3 4 5 6 7 8 


P Selected exercises available online at 
www.webassign.net/brookscole 
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Joa. xy? box? Ba x/7? +x b. 1 — 2x78 


> 8. Evaluate 25° in two ways. Which way is easier? 
125. The easier way is to compute the root first, and then find 
the power. We can also find the power first, and then find the 
root. 


Complete each rule for exponents. 


9. x" = ene 10. GQny = ere 


B ite 
1. - Pine "= 5 
13. x" = 14, x!" =(Wx)" = Vx” 


Complete each table and graph the function. 
15. f(x) =x? 


>< 


LEO) 8 paenener 
: : + La 
ae - 
ie 
16| 4 
16, f(x) = x13 
10) y 
A 
al 3 nied E— lh 
=| 4 : 
“+ nn ne 
nea 
8) 2 
I NOTATION 


Complete each solution. 


17. (100a*)*? = (\/i00a"))° 


= ( 10a? ig 


= 1,000a° 


> 25. 
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p18. (m'Pnl?)° = (mi) (n')° 
= mF n/2 


2-53 
=mn 


[| GUIDED PRACTICE 


Write each expression in radical form and simplify. Assume all 
variables represent positive numbers. See Example 1. 


19. 41/7 9 20. 25? 5 
1 1/2 1 1/2 
a (1) 2 -()" 
23. (—27)!7 -3 24. (—125)'/3 —s 
81? 3 Pm 26. 6254 5 
27 (t)"3 28 (saan 2 
“\16/ 2 "\10,000/ 10 
1/5 
29. 32/9 2 30. (=) ; 
31. 01/7 0 p> 32. b? Vb 


33. — (3p) a Y 3p" 34, —(5q°)'4 - V5q° 


Write each radical as an exponential expression with a rational 
exponent. See Example 2. 


35. Vm mm” 
37. W3a (3a)'/4 


in 1/6 
39. .6/-abc (Fave) 
i; 7 


41. Wa? — b* (a? — b?)3 


36. Wr 8 
pm 38. 30/0 3a" 


3 3 1/7 
qa n2 2 
40. Wg? q (2 a) 
42, Vx? + y? (x? + yy? 


Write each expression using a radical. See Example 3. 


43. c = (a + b*)'? 44. v = (2gh)'”” 
c=Vae+b* v= V2¢h 


A 1/3 
pac. = (4) =] 


12V A 
rere y= 3/— —] 
: Vp 


Simplify each expression, if possible. Assume all variables are 
unrestricted and use absolute value symbols when necessary. 
See Example 4. 


47. (25y”)”? siy| 


p> 48. (—27x°)'3 —3x 


49. (16x*)!/4 2)x| 50. (—16x*)!? not real 
51, (243x°)/> 3x 52. [(x + 1)4]4 |x +1) 
53. (—64x8)'/4 not real 54, [(x + 5))]3 x45 


Simplify each expression. Assume all variables represent positive 


numbers. See Example 5. 
55. 36° 216 
57. 81°/4 27 


56. 2777 9 
58. 100° 1,000 


59. 144°? 1.728 60. 1,0007? 100 
a 1 2/3 1 i ee 4 3/2 = 
“\8 4 “Vo 27 
63. (25x*)*/? 125x° 64. (27a°b*)”? 97h 
8x? 2/3 a 27 2/3 9 
65. a ; 66. | —-——~ —4 
7 64y l6y 


Write each expression without using negative exponents, if 
possible. Assume all variables represent positive numbers. 
See Example 6. 


67. 4.1/7 68. 8 1/9 
ul 1 
2 2 
69. (—81) */4 70. (—8x°) 7° 
1 
not a real number ie 
71. 4°35? 72.25 0" 
bh a 
8 2125 
73. (16x?)~3? > 74. (81c*) >? 
1 1 
75 : 76 ae 
. 3-2/3 - 3273/5 
4 8 
77 —— 78 Se 
: (éx*)"* ° Qir\ 
64x3 9y* 


Perform the operations. Write the answers without negative 
exponents. Assume all variables represent positive numbers. 
See Example 7. 
79, 5°/757/7 55/7 
a..(4°y 4 
1/2p.1/3)3/2 3/4,1/2 —2/3\—3/5 n2/> 
83. (ab) ab > 84. (mn “’) “i 
p4/3p1/3 (5/6e1/3 


85. —~,— db 86. ——— 
p2/3 c/2 


so. 47/547/> 44/5 
92.0" 2 


Perform the multiplications. Assume all variables represent 

positive numbers. See Example 8. 

87. y/3(y2/3 5/3 _ y2/S(y-2/5 3/5 
ee ee) mss. yy + yy") 
yey l+y 

89. xP (x7 — x75 +1) pm 90. x43 (x7/3 + 3x97 — 4) 
xx $x x? + 3x? — 4x73 


Use rational exponents to simplify each radical. Assume all 
variables represent positive numbers. See Example 9. 


91. W/p? Vp 92. We? Wa 
93. W/25b* \/sb p94. \/—8r° —W2xr" 
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I TRY IT YOURSELF 


Simplify each expression, if possible. Assume all variables \ 
represent positive numbers. *\ 
\ 

95. 1251/3 5 96. 81/7 2 ~ ~ 

97. 32) 2 98. 0! 0 YN 

99. —16'/4 —2 100. —1251/7 -5 ma 

m = 0.0625 Ib 
101. (-64)!/? not real 102. (-216)” not real = —>» fa =09 ft 
103. (—27y*)"7? 55 > 104, (—827) 7° = 
(7) 16 ea 343 > 134. GEOGRAPHY The formula 
105. | — as 106. | — — 
oe a A = [s(s — a)(s — b)(s — o)]'”? 
107. (- = 3 108. ( 16 )o 27y° gives the area of a triangle with sides of length a, b, 
27 2x 81y4 8 and c, where s is one-half of the perimeter. Estimate 
the area of Virginia (to the nearest square mile) 

Write each expression using a radical. using the data given below. 40,700 mi? 
109. (3x)'/4 \/3x 110. (Sab)'/® \/Sab 


111, (17x?y)4 Witxy 112. (34a*b*)/> W/3407b" 
113, (72 + yy? Viesy? 114. 2 + PVP Wert y? 


| Use a calculator to evaluate each expression. Round to the 


~~ nearest hundredth. J 
115, W/15 2.47 116, W/50.5 2.67 “en 
117. 01.045 1.01 118. ¥/—1.000 —3.98 > 135. RELATIVITY One of the concepts of relativity 


theory is that an object moving past an observer at a 


Simplify each expression. Assume all variables represent positive speed near the speed of light appears to have a 


numbers. larger mass because of its motion. If the mass of the 
4/5 2/3 object is m9 when the object is at rest relative to the 
N19) ae gi/5 120. a 71/6 observer, its mass m will be given by the formula 
9 7 
12 6 2/36~-4/3 1 122 51/35—-5/3 i = —_ v oie 
1. 36 ° 5a m = Mo oe 
123. a7/7a"3 a pm 124. bp? 1/5 _ a — 
125. (a2/3)¥3 42 126. (14/)!9 8 when it is moving with speed y (in miles per second) 
3.\1/2 9743)" a 13 past the observer. The letter c is the speed of light, 
127. ny 2x 128. Ca, el 186,000 mi/sec. If a proton with a rest mass of 1 unit 
(9xy)'/? 3 (xy)? 4y is accelerated by a nuclear accelerator to a speed of 
129, Qi 7)” & 130. (16a?) 1”? 1q 160,000 mi/sec, what mass will the technicians 
a 5 = ~2,2)— bserve it to have? Round to the nearest 
13 Gey OV Gy yr 132. 7a bt) Ga a) 7 
er a ae oe pee ) hundredth. 1.96 units 
gee gp+/s 


J APPLICATIONS 
> 133. BALLISTIC PENDULUMS See the illustration in 
the next column. The formula 


m+M 


1/2 
om (2gh) 


p= 


gives the velocity (in ft/sec) of a bullet with weight m 
fired into a block with weight M, that raises the 
height of the block h feet after the collision. The 
letter g represents the constant, 32. Find the velocity 
of the bullet to the nearest ft/sec. 736 ft/sec 
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p> 136. LOGGING The width w and height h of the p> 138. The length L of the from Campus to Careers 
strongest rectangular beam that can be cut from a longest board that can be General Contractor 
cylindrical log of radius a are given by carried horizontally rg 


2a g\1/2 around the right-angle g 

w= rice ) he (3 ) corner of two intersecting - 

hallways is givenbythe = 7 2 

Find the width, height, and cross-sectional area formula 3 

of the strongest beam that can be cut from a log 2/3 2/3y3/2 = 

: : Lea (Ee + wo) » 8 

with diameter 4 feet. Round to the nearest ‘s 2 
hundredth. 2.31 ft, 3.27 ft, 7.55 ft where a and b represent 


the widths of the hallways. Find the longest shelf 
that a carpenter can carry around the corner if 

a = 40 in. and b = 64 in. Give your result in 
inches and in feet. In each case, round to the 
nearest tenth. 145.8 in. or 12.1 ft 


I WRITING 
p> 139. What is a rational exponent? Give some examples. 
|e wo] 140. Explain how the root key| Vy|on a scientific 


calculator can be used in combination with other 
keys to evaluate the expression 16°/*. 


> 137. CUBICLES The area of the base of a cube is given 
by the function A(V) = V”?, where V is the volume 
of the cube. In a preschool room, 18 children’s I REVIEW 
cubicles like that shown are placed on the floor 
around the room. Estimate how much floor space is 
lost to the cubicles. Give your answer in square 
inches and in square feet. 4,608 in.”, 32 ft? 141. 5x-4<11 > 142. —2(3t -—5) =8 
(—=,3) (—e,5] 


Solve each inequality. Write the solution set using interval 
notation. 


4 2 

143. =—(r— 3) >z(r+2) 144. -4<2x-4<8 
5 3 

Storage 


‘ (28, 2) (0, 6] 


Objectives 

EIB Use the Pythagorean theorem Geometric Applications of Radicals 
_ to solve problems. 

| 2 | Solve problems involving 
= 45°-45°-90° triangles. 

EI Solve problems involving 

30°-60°-90° triangles. 


| 4 | Use the distance formula to 
solve problems. 


We will now consider applications of square roots that occur in geometry. Then we 
will find the distance between two points on a rectangular coordinate system, using a 
formula that contains a square root. We begin by considering an important theorem 
(mathematical statement) about right triangles. 


EB Use the Pythagorean theorem to solve problems. 


If we know the lengths of two legs of a right triangle, we can find the length of the 
hypotenuse (the side opposite the 90° angle) by using the Pythagorean theorem. 
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Pythagorean Theorem 


If a and b represent the lengths of the legs of a right Hypotenuse 
triangle and c represents the length of the hypotenuse, | Leg 


b 
at+b=c Leg 
a 


In words, the Pythagorean theorem is expressed as follows: 


In any right triangle, the square of the hypotenuse is equal to the sum of the 
squares of the two legs. 


Suppose the right triangle shown in the figure has legs of length 3 and 4 units. To 
find the length of the hypotenuse, we use the Pythagorean theorem. 


24 PR 2 


a = 6 
Hypotenuse 
3° +4 = c* Substitute 3 for aand 4 for b. Leg Q 
a=3 
9+16=c* 
25 = c? Leg 
b=4 


To solve for c, we ask, “What number, when squared, is equal to 25?” There are 
two such numbers: the positive square root of 25 and the negative square root of 25. 
Since c represents the length of the hypotenuse, and it cannot be negative, it follows 
that c is the positive square root of 25. 


Av95 a Ve? Since c represents the length of a side of a triangle, c > O. 
5=c 


The length of the hypotenuse is 5 units. 


Self Check 1 


FIREFIGHTING In Example 1, can 
the crews communicate if 
b = 1,500 yards? yes 


Now Try Problem 18 


Firefighting To fight a forest fire, the forestry department 
plans to clear a rectangular fire break around the fire, as shown in the figure below. 
Crews are equipped with mobile communications that have a 3,000-yard range. 
Can crews at points A and B remain in radio contact? 


Strategy We will use the Pythagorean theorem to find the distance between 


points A and B. Teaching Example 1 FIREFIGHTING 


inc, 4 : : ays In Example 1, can the crews 
WHY If this distance is less than 3,000 yards, they can communicate. If it is colnmnicnieé = 2 00tardt 


greater than 3,000 yards, they cannot communicate. Answer: 


. no 
Solution 


Points A, B, and C form a right triangle. 
To find the distance c from point A to 
point B, we can use the Pythagorean 
theorem, substituting 2,400 for a and 
1,000 for b and solving for c. 


at+Be=c? 
2,4007 + 1,0007 = c” 
5,760,000 + 1,000,000 = c? 


6,760,000 = c? 
\/ 6,760,000 = Vc? Take the positive square root of both sides. 
2,600 = c¢ Use a calculator to find the square root. 


The two crews are 2,600 yards apart. Because this distance is less than the range 
of the radios, they can communicate by radio. | 


656 | Chapter 7 Radical Expressions, Equations, and Functions 


Self Check 2 


Find the length of the 
hypotenuse of an isosceles right 
triangle if one leg is 12 meters 
long. 12\/2m 


Now Try Problem 21 


De RaleLeCiam Pythagorean Triples 


“Fraternity and sorority membership nationwide is declining, down about 30% in 
the last decade.” 
Chronicle of Higher Education, 2002 


The first college social fraternity, Phi 
Beta Kappa, was founded in 1776 on the 
campus of The College of William and 
Mary. However, secret societies have 
existed since ancient times, and from 
these roots the essence of today’s 
fraternities and sororities have their 
foundation. 


Pythagoras, the Greek mathematician of 

the 6th century B.c., was the leader of a 

secret fraternity/sorority called the 

Pythagoreans. They were a community 

of men and women that studied 

mathematics, and in particular, the 

“magic 3-4-5 triangle.” This right triangle 

is special because the sum of the squares 

of the lengths of its legs is equal to the square of the length of its hypotenuse: 
3° + 4 = 5* or 9 + 16 = 25. Today, we call a set of three natural numbers 

a, b, and c that satisfy a* + b* = c* a Pythagorean triple. Show that each list of 
numbers is a Pythagorean triple. 


dee 5 121 eee 2125 3.8, 15.17) 
AOL OnANeal) 582845530 615, 11213 


SEF/Art Resource, NY 


9 Solve problems involving 45°-45°—90° triangles. 


An isosceles right triangle is a right triangle with two legs 

of equal length. Isosceles right triangles have angle 45° 
measures of 45°, 45°, and 90°. If we know the length of one 
leg of an isosceles right triangle, we can use the 
Pythagorean theorem to find the length of the hypotenuse. 
Since the triangle shown is a right triangle, we have 


45° 90° 
Cz +R a 
= 0 2 ; , 
c=ata Both legs are a units long, so replace b with a. 
C? = 2a’ Combine like terms. 
c= 2a” Take the positive square root of both sides. 


c=aV2 __— Simplify the radical: V2a* = 2a? = V’2a = aV2. 


Thus, in an isosceles right triangle, the length of the hypotenuse is the length of one leg 


times V2. 


If one leg of an isosceles right triangle is 10 feet long, find 
the length of the hypotenuse. Then approximate the length to two decimal places. 


Strategy We will multiply the length of the known leg by AJ? 


WHY The length of the hypotenuse of an isosceles right triangle is V2 times the 
length of one leg. 


Solution 
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Since the length of the hypotenuse is the length of a leg times \/2, we have 


c = 10V2 


The length of the hypotenuse is 10/2 units. To two decimal places, the length is 


14.14 units. 


Teaching Example 2 Find the length 
of the hypotenuse of an isosceles right 
triangle if one leg is 14 cm. 

Answer: 


14V/2 cm 


If the length of the hypotenuse of an isosceles right triangle is known, we can 


use the Pythagorean theorem to find the length of each leg. 


Isosceles Right Triangle Find 
the exact length of each leg of the isosceles right 
triangle shown to the right. Then approximate the 
length to two decimal places. 


Strategy We will use the Pythagorean theorem to 
form an equation that we can solve to find the unknown 
length of a leg of the triangle. 


WHY We use the Pythagorean theorem because the 


45° 


triangle is a right triangle and we are given the length of its hypotenuse. 


Solution 
We use the Pythagorean theorem. 


Cap ie 


257 = a? + a? 


Since both legs are a units long, substitute a for b. The 


hypotenuse is 25 units long. Substitute 25 for c. 


N 
n 
N 
ll 
iw) 
Q 
N 


Combine like terms. 


=a To isolate a°, square 25 and divide both sides by 2. 


To solve for a, take the positive square root of both sides: 


Va? =a. 
V 625 625 
ae =a Write oe as a Then rationalize the denominator. 


ore 


The exact length of each leg is oe 


17.68 units. 


In the numerator, simplify the radical: V 625 = 25. 
In the denominator, do the multiplication: V2-V2=2. 


units. To two decimal places, the length is 


IER Solve problems involving 30°-60°-90° triangles. 


From geometry, we know that an equilateral triangle is 
a triangle with three sides of equal length and three 
60° angles. Each side of the equilateral triangle shown 
at the right is 2a units long. If an altitude is drawn to its 
base, the altitude bisects the base and divides the 
equilateral triangle into two 30°—60°—90° triangles. We 
can see that the shorter leg of each 30°-60°-90° 
triangle (the side opposite the 30° angle) is a units long. 
Thus, 


The length of the shorter leg of a 30°-—60°—90° right 
triangle is half as long as the hypotenuse. 


Self Check 3 


Find the length of each leg of an 
isosceles right triangle if the 
hypotenuse is 5 feet. aya ft 


Now Try Problem 23 


Teaching Example 3 Find the length of 
each leg of an isosceles right triangle if 
the hypotenuse is 18 meters. 

Answer: 


9V2m 


Self Check 4 


Find the length of the 
hypotenuse and the longer leg of 
a 30°-60°—90° triangle if the 
shorter leg is 8 centimeters long. 
Now Try Problem 27 

Self Check 4 Answer 

16 cm, 8V3 cm 


Teaching Example 4 Find the length of 
the hypotenuse and the longer leg of a 
30°-60°—90° triangle if the shorter leg 
is 10 cm long. 

Answer: 


20 cm, 10V3 cm 


Self Check 5 


Find the length of the 
hypotenuse and the shorter leg 
of a 30°-60°—90° triangle if the 
longer leg is 15 feet long. Then 
approximate the lengths to two 
decimal places. 


Now Try Problem 28 
Self Check 5 Answer 
10V3 in. + 17.32 in., 5V3 in. ~ 8.66 in. 


Teaching Example 5 Find the length of 
the shorter leg and the length of the 
hypotenuse of the 30°—60°—90° triangle 
if the longer leg is 16 cm long. 

Answer: 


ce oni ave = 


Chapter 7 Radical Expressions, Equations, and Functions 


We can discover another important relationship between the legs of a 30°-60°-90° 
triangle if we find the length of the altitude h in the figure. We begin by applying the 
Pythagorean theorem to one of the 30°—60°—90° triangles. 


C+R a2 


a’ +h? = (2a)? One legis h units long, so replace b with h. The hypotenuse is 2a 
units long, so replace c with 2a. 
a +h? = 4a (2a)* = (2a)(2a) = 4°. 
h? = 3a’ Subtract a® from both sides. 
= V3a? Take the positive square root of both sides. 
h=aV3 Simplify the radical: V3a" = V3V/a" = aV3. 


We see that the altitude (the longer side of the 30°-60°—90° triangle) is V3 times as 
long as the shorter leg. Thus, 


The length of the longer leg of a 30°-60°—90° triangle is the length of the shorter 
leg times V3. 


| EXAMPLE 4 | 30°-60°-90° Triangles Find the length of the 


hypotenuse and the longer leg of the right triangle shown. 


Strategy To find the length of the hypotenuse, 
we will multiply the length of the shorter side 
by 2. To find the length of the longer leg, we will 


multiply the length of the shorter leg by “3, 


WHY These side-length relationships are true 
for any 30°—60°—90° triangle. 


Solution 
Since the shorter leg of a 30°-60°—90° triangle is half as long as the hypotenuse, 
the hypotenuse is 12 centimeters long. 

Since the length of the longer leg is the length of the shorter leg times V3, 


the longer leg is 6V3 (about 10.39) centimeters long. a 
Find the length of the hypotenuse 50 in. 

and the length of the shorter leg of the 30°-60°—90° 30° HW 

triangle shown. Then approximate the lengths to two x 

decimal places. 60° 


Strategy We will find the length of the shorter leg first. 


WHY Once we know the length of the shorter leg, we can multiply it by 2 to find 
the length of the hypotenuse. 


Solution 
If we let x = the length in inches of the shorter leg of the triangle, we can form an 
equation by translating the following statement: 


The length of the longerleg V3 the length of 
is 
of a 30°—60°—90° triangle the shorter leg. 


50 = V3: x 


To find the length of the shorter leg, we solve the equation for x. v 


times 


7.6 


50. _ V3x To isolate x, divide both sides by V3 
—S= SS oO Isolate x, dlvideé DO s1aes by i 
V3 (V3 

50 


The length of the shorter leg is exactly a inches. To write this number in 
simplified radical form, we rationalize the denominator. 


50 V3 _ 50V3 
V3 V3 3 
50V3 


Thus, the length of the shorter leg is exactly 3 


inches (about 28.87 inches). 


Since the length of the hypotenuse of a 30°-60°—90° triangle is twice as long 
1003 


as the shorter leg, the hypotenuse is 2 - sv = —j inches (about 57.74 inches). Mf 


Success Tip Ina30°—60°-90° triangle, the side opposite the 30° angle is the 


shorter leg, the side opposite the 60° angle is the longer leg, and the 
hypotenuse is opposite the 90° angle. 
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| EXAMPLE 6 | Stretching Exercises A doctor prescribed the back- 


strengthening exercise shown in figure (a) for a patient. The patient was 
instructed to raise his leg to an angle of 60° and hold the position for 10 seconds. 
If the patient’s leg is 36 inches long, how high off the floor will his foot be when 
his leg is held at the proper angle? 


Strategy This situation is modeled by a 30°-60°-90° triangle. We will begin by 
finding the length of the shorter leg. 


WHY Once we find the length of the shorter leg, we can easily find the length of 
the longer leg, which represents the distance the patient’s foot is off the ground. 


Solution 

In figure (b), we see that a 30°-60°—90° triangle, which we will call triangle ABC, 
models the situation. Since the side opposite the 30° angle of a 30°-60°-90° 
triangle is half as long as the hypotenuse, side AC is 18 inches long. 

Since the length of the side opposite the 60° angle is the length of the side 
opposite the 30° angle times V3, side BC is 18\/3, or about 31 inches long. So 
the patient’s foot will be about 31 inches from the floor when his leg is in the 
proper stretching position. 


The patient’s 
leg is 36 
inches long. 


36 in. 


Self Check 6 


STRETCHING EXERCISES Refer to 
Example 6. The doctor 
prescribed the same exercise for 
a patient whose leg is 29 inches 
long. Find how high off the floor 
this patient’s foot is when her leg 
is held at the proper angle. 


Now Try Problem 22 


Self Check 6 Answer 
29V3 
ue in. ~ 25 in. 


Teaching Example 6 STRETCHING 
EXERCISES Repeat Example 6 for a 
patient whose leg is 30 inches long. 
Answer: 


15V3 in. ~ 26 in. 
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Self Check 7 


Find the distance between 
(—2, —2) and (3, 10). 13 
Now Try Problem 34 


Teaching Example 7 Find the distance 
between (—5, 2) and (4, 14). 

Answer: 

abs) 


IZ Use the distance formula to solve problems. 


With the distance formula, we can find the distance between any two points that are 
graphed on a rectangular coordinate system. 

To find the distance d between points P(x,, y,) and Q(x», y2) shown in the figure 
below, we construct the right triangle PRQ. The distance between P and R is 
|x. — x,|, and the distance between R and Q is|y, — y,|. We apply the Pythagorean 
theorem to the right triangle PRQ to get 


a= |x2 x,|7 4 ly2 yl? 


= (%2 — 11) + (2 — wy 


Because |x2 — x,|* = (x2 — %)° and 
ly2 — yl? = (y2 - yi) 


Because d represents the distance between 


y 
two points, we take the positive square A A(x, yo) 
root of both sides: 
d 
Q) d= V(x — 1) + (2 - ny y2- yl 
Equation 1 is called the distance PO yy) 
R(X, yy) 

formula. |x2— 1 

SS 


Distance Formula 


The distance d between two points with coordinates (x;, y,) and (x, y2) is 


given by the formula 


f= WG 


Find the distance between points (—2, 3) and (4, —5). 
Strategy We will use the distance formula. 
WHY We know the x- and y-coordinates of both points. 


Solution 
To find the distance, we can use the distance formula by substituting 4 for x2, —2 
for x,, —5 for y2, and 3 for yy. 


d= V(x. — 11) + 02 — y 
= V[4- (2) + (-5 - 3° 

V(4 + 2)? + (-5 — 3) 

= VG 4 8) 

V36 + 64 

= V100 


The distance between the points is 10 units. a 


EXAMPLE 8 Robotics Computerized robots are used to weld the parts 
of an automobile chassis together on an automated production line. To do this, an 
imaginary coordinate system is superimposed on the side of the vehicle, and the 
robot is programmed to move to specific positions to make each weld. See the 


7.6 


figure below, which is scaled in inches. If the welder unit moves from point to 
point at an average rate of speed of 48 in. per sec, how long will it take it to move 
from position 1 to position 2? 


70 
60 


© Position 1 


50 Position 2 
(14, 57) 
40 — (154, 37) 
30 
aka” |} —__}—_}_1__- m | | 
ay SEEEERE A 
ie | a | es | | | ee 


50 100 150 


200 


Strategy We will use the distance formula to find how far the tip of the welder 
unit moves. 


WHY We know the x- and y-coordinates of position 1 and position 2. 


Solution 
This is a uniform motion problem. We can use the formula t = d to find the time it 


takes for the welder to move from position 1 coordinates (14, 57) to position 2 with 
coordinates (154, 37). 

We can use the distance formula to find the distance d that the welder unit 
moves. 


d=Vie—m) + m — ni)" 
d = V(154 — 14)? + (37 — 57) 


= V 1407 + (—20)° 


Substitute 154 for xz, 14 for x,, 37 for yo, and 57 
for y;. 


= V 20,000 1407 + (—20)* = 19,600 + 400 = 20,000. 
=100V2 — Simplify: 20,000 = V/100 «100 - 2 = V/100? «2 = 1002. 


The welder travels 100V2 inches as it moves from position 1 to position 2.To 
find the time this will take, we divide the distance by the average rate of speed, 
48 in. per sec. 


d 
f= — 
r 
100V/2 
t= —]E— Substitute 1002 for d and 48 for r. 
t~29 Use a calculator to find an approximation to the nearest tenth. 


It will take the welder about 2.9 seconds to travel from position 1 to position 2. 


ANSWERS TO SELF CHECKS 
1. yes 2. 12V2m 3. SV? fy 4. 16 cm, 873 cm 


5. 10V3 in. ~ 17.32 in. 5V3in. ~ 8.66in. 6. aN 
8. about 1.1 sec 


in. ~ 25in. 7. 13 
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Self Check 8 


ROBOTICS Refer to Example 8. 
The welder unit moves from 
position 2 to a new position at 
(100, 35). How long will it take 
the welder unit to move from 
position 2 to the new 
position? about 1.1 sec 


Now Try Problem 49 


Teaching Example 8 ROBOTICS The 
welder unit in Example 8 is to move 
from position 2 to a new position to 
make a weld at (160, 17). How long will 
it take the welder to move to this new 
position? 

Answer: 

= 0.4 min 
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STUDY SET 


—_ VOCABULARY 
Fill in the blanks. 


1. Ina right triangle, the side opposite the 90° angle is 
called the hypotenuse _, 


. An _isosceles_ right triangle is a right triangle with two 
legs of equal length. 

3. The Pythagorean theorem states that in any right 
triangle, the square of the hypotenuse is equal to the 
sum of the squares of the lengths of the two legs. 

. An _eguilateral_trjangle has three sides of equal length 
and three 60° angles. 


| CONCEPTS 
Fill in the blanks. 


5. Ifaand bare the lengths of two legs of a right triangle 
and c is the length of the hypotenuse, then a?+b’=c’ . 

. In any right triangle, the square of the length of the 
hypotenuse is equal to the _S"™_ of the squares of the 
lengths of the two _legs_. 


7. In an isosceles right triangle, the length of the 
hypotenuse is the length of one leg times Mi, 


8. The shorter leg of a 30°-60°—90° triangle is _half_as 
long as the hypotenuse. 
9. The length of the longer leg of a 30°-60°—90° triangle 
is the length of the shorter leg times _V2_. 
10. The formula to find the distance penvest two points 
(x1, ¥1) and (x2, ys) isd = V2 — x)" + 2 =)" 
11. Ina right triangle, the shorter leg is opposite the _30° 
angle, and the longer leg is opposite the 6°" angle. 


»> 12. 
13. To solve the equation c* = 20, where c represents 
the length of the hypotenuse of a right triangle, 
how do we undo the operation performed 
onc? Take the positive square root of both sides. 


An isosceles triangle has !W°_ sides of equal length. 


14. What is the first step when solving the equation 
25 + b* = 81? Subtract 25 from both sides. 


I NOTATION 
Complete each solution. 
15. Evaluate: V(—1 — 3)? + [2 — (-4)f 
V(-1- 37 +2 - (-4F = V(-4" + [EP 
- Ve 
V4-13 


2V13 
= 721 


ll 


P Selected exercises available online at 
www.webassign.net/brookscole 


> 16. Solve:8? + 47 = c* 


64 +16=c? 
30) = c* 

V 380 = Ve? 
Vi16°-5=c 
5=c 

c = 8.94 


[| GUIDED PRACTICE 


The lengths of two sides of the right triangle ABC are given. 
Find the length of the missing side. See Example 1. 


17. a= 6ftandb = 8 ft 10 ft B 
> 18. a = 10cmandc = 26cm 24cm 
e 
> 19. b= 18mandc = 82m 80m a 


> 20. a = 14in.andc = SO in. 48 in. 4 
b iC 


Find the missing lengths in each triangle. Give the exact answer 
and then as an approximation to two decimal places, when 
— See Examples 2-3. 


i 


23. S x = 12.11,y = 12.11 
x ¥ 
45° 45° 
L702 
> 24. h = 32.10, h = 45.40 
45° 45° 
32.10 x 
~ 


Find the missing lengths in each triangle. Give the answer to two 
decimal places. See Examples 4-6. 


25. x = 4.69, y = 8.11 
60° 9.37 
Pid 
4 30° 
y 
> 26 x = 7.08, h = 14.16 
60° 
h 
x 
30° Z 
12.26 
27. x =5V3 = 8.66,h = 10 
60° 
h 
5 
30° qj 
x 
p> 28. x = 18 ~ 404,n = 4 ~ 8.08 
60° ‘ 
& 
a 30° 
5 


Find the distance between each pair of points. See Example 7. 
29. (0,0), (3, —4) 5 p> 30. (0,0), (—12, 16) 20 
31. (—2, —8), (3,4) 13 p> 32. (—5, —2), (7,3) 13 

33. (6,8), (12, 16) 10 p> 34. (10, 4), (2, —2) 10 


35. (—3,5),(—5,-5) > 36. (2, —3), (4, —8) 
2V26 Vv29 


I APPLICATIONS 

37. GEOMETRY Find 
the exact length of the 
diagonal (in blue) of one 
of the faces of the cube 
shown. 7\/2cm 
GEOMETRY Find the 
exact length of the 
diagonal (in green) of 
the cube shown at the right. 7/3 cm 
39. ISOSCELES TRIANGLES Use the distance 
formula to show that a triangle with vertices 
(—2, 4), (2, 8), and (6, 4) is isosceles. 
RIGHT TRIANGLES Use the distance formula and 
the Pythagorean theorem to show that a triangle with 
vertices (2, 3), (—3, 4), and (1, —2) is a right triangle. 


= |. 


7com 


> 38. 


7cm 


> 40. 
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Give the exact answer and round it to two decimal places. 


41. WASHINGTON, D.C. The square shows the 
100-square-mile site selected by George Washington 
in 1790 to serve as a permanent capital for the United 
States. In 1847, the part of the district lying on the 
west bank of the Potomac was returned to Virginia. 
Find the coordinates of each corner of the original 
square that outlined the District of Columbia. 

(5V2, 0), (0,52), (—5V2, 0), (0, -5V2); (7.07, 0), (0, 7.07), 
(—7.07, 0), (0, —7.07) 


> 42. PAPER AIRPLANES The illustration below gives the 
directions for making a paper airplane from a square 
piece of paper with sides 8 inches long. Find the length / 


of the plane when it is completed. 8V 2 in., 11.31 in. 


Step 2: 
Fold to make 
wing. 


Step 3: 


Fold up tip 
joe GO = 


> 43. HARDWARE The 
sides of the regular 
hexagonal nut shown 
at the right are 

10 millimeters long. 
Find the height h of the 


nut. 10/3 mm, 17.32 mm 
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> 44. IRONING BOARDS Find the height / of the > 48. FIREFIGHTING The base of the 37-foot ladder 
ironing board shown below. 203 in., 34.64 in. shown below is 9 feet from the wall. Will the top 

reach a window ledge that is 35 feet above the 

ground? Explain how you arrived at your answer. yes 


p> 45. BASEBALL The baseball diamond shown below is a 
square, 90 feet on a side. If the third baseman fields a 
ground ball 10 feet directly behind third base, how far 
must he throw the ball to throw a runner out at first > 49. ART HISTORY A figure displaying some of the 
base? 10\/181 ft, 134.54 ft basic characteristics of Egyptian art is shown below. 


> 46. BASEBALL A shortstop fields a grounder at a Use the distance formula to find the following 
point one-third of the way from second base to dimensions of the drawing. Round your answers to 


third base. (See the illustration below.) How far two decimal places. 


will he have to throw the ball to make an out at first a. From the foot to the eye 21.21 units 
base? 30/10 ft, 94.87 ft b. From the belt to the hand holding the staff 8.25 units 


c. From the shoulder to the symbol held in the 


2nd base 
, hand 13.00 units 


Third 
baseman 4 


— 


Ist 20 
> base 19 


> 47. CLOTHESLINES A pair of damp jeans are hung on 1 
a clothesline to dry. They pull the center down 1 foot. 10 
By how much is the line stretched? Give the answer 
to the nearest hundredth. about 0.13 ft 


lx 15 ft “iy 


il ft 


ath mane in laa 
we" rr 


— 


| leeif\ | |S 
——S \ 
ne 
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> 50. PACKAGING The I WRITING 


SS 
_ ——_- 53. State the Pythagorean theorem in words. 


rectangular box with 
dimensions a X b Xc 
is given by 


d=VP+RP 402 


Will the umbrella fit 12a 


> 54. List the facts that you learned about special right 
triangles in this section. 


17in. I REVIEW 
55. DISCOUNT BUYING A repairman purchased 


in the shipping carton? 24 in. some washing machine motors for a total of $224. 

Explain how you When the unit cost decreased by $4, he was able to 

arrived at your answer. not quite buy one additional motor for the same total price. 
> 51. PACKAGING An archaeologist wants to ship a How many motors did he buy originally? 7 

34-inch femur bone. Will it fit in a 4-inch-tall box that 56. AVIATION An airplane can fly 650 miles with the 

has a 24-inch-square base? (See Exercise 50.) Explain wind in the same amount of time as it can fly 475 

how you arrived at your answer. yes miles against the wind. If the wind speed is 40 mph, 
> 52. TELEPHONE SERVICE A telephone cable runs find the speed of the plane in still air. about 257 mph 

from A to B to C to D. How much cable is required 57. Find the mean of 16, 6, 10, 4,5, 13. 9 

to run from A to D directly? 173 yd 58. Find the median of 16, 6, 10,4, 5. 6 


SECTION Objectives 


Com plex Numbers BLD Express square roots of negative 


numbers in terms of i. 


BB Write complex numbers in the 


Recall that the square root of a negative number is not a real number. However, an 


; : f + bi. 
expanded number system, called the complex number system, gives meaning to Si 
square roots of negative numbers, such as V —9 and V —25. To define complex Bo dala peta 


numbers, we use a number that is denoted by the letter 7. 4 Mukiaipcompeccnumbers 


iB Express square roots of negative numbers in terms of i. IE Divide complex numbers. 


Some equations do not have real-number solutions. For example, x7 = —1 has no 
real-number solutions because the square of a real number is never negative. To 
provide a solution to this equation, mathematicians have defined the number 7 so 
that 7 = -1. 


| 6 | Perform operations involving 
powers of i. 


The Number i 


The imaginary number i is defined as 


i=V-1 


From the definition, it follows that i7 = —1. 


This definition enables us to write the square root of any negative number in 
terms of i. 


Self Check 1 


Write each expression in terms 
of i: 


a. —25 Si 
b. —V—-19 —i\/19 
c. V—45 3iV/5 
50 SA/2: 
d. — 81 7 i 


Now Try Problems 19, 21,and 27 


Teaching Example 1 Write each 
expression in terms of i: 


a VW=49 b. V—19 
18 

Cc —V = 12) dt "721 

Answers: 

a. Ti b. 1/19 


c. -2iV3 a, 382; 
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We can use extensions of the product and quotient rules for radicals to write the 


square root of a negative number as the product of a real number and i. 


| EXAMPLE 1 | Write each expression in terms of /: 


a. 
Strategy We will write each radicand as the product of —1 and a positive 
number. Then we will apply the appropriate rules for radicals. 

WHY We want our work to produce a factor of VV —1 so that we can replace it 
with i. 

Solution 

After factoring the radicand, we use an extension of the product rule for radicals. 


b. 


c 


le 


24 
Se el ee Gare 


V-9 = V-1-9 = V-1V9 =i-3 =3i Replace V1 with i. 
V=7 = V=-1-7 = V-1V7 = iV7 or V7i_— Replace V1 with i. 
V=-18 = —V-1-9-2 = -V-1V9V2 = -3-3-V/2 = -31V2 or -3-V2i 


After factoring the radicand, use an extension of the product and quotient 
rules for radicals. 


ce {a V-1:24 V-1V4V6 27V62V6. 
49 49. 49 7 . ' 


1G 
V49 ? 7 | 


The Language of Algebra _ For years, mathematicians thought numbers like 
V —9 and V —25 were useless. In the 17th century, French mathematician 


René Descartes (1596-1650) called them imaginary numbers. Today they have 
important uses, such as describing alternating electric current. 


The results from Example 1 illustrate a rule for simplifying square roots of 


negative numbers. 


Square Root of a Negative Number 


For any positive real number b, 


V—b =iVb 


To justify this rule, we use the fact that V —1 = i. 
V-b=V-1:b 


a 
S 


Success Tip Since it is easy to confuse V bi with V/bi, we usually write i first 
so that it is clear that the i is not under the radical symbol. 


However, both i Vb and Vbi are correct. 


E43 Write complex numbers in the forma + bi. 


The imaginary number i is used to define complex numbers. 


Complex Numbers 


A complex number is any number that can be written in the form a + bi, 
where a and b are real numbers andi = V —-1. 


Complex numbers of the form a + bi, where b # 0, are also called imaginary 
numbers.” 


For a complex number written in the standard form a + bi, we call a the real 
part and b the imaginary part. Some examples of complex numbers written in 
standard form are 


0+iV3 


1 
-= + 0i 


2+ 11 
. 2 


6 — 9 


Two complex numbers a + bi and c + di are equal if and only if a =c and 
b = d. Thus, 0.5 + 0.91 = 5 + i because 0.5 = 5 and 0.9 = >. 


Success Tip It is acceptable to use a — bias a substitute for the form a + bi. 
For example: 


6 — 9 =6 + (—9)i 


| EXAMPLE 2 | Write each number in the forma + bi: 
a. 6 b. V —64 c« —2+ V-63 


Strategy We will determine a, the real part, and we will simplify the radical 
(if necessary) to determine the bi part. 


WHY We can put the two parts together to produce the desired a + bi form. 


Solution 
a.6=6+ 0i 

b. V—-64 =0+ 8 
c —2+ V-63 = 


The real part is 6. The imaginary part is O. 
The real part is O. Simplify: V —64 = V —-1V 64 = Bi. 
2+ 3iV7 


The real part is —2. Simplify: 


V-63 = V-1V63 = V-1V9V7 = 31V7. & 


Success Tip Just as real numbers are either rational or irrational, but not 


both, complex numbers are either real or imaginary, but not both. 


The following illustration shows the relationship between the real numbers, the 
imaginary numbers, and the complex numbers. 


*Some textbooks define imaginary numbers as complex numbers with a = 0 and b # 0. 


7.7 Complex Numbers 


Self Check 2 


Write each number in the form 
at bi: 

a. —18 -18 + 0: 

b. V —36 0+ 61 

c 1+ V-24 14 21V6 


Now Try Problems 29 and 33 


Teaching Example 2 Write each 
number in the form a + bi: 

a. 23 b. V—-144 « 5+ V-18 
Answers: 

a. 23+ 01 b. 0412) « 54+3V2i 
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Self Check 3 


Perform the operations. Write 
the answers in the forma + bi. 
a. (3 — Si) + (-2 + 7i) 


b. (3 - V—-25) -(-2 + V—49) 


Now Try Problems 37 and 43 
Self Check 3 Answers 
a d+ 2 bs. oS 125 


Teaching Example 3 Perform each 
operation. Write the answers in the 
form a + bi. 

a. (4 — 147) + (12 + 56i) 

be? = 1) = + 27) 

c. (9 — V—=49) + (2 — V-64) 
Answers: 

a. 16 + 427 

De LT = 13 

es Tl = 157 
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Complex numbers 
Real numbers Imaginary numbers 
6 * 175 @ 9+ Ti a 4-3i 


43+0: 0 -V10 3 056 V-10 6+iV3 


IER Add and subtract complex numbers. 


Adding and subtracting complex numbers is similar to adding and subtracting 
polynomials. 


Addition and Subtraction of Complex Numbers 


To add complex numbers, add their real parts and add their imaginary 
parts. 


To subtract complex numbers, add the opposite of the complex number 
being subtracted. 


| EXAMPLE 3 | Perform each operation. Write the answers in the form a + Di. 

a. (8 + 4i) + (12 + 82) b. (—6 + 4i) — (3 + 2i) 

c. (7 — V—16) + (9 + V—4) 

Strategy To add the complex numbers, we will add their real parts and add their 


imaginary parts. To subtract the complex numbers, we will add the opposite of the 
complex number to be subtracted. 


WHY We perform the indicated operations as if the complex numbers were 
polynomials with 7 as a variable. 


Solution 

a. (8 + 4i) + (12 + 81) = (8 + 12) + (4+ 8) 

tL The sum of the imaginary parts 
The sum of the real parts 


= 20 + 127 
Add 
| 4 
b. (—6 + 47) — (3 + 2i) = (—6 + 4i) + (-3 — 21) To find the opposite, 
t change the sign of each 
the opposite term of 3 + 2i. 
= [-6 + (-3)] + [4+ (—2)]i Add the real parts. Add 


the imaginary parts. 
= —9+ 2i 
c. (7 —- V-16) + (9 + V4) 
= (7 — 4i) + (9 + 2i) Write V—16 and V/—4 in terms of i. 
=(7+9)+ (-4+2)i Add the real parts. Add the imaginary parts. 
=16-2i Write 16 + (—2i) in the form 16 — 2i. | 


Success Tip Always change complex numbers to a + bi form before 


performing any arithmetic. 


7.7 Complex Numbers | 669 


3 Multiply complex numbers. 


Since imaginary numbers are not real numbers, some properties of real numbers do 
not apply to imaginary numbers. For example, we cannot use the product rule for 
radicals to multiply two imaginary numbers. 


Caution! If aand b are both negative, then VaVb # Vab. For example, if 
a= —4andb = —9, 


V-4V/=9 = \/=4(=9) = 36 = 6 


V—4V/—9 = 2i(3i) = 6: = 6(-1) 


Self Check 4 
| EXAMPLE 4 (Ce Uae Wee Self Check 4 | 
ee Multiply: V-3V—-32 —4V6 


Strategy To multiply the imaginary numbers, we will first write V—2 and Now Try Problem 47 


\V—20 in ib form. Then we will use the product rule for radicals. 


: ; i ; Teaching Example 4 Multiply: 
WHY We cannot immediately use the product rule for radicals because it does /=5\/ 45 


not apply when both radicands are negative. 


Answer: 
Solution -15 
V-2V-20 = (1V2)(27V5) simplify: V—20 = 1V20 = 2iV5. 
= 2PV/2+5 Multiply: i- 27 = 2/7. Use the product rule for 
radicals. 
= 277/10 
= 2(-1)V/10 Replace #* with —1. 
= -2V/10 Multiply. a 


Multiplying complex numbers is similar to multiplying polynomials. 


| EXAMPLE 5 | \ Self Check 5 
Multiply. Write the answers in the form a + bi. = aS 


Multiply. Write the answers in 
a. 6(2 + 9) b. —5i(4 — 82) the form a + bi. 


Strategy We will use the distributive property to find the products. a, —2(—9 — i) 18 + 21 
| b. 10i(7 + 4i) —40 + 70i 
WHY We perform the indicated operations as if the complex numbers were Now Try Problems 49 and 55 


polynomials with 7 as a variable. 


Solution Teaching Example 5 Multiply. Write 
the answers in the forma + bi. 

a. —3(4 — Si) b. 6i(2 — 5i) 

a. 6(2 + 9i) = 6(2) + 6(97) Use the distributive property. Answers: 


: a —12+ 153 b. 30 + 12:3 
= 12+ 54i Perform each multiplication. 


b. —5i(4 — 81) = —5i(4) — (—5i)8i Use the distributive property. 


= —20i + 40i7 Perform each multiplication. 
= —20i + 40(—1) Replace i? with —1. 
= —20i — 40 Multiply. 


—40 — 20: Write the real part, —40, as the first term. | 
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Self Check 6 


Multiply. Write the answers in 
the forma + bi: 
(—2 + 3i)(3 — 2i) 0 + 13: 


Now Try Problem 59 


Teaching Example 6 Multiply. Write 
the answers in the forma + bi. 

a. (3 — 5i)(—2 + 6i) 

b. (4+ V—25)(1 — V—4) 
Answers: 

a. 24 + 281 

b. 14 - 33 
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| EXAMPLE 6 | Multiply. Write the answers in the form a + bi. 


a. (2 + 3i)(3 — 2i) b. (—4 + 27)(2 + i) 
Strategy We will use the FOIL method to multiply the two complex numbers. 


WHY We perform the indicated operations as if the complex numbers were 
binomials with 7 as a variable. 


Solution 


we Ee By YF 


a. (2 + 3i)(3 — 2i) = 6 — 4i + 91 — 677 ~—_ Use the FOIL method. 
NL J =6+5i- 6(-1) 


=6+5i+6 
=12+5i 


me | 


b. (—4 + 2i)(2 + i) = —8 — 41 + 41 + 2i7 Use the FOIL method. 
NZ TJ = -8 + 08+ 2(-1) Combine like terme: —4i + 4 = Oi. 
Replace ? with -1. 


=—-8+ 0i-2 Multiply. 
—10 + 0: 


Combine the imaginary terms: 
—4i + 9i = 5i. Replace ?* with —-1. 


Simplify the last term. 


Combine like terms. 


Combine like terms. a 


Success Tip i is not a variable, but you can think of it as one when adding, 
subtracting, and multiplying. For example: 


—4i + 91 = Si 
61 — 2i 
iti 


Remember that the expression i” simplifies to —1. 


IE Divide complex numbers. 


Before we can discuss division of complex numbers, we must introduce an important 
fact about complex conjugates. 


Complex Conjugates 


The complex numbers a + bi and a — bi are called complex conjugates. 


For example, 


e 7+ 4iand7 — 4i are complex conjugates. 
e 5 —iand5 + iare complex conjugates. 


e —6i and 67 are complex conjugates, because —6i = 0 — 6i and 6i = O + Gi. 


In general, the product of the complex number a+ bi and its complex 
conjugate a — bi is the real number a* + b’, as the following work shows: 


(a + bi)(a — bi) = a® — abi + abi — b?i? Use the FOIL method. 


ST =# - PD 


=a@+b* 


—abi + abi = O. Replace i* with —1. 


The Language of Algebra Recall that the word conjugate was used earlier 
when we rationalized the denominators of radical expressions such as 


_3 
V6-1 


| EXAMPLE 7 | Find the product of 3 + 57 and its complex conjugate. 


Strategy The complex conjugate of 3 + Si is 3 — 5i. We will find their product 
by using the FOIL method. 


WHY We perform the indicated operations as if the complex numbers were 
binomials with 7 as a variable. 


Solution 
We can find the product as follows: 


ae 


(3 + 5i)(3 — 5i) = 9 — 15i + 15i — 2577 


“J =9- 257 


Use the FOIL method. 
Combine like terms: —15i + 15i = O. 


= 9 — 25(-1) Replace i* with 1. 
=9+25 
= 34 
The product of 3 + Si and its conjugate 3 — 5 is the real number 34. a 


Recall that to divide radical expressions, we rationalized the denominator. We 
will use a similar approach to divide complex numbers. To divide two complex 
numbers when the divisor has two terms, we use the following strategy. 


Division of Complex Numbers 


To divide complex numbers, multiply the numerator and denominator by the 
complex conjugate of the denominator. 


| EXAMPLE 8 | 8 Divide. Write the answers in the form a + bi. 


3 1 Bi 
oe, De 


Strategy We will build each fraction by multiplying it by a form of 1 that uses 
the conjugate of the denominator. 


WHY This step produces a real number in the denominator so that the result can 
then be written in the form a + Di. 


Solution 
a. We want to build a fraction equivalent to fo that does not have i in the 
denominator. To make the denominator, 6 + i, a real number, we need to 


multiply it by its complex conjugate, 6 — 7. It follows that e = i should be the 


form of 1 that is used to build a, Vv 


7.7 Complex Numbers 


Self Check 7 
Multiply: (2 + 32)(2 — 32) 13 
Now Try Problem 65 


Teaching Example 7 Find the product 
of —2 + 7i and its complex conjugate. 
Answer: 

53 


Self Check 8 


Divide. Write the answers in the 
forma + bi. 


6 30, 

5+ 2 
2 — 4i 

Pag 


Now Try Problems 71 and 77 


Teaching Example 8 Divide. Write the 
answer in the forma + bi. 


5 3 - 2i 
A le 
3+ 2 2=i 
Answers: 
1.» 31, 
a Bs § 
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a To build ivalent fracti Itiply by °—! = 1 
= ss oO bulla an equivaien ‘action, MUItI =1. 
Gee 643 Son . is 


6-i- 


18 — 3i To multiply the numerators, distribute the 
= - - : multiplication by 3. Use the FOIL method to 
36 — 61 + Gi — 5 multiply the denominators. 


_ 18 — 3i Combine like terms: —Gi + Gi = O. Replace i? with 
36 -— (-1) —1. Note that the denominator no longer contains i. 
: Simplify the denominator. This notation 
18 — 31 ; : 
= ie represents the difference of two fractions that 
have the common denominator 37: ba and 2. 
: = Wi h I b he f + bi 
= SS rite the complex number in the form a 1A 
37.37 P 


b. We can make the denominator of 4 + rH areal number by multiplying it by 


the complex conjugate of 3 — 47, which is 3 + 4i. It follows that 3 > + should 


be the form of 1 that is used to build ; = a 


142i 1+2% 3+4i To build an equivalent fraction, multiply by 
= . 3 + 4i 
3-45 3-41 344i 344i =! 


3+ 4i + 6i + 8i? Use the FOIL method to multiply the 
9 +12) — 12i — 1672 "umerators and the denominators. 


3 + 101 + 8(-1) Combine like terms in the numerator and 
= denominator. Replace i? with —1. The 
9 — 16(—1) denominator is now a real number. 
3+ 10i - 8 Simplify th a 
ae a implify the numerator and denominator. 
9 + 16 ' 
_ 75 + 10: Combine like terms in the numerator and 
7 5 denominator. 
1 . 
_ 5(-1 + 2i) Factor out 5 in the numerator and remove the 
~ BS common factor of 5. 
1 
Simplify. This notation represents the sum 
-1+2i : 
= —__. of two fractions that have the common 
5 denominator 5. 
=— 5 + 5! Write the complex number in the form a + bi. 
Self Check 9 | EXAMPLE 9 | \ 
sate : ; . 4+ V-16 
Divide and write the answer in Divide and write the answer in the form a + bi: rey ar 
a ye 2h Vn 49 eae eee 
e forma + Di: : F sy ae 
Fs RI Strategy We will begin by writing V-16 and V-4 in iVb form. 
Now Try Problem 81 WHY To perform any computations, the numerator and denominator should be 
Self Check 9 Answers written in the forma + bi. 
7 Dy 
Solution 
Teaching Example 9 Divide and write 4+. /—16 4 + 4i Simplify: V=16 = V-1V16 = Aland 
the answer in the form a + bi: = - 
24+ V2 2+V-4 2+2i V-4 = V-1V4 = 2. 
Gar VW =225 1 
Answer: 2(2-+2i) Factor out 2 in the numerator and remove the common 
- + Oi 247i factor of 2 + 2i. 
=2 


=2+0i Write 2 in the form a + bi. 


Divide and write the result in the form a + bi: - 
i 


Strategy We will use a as the form of 1 to build s. 


WHY Since the denominator 2i can be expressed as 0 + 2i, its conjugate is 


0 — 2i. However, instead of building with , = 3 we will drop the zeros and just 
=2i 
use —5;- 
Solution 
Reba ivalent fracti Itiply by =2! = 1 
= o build an equivalent fraction, multi Sep 
2 2i —2i . ee 
—14i ; F : 
-_ AP Multiply the numerators and multiply the denominators. 
41 
—14i P 
= = Ty Replace i” with —1. The denominator is now a real number. 
—14i 
-_ 4 Simplify the denominator. 
ii ea Oe 
= "> Simplify the fraction: — Z-2" 
i | 
0 i Write in the f + bi 
=0- 71 rite in the form a i. 
2 ie 


[J Perform operations involving powers of i. 


The powers of i produce an interesting pattern: 


i=V-1=i P=(i==72 
? =(V-1) = -1 i® = (4 = 1(-1) = -1 
P=(Pi=-li=-i / =P =1(-) = -i 


PHerrPeaEhneh=1 f=fF =1)0) 


ll 
_ 


The pattern continues: 7, —1, —i, 1,.... 


Larger powers of i can be simplified by using the fact that i* = 1. For example, 
to simplify i7°, we note that 29 divided by 4 gives a quotient of 7 and a remainder 
of 1. Thus,29 = 4:7 + 1 and 


p7? = jt 4:+7 = 28. 
= (i*)’+i' Use the rules for exponents x" = (x"")" and x7*" = x= x", 
=1'-i Simplify: i* = 1. 
=1 Simplify: 1° i = i. 


The result of this example illustrates the following fact. 


Powers of i 


If 1 is a natural number that has a remainder of r when divided by 4, then 


7.7 Complex Numbers 


Self Check 10 


Divide and write the answer in 


. 3 3. 
the forma + bi: di Oo 73 


Now Try Problem 85 


Teaching Example 10 Divide and write 


the result in the form a + bi: = 
i 
Answer: 
11 
0= ri 
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Self Check 11 
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| EXAMPLE 11 | Simplify: °° 


Simplify: i®? —1 - 
Now Try Problem 91 Strategy We will examine the remainder when we divide the exponent 55 by 4. 
WHY The remainder determines the power to which i is raised in the simplified 
Teaching Example 11 Simplify: fori 
ae ee ee . 
Answers: Solution 
or hl & 9 We divide 55 by 4 and get a remainder of 3. 13R3 
Therefore, 4)55 
Bei ej =4 
15 
—12 
3 a 


Success Tip If we divide the natural number exponent n of a power of i by 4, 
the remainder indicates the simplified form of 7”: 


R=ti 
R=2:-1 
R=3:-i 
R=0:1 


ANSWERS TO SELF CHECKS 


asi b -iV19 « 3iV5 de SY? i 


2a. -18+0i bO+6 «1+ 2iV6 | 


3.a.1+2i b 5-12) 4.-4V6 5. a.18+2) b. -40+70i 6.0+13i 7.13 | 


30 12. 


11 
8. a. 59 — a9! Bb. 
XY 


Gi 9.7 + 0i 


10.0—3: 11. -1 | 


STUDY SET 


I VOCABULARY 


Fill in the blanks. 


1. The _imaginary number i is defined asi = V—1. We 
call i? a _power_of i. 


2. A _complex number is any number that can be written 
in the form a + bi, where a and b are real numbers and 


i=V-1. 
p> 3. For the complex number 2 + Si, we call 2 the _teal 
part and 5 the imaginary part. 


4. 6 + 3iand 6 — 3iare called complex conjugates _, 


| CONCEPTS 

Fill in the blanks. 

5. a. i= Wal b ? = 
cP? =X ai =f 


e. In general, the powers of i cycle through _four 
possible outcomes. 


P Selected exercises available online at 
www.webassign.net/brookscole 


10. 


Simplify: 
V-36 = Val +36 = Vel V36 = 63 
To add (or subtract) complex numbers, add 


(or subtract) their _te@l_ parts and add (or subtract) 
their imaginary parts. 


To multiply two complex numbers, such as 
(2 + 3i)(3 + 5i), we can use the FOIL method. 
To divide 6 + 7i by 1 — 8i, we multiply $+ by a1 in 


1+ 8i 
Est 


Give the complex conjugate of each number. 
b. 2 2-0 


the form of 


a. 2 — 312+ 3i c. —3i 0+ 3i 


11. Complete the illustration. Label the real numbers, the 


imaginary numbers, the complex numbers, the 
rational numbers, and the irrational numbers. 


Complex | numbers 


numbers 


Imaginary 


numbers 


Rational Irrational 


numbers numbers 


12. Determine whether each statement is true or false. 


a. Every complex number is a real number. false 
b. Every real number is a complex number. true 
c. i is areal number. false 


d. The square root of a negative number is an 
imaginary number. true 


I NOTATION 

Complete each solution. 

13. (3 + 21)(3 — i) = 9 — 31+ 6 — 277 
=9+3i+ 2 
= 11 +3i 

am 3 _ 3 = 

2-i 2-i Ba 
_ 6+ 3i 
4-7 
6+ 31 
~ 5 
oo 3. 
_— + 5! 


15. Determine whether each statement is true or false. 


a. Voi = iV 6 true b. V38i = V8i false 
« V-25= OS false d. —i =i false 


16. Write each number in the forma + bi. 
9+ 11i 1—{ 
a. 9, 11, ae 


4 4 ql b. 18 18 7 igi 


[| GUIDED PRACTICE 


Express each number in terms of i. See Example 1. 


17. V-9 18. V—-4 
3 2i 
19. V—-7 20. V-11 
Vii or iV7 Vili or iV11 
21. V —24 p> 22. V —-28 
2V6i or 2iV6 2V7i or 217 
23. —V-72 24. —V—-24 
—6V2i or —61\2 —2V/6i or —21V6 


7.7 Complex Numbers 


25. 5V/-81 26. 6V/—49 
451 42i 
27. ,/-2 pT ee ce 
, 9 ' 144 
i) NG ie 
3! ~ 


Write each number in the forma + bi. See Example 2. 


29. a. 5 30. a. —43 
5+ 0i =43 +10 
b. V —49 b. V —169 
0+ 7i 0+ 13: 
31. a 1+ V-25 > 32. a. 214+ V-16 
1+ 5i 21 + 4i 
b —3+ V-8 b. —9 + V-12 
—3 + 21/2 -9 + 213 
33. a. 76 — V —54 34. a. 88 — V—98 
76 — 3iV6 See VD 
b —7+ V-19 b. —2+ V-35 
=F + 119 =3 + 1/35 
35. a —6— V-9 36. a. —45 — V-81 
=§ = 3) —45 — 9; 
b 3+ V-6 b 8+ V-7 
3+i1V6 8+tiV7T 


Perform the operations. Write all answers in the forma + bi. 
See Example 3. 


37. (3+4i) +(5—6i) 38. (8 + 3i) + (-7 — 28) 
$= "2 1+i 


39. (6-1) +(9+3i) 40. (5 + 3’) — 6 — 91) 
15: + 2 = 112i 

41. (7 — 3i) — (4+ 21) p42. (5 — 4i) — (3 + 21) 
a= St 2 = Gt 

43. (8 + V—25) — (7+ V4) 
1 +3i 

44, (-7 + V—81) — (-2 - V—64) 
=o Ti 


Multiply. See Example 4. 
45. V—-1V —36 —6 
47. V-2V -12 -2V6 


> 46. V-9V -100 —30 
48. V-3V -45 -3V/15 


Multiply. Write all answers in the forma + bi. See Example 5. 
49. 3(2 — 91) 6 — 27i > 50. —4(3 + 47) -12 - 161 
51. 7(5 — 4i) 35 — 28: 52. —5(3 + 2i) -15 — 10i 
53. 2i(7 — 31) 6 + 14i 54. i(8 + 27) —2 + 8i 

55. —5i(5 — 5i) -25— 251 56. 2i(7 + 2i) —4 + 141 


Multiply. Write all answers in the forma + bi. See Example 6. 
57. (2+ i1)(3—-i)7+i p58. (4-2 +1) 942i 
59. (3 — 2i)(2 + 3i) 12+ 5i 60. (3 — i)(2 + 3%) 9+ 7! 
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61. (4+ 1)(3 — i) 13-1 
63. (2+ i)* 344i 


62. (1—5i)\(1—4i) -19- 9; 
64. (3 — 21)? 5 — 12 


Find the product of the given complex number and its conjugate. 
See Example 7. 


65. 2 + 61 40 
67. —4 — 7i 65 


> 66. 5 + 2: 29 
68. —10 — 9 isi 


Divide. Write all answers in the forma + bi. See Example 8. 


2 45 9 a: 
69 5. 7 26 Se" & a 
ll Tab ai 6 , 6 
71 4 = 7 ~ 65 + 65! 72 ah 8; B 73! 
3-2 wy 5 6-in ¢ 
73. 4 = 17 17! 74. 2 i 3 = 5! 
T+4i 6 a3, 2+3i 5 1 
75. 2 = 5i ~99 ae a9! 76. 2 _ 3; B + Bl 
7 + 3t 11. 13: 5 — 3i 11 
77. 4 -_ i 10 at To! 78. 4 ae i 10 To! 
1—-3i + Si 
79. sung $ 80. 7 -14+4i 


Divide. Write all answers in the forma + bi. See Example 9. 


81 as et ah > 82 a are 
a 7 a —$§ IL 
2+V-9 1+V-4 
a9, OE gy ga OO ee 
. + Oi . + OI 
2+ V-1 1+V-1 
Divide. Write all answers in the forma + bi. See Example 10. 
pee Pe is 
a a > 96. 0 gi 
2 oP 8 e 
87. ede 88. ae 


Simplify each expression. See Example 11. 


89. 77! i 90. i? -i 
91. 777 -i p> 92. i -1 
93. (1 | > 94.777 5 

95. i? -1 96. 77° i 


I TRY IT YOURSELF 


Perform the operations. Write all answers in the forma + bi. 


97. (3 — i) — (-1 + 102) 4- 11 
98. (14 + 4i) — (-9 — i) 23 + Si 
99. (2— V-16)(3 + V—4) 14-81 
100. (3 — V—4)(4 — V-9) 6 — 171 


101. (—6 — 9i) + (4 + 3i) 


oe iG 
102. (—3 + 11i) + (-1 — 6i) 
—4 + 5i 
i pr es 
“342i 2 - 6i 
4 Gs 3 alge 
3a 5g! 
105. 6i(2 — 3i) 106. —9i(4 — 6i) 
18 + 12i —54 — 36i 
4 i 3 
107 5/33 * 5! 108 afr 51 
109. (2 + 1V2)(3 - V2) 
8+ V2ior8 + iV2 
pm 110. (5 + 7V3)(2 — iV3) 
13 — 3V3i or 13 — 3iV3 
‘a4 5+ 91 443 5-1 
“ 4-i “342i 
29 49j 13 
113. (4 — 8i)” 114. (7 — 3i)* 
—48 — 64i 40 — 42i 
‘a Wa =a aie V3 + 172 
"V5 +iV3 "V3 -iv2 
1_ Vis. 1, 2V6, 
ae a Se ee 


I APPLICATIONS 


> 117. FRACTALS Complex numbers are fundamental in 


the creation of the intricate geometric shape shown 
below, called a fractal. The process of creating this 
image is based on the following sequence of steps, 
which begins by picking any complex number, which 
we will call z. 

1. Square z, and then add that result to z. 

2. Square the result from step 1, and then add it to z. 
3. Square the result from step 2, and then add it to z. 
If we begin with the complex number /, what is the 
result after performing steps 1,2,and 3? —1 + i 


> 118. 


ELECTRONICS The impedance Z in an AC 
(alternating current) circuit is a measure of how 
much the circuit impedes (hinders) the flow of 
current through it. The impedance is related to the 
voltage V and the current J by the formula 


V=I1Z2 


If a circuit has a current of (0.5 + 2.01) amps and 
an impedance of (0.4 — 3.07) ohms, find the 
voltage. 6.2 — 0.7i 


I WRITING 


119. 


> 120. 


121. 


What is an imaginary number? What is a complex 
number? 


The method used to divide complex numbers is 
similar to the method used to divide radical 
expressions. Explain why. Give an example. 


Explain the error. Then find the correct result. 


a. Add: V-16 + V=-9 = V—25 
b. Multiply: V-2V-3 = V=2(-3) = V6 


7.7 Complex Numbers 


122. Determine whether the pair of complex numbers 
are equal. Explain your reasoning. 


a. 4— =i,= — 04i 


1 7 
. 0.25 + 0.7i,= + i 
b. 0.25 0.71, 5 10! 


J REVIEW 


123. WIND SPEEDS A plane that can fly 200 mph in 
still air makes a 330-mile flight with a tail wind and 
returns, flying into the same wind. Find the speed of 
the wind if the total flying time is 33 hours. 20 mph 

» 124. FINDING RATES A student drove a distance of 
135 miles at an average speed of 50 mph. How much 
faster would she have to drive on the return trip to 
save 30 minutes of driving time? about 11.4 mph faster 
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STUDY SKILLS CHECKLIST 


Preparing for the Chapter 7 Test 


There are several common mistakes that students make when working with the topics of 
Chapter 7.To make sure you are prepared for the test over this material, read the list below to 
help you avoid these mistakes. 


Although — \/25 and V/—25 look similar, these radical expressions have very different meanings: — V25 = -5 
and V —25 = Si 

With an odd index root, when the radicand is negative, the number is a real number. \/—27 = —3 because 
(3) = =27 

When adding or subtracting radicals expressions, you must have like radicals. Like radicals are radical 
expressions in which the index and the radicand are the same. 


5V3+2V3=7V3 Both expressions have the same index and radicand. Add the coefficients of the terms and keep the 
same radical. 


5V3 ar V7 Cannot be combined. The operation is addition but the radicals are not like radicals. The expression is in 
simplest form. 


5V18 + 2V/50 = 5V9-24+2V25-2 Write 18 as 18 = 9- 2. Write 50 as 50 = 25-2. 


= 5V9-V2+2V25- V2 The square root of a product is equal to the product of the square roots. 
=5+3-V24+2-5-V2 Evaluate V9 = 3 and V25 = 5. 
= 15V2 + 10V2 Multiply 5-3 = 15 and 2-5 = 10. 


= 5y/2 Both radicals have the same index and the same radicand. To combine 
them, add the coefficients and keep the radical. 


To multiply radicals, only the index has to be the same. Use the product rule for radicals to carry out the 
multiplication. Be sure to simplify all answers. 


3V 15(2/10) = 3-2V/15- V/10 Multiply the integer factors, 3 and 2, and multiply the radicals. 


= 6V/150 Use the product rule for radicals. 
= 6V25V'6 

= 6(5) V6 

= 30V6 


To multiply radical expressions with more than one term, we use the distributive property. 
3V5(2V15 — 6V/10) = 3V5-2V15 — 3/56/10 
= 6V75 — 18/50 
= 6V3-5-5-18V2-5-5 
=6-5V3 — 18-51/2 
= 30V3 - 90V2 


When solving radical equations, isolate the radical on one side of the equation before raising both sides to the 
power that matches the index. 


Even if you are certain that no algebraic mistakes were made when solving a radical equation, you must still 
check your solutions. Raising both sides to a power can introduce extraneous solutions that must be discarded. 


i is not a variable, but you can think of it as one when adding, subtracting, and multiplying complex numbers. 
For example: 


—6i + 91 = 3i 
pee = Ste Remember, i” = —1 to simplify the answer: 15i7 = 15(—1) = —15 


cHapteR 7. SUMMARY AND REVIEW 


SECTION 7.1 Radical Expressions and Radical Functions 


| DEFINITIONS AND CONCEPTS EXAMPLES 


The number b is a square root of a if b” = a. 7 is a square root of 49 because 7” = 49. 


—7 is a square root of 49 because (—7)* = 49. 


A radical symbol V represents the positive Simplify: 
or principal square root of a number. For any | \/55 = 5 because 52 = 25. 


real number x, 
V/36x* = |6x| = 6|x| because (|6x|)” = 36x. 


Vi? = |x| . 
. ‘a r‘ r\? re Since a = 0, no absolute value 
The symbol —V __ represents the negative 700 10 because ib) 100 -weiicla piensedea 


square root of a number. 
—V‘81 = —9 because (—9)” = 81. 


A function of the form f(x) = Vx is called a | Find the domain of f(x) = Vx — 2. 


square root function. Since the expression Vx — 2 is not a real number when x — 2 is 


negative, we must require that x — 2 = 0. It follows that x must be 
greater than or equal to 2. Thus, the domain of f(x) is [2, ~). 


The cube root of x is denoted as \/x and is Simplify: 


defined as \/8 = 2 because 2? = 8. 
| ee : So 
Vvx=y if yo=x W/—64 = —4 because (—4)° = —64. 


A function of the form f(x) = W* is called a 
cube root function. 


The nth root of x is denoted as V/x. Simplify: 
If x is areal number and n > 1, then: W81x* = |3x| = 3|x| because (|3x|)* = 81x*. 


e nis an odd natural number, W/x” = x. W/32a'° = 2a” because (2a7)° = 32a". 
If n is an even natural number, Wx” = |x|. W/m — 4)§ = |m — 4| because (|m — 4])° = (m — 4)°. 


J REVIEW EXERCISES 


15. 
Simplify each expression, if possible. Assume that x and y can 15. W/256x°y* 4x°/y/ 16. V(x t1)P x41 
be any real number. i 
1. V49 7 2. -V121 —11 17. —4 16 -} 18. \/—16 nota real number 
3. [= 8 AAS SA eh a eaaaeier 19. \/—1 notarealnumber 20. W/0 0 
21. GEOMETRY The side of a square with area A 
5. V100a"* 104° 6. V25x* 5|x| square feet is given by the function s(A) = VA. 
7 V8 4 8. Ve +4n4+4 Ix +2] Find the iene of one side of a square that has an 
area of 169 ft*. 13 ft 
9. W-27 -3 10. —W/216 —6 
: : 22. SURFACE AREA OF A CUBE The total surface 
9 area of a cube is related to its volume V by the 
\3/ZA,9.3 4.2 3/_~_ x3 
Me OEY ere boa 125 > function A(V) = 6W/V°. Find the surface area of a 


13. \/64 2 ae W/—32 i cube with a volume of 8 cm?. 24 cm? 


Graph each function. Find the domain and range. 


23. f(x) = Vx 24. f(x) = Wx 
r x 
A A 
5 Frey == NE > Hays 
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25. f(x) = 


Vx +2 26. f(x) = —Vx + 3 


> XxX 


= 3 


D: [0, 2), R: [0, 2) 


Expressions 


| DEFINITIONS AND CONCEPTS 


Product rule for radicals: 
Wab = Varo 

The product rule for radicals can be used to 

simplify radical expressions. 

Simplified form of a radical: 

1. Except for 1, the radicand has no 
perfect-square factors. 

2. No fraction appears in the radicand. 

3. No radical appears in the denominator. 


Quotient rule for radicals: 
a_ Va 


b Wb 


n 


D: (—=, #), R: (—2, «) 


Simplifying and Combining Radical 


EXAMPLES 
Simplify: 


V98 = V/49-2 
= V/49vV/2 
V2 


Simplify: 


D: [—2, %), R: [0, 2) 


D: (—, ~), R: (—™, ) 


Write 96 as the product of it greatest 
perfect-square factor and one other factor. 


The square root of a product is equal to the product 
of the square roots. 


Evaluate \V 49. 


W16x* = W/8x3 + 2x 


Write 16x* as the product of it greatest 
perfect-cube factor and one other factor. 


= W8x3W2x The cube root of a product is equal to the 
product of the cube roots. 
= 2xW/2x Simplify V/8x°. 
Simplify: 
e 10 V10 _ V10 
25x4 ae" 5x 
Simplify: 
ly Woy? Wy W2 — 2yW2 
3 = = = 
125a°>V/125a° Sa Sa 


Radical expressions with the same index and | Add: 3V6+5V6= (3 4 5)V6 = 8V6 


radicand are called like radicals. Like radicals 
can be combined by addition and subtraction. 


To combine like radicals the 
distributive property in reverse. 


we use 


Subtract: 8W/2y — 9W/2y = (8 - 9)VW/2y = —W2y 


If a sum or difference involves unlike radicals, | Simplify: 
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make sure that each one is written in 
simplified form. After doing so, like radicals 
may result that can be combined. 


REVIEW EXERCISES 


Simplify each expression. All variables represent positive real 
numbers. 


27. V'80 45 

29. W/160 2v/10 

31. V8x° 2x°-V2x 

33, W—27j"k -372Wjk 


28. W/54 3/2 

30. W/—96 -2/3 

32, Wr? AW 

34. W—16x°y? —2xyW/2xy 


35 Le vn I7xy V 17xy 
7 144n2 12n° 7 64a* 8a? 
V64x8 V/243x"° 
37. 5 a3 2x 38. ~ A 3x 


Simplify and combine like radicals. All variables represent 
positive real numbers. 


39. V2 +2V2 40. 620 — V5 
3V2 11V5 
a1. 2W/3 — W/24 42, =W/ 32a? = ON 1620? 
0 —8aW2a 
43. 2xV8 + 2V200x7 + V50x7 
29x V2 
44, \/54x° — 3W/16x? + 4W/128x° 
13xW/2 


Multiplying and Dividing Radical 


Expressions 


DEFINITIONS AND CONCEPTS 


We can use the product rule for radicals to 


EXAMPLES 
Multiply and then simplify, if possible: 


45. 


46. 


47. 


48. 


W54a* — W16a* = W/27a7 + 2a — W8a> + 2a 


= W27aeW 2a — W8a°W/2a 
= 3aW/2a — 2aW/2a 
= (3a — 2a)W/2a 


3 
=aV2a 


2V320° — 8W/6r + 5V/20° 

ow — Wer 

10W/16x° — 8x°Wx + 5x? 

12x? Wx + 5xWx 

Explain the error in each simplification. 


a. 2V5x + 3V5x = 5V/10x 

b. 30 + 30V/2 = 60W/2 

« TWy -5VWy? =2 

d. 6V1lab — 3V/Sab = 3V/6ab 


SEWING A corner of 
fabric is folded over to 
form a collar and 
stitched down as shown. 
From the dimensions 
given in the figure, 
determine the exact 
number of inches of 
stitching that must be made. Then give an 
approximation to one decimal place. (All 
measurements are in inches.) (6/2 + 2V10) in., 14.8 in. 


Stitch this 
flap down. 


multiply radical expressions that have the 
same index: 


V6V8 = V6°8 = V48 = V16-3 = V16V3 = 4V3 


Vavlb = Vab 


We can use the distributive property to 
multiply a radical expression with two or more 
terms by a radical expression with one term. 


W/O Ba" = N95? Bx* = V/ 27K" = 3x" 


Multiply and then simplify, if possible: 


2V3(4V/'5 — 5V2) = 2V3-4V5 — 2V3-5V2 


=2-4V3-5-2-5V3-2 
= 8V15 — 10V6 
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We can use the FOIL method to multiply a | Multiply and then simplify, if possible: 


radical expression with two terms by another —— ‘ : 


radical expression with two terms. (ve - W3)(ve + Ws) Me 4 VIG Ta as 
= Wa? + WV 9x — W3x — W/27 
= Wx? + Wx — W3x - 3 

If a radical appears in a denominator of a_ Rationalize the denominator: 

fraction, or if a radicand contains a fraction, 10 _ \/10 3 F 5 W5 V¥, 4p 


we can write the radical in simplest form by 


rationalizing the denominator. 3 V3 3 2p* W2p" Wap 
To rationalize a denominator, we multiply the _ V30 _ V20p 
given expression by a carefully chosen form 3 43 8p> 
of 1. 3 
20p 
7 


Radical expressions that involve the sum and Conjugates: V2x + 3and V2x — 3 
difference of the same two terms are called 
conjugates. 


To rationalize a two-termed denominator of a | Rationalize the denominator: 


fraction, multiply the numerator and the Wins. Bas. eas 
denominator by the conjugate of the = . 
denominator. Vxt+2 Vxt+2 Vx-2 


VxVx —2Vx —-2Vx4+4 
Vee — 2Vx + 2Vx - 4 


_x—4vVx+4 
x—4 
J REVIEW EXERCISES 
Simplify each expression. All variables represent positive real Rationalize each denominator. All variables represent positive 
numbers. real numbers. 
49. V7V7 50. (2V5)(3V/2) 61, 20. wvs 62. .|2- Va 
7 6V/10 . V3 3 : 5xy Sxy 
51. (-2V8)" 52. 2V6V15 oe Ya. 
32 6/10 63. Vou? ; V27ab? 
53. V9xVx 54, (Wx + 1) 
3x +1 ee 2 " 4Vx — 2Vz 
55. —W/2x°W/4x® 56. 9+ W/27 "\W/2 4 "Vz + 4Vx 
2° Wx 3 2(V2 + 1)or2V2+2 i a 
57. 3V711(2V71t + 3V377) 58. —W4x5y Wary? Va- Vb 
40r + Or 218 2x33 Waey? 67. Rationalize the numerator: Wa - 5 
7 / a a a 
lay 2 
aay ( ae v3) 68. VOLUME The formula relating the radius r of a 
3b + 6Vb +3 


: : ' 2 sphere and its volume V is r = y v. Write the 
emt (v/ ly ~ 2N/2)( W/3p 7m v2) radical in simplest form. r = Mee 
Wop? - Wop - 2/4 oF 
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Solving Radical Equations 


| DEFINITIONS AND CONCEPTS EXAMPLES 
We can use the power rule to solve equations Solve each equation. 
containing radicals. Utes ey Wet? =3 
Ifx = y, then x" = y". a | (We+2)'=3 


To solve equations containing radicals: ( Vix = 2) = (x — 1) x+2=27 
1. Isolate one radical expression on one side x —-2=77 —Ix 41 x = 25 


or eedeanen: 0=x2 —4x +3 The solution is 25. Verify 


2. Raise both sides of the equation to the O—ie=- 3G =i that it satisfies the original 


power that is the same as the index. 


equation. 
: ‘ wae —3=0 or -—1=0 

3. Solve the resulting equation. If it still 7 | a 

contains a radical, go back to step 1. x=3 x=1 
4. Check the solutions to eliminate The solutions are 3 and 1. Verify that 

extraneous solutions. each satisfies the original equation. 
When more than one radical appears in an _ Solve: 
equation, we must often use the power rule 

4 , " ° P Vat Vx4+5=5 
more than once. 
Vxt+5=5- Vx To isolate each radical, subtract 


Vx from both sides. 


( Vx + Sy = (5 a vx) To eliminate one radical, square 


both sides. 


x+5=25-10Vx +x Perform the operations on each 
side. 


—20 = -10Vx To isolate the radical term, 
subtract 25 and x from both 
sides. 


2= Vx To isolate the radical, divide 
both sides by —10. 


2 
(2)? = (vx) To eliminate the radical, square 
both sides again. 


4=x 


The solution is 4. Verify that it satisfies the original equation. 


| REVIEW EXERCISES 


Solve each equation. Write all proposed solutions. Cross out 76. Vb? + b= V3- 3B? 
those that are extraneous. = 3, 1 
Vix —10 Vu ~ 144 Ve 8+2= 
69. V7x —-10-1=11 70. u = V25u — 144 77. V8&x —-8+2=0 
22 16, 9 3, no solution 
71. 2Vy-3=V2yt+1 72. Vz+1+Vvz=2 73. V2m+4—-Vm+3=1 
7 6-2 
Z 16 , 
73. Wx +56-2=x 74. a= Va’ + 5a — 35 79. Let f(x) = V2x" — 7x. For what value(s) of x is 
2, —-4 ¢ f(x) = 2? 
4,4 


75. (x + 2)? — (4- x)? =0 = 
Lt 


Chapter 7 Radical Expressions, Equations, and Functions 


80. Using the graphs of Solve each equation for the specified variable. 
f(x) = V2x — 3 and _ |A __,{127 
g(x) = —2x +5, 81. r= po Peete 82. h= =p eet 
estimate the solution of ee fax ee 
(+1 2 


V2x —3 = -2x +5 


Check the result. 2 


SECTION 7.5 Rational Exponents 


| DEFINITIONS AND CONCEPTS EXAMPLES 


To simplify exponential expressions involving Simplify. All variables represent positive real numbers. 
rational (fractional) exponents, use the 56\1/4 56 A 
following rules to write the expressions in an 250? = \/25 =5 ( i ) 4/ 7 
equivalent radical form. d d d 


it = Wy 2/3 = (ws) = (2) =4 (65 = (wrt)? = (1?)° = 


np—\m n 
yin/n = (Wx) = x” 


To be consistent with the definition of Simplify. All variables represent positive real numbers. 


—m/n 


negative integer exponents, we define x as aie 1 1 1 
follows. . (125) °° = (2sy"* (W/125)” 25 
ar aaa = (eM = (aR = 8? 
1 _ ymin 
ymin 


The rules for exponents can be used to Simplify: 

simplify expressions with rational (fractional) 5/3,.8/3 

exponents. P L = p/3+8/3-4 = p5/3+8/3-12/3 _ 1/3 
P 

We can write certain radical expressions as an Simplify: 

equivalent exponential expression and use 4 4/x2 2/4 1/2 

rules for exponents to simplify it. Then we can Ve Verse ? v3 

change that result back into a radical. 


= 


J REVIEW EXERCISES 
Write each expression in radical form. 91. 6251/4 5 92. (81c*d*)'4 3ca 
83. 0? Vi 84, (Sxy*)4 Wxy° 
93. 9°? 27 94. 87° 1 

Simplify each expression, if possible. Assume that all variables 
represent positive real numbers. 95, —499 —16.907 96. = = 10 
85. 251 86. —36'/ 100° 

$ —6 
87. (—36)'” gs. 1'/° wit: S 6 

not a real number 1 “\o 8 * 9955/2 3.125 

9 1/2 

89. | — 90. (—8)'” 

(3) (8) 99. (25x7y*)*/? 125x7)° 100. (8u°v*) 7/7 ree 


t 


12 
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Perform the operations. Write answers using positive 
exponents only. Assume that all variables represent positive 
real numbers. 


101, 55 a" 102. aa 7/7 qv” 
35/631/3 
4/5)10 5s 2 
103. (k*/*)'° KS 104. ap 3 
Perform the multiplications. Assume all variables represent 110. Substitute the y 
positive real numbers. x- and 4 
105. w/2(yl/? = u'/?) 4 — 1106. y/3(yl/3 + v3) er y-coordinates of 
each point 
Use rational exponents to simplify each radical. All variables labeled in the ae) (O55) 
represent positive real numbers. ioe into the x 
equation 

107. Wa? Va 108. WV We Oa oh 
109. VISIBILITY See the illustration in the next ie i 

column. The distance d in miles a person in an Show that each 

airplane can see to the horizon on a clear day is one satisfies the 

given by the formula d = 1.22a'/*, where a is the equation. 

altitude of the plane in feet. Find d. 183 mi Two true statements result: 32 = 32. 

Geometric Applications of Radicals 
DEFINITIONS AND CONCEPTS EXAMPLES 
The Pythagorean theorem: Find the length of the third side of the right triangle. 
If a and b are the lengths of the legs of a right a+P=ac This is the Pythagorean theorem. ~ 6 ft 
manele and c 1s ie length of the hypotenuse, +s =1 Gupstbute Store andi0 were 
thena’ + bo =c". P > 
36 + b* = 100 
b* = 64 To isolate b”, subtract 36 from both sides. 


b = V'64__ Since b must be positive, find the positive square root 
of 64, 


b=8 
The length of the third side of the triangle is 8 ft. 


In an isosceles right triangle, the length of the If the length of one leg of an isosceles right 


hypotenuse is V2 times the length of one leg. _ triangle is 7 feet, the length of the hypotenuse 45° 
is 7V2 feet. 2 ft 7H 


45° 
7 ft 


Isosceles right triangle 


The hypotenuse of a 30°-60°-90° triangle is | If the shorter leg of a 30°-60°-—90° triangle is 
twice as long as the shorter leg (the leg | 9 inches long: 

opposite the 30° angle.) The length of the 
longer leg (the leg opposite the 60° angle) is 


/3 times the length of the shorter leg. 


e The length of the hypotenuse is 
2 +9 = 18 inches. 


e The length of the longer leg is 
V3 +9 = 9V3 inches. Din. 


30°-60°—90° Triangle 


9V3 in. 
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The distance d between two points with | The distance between points (—2, 3) and (1, 7) is 
coordinates (x, y,) and (x2, y2) is given by the oa z 
distance formula: d= V(x — m1) + O2 ~ yy) 


d= V (xa — mi) + Oe — nw) 


= VPP 
= V9 + 16 
= v5 
=5 
| REVIEW EXERCISES 
111. CARPENTRY The gable end of the roof shown For problems 113-118, give the exact answer and then an 
below is divided in half by a vertical brace, 8 feet in approximation to two decimal places, when appropriate. 


height. Find the length of the roof line. 17 ft 113. Find the length of the hypotenuse of an isosceles 


= = right triangle if the length of one leg is 7 meters. 
7V2 m ~ 9.90 m 

114. The length of the hypotenuse of an isosceles right 
triangle is 15 yards. Find the length of one leg of 
the triangle. 
15V2 vq ~ 10.61 yd 


115. The length of the hypotenuse of a 30°-—60°—90° 
triangle is 12 centimeters. Find the length of each 


‘i 


112. SAILING A technique called tacking allows a leg. ; ae 
sailboat to make progress into the wind. A sailboat SO Ee RO SN ON Eet eke oe EM 
follows the course shown below. Find d, the 116. In a 30°-—60°—90° triangle, the length of the longer 
distance the boat advances into the wind after leg is 60 feet. Find the length of the hypotenuse 
tacking. 88 yd and the length of the shorter leg. 
i 40V3 ft ~ 69.28 ft, 20/3 ft ~ 34.64 ft 
Wind 117. Find x and y. 118. Find x and y. 
60° 
45° 50 
» 
x 
e 90° 30° 
x 
45° 90° 
5 
x=5V2=7.07,y =5 x = 25V3 ~ 43.30, y = 25 


Find the distance between the points. 


119. (1,3) and (6, —9) 120. (—4, 6) and (—2, 8) 
13 2Vv2 


| DEFINITIONS AND CONCEPTS 


The imaginary number / is defined as 
i=V-1 


From the definition, it follows that i7 = —1. 


A complex number is any number that can be 
written in the form a + bi, where a and b are 
real numbers and i = V—1. We call a the real 
part and b the imaginary part. 


Adding and subtracting complex numbers is 
similar to adding and subtracting polynomials. 
To add two complex numbers, add their real 
parts and add their imaginary parts. 


To subtract two complex numbers, add the 
opposite of the complex number being 
subtracted. 


Multiplying complex numbers is similar to 
multiplying polynomials. 


The complex numbers a + bi and a — bi are 
called complex conjugates. 


To divide complex numbers, multiply the 
numerator and denominator by the complex 
conjugate of the denominator. The process is 
similar to rationalizing denominators. 


Complex Numbers 
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EXAMPLES 
Write each expression in terms of i: 

V-81 = V-1-81 V-24 = V-1+24 
= V=iVa = Viva 
=i-9 = VAG 
= 91 


=21iV6 or 2V6i 


Complex numbers: 


5 + 3i 5 is the real part and 3 is the imaginary part. 
16 = 16+ 0i 16 is the real part and O is the imaginary part. 
9=0+4 9 O is the real part and 9 is the imaginary part. 


Add. Write the answer in the form a + bi. 


(7 — Si) + (3 + 91) = (7 +3) + (—5 + 9)i_— Add the real parts. 
Add the imaginary 
parts. 

=10+ 4i 
Subtract. Write the answer in the forma + bi. 

(8 — i) — (-1 + 6i) = (8-1) + (1 — 61) Add the 
opposite of 
= + Gi. 

= (8+ 1)+[-1+(-6)]i Add the real 
parts. 
Add the 
imaginary parts. 
=9- Ti 


Multiply. Write the answers in the form a + bi. 


3i(6 — 4i) = 18i — 12i” (4+ 7i)(2 — i) =8 — 41 + 14: — 77? 
= 18i — 12(-1) NZJ = 8 + 10i — 7(-1) 
= 181 + 12 =8+10i+7 
= 12 + 18; = 15 + 10i 


The complex numbers 7 — 2i and 7 + 2i are complex conjugates. 


Divide. Write the answers in the form a + bi. 


3 1-i ee 6+i 24% 124+66+21+7 
1+i1-i 1-i4+i-2 2-i 24% 442:-21-? 
— 30 - A 12 + 8i + (-1) 
~ 1-(-1) ~  4-(-1) 
ae _ 114+ 8i 
”) 5 
a a 11 
=5 7 9! = 3 15! 
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The powers of i cycle through four possible | Simplify: i°° 


outcomes: 7, —1, —i, and 1. We divide 66 by 4 to get a remainder of 2. Thus, i®° = i? = —1. 


2 6 _ +10 ae 
=i 4) 66 
P == =i" =... —4 
in BSS =. 26 
—24 
2 
| REVIEW EXERCISES 
Write each expression in terms of i. Give the complex conjugate of each number. 
121. V—25 5i 122. V-18 312 127. a. 3 + 61 3 - 6i 128. a. —1 — 7i -1+7i 
9 b. 191 0 — 19 b. -i0+i 
123. —V-6 -iV6 124. rT) 3 
: Perform the operations. Write all answers in the forma + bi. 
125. Complete the diagram. 
129. (3 + 4i) + (5 — 6i) 8 — 2i 
Complex numbers 130. (7 ak /—9) _ (4 41 /—4) 3-5 
132. (2 — 7i)(—3 + 4i) 22 + 29: 
126. Determine whether each statement is true or false. 133. V—-3- V-—9 -3V3 + 0i 
a. Every real number is a complex number. true 134, (9i)° —81 + 0i 
b. 3 — 4iis a complex number. true a5 OE 6 ps jap pg 
. 7 ° 7 1 
c. V —4is areal number. false 2+ 3i ll : 


d. i is areal number. false a . 
Simplify each expression. 


137. i*? -1 138. 777 i 


1. Fill in the blanks. 
a. The symbol V is called a _tadical_ symbol. 
b. The imaginary number i is defined asi = V—1. 


c. Squaring both sides of an equation can introduce 
extraneous solutions. 


d. An _isosceles_ right triangle is a right triangle with 
two legs of equal length. 


e. To tationalize the denominator of a we multiply 
the fraction by “a 

f. A complex pumber is any number that can be 
written in the form a + bi, where a and b are real 
numbers andi = V—1. 


2. a. State the product rule for radicals. 
If Wa and Wb are real numbers, Vab = Wan b. 
b. State the quotient rule for radicals. 
n n n me Wa 
If Wa and Wb are real numbers, then ne = UE (b #0) 
3. Graph f(x) = Vx — 1. Find y 
the domain and range of the 
function. D:[1, 7), R:[0, ©) 


4. DIVING Refer to the illustration below. The velocity 
v of an object in feet per second after it has fallen a 
distance of d feet is approximated by the function 
v(d) = V 64.4d. Olympic diving platforms are 
10 meters tall (approximately 32.8 feet). Estimate the 
velocity at which a diver hits the water from this 
height. Round to the nearest foot per second. 46 ft/sec 


5. Use the graph to find each of the following. 
a. f(-1) -1 
b. f(8) 2 
c. The value(s) of x for which f(x) = 1 1 
d. The domain and range of f D:(—~, ~), R:(—~, ~) 


y 


6. Explain why V/—16 is not a real number. 


No real number raised to the fourth power is —16. 


Simplify each expression. The variables are unrestricted. 


7. Vx? |x| 8. Vy? — 10y + 25 ly -5| 


Simplify each expression. All variables represent positive real 


numbers. 
4a? 2 
10. =e 
V9 3" 


9. Vv —64x7y° —4xy? 
WW. W(t+ 8) +8 12. V540x7y> 6xy?V/15xy 


W 24x 4 
13. = 2x5 yW3 14. X/32 2W2 
y 


Perform the operations and simplify. All variables represent 
positive real numbers. 


15. 2V/48y° — 3yV12y? 2y*V3y 


16. 20/40 — W/5,000 + 4/625 14/5 


17. W/243z3 + zW482? 53.732 


18, —2Vxy(3Vx + Vay?) —orvy - 2xy" 


19 


20 


Chapter7 Test 


. (3V2 + V3\(2V2 - 3V3) 3 -7V6 
. (W2a +9) Waa? + 18\/20 + 81 


3r= 1 


8 4V/10 

21. = =" 22. —=—- V3r +1 
<Ji0 * V3t-1 

9 Vie 
23. 3/— “1% 

4a 2a 

+ 
24. Rationalize the numerator: V5 +3 
4/2 


1 1 
V2V5 - 3) 


V10 — 3V2 


Solve each equation. Write all proposed solutions. Cross out 
those that are extraneous. 


25 


26 


27 


28. 


29. 


30 


31. 


32 


W4Vn=Vxt1# 

. Wen + 4-4=010 

.1= Vu —3 + Vii 4:no solution 
(2m? — 9)'/? = m 3,53 
Vi-2-t+2=023 


» Vx — 8 + 10 = 0 168, no solution 


W15 — a = W13 — 2a -2 


2 
. Solve r = 3 — for G. G =422 
4a 


Simplify each expression. All variables represent positive real 
numbers. Write answers using positive exponents only. 


33 


35 


37. 


. (49x41)? 742 34. —277/7 —9 
36 ge 36 (-—3, )~ oe 
216 125n° 4 
5/351/6 
2 a 34/3 38. (a2/3)"6 ai? 


Find the missing side lengths in each triangle. Give the exact 
answer and then an approximation to two decimal places, when 
appropriate. 


39. 8Vv3 


ae x = —3~ em ~ 4.62 cm, 
hem h = 6X3 om ~ 9.24 em 
xem 3 
30° 90° 
8cm 
ae 1226)V2 in ~ 8.67 in., 
y= G22) V2 sy, = 8.67 in. 


; 12.26 in. 
yin. 


41. Find the distance between (—2, 5) and (22, 12). 25 


42. SHIPPING CRATES The diagonal brace on the 
shipping crate in the illustration is 53 inches. Find the 
height / of the crate. 28 in. 


-~_  ~§f 


45 in. 


43. Express V—45 in terms of i. 3/\/5 


44. Simplify: i'°° —1 


Perform the operations. Write all answers in the forma + bi. 
45. (9 + 4i) + (-13 + 7i) -4 + 11i 


v9) 


46. (3 ( 1+ V 16) 4 vf) 


47. 15i(3 — Si) 75 + 45i 


4s. (8 + 10i)(—7 — i) —46 — 78: 


1 2+i 
49 Ga ey 50, —— 


° 4 
iVv2 


CHAPTERS 1-7 


1. 


a. What is a rational number? [Section 1.2] 
A rational number is any number that can be written as a 
fraction with an integer numerator and a nonzero integer 
denominator. 


b. What is an irrational number? 
An irrational number is a nonterminating, nonrepeating 
decimal. 


c. What is a real number? 
A real number is any number that is either a rational number 
or an irrational number. 


Evaluat Ried eiieed MCL 6,B = -8 
valuate ——-——————— for A = 6, B = —8, 
VA +B 

C = —5, and xp = yo = —2. [Section 1.3] a 

= a — 
Solve S$ = 7 : for €. [Section 1.5] ¢ = es 

1-r r 

ELECTRONICS The illustration shows a closed 


circuit with two voltage sources and three resistors. The 
sum of the voltages in the loop must be 0. Find x. 
[Section 1.6] 22 


Resistor 
—10 volts 


Battery 
x volts 


Resistor 
—15 volts 


2 Resistor 
-8 volts 


SALAD DRESSING A caterer is going to combine 
10% vinegar-oil dressing with 18% vinegar-oil dressing 
to make 10 cups of a 15% vinegar-oil dressing. How 
many cups of each type of dressing will she need? 
[Section 1.7] 10%: 33 cups, 18%: 6} cups 


Refer to the illustration. 


a. What is the slope of the 
line? [Section 2.4] -2 


b. What is the y-intercept of 
the line? (0, —3) 

c. What is the equation of the 
line? y = -2x =3 


7. 


10. 


11. 


12. 


CUMULATIVE REVIEW 


Refer to the illustration. 


a. What is the slope of 
line /? [Section 2.4] 3 


b. Write the equation of the 
line that passes through 
point A and is 
perpendicular to line /. 
Answer in slope-intercept 


form. y = -ix -2 


If f(x) = 1.25 — x°, find f(2). [Section 2.5] —30.75 


Determine the domain and 
range of the function 

f(x) = —|x|—2, which is 
graphed to the right. (The 
x- and y-axes are scaled in 


units of 1.) [Section 2.6] 
D: (—2, «), R: (—%, —2) 


Graph: g(x) = 1+ x° 
[Section 2.6] 


x=3y+5 


2x — 3y =8 


no 
solution 


Solve, if possible: | [Section 3.2] 


BUDGETS See the family budget guidelines below. 
It is recommended that housing, utilities, and 
transportation costs should be 60% of the budget; and 
food, clothing, and savings should be 25% of the 
budget. Find x, y, and z. (Hint: The sum of the 
percents from all categories in a circle graph is what 
number?) [Section 3.4] 10, 15,5 


Health Care 
2% 


Savings 
x% 


Chapter 7 Cumulative Review 


Solve each inequality or compound inequality and graph the 
solution set. Then express the solution set using interval 
notation. 


13. 5(x + 1) = 4(x + 3) andx + 12 < —3 [Section 4.2] 


(—20, 15) ~<em}§>- 
-15 


14. |—1 — 2x| > 5 [Section 4.3] 


(—2, —3) U (2, 2) qs) $e 
= 2 


x+2y <3 
2x + 4y <8 


[Section 4.5] 


15. Graph: { 


—2 


ae (4a *b\? 645” 
16. Simpiity: (4) [Section 5.1] “ae 


17. Find (6.1 x 10%)(3.9 x 10°). Give the answer in 
scientific notation. [Section 5.2] 2.379 x 10’ 


18. Subtract: 
(—2x*y? + 6xy + 5y?) — (—4x7y? — Txy + 2y’) 
[Section 5.3] 2xy? + 13xy + 3y* 


19. Multiply: (3y + 1)(2y* + 3y + 2) 
[Section 5.4] 6y* + lly? + 9y +2 


20. Simplify: (x + 3)(« — 3) + (2x — 1)(x + 2) 
[Section 5.4] 3x7 + 3x - 11 


Factor each polynomial completely. 
21. 3c — cd + 3d — c? [Section 5.5] (3 — c)(c + d) 
22. x° — 8y° [Section 5.6] (x — 2y)(x? + 2xy + 4y) 


23. (a + b)? — 2(a + b) +1 [Section 5.7] (a+b - 1) 


4 


24. x* — 17x* + 16 [Section 5.8] (x + 1)(x — D(x + 4)(x 


Solve each equation and check the result. 


25. 2z° — 200z = O [Section 5.9] 0, 10, —10 
26. 3m? + 10m = —3 [Section 5.9] —}, -3 


3x* — 10xy — 8y* 3x —2 
re y  pemneg— 
yo — xy 


27. Simplify: 


28. For what values of x is undefined? 


2 
x —X— 


[Section 6.1] —7,8 


Perform the operations. 


29. (2x7 — 9x — 5)- a 7 [Section 6.2] x —5 
2x 1 Peal 
30. — 5 t= 
KH A Ho H— Bet 2 eH 2 


[Section 6.3] TES Ee 


31. SHARED WORK One pipe fills a tank in 4 hours, 
and another fills it in 6 hours. How long will it take to 
fill the tank using both pipes? [Section 6.8] 22 hr 


32. Explain the difference between direct variation and 
inverse variation. Assume a positive constant of 


variation. [Section 6.9] 

Direct variation: As one quantity increases, the other increases, 
in a predictable way. Inverse variation: As one quantity 
increases, the other decreases, in a predictable way. 


Simplify each expression. 
33. V200x*y°z [Section 7.2] 10x?yV2yz 
34. W/16 + W/128 [Section 7.2] 6\/2 


35. (V5z + V3)(V5z + V3) 


[Section 7.3] 5z + 2V15z + 3 


6 
[Section 7.3] xe 


3 
36. Rationalize the denominator: v3 
V50 
37. Solve: V —5x + 24 = 6 — x [Section 7.4] 4,3 


8x3\—1/3 
peace : eae 
38. ( 7 ) [Section 7.5] —5. 


Quadratic Equations, 
Functions, and Inequalities 


8.1 The Square Root Property 
and Completing the 
Square 

8.2 The Quadratic Formula 

8.3 Quadratic Functions and 
Their Graphs 


8.4 The Discriminant and 
Equations That Can Be 
Written in Quadratic Form 


8.5 Quadratic and Other 
Nonlinear Inequalities 


Chapter Summary 
and Review 


Chapter Test 
Cumulative Review 


© Image Source Black/Getty Images 


from Campus to Careers 
Real Estate Sales Agent 


Buying a house is probably the biggest purchase that most people will make in 
their lives. The complex process of purchasing a home is much 
easier with the help of a real estate agent. Real estate 
agents use their mathematical skills in many ways. They 
compute square footage, appraise property, calculate 
commissions, and write offer sheets. Technology is widely 
used in the real estate industry. Most sales agents use 
computers to locate and list available properties and 
identify sources of financing. 


In Problem 96 of Study Set 8.1, you will find the rate of 
appreciation of a house purchased for $150,000 that sold for 
$200,000 in two years. 


Self Check 1 


Solve: 15x? — 17x —-4=0 


Now Try Problem 25 


Self Check 1 Answer 
4 oi 
3" 5 


Teaching Example 1 Solve: 
7x? +6x-1=0 
Answer: 

1 

ee | 

¢ 
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The Square Root Property and Completing 


the Square 


We have seen that equations involving first-degree polynomials, such as 
12x — 4 = 0, are called linear equations. We have also seen that equations involving 
second-degree polynomials, such as 12x” — 4x = 0, are called quadratic equations. In 
Chapter 5, we learned how to solve quadratic equations by factoring. However, as 
we shall see, the factoring method has its limitations. In this section, we will 
introduce a more general method that enables us to solve any quadratic equation. 


EB Review solving quadratic equations by factoring. 


A quadratic equation is an equation of the form ax* + bx + c = 0, where a, b, and c 
are real numbers and a # 0. We have discussed how to solve quadratic equations by 
factoring and the zero-factor property. 


| EXAMPLE 1 | Solve: 6x? — 7x -3 =0 


Strategy We will factor the trinomial on the left side of the equation and use 
the zero-factor property to solve for x. 


WHY To use the zero-factor property, we need one side of the equation to be 
factored completely and the other side to be 0. 


Solution 
a ee a! 
(2x — 3)(3x + 1) =0 
2x -3=0 or 3x +1=0 Set each factor equal to O. 


Factor the trinomial. 


x= x= 3 Solve each linear equation. 


Many expressions do not factor as easily as 6x” — 7x — 3. For example, it would 
be difficult to solve 2x + 4x + 1 = 0 by factoring, because 2x7 + 4x + 1 cannot be 
factored by using only integers. With this in mind, we will now develop another 
method of solving quadratic equations. It is based on the square root property. 


9 Use the square root property to solve quadratic equations. 


To develop general methods for solving all quadratic equations, we first consider the 
equation x* = c. If c = 0, we can find the real solutions of x* = c as follows: 


x? —c=0 Subtract c from both sides. 
x= (vey = Replace c with (Ve). since c = (Ve). 
(x + Ve)(x = Ve) =0 Factor the difference of two squares. 
x+vVe=0 or x-—Vc=0 Set each factor equal to O. 
x=-Ve | x= Vc Solve each linear equation. 


The two solutions of x7 = carex = Vcandx = —Vée. 
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Square Root Property 


For any nonnegative real number c, if x” = c, then 


x= Ve or x= —-Ve 


Solve: x2 —12=0 Self Check 2 


Solve: x7 — 18 = 0 +32 


Strategy We will add 12 to both sides of the equation and use the square root Now Try Problem 34 


property to solve for x. 


WHY After adding 12 to both sides, the resulting equivalent equation will have Poaching Exenyle «Sob: 


2 
; - x —75=0 
the desired form x* = c. Answer: 
Solution #5V3 


x? -12=0 This is the equation to solve. 
x2 =12  Toisolate x* on the left side, add 12 to both sides. 
= V12 or x= = 13 Use the square root property. 
x =2V3 | x= -2V3 Simplify: Vi2 = V4V3 = 2V3. 


Verify that 2V3 and -2V3 satisfy the original equation. 
We can use double-sign notation + to write the solutions in more compact 


form as +23. Read + as “positive or negative.” We can use a calculator to 
approximate the solutions. To the nearest hundredth, they are + 3.46. a 


Self Check 3 


RESTAURANT SEATING A 
restaurant requires 1,257 square 
inches of area for their round 
tables. Find the radius of the 


2 ‘ 
tables. ue in. 


| EXAMPLE 3 | Phonograph Records Before 


compact disc (CD) technology, one way of recording 
music was by engraving grooves on thin vinyl discs 
called records. The vinyl discs used for long-playing 
records had a surface area of about 111 square inches 


per side and were played at 334 revolutions per minute 


on a turntable. What is the radius of a long-playing owiy Problena0 


record? Teaching Example 3 COMPACT 


Strategy The area A of a circle with radius r is given DISCS The surface area of a compact 

by the f la A = eer? We will find ti aj f disc (CD) is approximately 15.9 square 
Seine e 7 BEE ee Wee re . cae me . . inches. What is the radius of a CD? 

record by substituting 111 for A and dividing both sides by 7. Then we will use Answer: 

the square root property to solve for r. 2.2510: 


WHY After substituting 111 for A and dividing both sides by 7, the resulting 
equivalent equation will have the desired form r* = c. 


Solution 
A =r’ This is the formula for the area of a circle. 
111 = mr? = Substitute 111 for A. 
cs ae 
ae eh To undo the multiplication by 77, divide both sides by 77. 
7 
Use the square root property. Since the 
111 11 . ‘ 
r=.,./— or r= —.,/— radius of the record cannot be negative, 
7 7 


discard the second solution. 


The radius of a record is \/ th inches—to the nearest tenth, 5.9 inches. a 
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Self Check 4 | EXAMPLE 4 | \ 
Solve: (x — 3)? = 16 


Solve: (x + 2)? =9 1,-5 
Now Try Problem 41 Strategy Instead of a variable squared on the left side, we have a quantity 
squared. We can still use the square root property to solve the equation. 
hac saa oe WHY We want to eliminate the square on the binomial, so that we can 
anne eventually isolate the variable on one side of the equation. 
“aa Solution 
(x — 3)° = 16 
x-3=V16 or x-3=-V16 Use the Square root property. 
x-3=4 x-3=-4 Simplify: V16 = 4. 
x=3+4 x=3-4 Add 3 to both sides. 
x=7 x=-1 Simplify. 
Verify that 7 and —1 satisfy the original equation. a 


Some quadratic equations have solutions that are not real numbers. 


Self Check 5 
pas | EXAMPLE 5 Coan 


Solve: 16x”? + 81 =0 i, —3i 
Strategy We will subtract 25 from both sides of the equation and divide both 
Now Try Problem 48 : ; 
sides by 4. Then we will use the square root property to solve for x. 
= pie eT ane WHY After subtracting 25 from both sides and dividing both sides by 4, the 
Answer resulting equivalent equation will have the desired form x* = c. 
zi -ii Solution 
4x7 + 25=0 This is the equation to solve. 
2 25 To isolate x°, subtract 25 from both sides and divide both 
_ 4 sides by 4. 
29 
x= ~~ Use the square root property. 
Since 
25 25 55 _ 5 
= 1-—=VvV-1 =i 
4 4 Va 2 
we have 
~2 
Since the solutions are 3i and —3i, the solution set is (i, - si. 
Check: 4x? + 25 =0 4x? + 25 = 0 
5.) i 5.\ ; 
4(-i} +254 —ti) +2524 
(5) 25 = 0 a >i) 25 = 0 
25 25 
4( — Ji? +2520 4|— | +25 2 
(25) (25) 25.20 
25(-1) + 25 20 25(-1) + 2520 


0=0_ True 0=0_ True a@ 


8.1 The Square Root Property and Completing the Square 


The Language of Algebra The + symbol is often seen in political polls. A 
candidate with 48% (+4%) support could be between 48 + 4 = 52% and 


48 — 4 = 44%. 


EB Solve quadratic equations by completing the square. 


All quadratic equations can be solved by completing the square. This method 
involves the special products 


x? + 2ax + a? = (x + a)? and x? — 2ax + a? = (x — a)? 
The trinomials x” + 2ax + a* and x* — 2ax + a’ are both perfect-square trinomials, 
because both factor as the square of a binomial. In each case, the coefficient of the 
first term is 1, and if we take one-half of the coefficient of x in the middle term and 
square it, we obtain the third term. 


Feo =a 5-20) | 


= (-a) = @? 


| EXAMPLE 6 | Add a number to make each binomial a perfect-square 


trinomial: 


a. x? + 10x b. x7 — 6x c. x7 — 11x 


Strategy We will add the square of one-half of the coefficient of x to the given 
binomial. 


WHY Adding such a term will change the binomial into a perfect-square 
trinomial that will factor. 


Solution 
a. To make x* + 10x a perfect-square trinomial, we find one-half of 10, square it, 
and add that result to x? + 10x. 


2 
x? + 10x 4 549) = x7 + 10x + (5)? — Simplify: (10) = 5. 


=x* + 10x + 25 Note that 


x + 10x + 25 = (x + 5)? 


b. To make x* — 6x a perfect-square trinomial, we find one-half of —6, square it, 
and add that result to x” — 6x. 


2 
x? = 6x + Fool = x? — 6x + (-3)? Simplify: $(-6) = -3. 


=x?—-6x+9 Note that 


¥ — 6x+ 9 = (x— 3)*. 


c. To make x” — 11x a perfect-square trinomial, we find one-half of —11, square 
it, and add that result to x7 — 11x. 


x? — 11x + ool 


2 11 ‘ 1 11 
=a = 11k es Simplify: 5(-1) = —5. 


=x*-—11x + Note that x — "1x + 2 


121 
Fi 121 _ (x ae . 


Self Check 6 


Add a number to a* — 5a to 
make it a perfect-square 
trinomial. a? - sa + 


Now Try Problem 49 


Teaching Example 6 Add a number 
to x* + 7x to make it a perfect-square 
trinomial. 

Answer: 


ees 
4 
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To solve an equation of the form ax? + bx + c = 0 by completing the square, 
we use the following steps. 


Completing the Square to Solve a Quadratic Equation in x 


If the coefficient of x? is 1, go to step 2. If it is not, make it 1 by dividing 
both sides of the equation by the coefficient of x’. 


Get all variable terms on one side of the equation and constants on the 
other side. 


Complete the square: 
a. Find one-half of the coefficient of x and square it. 
b. Add that square to both sides of the equation. 


Factor the perfect-square trinomial on one side of the equation. Combine 
like terms on the other side. 


Solve the resulting equation using the square root property. 


Check your answers in the original equation. 


Self Check 7 | EXAMPLE 7 | : ) 
= = Use completing the square to solve x? + 8x + 7 = 0. 


Use completing the square to 
solve: x7 + 6x —16=0 -8.2 Strategy We will begin by subtracting 7 from both sides of the equation. Then 


Now Try Problem 54 we will proceed to complete the square to solve for x. 


WHY We subtract 7 from both sides to isolate the variable terms, x7 and 8x, on 


Teaching Example y Use comping the left side of the equation and the constant term on the right side. 


the square to solve: x* — 10x +9 =0 
Answer: Solution 
me Step 1 In this example, the coefficient of x” is understood to be 1. 


Step 2 We subtract 7 from both sides of the equation so that only terms with 
variables are on the left-hand side. 

x7 +8x+7=0 This is the equation to solve. 

x? + 8x = —-7 

Step 3 The coefficient of x is 8, one-half of 8 is 4, and 4* = 16. To complete the 
square, we add 16 to both sides. 

x? + 8x +16 = 16-7 
(1) x7 + 8x +16=9 Simplify: 16 — 7 = 9. 


Step 4 Since the left-hand side of Equation 1 is a perfect-square trinomial, we can 
factor it to get (x + 4)”. 


x? + 8x+16=9 
(2) (x +4) =9 
Step 5 We then solve Equation 2 by using the square root property. 


x+4=+V9 


x+4=3 or x+4=-3 Write as two equations. Simplify: V9=3. 
x=-l | x =-—T7  Toisolate x, subtract 4 from both sides. 
Step 6 Verify that —1 and —7 satisfy the original equation. EB 


Caution! When using the square root property to solve an equation, always 


write the + symbol. If you forget, you will lose one of the solutions. 
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Solve: 6x? + 5x —-6=0 Self Check 8 


Solve: 4x? + 5x —6=0 -2,3 
Now Try Problem 63 


EXAMPLE 8 


Strategy We will begin by dividing both sides of the equation by 6. 


WHY This will create a leading coefficient that is 1 so that we can proceed to 


complete the square to solve the equation. Hep eteing Engrs 8 ee 


3a7 + 2a-1=0 


Solution Answer: 

i 
Step 1 To make the coefficient of x* equal to 1, we divide both sides of the equation “hy 
by 6. 


6x7 + 5x —6=0  Thisis the equation to solve. 


La ae Divide both sides by 6, term by t 
T xX = Ivideé DO siaes , berm erm. 
6 6 6 6 ~ * 


5 
x + 6% 1=0 Simplify 


Step 2 We add 1 to both sides so that only terms with variables are on the left-hand 
side of the equation. 


Step 3 The coefficient of x is 2, one-half of 2 is s , and (sy = z. To complete the 
square, we add = to both sides. 


a s + = 1+ as 
6 144 144 
a 25 169 
(3) x? Beta as Simplify the right side: 1 + 23 = W4 4 2 — 169, 


Step 4 Since the left-hand side of Equation 3 is a perfect-square trinomial, we can 
factor it to get (x + 3) : 


5\* _ 169 — 
(4) |x 4 i 4a x + ox + aga is a perfect-square trinomial. 


Step 5 We can solve Equation 4 using the square root property. 


5 169 
x+—— = +,/— 
12 144 


x+ cs = = or xt+ a = == oe 13 
12) 12 12 12 =V 44 = +12: 
—_ 2. rm ib oe 5 _B Subtract © from both 
12) 12 12 12 Sides. 
8 18 
= D x= “1 Simplify. 
2 3 
eS 3 6 5 Simplify each fraction. 
Step 6 Verify that 5 and -3 satisfy the original equation. a 


Caution! A common error is to add a constant to one side of an equation to 


complete the square and forget to add it to the other side. 
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Self Check 9 Solve: 2x2 +4x+1=0 


Solve: 3x7 + 6x +1=0 


Now Try Problem 65 Strategy We will follow the steps for solving a quadratic equation by completing 


Self Check 9 Answer the square. 
=32 V6 WHY Since the trinomial 2x* + 4x + 1 cannot be factored using only integers, 
3 solving the equation by completing the square is our only option at this time. 
Teaching Example 9 Solve: Solution 
2 = 
ax" — 1x +3 =0 2x7 + 4x +1=0 This is the equation to solve. 
Answer: 
6+ V30 2 1 
= Ke De 3 =0 Divide both sides by 2 to make the coefficient of x* equal to 1. 
Z 
2 1 1 
x” + 2x = — 2 Subtract 5 from both sides. 
2 1 Square one-half of the coefficient of x and add it to both 
x +2x+1=1-— ; 
2 sides. 
5 1 
(x + 1) = 2 Factor and combine like terms. 


1 
x+1= 2} Use the square root property. 


To write 4/2 in simplified radical form, we write it as a quotient of square roots 
and then rationalize the denominator. 


41-2 et ere” To Vil t-v2_ va 
2 2 27 V2 Vav2” 2 

V2 2 
x=-1 is x=-1 kas Subtract 1 from both sides. 


We can express each solution in an alternate form if we write —1 as a fraction 
with a denominator of 2. 


a. 39 2 V2 


2 
x= 7B TT , ar Write —1as —5. 
2 2 2 2 . 
72+ V2 25 V2 Add (subtract) the numerators and 
— 2 a 2 keep the common denominator of 2. 
The exact solutions are — $ v2 and — >) V2 or more concisely, x = Ne 


(Read + as “plus or minus.”) We can use a calculator to approximate them. To 
the nearest hundredth, they are —0.29 and —1.71. a 


Caution! Recall that to simplify a fraction, we remove common factors of the 


numerator and denominator. In Example 9, since —2 is a term of the 
+ V2 


numerator of aa, no further simplification of this expression can be 
made. 


Using Your CALCULATOR Checking Solutions of Quadratic Equations 


We can use a graphing calculator to check the solutions of the quadratic 
equation 2x* + 4x + 1 = 0 found in Example 9. After entering 


Y, = 2x* + 4x + 1, we call up the home screen by pressing [2nd] QUIT. 
Then we press the | VARS | key, arrow |P | to Y-VARS, and enter 1 and 
enter 1 again to get the display shown in figure (a). We evaluate 2x7 + 4x + 1 


8.1 The Square Root Property and Completing the Square 


for x = =e by inputting the solution using function notation, as shown 


in figure (b). When |ENTER | is pressed, the result of 0 is confirmation that 
yo cet va 
2 


is a solution of the equation. 


WM eee eed ee) 


In the next example, the solutions of the equation are two complex numbers 
that contain i. 


| EXAMPLE 10 | Solve: 3x7 +2x+2=0 


Strategy We will follow the steps for solving a quadratic equation by 
completing the square. 
WHY Since the trinomial 3x* + 2x + 2 cannot be factored using only integers, 
solving the equation by completing the square is our only option at this time. 
Solution 
3x7 + 2x +2=0 This is the equation to solve. 
2,2 2 _ 0 Divide both sides by 3 to make the coefficient of x? 
vrt+iox+ lias 
3 3. 3 equal to 1. 
2,2 2 2 
Pea 3° = a Subtract 3 from both sides. 
2 1 2 
ae eer a 5-2 =} ana(t)° =}. Add 3 to both sides. 
1\2 5 Factor the left side and combine terms: 
gro) SSS te tO. 8 
3 9 97~ 3-97 9-79 
5 
Ao SS ) Use the square root property. 
1 5 1 
x= -3 ats a) To isolate x, subtract 5 from both sides. 
Since 
5 5 5 V5. 
= 1-~=V-1 = i 
9 9 V/9 3 
we have 
12 WS: 
ie Ss ed 
3 3 
V5. WAP 


The solutions are 7 + =i and 4 i. a 


Self Check 10 


Solve: x7 + 4x +6=0 
Now Try Problem 71 

Self Check 10 Answer 
—2+iV2 


Teaching Example 10 Solve: 
2x? —-x +3=0 

Answer: 

V23 


L 
4 


1 
at 
4 
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Self Check 11 


PLANNING AGARDEN A memorial 
garden is to be constructed so 
that the area of the garden is 

911 square feet. The garden’s 
length is to be 2 feet more than 
its width. Find the dimensions of 
the garden. Round to the nearest 
tenth of a foot. 


Now Try Problem 97 
Self Check 11 Answer 
29.2 ft by 31.2 ft 


Teaching Example 11 THE U.S. FLAG 
In 1912, an order by President Taft 
fixed the width and length of the U.S. 
flag in the ratio of 1 to 1.9. If 

17.1 square feet of cloth are to be used 
to make a USS. flag, estimate its 
dimensions to the nearest tenth of a 
foot. 

Answer: 

3.0 ft by 5.7 ft 
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Use quadratic equations to solve application problems. 


| EXAMPLE 11 | Graduation Announcements In creating the 


announcement shown in the figure below, the graphic artist wants to follow two 
design criteria: 


e A border of uniform width should surround the text. 


e Equal areas should be devoted to the text and to the border. 


To meet these requirements, how wide should the border be? 


isa candidate for the degree of 
Bachelor of Musie : 
in Vocal Performance 4 in. 


I~ 3+ 2x -| 


Analyze The text occupies 4 - 3 = 12 in.” of space. The border must also have an 
area of 12 in.”. 


Form If we let x = the width of the border, the length of the announcement is 
(4 + 2x) inches and the width is (3 + 2x) inches. We can now form the equation. 


The area of the the area of the area of 
equals 
announcement the text the border. 
(4 + 2x)(3 + 2x) = 12 = 12 
Solve 
(4 + 2x)(3 + 2x) — 12 = 12 


12 + 8x + 6x + 4x* — 12 = 12 
Ax? + 14x = 12 

4x? + 14x - 12 =0 

2x7 + 7x -6=0 


On the left-hand side, multiply the binomials. 
Combine like terms. 

Subtract 12 from both sides. 

Divide both sides by 2. 


Since the trinomial on the left-hand side does not factor, we will solve the 
equation by completing the square. 


Divide both sides by 2 so that the coefficient 


of x7 is 1. 
x +aox =3 Add 3 to both sides. 
Gest 7 + 1 49 
Pr iy 9 =F 4 49 iibuald “i iS q. Square 4 which is ie: and add 
16 16 it to both sides. 
> On the left-hand side, factor the trinomial. 
(: + ”) = a7 On the right-hand side, 3 = oe = % and 
4 16 48 | 49 _ 97 


16 * 16 — 16° Vv 


8.1 The Square Root Property and Completing the Square 


Fi \/97 Apply the square root property. 
-—-= + — 
X44 =~ onthe right-hand side, \/% = vz = vo 
me ee r ee eT Subtract 7 from both sid 
i= 4 4 0. = 4 4 uptrac 4 rom DO sides. 
=7 + V9 -~7— V97 Write each expression 
x = —— x = —— i : 
4 4 as a single fraction. 
State The width of the border should be =2+,% ~ 0.71 inch. (We discard the 
solution 1-9 , since it is negative.) 
Check If the border is 0.71 inch wide, the announcement has an area of about 
5.42 + 4.42 ~ 23.96 in.*. If we subtract the area of the text from the area of the 
announcement, we get 23.96 — 12 = 11.96 in.*. This represents the area of the 


border, which was to be 12 in.”. The answer seems reasonable. 


ANSWERS TO SELF CHECKS 


\ 


8.1 STUDY SET 


1. 4 ko £42 9.4/2 in, ai Ss, Sh) a SS 7, 82 
| 8. -2,3 9, 35 V6 qo, -2+7V2 11. 29.2 ftdy 312 Ft 


I VOCABULARY p> 10. 


Fill in the blanks. 
1. An equation of the form ax” + bx + c = 0 where 
a # Ois called a _quadratic_equation. 
2. In the expression 2 + en the symbol + is read as 
« plus or minus ” 11. 
3. x° + 6x + Vis called a perfect -square trinomial 


because it factors as (x + 3)’. 


> 4. The coefficient of x? in x7 — 12x + 36 = Ois 1, and the 
constant term is 36. 12. 
| CONCEPTS 
Fill in the blanks. aa: 
5. The solutions of x* = c, where c > 0, are x = Ve and 
x=-Ve. 
> 6. To complete the square on x in x” + 6x, find one-half 
of 6, square it to get 9 ,and add 9 to get »° + 6x +9. 
7. Is3\/2a solution of x” — 18 = 0? yes 
8. Is —-2 + V2a solution of x? + 4x + 2 = 0? yes 14. 
9. Find one-half of the coefficient of x and then square it. 
What is the result? 
a. x7 + 12x 36 bx? - 5x 2 tar) 


P Selected exercises available online at 
www.webassign.net/brookscole 


Add a number to make each binomial a perfect- 
square trinomial and factor the result. 


8x + 16 


a. x? + 8x x4 
b. x7 — 8x x? 


a x —x xP - x4 


@ +4) 
4) 


= 6-9 

ia one: 

What is the first step in solving the equation 

x? + 12x = 35 

a. by the factoring method? Subtract 35 from both sides. 


b. by completing the square? Add 36 to both sides. 
Solve the equation: x7 = 16 

a. by the factoring method. 4, —4 

b. by the square root method. 4, —4 

Write the expression on the right-hand side of the 
equation in simplified form by applying the quotient 
rule for radicals and then rationalizing the 
denominator. 


12+. f5 vi 
Xx ee ee 


Write the expression on the right-hand side of the 
equation as a single fraction by first expressing 1 as a 
fraction with a denominator of 2. 


a1 M10 2+ vio 
+5 ; 
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15. Explain the error in the work shown below. Use the square root property to solve each equation. 
See Example 2. 
1 
42V3 _4+N3 29. 2 — 81 = 30. w? — 49 = 0 
8 A -2 +9 aa 
2_ 2_ 
_1s V3 4is not a factor of the numerator. ae 28 = on ae 
a 2 It cannot be divided out. i = 
33. 7 -50= 34. uu — 24 = 
16. Explain the error in the work shown below. 252 +2V6 
35. 3x7 - 16 =0 36. 5x° — 49 = 0 
Pe VS _ 1+ Vs > ee a7 
5 B cas = 
1 
1+#1 ee ee In each formula, solve for the unknown variable. Assume that all 
= a Ikcannot be dhaded Gut variables represent positive numbers. Express all radicals in 
simplified form. See Example 3. 
a7. 20 = Shh = 3 $8. 2 = 0,2 = 
NOTATION , : 
! _— d=32 d=5V2 
17. Explain why the following is true: 39. d = 162,d = 48 40, A= nr AH 97 
4» V10 32 Vi0savG 3.0 r= V3 y = 3V3n 


5 5 5 5 5 
Use the square root property to solve each equation. 


> 18. Isolate x on the left-hand side of the equation See Example 4, 


x4+3=+V5 by subtracting 3 from both sides of the 


2_ 4a 
equation. x = —3 + V5 ahs — iy et > 42. es Ss 
19. In solving a quadratic equation, a student obtains 43. (s —7)2-9 =0 p44. (1 + 4) = 16 
p= 225, 4,10 0, -8 
a. How many solutions are represented by this 
notation? List them. 2;2\/5, —2\/5 Use the square root property to solve each equation. 
b. Approximate the solutions to the nearest See Example 5. 
hundredth. = 4.47 45. p’ + 16=0 46. q? + 25=0 
p> 20. In solving a quadratic equation, a student obtains —_ a 
547 47. 4m? + 81 = 0 > 48. In + 121 =0 
3 =3 = 3 


a. How many solutions are represented by this Complete the square and factor the resulting perfect-square 


notation? List them. 9. = naa aa trinomial. See Example 6. 
b. Approximate the solutions to the nearest 49. x2 + 24x 50. y? — 18y 
hundredth. —0.78, —2.55 +e +144= (x +127 yy? - 18y +81 =(y- 9) 
> 51. a? — Ta 52. b? + 11b 
| GUIDED PRACTICE Moke + _ bi =) gata 121 (0 up 
Use factoring to solve each equation. See Example 1. 
21. 6x7 + 12x =0 22. 5x7 + 11x =0 Use completing the square to solve each equation. 
0-3 0, -1 See Example 7. 
23. 2y? — 50 =0 24. 4y7 — 64 =0 53. x + 2x -8 =0 > 54. x° + 6x +5 =0 
1 =3 4,-4 2,—4 1, -5 
25. ° + 6r+8=0 > 26. x7 + 9x + 20 =0 55. k? — 8k +12 =0 56. p — 4p +3 =0 
=o at —5,-4 2,6 8. 1 
27. 277 = -2+5z 28. 3x2 = 8 — 10x 57. ¢ +5¢-6=0 > 58. 5° +5s-14=0 
2,1 ~4,2 1, -6 2,-7 
p59. x - 3x-4=0 60. x? — 7x +12=0 


-1,4 3,4 


Use completing the square to solve each equation. 


See Example 8. 
61, 2x7 -x-1=0 


1 

1,-4 
63. 6x7 +x -2=0 

£29 

27 3 


> 62. 


64. 


8.1 


91. 
2x” — 5x +2=0 
2,5 
9 — 6r = Br’ 
a 3 
@ 2 


Use completing the square to solve each equation. 


See Example 9. 
65. b* — 3b =5 
3+ V29 
2 


67. 3x° — 6x = 1 
34+2V3 
3 


Use completing the square to solve each equation. 


See Example 10. 


69. p> + 2p +2=0 
=1 #7 

71. y> + 8y+18=0 
—4+iV2 


J TRY IT YOURSELF 
Solve each equation. 

73. (x +5)? -3 =0 
-5+V3 

x + 8k +6=0 
-4+ V10 

x? — 2-17 =0 

1 #3472 


75. 
77. 
79. 
81. 2x7 + 5x —-2=0 


-5 + V41 


7. oes 5 


85. 3a” —1=6a 


87. ? +44+3 
= 


> 89. 


66. a —a=3 > 92. 
1+ VB 
2 
> 68. 2x7 — 6x = —3 
ed 3 
70. x7 — 6x + 10 =0 
$e3 > 93. 
> 72. n+ 10n + 28 =0 
—5 +iV3 
74, (x +3 —-7=0 
—34+ V7 > 94. 
p> 76.x° + 6x +4= 
34 V5 
78. x7 + 10x —7= 
—5+4V2 
80. 2x7 — 8x = —5 
4+ V6 95. 
2 
82. 4x7 — 4x -1 = 
Se 2 
2 
7 3x7 1 
aa 
8 8 
—4+ V19 
si 
86. 2a7 + 3 = 6a 
3+ V3 
2 
88. b> —b+5=0 
1, Vi9. 
=a + 
90. 3p* — 2p +3 = 
i, 22, 
1s 


The Square Root Property and Completing the Square 


I APPLICATIONS 


FLAGS In 1912, an executive 
order by President Taft fixed 
the overall width and length 

of the U.S. flag in the ratio 

1 to 1.9. If 100 square feet of 
cloth are to be used to make a 
US. flag, estimate its dimensions 


to the nearest j foot. width: 7! ft, length: 133 ft 


MOVIE STUNTS According to the Guinness Book 
of World Records, 1998, stuntman Dan Koko fell a 
distance of 312 feet into an airbag after jumping 
from the Vegas World Hotel and Casino. The distance 
d in feet traveled by a free-falling object in t seconds 
is given by the formula d = 16#”. To the nearest tenth 
of a second, how long did the stuntman’s free fall 
last? 4.4 sec 


ACCIDENTS The height / (in feet) of an object that 
is dropped from a height of s feet is given by the 
formula h = s — 16t*, where t is the time the object 
has been falling. A 5-foot-tall woman on a sidewalk 
looks directly overhead and sees a window washer 
drop a bottle from 4 stories up. How long does she 
have to get out of the way? Round to the nearest 
tenth. (A story is 12 feet.) 1.6 sec 


GEOGRAPHY The surface area S of a sphere is 
given by the formula S = 4zr*, where r is the radius 
of the sphere. An almanac lists the surface area of 
Earth as 196,938,800 square miles. Assuming Earth 
to be spherical, what is its radius to the nearest 
mile? 3,959 mi 


AUTOMOBILE ENGINES As the piston shown in 
the illustration below moves upward, it pushes a 
cylinder of a gasoline/air mixture that is ignited by the 
spark plug. The formula that gives the volume of a 
cylinder is V = ar*h, where r is the radius and h the 
height. Find the radius of the piston (to the nearest 
hundredth of an inch) if it displaces 47.75 cubic inches 
of gasoline/air mixture as it moves from its lowest to 
its highest point. 1.70 in. 


Spark plug 


Highest point 


200s 


Lowest point 


706 


Chapter8 Quadratic Equations, Functions, and Inequalities 


from Campus to Careers 
Real Estate Sales Agent 


96. A house, purchased for 
$150,000, was expected to 
appreciate according to the 
formula V = P(1 + r)’, 
where V is the future value 
of the house after n years, 
P is the purchase price, and 


SAHARA POOL & SPA 


SUMMER 
SPECIAL 


Buy now and receive 
28 square yards of 
concrete decking 
FREE! 


ris the rate of 
appreciation. If the house 
sold for $200,000 in two 
years, find the rate of 
appreciation to the nearest 
percent. 15% 


© Image Source Black/Getty Images 


99. DIMENSIONS OF A RECTANGLE A rectangle 
is 4 feet longer than it is wide, and its area is 
20 square feet. Find its dimensions to the nearest 
tenth of a foot. 2.9 ft, 6.9 ft 


DIMENSIONS OF A TRIANGLE The height of a 
triangle is 4 meters longer than twice its base. Find 
the base and height if the area of the triangle is 

10 square meters. Round to the nearest hundredth 
of a meter. 2.32 m, 8.63 m 


> 97. PICTURE FRAMING The matting around the > 100. 


picture below has a uniform width. How wide is the 
matting if its area equals the area of the picture? 
Round to the nearest hundredth of an inch. 0.92 in. 


I WRITING 
101. Explain how to complete the square. 


> 102. Explain why a cannot be 0 in the quadratic equation 
ax? + bx +c=0. 


Le 
l 
| 


| REVIEW 


Simplify each expression. All variables represent positive real 
numbers. 


103. W/40a°b° 2ab2\/5 
105. W/x74 3 


SWIMMING POOLS See the advertisement in the 
next column. How wide will the free concrete decking 
be if a uniform width is constructed around the 
perimeter of the pool? Round to the nearest 
hundredth of a yard. (Hint: Note the difference in 
units.) 0.80 yd 


> 98. 104, \/—27x® —3x? 


16 , 
2 
106. f=: 


107. V175a2b° sab\V7b_- 108. 


16x2 * 


TION 


Objectives 


IED Derive the quadratic formula. The Quadratic Formula 


| 2 | Solve quadratic equations using 
the quadratic formula. 

Ei Write equivalent equations to 
make quadratic formula 
computations easier. 


| 4 | Use the quadratic formula to 
solve application problems. 


We can solve any quadratic equation by completing the square, but the work is often 
tedious. In this section, we will develop a formula, called the quadratic formula, that 
lets us solve quadratic equations with much less effort. 


EB Derive the quadratic formula. 


To develop a formula we can use to solve quadratic equations, we start with the 
general quadratic equation ax” + bx + c = 0 for x, where a > 0, and solve it for x 
by completing the square. 


ax? + bx +c=0 


ax bx c 0 
t = Divide both sides by a so the coefficient of x" is 1. 
a a a a 
>, bd c ax? bx ob 
x +—x+—-—=0 Simplify = = x. Write = as 2x. 
a a a a a 


Subtract : from both sides so that only the terms 


involving x are on the left side of the equation. 


Complete the square on x. One-half of 2 is x 


Add (£)° to both sides. 


Find both powers. Get a common denominator 


2 \ 
a ae 4a 4a2 4aa of 4a’ on the right-hand side. 
1 b\? b* — 4ac Factor the left-hand side and add the fractions on 
@ ay? ae the right-hand side. 
We can solve Equation 1 using the square root property. 
b b* — 4ac a b b* — 4ac 
x = x = 
2a 4a? 2a 4a? 
b Vb? — 4ac b Vb? — 4ac 
2? 9 = daz a os ‘Aa? 
b Vb? — 4ac b Vb? — 4ac 
x = x = 
2a 2a 2a 2a 
bd Vb? — 4ac b Vb? — 4ac 
S ao T x= 
2a 2a 2a 2a 
—b + Vb* — 4ac —b — Vb* — 4ac 
A= oS 
2a 2a 


If a < 0, it can be shown that the same two solutions are obtained. The result is 
called the quadratic formula. 


Quadratic Formula 


The solutions of ax? + bx + c = 0, witha # 0, are 


—b + Vb? — 4ac 
~ 2a 


x Read the symbol + as “plus or minus.” 


Caution! 


Be sure to draw the fraction bar under both parts of the numerator, 
and be sure to draw the radical symbol only over b” — 4ac. Do not write the 
quadratic formula as 


Vb? = 4ac 


b* = 4ac 


bss 


2a 


9 Solve quadratic equations using the quadratic formula. 


| EXAMPLE 1 | Solve 6x” — x — 5 = 0 by using the quadratic formula. 


Strategy We will begin by comparing 6x” — x — 5 = 0 to the general quadratic 
equation ax* + bx +c = 0. 


WHY To use the quadratic formula, we need to identify the values of a, b, and c. 


Solution 
6x"? -1lx —-5=0 


ax? + bx +c=0 Vv 


8.2 The Quadratic Formula 


Self Check 1 


Solve 3x7 — 5x — 2 = 0 by using 
the quadratic formula. 2, —} 


Now Try Problem 17 


Teaching Example 1 Solve 
4x? — 7x — 2 = 0 by using the 
quadratic formula. 
Answer: 

1 


== 
4 
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Self Check 2 


Solve: 3x* = 2x + 3 
Approximate the solutions to 
two decimal places. 


Now Try Problem 23 


Self Check 2 Answer 
1 = */10 
3 + =072; 1,39 


We see that a = 6, b = —1, and c = —5. To find the solutions of the equation, we 
substitute these values into the quadratic formula and evaluate the right side. 


ge Vb" — 4ac 


This is the quadratic formula. 


2a 
—(-1) + V(-1)* — 4(6)(-5 
= - Sed, (955) Substitute 6 for a, —1 for b, and —5 for c. 
2(6) 
1+ V1+4 120 Simplify: —(—1) = 1. Do the operations within 
a 12 the radical. 
1+vi121 
x = — Simplify within the radical. 
12 
1+11 
w= ro) Simplify: V121 = 11. 


This result represents two solutions. To find the first solution, we evaluate the 
expression using the + symbol. To find the second solution, we evaluate the 
expression using the — symbol. 


ist .. tei 
ney) a i 
_2 —10 
oe'12 4 
5 
=1 == 
x Ke 6 


Verify that 1 and 3 satisfy the original equation. 


Success Tip You may have noticed in Example 1 that 6x* — x — 5 factors as 
(6x + 5)(x — 1). Therefore, we could have solved 6x” — x — 5 = 0 using the 
factoring method. 


Solving a Quadratic Equation in x Using the Quadratic Formula 


To solve a quadratic equation in x using the quadratic formula, we follow these 
steps. 


Write the equation in general quadratic form: ax” + bx + c = 0. 


Identify a, b, and c. 
Substitute the values for a, b, and c in the quadratic formula 


Sb aA/P = tad 
som 
2a 


and evaluate the right side to obtain the solutions. 


| EXAMPLE 2 | Solve: 2x? = —4x -1 


Strategy We will write the equation in general quadratic form, 
ax” + bx + c = 0. Then we will identify the values of a, b, and c, and substitute 
these values into the quadratic formula. 


WHY The quadratic equation must be in general quadratic form to identify the 
values of a, b, and c. 


Solution 
To write the equation in general quadratic form, we need to have all nonzero 
terms on the left side and 0 on the right side. v 


2x? = —4x — 1 Thisisthe equation to solve. 


2x7 + 4x +1=0 Add 4x and 1 to both sides. 


In this equation, a = 2,b = 4, andc = 1. 


6 + VP hae 


x= This is the quadratic formula. 
2a 
—4+ Va" — 4(2)(1) 
x= Substitute 2 for a, 4 for b, and 1 for c. 
2(2) 
—-4+V16-8 
x= 4 Simplify within the radical. 
-4+ V8 
x = —_— 
4 
—-4+2V2 
x= ae Simplify: V8 = V4-2 = 2V2. 


We can write the solutions in simpler form by factoring out 2 from the terms in 
the numerator and then dividing out the common factor. 


-442V2 2-24 V2) W-2+ V2) 2+ V2 
—— 4 ~ 4 7 £2 ~ “g 


24+ V2 
2 


The solutions are and 2 7) v2 We can approximate the solutions using 


a calculator. To two decimal places, they are —0.29 and —1.71. 


The solutions to the next example are imaginary numbers. 


| EXAMPLE 3 | Solve: x7 +x=-1 


Strategy We will write the equation in standard form ax? + bx + c = 0. Then 
we will identify the values of a, b, and c, and substitute these values into the 
quadratic formula. 


WHY The quadratic equation must be in standard form to identify the values of 
a, b, and c. 


Solution 
To write x” + x = —1 in standard form, we add 1 to both sides, to get 


x>+x+1=0 = Thisisthe equation to solve. 


In this equation,a = 1,b = 1l,andc = 1: 


—b + Vb’ — 4ac 


2a 
-1+ VI’ — 4(1)(1) 
x= Substitute 1 for a, 1 for b, and 1 for c. 
2(1) 
-1+VvV1-4 
x= —— ar Evaluate the expression within the radical. 
-1+V-3 
i= 
2 
-1+iv3 
ee > : V3 = V-1-3 = V-1V5 = V3. 


1, V3, V3, 


The solutions are f + >i and 5 1. 


8.2 The Quadratic Formula 


Teaching Example 2 Solve 

4x? = 2x + 1. Approximate the 
solutions to two decimal places. 
Answer: 


1 V5 
4 


70.81, =0:31 


Self Check 3 


Solve: a*+3a+5=0 
Now Try Problem 26 


Self Check 3 Answer 
a. Wal. 
et é 
2 Z 
Teaching Example 3 Solve: 
x-—x=-2 
Answer: 
ie ee ee 
a a hee Se 
2 2 2 2 
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Self Check 4 


For each equation, write an 
equivalent equation so that the 
quadratic formula computations 
will be simpler. 

a. —6x" + 7x -9 =0 

b. gv -ix-2=0 

c. 44x” + 66x — 55 = 0 


Now Try Problem 31 
Self Check 4 Answers 
a. 6x7 — 7x +9 =0 
b. 2x7 — 4x -5=0 
a. 4x? + 6x —-5=0 


Teaching Example 4 For each 
equation, write an equivalent equation 
so that the quadratic formula 
computations will be simpler. 
a. xP axtt=0 

bs —5x7 + 3x-9 =D 

ce. 75x* — 25x + 50 = 0 
Answers: 

a. 5x? — 6x +7=0 

b. 5x7 — 3x + 9=0 

c 3x7 -x+2=0 
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Notation The solutions are written in complex number form a + bi. They 
could also be written as 


1+ iV3 
3 


EE Write equivalent equations to make quadratic formula 
computations easier. 


When solving a quadratic equation by the quadratic formula, we can often simplify 
the computations by solving an equivalent equation. 


| EXAMPLE 4 | For each equation, write an equivalent equation so that the 


quadratic formula computations will be easier. 
a -2x°+4x-1=0 bx?t+sx-F$=0 «20x? - 60x — 40 =0 
Strategy We will multiply both sides of each equation by a carefully chosen 


number. 


WHY In each case, the objective is to find an equivalent equation whose values 
of a, b, and c are easier to work with than those of the given equation. 


Solution 

a. It is often easier to solve a quadratic equation using the quadratic formula if a 
is positive. If we multiply (or divide) both sides of —2x* + 4x — 1 = 0 by -1, 
we obtain an equivalent equation with a > 0. 


—2x7 + 4x -1=0 Here, a = —2. 
(-1)(—2x? + 4x — 1) = (-1)(0) 
2x7 - 4x +1=0 Nowa = 2. 
b. For x? + tx = 5 = 0, two coefficients are fractions: b = + and c= -}. We can 


multiply both sides of the equation by their least common denominator, 15, to 
obtain an equivalent equation having coefficients that are integers. 


1 

e+ ex-Z=0 Here,a = 1,b = 4, andc = —5. 
5 3 

15x? +12x-5=0 Nowa=15,b=12,andc = —5. 


13° + > — 5) = 15(0) 


c. For 20x” — 60x — 40 = 0, the coefficients 20, —60, and —40 have a common 
factor of 20. If we divide both sides of the equation by their GCF, we obtain an 
equivalent equation having smaller coefficients. 

20x? — 60x -40=0 = Here, a = 20, b = —60, and c = —40. 
20x 60x 40 0 


20 20 20 20 
x? -3x-2=0 # Nowa=1,b=~-3,andc = —2. w 


IZ¥ Use the quadratic formula to solve application problems. 


| EXAMPLE 5 | Taking Shortcuts Instead of using the existing hallways, 


students are wearing a path through a planted quad area to walk 195 feet directly 
from the classrooms to the cafeteria. If the length of the hallway from the office 
to the cafeteria is 105 feet longer than the hallway from the office to the 
classrooms, how much walking are the students saving by taking the shortcut? 


Classrooms 


Office 


Analyze The two hallways and the shortcut form a right triangle with a 
hypotenuse 195 feet long. We will use the Pythagorean theorem to solve this 
problem. 


Form If we let x = the length (in feet) of the hallway 


from the classrooms to the office, then the length of the xh — 
hallway from the office to the cafeteria is (x + 105) feet. 
Substituting these lengths into the Pythagorean 
(x + 105) ft 
theorem, we have 
at+bh=c? This is the Pythagorean theorem. 


x? + (x + 105)? = 195? Substitute x for a, (x + 105) for b, 
and 195 for c. 


x? + x7 + 105x + 105x + 11,025 = 38,025 Find (x + 105). 
2x? + 210x + 11,025 = 38,025 Combine like terms. 
2x? + 210x — 27,000 = 0 Subtract 38,025 from both sides. 


x? + 105x — 13,500 = 0 Divide both sides by 2. 


Solve To solve x7 + 105x — 13,500 = 0, we will use the quadratic formula with 
a = 1,b = 105, andc = —13,500. 


—b + VB? — 4ac 
7 2a 
105 + V/(105)? — 4(1)(—13,500) 
. 2(1) 
—105 + V65,025 Simplify: (105)? — 4(1)(—13,500) = 
a= 2 11,025 + 54,000 = 65,025. 
i= en Use a calculator: VV 65,025 = 255. 
150 —360 
x= 7 or C= =a 
x = 75 x =—180 — Since the length of the hallway can’t be negative, 


discard the solution x = —180. 


State The length of the hallway from the classrooms to the office is 75 feet. The 
length of the hallway from the office to the cafeteria is 75 + 105 = 180 feet.Instead WV 


8.2 The Quadratic Formula 


Self Check 5 


RIGHTTRIANGLE The hypotenuse 
of a right triangle is 41 in. long. 
The longer leg is 31 inches longer 
than the shorter leg. Find the 
lengths of the sides of the 
triangle. 9 in., 40 in., 41 in. 


Now Try Problem 35 


Teaching Example 5 RIGHT 
TRIANGLE The hypotenuse of a 
right triangle is 10 in. long. The longer 
leg is 2 in. longer than the shorter leg. 
Find the lengths of the sides of the 
triangle. 

Answer: 

6 in., 8 in., 10 in. 
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Self Check 6 


AIRPORT SHUTTLES A bus 
company shuttles 

1,120 passengers daily between 
Rockford, Illinois, and O’Hare 
Airport. The current one-way 
fare is $10. For each 25¢ increase 
in the fare, the company predicts 
that it will lose 48 passengers. 
What increase in fare will 
produce daily revenue of 
$10,208? $1 


Now Try Problem 74 


Teaching Example 6 TICKET 
PRICES A jazz group on tour has 
been drawing average crowds of 

500 persons. It is projected that for 
every $1 increase in the $12 ticket price, 
the average attendance will decrease by 
50. At what ticket price will nightly 
receipts be $5,600? 

Answer: 

$14 


of using the hallways, a distance of 75 + 180 = 255 feet, the students are taking the 
195-foot shortcut to the cafeteria, a savings of (255 — 195), or 60 feet. 


Check The length of the 180-foot hallway is 105 feet longer than the length of the 
75-foot hallway. The sum of the squares of the lengths of the hallways is 
75° + 180° = 38,025. This equals the square of the length of the 195-foot shortcut. 
The answer checks. 


| EXAMPLE 6 | Mass Transit A bus company has 4,000 passengers daily, 


each currently paying a 75¢ fare. For each 15¢ fare increase, the company 
estimates that it will lose 50 passengers. If the company needs to bring in 
$6,570 per day to stay in business, what fare must be charged to produce this 
amount of revenue? 


Analyze To understand how a fare increase affects the number of passengers, let’s 
consider what happens if there are two fare increases. We organize the data in a 
table. The fares are expressed in terms of dollars. 


New fare 


$0.75 + $0.15(1) = $0.90 
$0.75 + $0.15(2) = $1.05 


Number of increases Number of passengers 


4,000 — 50(1) = 3,950 
4,000 — 50(2) = 3,900 


One $0.15 increase 


Two $0.15 increases 


In general, the new fare will be the old fare ($0.75) plus the number of fare 
increases times $0.15. The number of passengers who will pay the new fare is 
4,000 minus 50 times the number of $0.15 fare increases. 


Form If we let x = the number of $0.15 fare increases necessary to bring in $6,570 
daily, then $(0.75 + 0.15x) is the fare that must be charged. The number of 
passengers who will pay this fare is (4,000 — 50x). We can now form the equation. 


the number of 


The b 
a times passengerswho equals $6,570. 
will pay that fare 
(0.75 + 0.15x) (4,000 — 50x) = 6,570 
Solve 
(0.75 + 0.15x)(4,000 — 50x) = 6,570 
3,000 — 37.5x + 600x — 7.5x” = 6,570 Multiply the binomials. 


—7.5x7 + 562.5x + 3,000 = 6,570 


Combine like terms: 
—37.5x + GOOx = 562.5x. 


Subtract 6,570 from both sides. 


—7.5x? + 562.5x — 3,570 = 0 


7.5x* — 562.5x + 3,570 = 0 Multiply both sides by —1 so that a, 7.5, 


is positive. 
To solve this equation, we will use the quadratic formula. 
—b + Vb — 4ac 
2a 

—(—562.5) + V (—562.5)" — 4(7.5)(3,570) — Substitute 7.5 for a, —562.5 

— 2(7.5) for b, and 3,570 for c. 
j——.—~- _ Simplify: (—562.5)* — 4(7.5)(3,570) 
x= 562.5 + V'209,306.25 = 316,406.25 — 107,100 
15 = 209,306.25. 


Use a calculator: 


562.5 + 457.5 
5 SS =e. 


15 \/ 209,306.25 = 457.5. 
_ 1,020 _ 105 
~ 45 2 ae 
x = 68 x=7 


State If there are 7 fifteen-cent increases in the fare, the new fare will be 
$0.75 + $0.15(7) = $1.80. If there are 68 fifteen-cent increases in the fare, the new 
fare will be $0.75 + $0.15(68) = $10.95. Although this fare would bring in the 
necessary revenue, a $10.95 bus fare is unreasonable, so we discard it. 


Check A fare of $1.80 will be paid by [4,000 — 50(7)] = 3,650 bus riders. The 
amount of revenue brought in would be $1.80(3,650) = $6,570. The answer checks. 


| EXAMPLE 7 | Lawyers The number of lawyers N in the United States 


each year from 1980 to 2002 is approximated by N = 222x? + 17,630x + 571,178, 
where x = 0 corresponds to the year 1980, x = 1 corresponds to 1981, x = 2 
corresponds to 1982, and so on. (Thus, 0 = x < 22.) In what year does this model 
indicate that the United States had one million lawyers? 


Strategy We will substitute 1,000,000 for N in the equation and solve for x. 


WHY The value of x will give the number of years after 1980 that the United 
States had 1,000,000 lawyers. 


Solution 
N = 222x7 + 17,630x + 571,178 
1,000,000 = 222x? + 17,630x + 571,178 
0 = 222x* + 17,630x — 428,822 


Replace N with 1,000,000. 


Subtract 1,000,000 from both sides so 
that the equation is in quadratic form. 


We can simplify the computations by dividing both sides of the equation by 2, which 


is the greatest common factor of 222, 17,630, and 428,822. 
111x? + 8,815x — 214,411 =0 Divide both sides by 2. 


We solve this equation using the quadratic formula. 


—b + Vb* — 4ac 

xX = 
2a 

—8,815 + V/(8,815)* — 4(111)(—214,411) — Substitute 111 for a, 8,815 for 
—— 2(111) b, and —214,411 for c. 

—8,815 + V 172,902,709 Evaluate the expression within 
— 222 the radical. 

_ 4,334 _ ~21,964 , hala 

79 or x 7 se a calculator. 

x =~ 19.5 x = —98.9 Since the model is defined only 


forO =x S 22, we discard the 
second solution. 


In 19.5 years after 1980, or midway through 1999, the United States had 


approximately 1,000,000 lawyers. a 
1. 2,-4 2,12 V0, 979,199 3, -24 V4) 4. a. 6? -% 4950 


b. 2x7 — 4x -5=0 c. 4x7 +6x—-5=0 5. 9in.,40in.,41in. 6. $1 7. 60mph 


8.2 The Quadratic Formula 


Self Check 7 


STOPPING DISTANCE The number 
of feet that a car travels before 
stopping depends on the driver’s 
reaction time and the braking 
distance. For one driver, the 
stopping distance d is given by 
d = 0.04v? + 0.9v, where v is 
the velocity of the car in 

miles per hour. Find the velocity 
if the stopping distance is 

198 feet. 60 mph 


Now Try Problem 79 


Teaching Example 7 TOY ROCKETS 
A toy rocket is shot straight up with an 
initial velocity of 110 feet per second. 
Its height, in feet, t seconds after being 
launched is given by h = —16t* + 110t. 
Find the time(s) when the rocket is 

175 feet in the air. Round to the nearest 
tenth of a second. 

Answer: 

2.5 sec, 4.4 sec 
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STUDY SET 


I VOCABULARY 
Fillin the blanks. 
> 1. An equation of the form ax” + bx + c = 0 where 
a # Oisa_quadratic equation. 
—b + Vb — 4ac 
2a 


P2x= 


| CONCEPTS 

3. Write each equation in quadratic form. 
a. x? + 2x = —5 x7 4+2x4+5=0 
b. 3x7 = —2x + 1 3x2 + 2x-1=0 

p> 4. For each quadratic equation, find a, b, and c. 

a x? + 5x +6=01,5,6 
b. 8x* — x = 10 8, -1, -10 

5. Determine whether each statement is true or false. 


a. Any quadratic equation can be solved by using the 
quadratic formula. true 


b. Any quadratic equation can be solved by 
completing the square. true 


6. Find the error in the beginning of the solution shown 
below. 


Solve: x? — 3x = 2 
w=1b = -3cC=2 


The equation wasn’t written in 
quadratic form first: c = —2. 
7. What form would the quadratic formula take if, in 
developing it, we began with the general quadratic 
equation expressed as rc” + sc + t = 0 where 
r# 0? ¢=3=¥5-" 
8. A student used the quadratic formula to solve a 


; . ; 2+ V3 
quadratic equation and obtained x = a a 
a. How many solutions does the equation have? 

What are they exactly? 2: = a 
b. Graph the solutions on a number line. 
“48 23 358 
2 2 
~<—__le | e! | | ss: 
2 -l 0 1 2 


p> 9. Simplify each of the following solutions. 


+ 2 
= 32 OVE eas 
-1244V7 ogg Vy 
b. 8 x= SG 


P Selected exercises available online at 
www.webassign.net/brookscole 


is called the quadratic formula. 


10. For each of the following, write an equivalent 
equation so that the quadratic formula computations 
will be easier to perform. 

a. —5x* + 9x — 2 = 0 5x?- 9x +2 =0 
1 1 


b. get Gav tae 60 


c. 45x? + 30x — 15 = 0 3x2 +2x -1=0 


| NOTATION 


11. On a quiz, students were asked to write the quadratic 
formula. What is vere with each answer. 


A /p2 c The fraction bar wasn’t drawn 


ax= © ete both parts of the 
= numerator. 
\ /p2 
b _ =D De—4Aac A+ symbol wasn’t written 
. 2a between b and the radical. 
7 = A/p2 — > 
p> 12. In reading CRA Nb ae we say, “The _opposite_ of b, 


plus or _™inus_ the square '0°t_of b squared minus 
_4 times a times c, all Over 2a.” 
| GUIDED PRACTICE 


Use the quadratic formula to solve each equation. 
See Example 1. 


13. x7 +3x+2=0 14. x7 -3x +2=0 
=p ==? i ae 
15. x7 + 12x +36=0 p16. y*— 18y +81 =0 
—6, —6 9,9 
17. 2x7 +5x-—3=0 18. 6x7 -x -1= 
1 _3 i oi 
z 27 3 
pm 19. 1277 — 5t-2=0 20. 1277 +5z-3=0 
2 1 dj 3 
a° & 3>° 4 


Use the quadratic formula to solve each equation. 
See Example 2. 


21. 8u = —4u* — 3 p> 22. 44+ 3 = 417 
3 di 


22 got 
2 2 a Y 
23. 2x7 — 1 = 3x 24, —9x = 2 — 3x” 
a 17 es 105 


Use the quadratic formula to solve each equation. 
See Example 3. 


25. 2x7 +x+1=0 26. 2x7 + 3x +5=0 
2g NT 3 3. VSI 
aaa 44> g* 

27. 3x7 2x +1=0 p28. 3x7 -2x +5=0 
ge fa Mi 


For each equation, write an equivalent equation so that the 
quadratic formula computation will be easier. See Example 4. 


29. —3x” — 6x —1= 0 3x? + 6x +1=0 


4 1 
30. x7 + —x — = = 0 5x? + 4x -1=0 


5 5 
31. 50x — 100x + 300 = 0 x — 2x +6=0 
5 1 
> 32. x7 = ae t 5 28 + Sx 1=0 


Use the Pythagorean theorem to find each value of x. 
See Example 5. 


33. a=x,b =2x,c =5 V5 


34. a=x+7,b=x,c =135 i 
35. a=x,b=x+2,c=106 
> 36. a=x+3,b=x,c=159 a 


I TRY IT YOURSELF 


37. 5x7 + 5x +1=0 p38. 4w*+6w+1=0 
5 + V5 =3 + V5 
10 4 
39. —l6y*>- 8y +3=0 40. —16x7 — 16x -3 =0 
“ a4 
41 gos > 42 , ee 
. 15 15 . 4 
oa ane 
43 ee =-1 > 44 Cae 
“ — 8 4 2 
“8a 1+V5 
2 
45. -x7+10x=18 p46 “3x = +2 
54V7 34 V5 
47. x? — 6x = 391 > 48. —x? + 27x = —280 
23,—17 25,8, 
49. x7 —-2x +2=0 50. x° — 4x + 8 =0 
aa 2, a Oe 
ee 52. x2-~=2 
Xe 3 a ox 7° 3° 
es De 1/98 
372 6 
> 53. 4a’ + 4a +5=0 54, 4b> + 4b +17=0 
-}+i -} + 2i 
55. 50x* + 30x — 10 = 0 ® 56. 120b? + 120b — 40 = 0 
-3 + V29 3+ V21 
10 6 
57. 900x? — 8,100x = 1,800 
9 + V89 
2 
58. —14x7 + 21x = 49 
3+ V47i 
4 
59. —0.6x* — 0.03 = —0.4x 
10 + V55 


30 


2x? + O.1x = 0.04 


Sit W338 
40 


> 60. 


8.2 The Quadratic Formula 


Ww] Use the quadratic formula and a calculator to solve each 
“= equation. Round answers to the nearest hundredth. 


61. 


63. 


65. 


> 66. 


74+ 8x4+5=0 62. 2x7 -x -9=0 


—0.68, —7.32 2.39, —1.89 

3x7 -2x -2=0 p64. 81x* + 12x — 80=0 
1.22. —G55 0:92, =1.07 

0.7x7 — 3.5x — 25 = 0 

8.98, —3.98 

—4.5x? + 0.2x + 3.75 =0 

0.94, —0.89 


I APPLICATIONS 


67. 


> 68. 


69. 


> 70. 


71. 


THEATER SCREENS The largest permanent 
movie screen is in the Panasonic IMAX Theater at 
Darling Harbor, Sydney, Australia. The rectangular 
screen has an area of 11,349 square feet. Find the 
dimensions of the screen if it is 20 feet longer than it 
is wide. 97 ft by 117 ft 


ROCK CONCERTS During a 1997 tour, the rock 
group U2 used the world’s largest LED (light 
emitting diode) electronic screen as part of the stage 
backdrop. The rectangular screen, with an area of 
9,520 square feet, had a length that was 2 feet more 
than three times its width. Find the dimensions of the 
LED screen. 56 ft by 170 ft 


CENTRAL PARK Central Park is one of New 
York’s best-known landmarks. Rectangular in shape, 
its length is 5 times its width. When measured in 
miles, its perimeter numerically exceeds its area by 
4.75. Find the dimensions of Central Park if we know 
that its width is less than 1 mile. 0.5 mi by 2.5 mi 


HISTORY One of the most important cities of the 
ancient world was Babylon. Greek historians wrote 
that the city was square-shaped. Measured in miles, its 
area numerically exceeded its perimeter by about 

124. Find its dimensions. (Round to the nearest 
tenth.) 13.3 mi by 13.3 mi 


BADMINTON The person who wrote the 
instructions for setting up the badminton net 
shown below forgot to give the specific 
dimensions for securing the pole. How long is the 
support string? 34 in. 


Move up the pole a distance that is 
4 inches less than the length of the string. 
FEM Secure the string to the pole. 


1 
yy 
CCCP 


From the base of the pole, 
move out a distance of | inch 
less than half the length of 
the string, and place an 
anchor stake in the ground. 
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> 73. 


> 74. 


> 78. 


. POLYGONS The 
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- RIGHT TRIANGLES The hypotenuse of a right 


triangle is 2.5 units long. The longer leg is 1.7 units 
longer than the shorter leg. Find the lengths of the 
sides of the triangle. 0.7, 2.4, 2.5 


SCHOOL DANCES Tickets to a school dance cost 
$4, and the projected attendance is 300 persons. It is 
further projected that for every 10¢ increase in ticket 
price, the average attendance will decrease by 5. At 
what ticket price will the receipts from the dance be 
$1,248? $4.80 or $5.20 


TICKET SALES A carnival at a county fair 
normally sells three thousand 25¢ ride tickets on a 
Saturday. For each 5¢ increase in price, management 
estimates that 80 fewer tickets will be sold. What 
increase in ticket price will produce $994 of revenue 
on Saturday? 10¢ 


. MAGAZINE SALES The Gazette’s profit is $20 per 


year for each of its 3,000 subscribers. Management 
estimates that the profit per subscriber will increase 
by 1¢ for each additional subscriber over the current 
3,000. How many subscribers will bring a total profit 
of $120,000? 4,000 


five-sided polygon 
called a pentagon, 
shown in the 
illustration, has 

5 diagonals. The number 
of diagonals d of a 
polygon of n sides is 
given by the formula 


n(n — 3) 
2 


Find the number of sides of a polygon if it has 
275 diagonals. 25 sides 


. INVESTMENT RATES A woman invests $1,000 in 


a mutual fund for which interest is compounded 
annually at a rate r. After one year, she deposits an 
additional $2,000. After two years, the balance in the 
account is 


$1,000(1 + r)? + $2,000(1 + r) 


If this amount is $3,368.10, find r. 9% 


METAL FABRICATION A box with no top is to 
be made by cutting a 2-inch square from each 

corner of the square sheet of metal shown in the 

next column. After bending up the sides, the volume 
of the box is to be 220 cubic inches. How large should 
the piece of metal be? Round to the nearest 
hundredth. 14.49 in. by 14.49 in. 


> 80. 


p85. W/3b (3b)'/4 


79. RETIREMENT The labor force participation 
rate P (in percent) for men ages 55-64 from 1970 to 
2000 is approximated by the quadratic equation 
P = 0.03x? — 1.37x + 82.51, where x = 0 
corresponds to the year 1970, x = 1 corresponds to 
1971, x = 2 corresponds to 1972, and so on. (Thus, 
0 = x = 30.) When does the model indicate that 
75% of the men ages 55-64 were part of the 
workforce? early 1976 


SPACE PROGRAM The yearly budget B (in billions 
of dollars) for the National Aeronautics and Space 
Administration (NASA) is approximated by the 
equation B = 0.0596x* — 0.3811x + 14.2709, where x 
is the number of years since 1995 and0 = x = 9.In 
what year does the model indicate that NASA’s 
budget was about $15 billion? 2003 


I WRITING 


81. Explain why the quadratic formula, in most cases, is 
less tedious to use in solving a quadratic equation 
than is the method of completing the square. 

. On an exam, a student was asked to solve the 
equation —4w* — 6w — 1 = 0. Her first step was to 
multiply both sides of the equation by —1. She then 
used the quadratic formula to solve 
4w? + 6w + 1 = O instead. Is this a valid approach? 
Explain. 


J REVIEW 


Change each radical to an exponential expression. 


13 1/7 
83. Vn ni? > 84. .’ 3" (2s) 


86. 3c? — d? 3(c2 - a?) 


Write each expression in radical form. 


3 2.442 ve /3 22 
e oa 3|— 
88 ( nr?) qe 


90. (c? + da)? VEF+# 


87. 7 vi 


89. (31)!/4 Wr 


8.3 Quadratic Functions and Their Graphs 


- Objectives 


Quadratic Functions and Their Graphs 


1) Evaluate quadratic functions 
at a value. 


The graph in the figure below shows a trampolinist’s distance from the ground (in | 2 | Graph jest of the form 
relation to time) as she bounds into the air and then falls back down to the ea 
trampoline. 3 | Graph functions of the form 
From the graph, we can see that the trampolinist is 14 feet above the ground ' TO) ah 
0.5 second after bounding upward and that her height above the ground after EX Graph functions of the form 
1.75 seconds is 9 feet. f(x) = a(x — hy’. 
The parabola shown is the graph of the quadratic function s(t) = —16t? + 32t + 2. 5 | Graph functions of the form 
In this section, we will discuss two forms in which quadratic functions are written and OD) SESS 8 Ue 


how to graph them. | 6 | Graph functions of the form 
f(x) = ax? + bx +c 
by completing the square. 


Find the vertex using 3. 


Ei Determine minimum 
and maximum values. 


9 | Solve quadratic equations 
graphically. 


Height above the ground (ft) 


{att fat 


0 0.5 1.0 1.5 2.0 


Time (sec) 


iB Evaluate quadratic functions at a value. 


Quadratic Functions 


A quadratic function is a second-degree polynomial function of the form 


f(x) = ax? + bx + 


where a, b, and c represent real numbers and a # 0. 


| EXAMPLE 1 | Trampolines The quadratic function s(t) = —16? + 32r + 2 Sele Check 


gives the distance (in feet) that the trampolinist shown in the figure above is from TRAMPOLINES Find the distance 


the ground, ¢ seconds after bounding upward. How far is she from the ground the trampolinist is from the 


after being in the air for ; second? erounchattes Delegate aie ior 


: ; . ; os 15 seconds. 14 fi 
Strategy We will substitute 0.75 for the time ¢ in s(t) and simplify. Now Try Problem 17 
WHY To find her distance from the ground, we find the value of the function for 


t=3=0.75. v 
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Teaching Example 1 TRAMPOLINES 
Find the distance the trampolinist is 
from the ground after being in the air 
for 13 seconds. 

Use s(t) = —16t? + 32t + 2. 


Answer: 
9 ft 


Self Check 2 


2 
Graph: g(x) = 3" 


Now Try Problem 19 


Teaching Example 2 Graph: 


Answer: 


3 2 
g(x) ]5x 
x 


Solution 
s(t) = —160* + 32r +2 


s(0.75) = —16(0.75)* + 32(0.75) + 2 
=-9+24+4+2 
= 17 


Replace t with 0.75. 


The trampolinist is 17 feet off the ground 3 second after bounding upward. a 


We have seen that important information can be gained from the graph of a 
quadratic function. We now begin a discussion of how to graph such a function by 


considering the simplest case, quadratic functions of the form f(x) = ax’. 


3 Graph functions of the form f(x) = ax’. 


1 
Graph: a f(x)=? bg) =30? eh) = 5 
Strategy We can make a table of values for each function, plot each point, and 


connect them with a smooth curve. 


WHY To graph an equation in two variables means to make a drawing that 
represents all of its solutions. 


Solution 
After graphing each curve, we note that y 
the graph of h(x) = 5x is wider than the 
graph of f(x) = x*, and that the graph of 
g(x) = 3x? is narrower than the graph of 
f(x) = x’. In the function f(x) = ax’, the 
smaller the value of |a|, the wider the 
graph. 


fx) =22 


B(x) = 3x? 


h(x) = sv 


fe) =x? g(x) = 3x” h(x) = 3x? 
x f@&%) (@, f@)) x g(x) (x, 8()) x h(x) (x, h@)) 
—2. 4 (-2,4) —2 12 | (-2,12) a (-2, 4) 
ell des 1 sed) = 3 ier) si) 40 | at) 
o| o | (0,0) o| o | (0) : = 
0 0 (0, 0) 
1 (1, 1) ee Leg es) : ; 
2| 4 (2,4) 2112-4) 2) aes (1.3) 
a 


Graph: f(x) = —3x? 


Strategy We can make a table of values for the function, plot each point, and 
connect them with a smooth curve. 


WHY To graph an equation in two variables means to make a drawing that 
represents all of its solutions. 


8.3 Quadratic Functions and Their Graphs 


Solution 
After graphing the curve, we see that the parabola opens downward and has the 
same shape as the graph of g(x) = 3x” in Example 2. 


This axis could also 
f(x) ee 3x2 an labeled f(x) 
x f@%) (@, f@) 
=) | =12 | (=2, =12) 
=i | 2 | (ery 3 
0 0. (0,0) 
ttl) =, eae 3) 
2| =12) @, =i) 


The graphs of quadratic functions of the form f(x) = ax” are parabolas. The 
lowest point of a parabola that opens upward, or the highest point of a parabola that 
opens downward, is called the vertex of the parabola. The vertical line, called an axis 
of symmetry, that passes through the vertex divides the parabola into two congruent 
halves. If we fold the paper along the axis of symmetry, the two sides of the parabola 
will match. 


Opens 
upward 


Opens 
downward 


Axis of symmetry 
Axis of symmetry 


Vertex 


The results of Examples 2 and 3 confirm the following facts. 


The Graph of f(x) = ax? 


The graph of f(x) = ax’ is a parabola opening upward when a > 0 and 
downward when a < 0, with vertex at the point (0, 0) and axis of symmetry the 
line x = 0. 


EB Graph functions of the form f(x) = ax? + k. 


Graph: a. f(x) = 2x? b. g(x) = 2x7 +3 
c. h(x) = 2x? — 3 

Strategy We can make a table of values for each function, plot each point, and 
connect them with a smooth curve. 


WHY To graph an equation in two variables means to make a drawing that 
represents all of its solutions. v 


Self Check 3 


Graph: f(x) = -3 


Now Try Problem 22 


Teaching Example 3 Graph: 


2 2 
fx) = —5x 


Answer: 
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Self Check 4 


Graph: f(x) = 2x7 +1 


f@)s 2 +1 


Dw kUA I ]® © 


——————___o —_— i 


43 2-1 


123 4 


Now Try Problem 24 


Teaching Example 4 Graph: 


f(x) = 2x7 -1 
Answer: 


Self Check 5 


Graph: g(x) = 2(x + 1)* 


y 
A 


g(x) = 2@ + 1)? 


bok aa DL @ 


x 


43 2-1 


> 
123 4 


Now Try Problem 26 


Teaching Example 5 Graph: 
g(x) = (x — 1) 


Answer: 


Solution y 
After graphing the curves, we note that i 
the graph of g(x) = 2x* + 3 is identical 
to the graph of f(x) = 2x’, except that it 
has been translated 3 units upward. The 
graph of h(x) = 2x? — 3 is identical to 
the graph of f(x) = 2x*, except that it has 
been translated 3 units downward. In 
each case, the axis of symmetry is the line 
x =0. 


fo) =22 
9(x) =2x743 


h(x) = 2x? -|3—>1 


fe) = 2" g(x) = 2x7 + 3 h(x) = 2x? - 3 
x f@&) @, f@)) x g(x) (%,g()) x h(x) (x, h(x)) 
-2} 8 | (-2,8) -2} 11 | (-2,11) -2} 5 | (2,5) 
-1} 2 | (-1,2) -1} 5 | (-1,5) -1| -1 | (-1,-1) 
0 0 (0, 0) 0} 3 | (0,3) 0| -3 | ,-3) 
i ae (2) Pil Salledesy 1} -1 | (1,-1) 
Anne (2,8) 2) it C11) || ORS 


The results of Example 4 confirm the following facts. 


The Graph of f(x) = ax? + k 


The graph of f(x) = ax? + kis a parabola having the same shape as 

f(x) = ax? but translated upward k units if k is positive and downward |k| 
units if k is negative. The vertex is at the point (0, k), and the axis of symmetry 
is the line x = 0. 


IE3 Graph functions of the form f(x) = a(x — h)?. 


Graph: a. f(x) = 2x? b. g(x) = 2(x — 3)? 


c. h(x) = 2(x + 3)? 


Strategy We can make a table of values for each function, plot each point, and 
connect them with a smooth curve. 


WHY To graph an equation in two variables means to make a drawing that 
represents all of its solutions. 


Solution 

After graphing the curves, we note 
that the graph of g(x) = 2(x — 3)’ is 
identical to the graph of f(x) = 2x’, 
except that it has been translated 
3 units to the right. The graph of 
h(x) = 2(x + 3)? is identical to the 
graph of f(x) = 2x, except that it 
has been translated 3 units to the 
left. 


h(x) = 2(x + 3) y g(x) = 2(x - 3) 


8.3 Quadratic Functions and Their Graphs 


f(x) = 2x? g(x) = (x — 3)’ h(x) = 2(x + 3)’ 

x f@&) @ f@) x g(x) (x, g(%)) x h(x) (, h@)) 
-2|} 8 | (-2,8) ets (1, 8) -5 8 | (-5,8) 
21 2 | ei) D2 (2, 2) Se) 
0 0 (0, 0) 3/0 (3, 0) -3 0 (-3,0) 
Li, 2 (1, 2) 4] 2 (4, 2) =) 2 | (en 
2). 8 (2, 8) 5| 8 (5, 8) -1|} 8 | (-1,8) 


The results of Example 5 confirm the following facts. 


The Graph of f(x) = a(x — h)? 


The graph of f(x) = a(x — h)’ is a parabola having the same shape as 

f(x) = ax’ but translated h units to the right if h is positive and |h| units to the 
left if h is negative. The vertex is at the point (h, 0), and the axis of symmetry is 
the line x = h. 


EX Graph functions of the form f(x) = a(x — h)? + k. 


| Self Check 6 | 
Graph: f(x) = 2(x — 3)? — 4 Self Check 6 


Graph: f(x) = 2(x — 1)? -2 


Strategy We will determine whether the graph opens upward or downward and Label the vertex and draw the 
find its vertex and axis of symmetry. Then we will plot some points and complete axis of symmetry. 
the graph. 
By 
WHY This method will be more efficient than plotting many points. A 


Solution y g(x) = 20-3 
A 


The graph of f(x) = 2(x - 3)? -4 
is identical to the graph of 
g(x) = 2(x — 3)?, except that it has 
been translated 4 units downward. The 
graph of g(x) = 2(x — 3)* is identical 
to the graph of h(x) = 2x”, except 
that it has been translated 3 units 
to the right. Thus, to graph 
f(x) = 2(x — 3)? — 4, we can graph 
h(x) = 2x* and shift it 3 units to the 


h(x) = 2x2 
Now Try Problem 28 


5 6 
Teaching Example 6 Graph 
‘ f(x) = 2(x + 1)° — 3. Label the vertex 
Aix} = Fe 7 3y-4 and draw the axis of symmetry. 
Answer: 


right and then 4 units downward, as (31-4) 
shown. yo 

The vertex of the graph is the point (3, —4), and the axis of symmetry is the i BOS oid 
line x = 3. a et Tf FOV + 1)?-3 


The results of Example 6 confirm the following facts. 
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Self Check 7 


Answer parts a, b, and c of 
Example 7 for the graph of: 
f(x) = 6(x — 5)? +1 


Now Try Problem 31 
Self Check 7 Answers 
a. upward 

bj) 

«ex=5 


Teaching Example 7 Answer parts 

a, b, and c of Example 7 for the graph 
of: f(x) = —2(x -— 4)? + 5 
Answers: 

a. downward 

b. (4,5) 

ae x=4 
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Graphing a Quadratic Function in Standard Form 


The graph of the quadratic function 
f(x) = a(x —h) +k wherea #0 


is a parabola with vertex at (H, k). The axis of symmetry is the line x = h. The 
parabola opens upward when a > 0 and downward when a < 0. 


t 


I 
(h, k) 
f@=anx- hy +k 
where a <0 


f@=a(x—hy +k 
where a > 0 


| EXAMPLE 7 | Consider the graph of: f(x) = —3(x + 1)? — 4 


a. Does the graph open upward or downward? 
b. What are the coordinates of the vertex? 
c. What is the axis of symmetry? 


Strategy We will compare the given equation with the standard form of a 
quadratic function to determine the values of a, h, and k. 


WHY The coordinates of the vertex will be (h, k) and the equation of the axis of 
symmetry will be x = h. The graph will open upward if a > 0 or open downward 
ifa < 0. 


Solution 
Rewriting the given function in f(x) = a(x — h)? + k form, we have 


Standard form requires 
a minus sign here. 


Standard form requires 
a plus sign here. 


f(x) = -3[x — or + es) 


a h k 
a. Since a = —3 < 0, the parabola opens downward. 
b. The vertex is (h, k) = (-1, —4). 
c. The axis of symmetry is the line x = h. In this case, x = —1. g 


[ Graph functions of the form f(x) = ax? + bx + ¢ 
by completing the square. 


To graph functions of the form f(x) = ax* + bx + c, we complete the square to 
write the function in the form f(x) = a(x — h)? + k. 


EXAMPLE 8 Graph: f(x) = 2x? - 4x -1 


Strategy We will complete the square on x and write the equation of the 
function in standard form, f(x) = a(x — h)* + k. 


8.3 Quadratic Functions and Their Graphs 


WHY When the equation is in standard form we can identify a, h, and k from the 
equation. This information helps us sketch the graph. 


Solution 


Step 1 We complete the square on x to write the given function in the form 
f(x) = a(x — hy +k. 


f(x) = 2x? — 4x -1 
f(x) = Qe —2x)— 1. Factor 2 from 2x* — 4x. 


Now we complete the square on x by adding 1 within the parentheses. Since this 
adds 2 to the right-hand side, we also subtract 2 from the right-hand side. 


By the distributive property, 


when 1 is added to the Subtract 2 to 
expression within the counteract the 
parentheses, 2-1 = 2is addition of 2. 


added to the right-hand side. ¥ 


f(x) = 2(x? — 2x +1) -— 1-2  Tocomplete the square within the parentheses, 
one-half of —2 = —1 and (—-1)? = 1. 


(1) f(x) = 2(x - 1)° - 3 Factor x* — 2x + 1 and combine like terms. 


Step 2 From Equation 1, we can see that h = 1 and k = —3, so the vertex will be 
at the point (1, —3), and the axis of symmetry is x = 1. We plot the vertex and axis 
of symmetry on the coordinate system shown below. 


Step 3 Finally, we construct a table of values to determine several points on the 
parabola. Since the x-coordinate of the vertex is 1, we choose values for x close to 
1 and on the same side of the axis of symmetry. After plotting (2, —1) and (3, 5), we 
use symmetry to locate two other points on the parabola: (—1, 5) and (0, —1). Then 
we draw the graph. 


ery) 
f@ = 2x" —4x-1 (-1, 5) (3,5) 
From | 
x f@) @, f@) symmetry 
2| =i |) @ =i) FQ0))= x? 4 4-1 
or 

2) | ee 1| G83) fix) = 2e= 1)? -3 

t 3 2 -l 3 4 3 alld 
The x-coordinate of the vertex is 1. Dai (2,=1) 
Choose values for x close to 1 and on the af . 
same side of the axis of symmetry. symmetry -3 

}(1, -3) 
Vertex a 


Find the vertex using —s 


We can derive a formula for the vertex of the graph of f(x) = ax’ + bx + c by 
completing the square in the same manner as we did in Example 8. After using 
similar steps, the result is 


f(x) = als (-2)] | _ b? 


t t 
h k 
— he 
The x-coordinate of the vertex is —2. The y-coordinate of the vertex is Mee a 


However, we can also find the y-coordinate of the vertex by substituting the x- 
coordinate, — 2, for x in the quadratic function. 


Self Check 8 


Graph: f(x) = 3x? — 12x +8 


| Wea, 4) 


fl) = 3x7 - 12x +8 
Now Try Problem 34 


Teaching Example 8 Graph: 
f(x) = —2x? — 12x - 17 
Answer: 


SH 
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Formula for the Vertex of a Parabola 


The vertex of the graph of the quadratic function f(x) = ax* + bx + cis 


(-2 
2a’ 


and the axis of symmetry of the parabola is the line x = — x. 


In Example 8, for the function f(x) = 2x” — 4x — 1, a = 2 and b = —4. To find 
the vertex of its graph, we compute 


b —4 b 
“aaa nae) 
—4 2 _ 
aes = 2(1)? — 4(1) - 1 
=f = -3 


The vertex is the point (1, —3). This agrees with the result we obtained in Example 8 
by completing the square. 


Using Your CALCULATOR Finding the Vertex 


To graph the function f(x) = 2x* + 6x — 3 and find the coordinates of the 
vertex and the axis of symmetry of the parabola, we can use a graphing 
calculator with window settings of [—10, 10] for x and [—10, 10] for y. If we 
enter the function, we will obtain the graph shown in figure (a). 


We then trace to move the cursor to the lowest point on the graph, as shown in 
figure (b). By zooming in, we can see that the vertex is the point (—1.5, —7.5), 


or (- 357 ), and that the line x = -3 is the axis of symmetry. 


WISEh2+bh-F 


A= TL.4RSFee PE -P gee e4 


(a) (b) 


Some calculators have an fmin or {max feature that can also be used to find 
the vertex. Consult your owner’s manual for details. 


Graphing a Quadratic Function f(x) = ax? + bx + ¢ 
We can determine much about the graph of f(x) = ax* + bx + c from the 
coefficients a, b, and c. This information is summarized as follows: 


Determine whether the parabola opens upward or downward by 
finding the value of a. 


The x-coordinate of the vertex of the parabola is x = — Z. 


To find the y-coordinate of the vertex, substitute — 2 for x and 


b 
find f(-£). 
The axis of symmetry is the vertical line passing through the vertex. 


The y-intercept is determined by the value of f(x) when x = 0: the 
y-intercept is (0, c). 

The x-intercepts (if any) are determined by the values of x that make 
f(x) = 0.To find them, solve the quadratic equation ax* + bx + c = 0. 


8.3 Quadratic Functions and Their Graphs 


3 Determine minimum and maximum values. 


It is often useful to know the smallest or largest possible value a quantity can 
assume. For example, companies try to minimize their costs and maximize their 
profits. If the quantity is expressed by a quadratic function, the vertex of the graph of 
the function gives its minimum or maximum value. 


| EXAMPLE 9 | Minimizing Costs A glassworks that makes lead crystal 


vases has daily production costs given by the function C(x) = 0.2x* — 10x + 650, 
where x is the number of vases made each day. How many vases should be 
produced to minimize the per-day costs? What will the costs be? 


Strategy We will find the vertex of the graph of the quadratic function. 


WHY The x-coordinate of the vertex indicates the number of vases to make to 
keep costs at a minimum, and the y-coordinate indicates the minimum cost. 


Solution 
The graph of C(x) = 0.2x* — 10x + 650 is a parabola opening upward. The vertex 
is the lowest point on the graph. To find the vertex, we compute 


b -10 p= -10and b 
“2a 20.2) a= 02. f (-2) = f(25) 
_ _710 = 0.2(25)? — 10(25) + 650 
~ 04 = 
= 25 


The vertex is the point (25,525), and it indicates that 
the costs are a minimum of $525 when 25 vases are 
made daily. 

To solve this problem with a graphing calculator 
with window settings of [0, 50] for x and [0, 1,000] for y, 
we graph the function C(x) = 0.2x? — 10x + 650. By 
using TRACE and ZOOM, we can locate the vertex of 
the graph. See the figure to the right. The coordinates 
of the vertex indicate that the minimum cost is $525 
when the number of vases produced is 25. i 


M=.202-10n+e50 


AEE ome THEE ees 


Maximizing Area A kennel owner wants to build the 
rectangular pen shown in the figure on the next page to house his dog. If he uses 
one side of his barn, find the maximum area that he can enclose with 80 feet of 
fencing. 


Strategy We will find the vertex of the graph of the quadratic function. 


WHY The w-coordinate of the vertex indicates the width of the pen, and the A- 
coordinate indicates maximum area. 


Solution 
We can let the width of the area be represented by w. Then the length is 
represented by 80 — 2w. The function that gives the area the pen encloses is 


A(w) = (80 — 2w)w To find the area of a rectangle, multiply its length and width. 


We can find the maximum value of A by determining the vertex of the graph of 
the function. This time, we will find the vertex by completing the square. 


A(w) = 80w — 2w? 
—2(w? — 40w) 


Distribute the multiplication by w. 


Factor out —2. Vv 


Self Check 9 


MINIMIZING COSTS A 
manufacturing company has a 
daily production cost of 

C(x) = 0.25x* — 10x + 800, 
where x is the number of items 
produced and c is the cost. How 
many items should be produced 
to minimize the per day cost? 
What is the minimum cost? 


Now Try Problem 69 
Self Check 9 Answer 
20, $700 


Teaching Example 9 PROFITS The 
profit function for a company is 

P = —0.0025x* + 120x — 275,000, 
where x is the number of units sold. 
What sales level will give a maximum 
profit? 

Answer: 

24,000 units 


Self Check 10 


FENCES A farmer wants to fence 
in three sides of a rectangular 
field with 800 feet of fencing. The 
other side of the rectangle will be 
a river. If the enclosed area is to 
be maximum, find the 
dimensions of the field. 200 ft by 
400 ft 


Now Try Problem 74 


Teaching Example 10 FENCES A 
farmer wants to fence in three sides of 
a rectangular field with 1,200 feet of 
fence. The other side of the rectangle 
will be a river. If the enclosed area is to 
be maximum, find the dimensions of 
the field. 

Answer: 

300 ft by 600 ft 
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= —2(w’ — 40w + 400) + 800 Complete the square on w. Within the 
parentheses, add (=2" = 400. Since 


this subtracts 600 from the right-hand 
side, add 800 to the right-hand side. 


= —2(w — 20) + 800 Factor w* — 40w + 400. 


Thus, the coordinates of the vertex of the graph of the quadratic function are 
(20, 800), and the maximum area is 800 square feet. 

To solve this problem with a graphing calculator with window settings of 
[0, 50] for x and [0, 1,000] for y, we graph the function A(w) = —2w? + 80w to 
get the graph in figure (b). By using TRACE and ZOOM, we can determine the 
vertex of the graph, which shows that the maximum area is 800 square feet when 
the width is 20 feet. 


| HS “80 - 20 


IN ORM ie e@lele)s6 Automobile Accidents 


“Motor vehicle accidents can have many causes, but they can usually be divided 
into negligence, intentional misconduct, or product liability.” 


Allen L. Rothenberg, InjuryLawyer.com 


The graph below shows the results of a study that explored the relationship 
between the age of drivers and the number of traffic accidents in which they 
were involved. For example, we see that drivers 16-20 years old were involved 
in 28 reported accidents for every one million miles driven. On the graph, 
sketch a parabola that could be used to model the data and locate its vertex. 
What information about age of the driver and traffic accidents do the 


coordinates of the vertex give? 
We estimate that 50-year-old drivers are involved in the least number of accidents, 12 per 
million miles driven. 


30 


Reported Automobile Accidents by Age 


16-20 21-30 31-40 41-50 51-60 61-70 71-80 81+ 
Age group 
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Source: Quality Planning Corporation 


8.3 Quadratic Functions and Their Graphs 


3 Solve quadratic equations graphically. 


We can solve quadratic equations graphically. For example, the solutions of 
x? — 6x + 8 =0 are the numbers x that will make y equal to 0 in the quadratic 
function f(x) = x* — 6x + 8. To find these numbers, we carefully inspect the graph 
of f(x) = x* — 6x + 8 and locate the points on the graph with a y-coordinate of 0. In 
the figure below, these points are (2, 0) and (4, 0), the x-intercepts of the graph. We 
can conclude that the x-coordinates of the x-intercepts, x = 2 and x = 4, are the 
solutions of x” — 6x + 8 = 0. 


x-intercept x-intercept 
(2,0) (4,0) 


Using Your CALCULATOR Solving Quadratic 
Equations Graphically 


We can use a graphing calculator to find approximate 
solutions of quadratic equations. For example, the 
solutions of 0.7x* + 2x — 3.5 = 0 are the numbers x 
that will make y = 0 in the quadratic function 

f(x) = 0.7x* + 2x — 3.5. To approximate these numbers, we graph the 
quadratic function and read the x-intercepts from the graph using the ZERO 
feature. In the figure, we see that the x-coordinate of the left-most x-intercept 
of the graph is given as —4.082025. This means that an approximate solution of 
the equation is —4.08. To find the positive x-intercept, we use similar steps. 


mc ae 
A= 4be025 Pao 


When solving quadratic equations graphically, we must consider three 
possibilities. If the graph of the associated quadratic function has two 
x-intercepts, the quadratic equation has two real-number solutions. Figure (a) 
shows an example of this. If the graph has one x-intercept, as shown in 
figure (b), the equation has one real-number solution. Finally, if the graph does 
not have an x-intercept, as shown in figure (c), the equation does not have any 
real-number solutions. 


y y y 
A 2 
fy =x + 4x= 5 


dt 
soo (a ee 


(-2, 0) CUI 
4-3 --i 2 3 7 |* 
in f®=Hx F4-2 7454335] 1 
: f(x) = 2x? +/12x + 18 
x2+x-2=0 2x2 + 12x + 18=0 -x7 +4x-5=0 
has two solutions, has one solution, —3. has no real-number 


—2 and 1. solutions. 


(a) (b) (c) 
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ANSWERS TO SELF CHECKS 
1. 14ft 2. 


g(x) = 20 + 1)? 


7. a. upward 8. 
b. (5,1) 


Mae «=> 


(2,4) 


fx) = 3x7- 12x +8 
9. 20,$700 10. 200 ft by 400 ft 


STUDY SET 


I VOCABULARY I CONCEPTS 

Refer to the illustration and fill in the blanks. Refer to the graph below. 

5. What do we call the curve? a parabola 

6. Find the x-intercepts of the graph. (1, 0), (3, 0) 
7. Find the y-intercept of the graph. (0, —3) 

8. Find the vertex. (2, 1) 


9. Find the axis of symmetry. x = 2 


mh 


. The function graphed in the illustration is called a 
quadratic function. 


p> 2. The graph is called a parabola _, 


3. The lowest point on the graph, (1, —1), is called the 
_yertex_ of the parabola. 


4. The vertical line x = 1 divides the parabola into two 
halves. This line is called the _axis__of symmetry 


P Selected exercises available online at 
www.webassign.net/brookscole 
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Make a table of values for each function and graph them on the 
same coordinate system. See Example 2. 


10. The vertex of a parabola is at 
(1, —3), its y-intercept is at 
(0, —2), and it passes through 
the point (3, 1), as shown. 45 
Draw the axis of symmetry 4444, 
and use it to help determine 26 
two other points on the line. = 


ms 


wwe 


19, f(x) = x’, g(x) = 2x’, s(x) = xe 


wo! @ 


t 
i 


x 


Qe ef 


11. Use the graph of 
ee a x 3 
f@) = 70-5 — 2 
shown, to estimate the 
solutions of the quadratic 
equation 


1 
8 = x = 4x? = —,? 
4 2 3=0, -3,5 DP 20. f(x) = x", g(x) = 4x", s(x) = x 


> 12. Three quadratic equations are to be solved 
graphically. The graphs of their associated quadratic 
functions are shown below. Determine which graph 
indicates that the equation has 


a. two real solutions. ii 


b. one real solution. iii 


c. no real solutions. i 


Graph each pair of functions on the same coordinate system. 
See Example 3. 


21. f(x) = 2x, g(x) = —2x? 


(iii) 


I NOTATION 

13. The function f(x) = 2(x + 1)? + 6 is written in the 1 1 
form f(x) = a(x — h) + k.Ish = —lorish = 1? p> 22. f(x) = —x?, a(x) = —=x? 
Explain. 2 2 


h 1; f(x) = 2[x — (-DP +6 


> 14. The vertex of a quadratic function 
f(x) = ax? + bx + cis given by the formula 


(- 2, nil - )). Explain what is meant by the 
notation A = fy. 


Substitute the value — £ into the quadratic function for x. 


I GUIDED PRACTICE 


Evaluate the function s(t) = —16t? + 32t + 256 for the 
following values of t. See Example 1. 


15. t = 0 256 16. ¢ = 3 208 
17. t= 3.5 172 P> 18. t= 4.5 76 
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Graph each group of functions on the same coordinate system. 
See Example 4. 


23. f(x) = 4x, g(x) = 4x* + 3, s(x) = 4x7 — 2 


Graph each group of functions on the same coordinate system. 
See Example 5. 


p> 25. f(x) = 3x*, g(x) = 3(x + 2)’, s(x) = 3(x — 3)? 


y 


1 s(x) = 3(x — 3)? 
> xX 
4 2 2 4 
/ “Nabe 
g(x) =3(x+ 2)? 
1 2 1 2 1 2 
p> 26. f(x) = 3% g(x) = a + 3)°, s(x) = ice = 2) 


x 


Use translations to graph each function. See Example 6. 
27. f(x) = (x — 3) +2 p28. f(x) = (x +1) -2 


Bi2) 
24/1234 $6 


ABE E DAT 


ale fOl=i@H DI |2 


—5 


Consider the graph of each function. See Example 7. 
a. Find the coordinates of the vertex. 
b. Find the axis of symmetry. 


c. Determine whether the graph will open upward or 
downward, 


29. f(x) = (x — 1)? + 2 (1,2), x = 1, upward 
pm 30. f(x) = 2(x — 2)? — 1 (2,-1),x 

31. f(x) = 2(x + 3)° — 4 (-3,-4),x 
p> 32. f(x) = —3(x + 1)? + 3 (-1,3),.x 


2, upward 


3, upward 


1, downward 


Graph each function and find the axis of symmetry. 

See Example 8. 

33. f(x) =x° +x-6 
axis: x = — 


34, f(x) =x° -x-6 


ees 
asic = 5 


Nie 


35. f(x) =3x* — 12x + 10> 36. f(x) = 4x7 + 16x + 9 


axis: x = 2 axis:x = —2 


I TRY IT YOURSELF 


Find the coordinates of the vertex and the axis of symmetry of 
the graph of each function. If necessary, complete the square on 
x to write the equation in the form f(x) = a(x — h)* + k. Do 
not graph the equation, but determine whether the graph will 
open upward or downward, and find the axis of symmetry and 
the coordinates of the vertex. 


37. f(x) = 2x* — 4x (1, -2),x 
38. f(x) = 3x” — 3 (0, -3),x 


1, upward 


0, upward 


8.3 Quadratic Functions and Their Graphs 


39. f(x) = —4x? + 16x + 5 (2,21), x = 2, downward 51. f(x) = —x* + 2x + 3p 52. f(x) = —x° +x 42 
> 40. f(x) = 5x7 + 20x + 25 (-2,5),x 2, upward (1, 4) axis: x = 1 
41. f(x) = 3x° + 4x +2 ( 22) x +, upward 


> 42. f(x) = —6x7 + 5x —7 (3, 1B), x +, downward 


First determine the vertex and the axis of symmetry of the graph 


x 
of the function. Then plot several points and complete the graph. al 
43. f(x) = —(x — 2) p> 44. f(x) = —(x + 2)° 

(2, 0) axis: x = 2 (—2, 0) axis:x = —2 
y y 
i (270) (2 of 
1 =2, 5 395) oe 
2-1 2N 5 ella 6 -3 -4 -3f-2 1 4 (-3, 2) axis: x = -3 
ab 

4 

\ S& 

7 i 
\ It 
g Reg 


45. f(x) = —2(x + 3)? +4 46. f(x) = 2(x — 2)? —4 


(—3, 4) axis:x = —3 (2, —4) axis: x = 2 
3,4) / 
; 55. f(x) = —12x? — 6x + 6956. f(x) = —2x? + 4x + 3 
3 (-4,%) axis: x = =} (1, 5) axis:x = 1 
2: 
1 
Bf 
2|* 334) {2 3f4 5° |* = 127 A 
: a aff l 27 1, 5) 
a 4 ¢ 4 rab F 
’ hi 
(2.--4) = 
fe) =-2(x +3) +4 fix) = 2@- 2-4 


47. f(x)=—(x+4)?-1 pas. f(x) = -(x - 3) +1 TPs. 
(-4, -1) axis:x = —4 (3, 1) axis: x = 3 t 1 
z . w) Use a graphing calculator to find the coordinates of the vertex of 
f@) = a+ 47 - 1 : fiol= ta 37 +1 ~ the graph of each quadratic function. Round to the nearest 
Ea ae * ; 31) hundredth. 
: 2 Jame 57. f(x) =2x* -—x +1 58. f(x) =x° + 5x — 6 

3 : (0.25, 0.88) (—2.50, —12.25) 

“5 3 59. f(x) =7+x-x 60. f(x) = 2x* — 3x +2 

i = (0.50, 7.25) (0.75, 0.88) 


49. f(x) = 4x + 24x + 37 50. f(x) = 6x? + 18x + 16.5 SY) Use a graphing calculator to solve each equation. If an answer is 


(=3, fansw = =3 (-3,3) axis: x = -3 = not exact, round to the nearest hundredth. 
y y 61. x7 +x-6=0 62. 2x7 — 5x -3 =0 
5 7 2,>9 3; =05 
6 63. 0.5x7-0.7x-3=0 64, 2x7-05x-2=0 
| : —1.85, 3.25 —0.88, 1.13 
3 3 
1 


(er 3) 


coal 
-7 -6 -5 4 -3 2-1 1 =} =? -1 123 4 


4 
fx) = 42 + 24x +B7 Fix) = 6x7 + 18x + 16.5 


tw 


G3)1) 


> X 


x 
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I APPLICATIONS 


> 65. 


> 66. 


> 67. 


> 68. 


FIREWORKS A fireworks shell is shot straight up 
with an initial velocity of 120 feet per second. Its 
height s after ¢ seconds is given by the equation 

s = 120t — 1627. If the shell is designed to explode 
when it reaches its maximum height, how long after 
being fired, and at what height, will the fireworks 
appear in the sky? 3.75 sec, 225 ft 


BALLISTICS From the top of the building, a ball is 
thrown straight up with an initial velocity of 32 feet 
per second. The equation 


s = —16f? + 32t + 48 


gives the height s of the ball t seconds after it is 
thrown. Find the maximum height reached by the 
ball and the time it takes for the ball to hit the 
ground. 64 fi,3 sec 


|<— =—>| 


FENCING A FIELD A farmer wants to fence in 
three sides of a rectangular field shown below with 
1,000 feet of fencing. The other side of the rectangle 
will be a river. If the enclosed area is to be maximum, 
find the dimensions of the field. 250 ft by 500 ft 


POLICE INVESTIGATIONS A police officer seals 
off the scene of a car collision using a roll of yellow 
police tape that is 300 feet long, as shown below. What 
dimensions should be used to seal off the maximum 
rectangular area around the collision? What is the 
maximum area? 75 ft by 75 ft, 5,625 ft? 


69. OPERATING COSTS The cost C in dollars of 


operating a certain concrete-cutting machine is 
related to the number of minutes 1 the machine is run 
by the function 


C(n) = 2.2n* — 66n + 655 


For what number of minutes is the cost of running 


the machine a minimum? What is the minimum cost? 
15 min, $160 


. WATER USAGE The height (in feet) of the water 


level in a reservoir over a 1-year period is modeled by 
the function 


H(t) = 3.3(t — 9)? + 14 


where t = 1 represents January, t = 2 represents 
February, and so on. How low did the water level 


get that year, and when did it reach the low mark? 
14 ft, September 


. US.ARMY The function 


N(x) = —0.0534x? + 0.337x + 0.969 


gives the number of active-duty military personnel in 
the United States Army (in millions) for the years 
1965-1972, where x = 0 corresponds to 1965, x = 1 
corresponds to 1966, and so on. For this period, 
when was the army’s personnel strength level at its 
highest, and what was it? Historically, can you 


explain why? 1968, 1.5 million; the U.S. involvement in the 
war in Vietnam was at its peak 


» SCHOOL ENROLLMENTS The total annual 


enrollment (in millions) in U.S. elementary and 
secondary schools for the years 1975-1996 is given by 
the model 


E(x) = 0.058x* — 1.162x + 50.604 
where x = 0 corresponds to 1975, x = 1 corresponds 
to 1976, and so on. 


a. For this period, when was enrollment the lowest? 
What was it? 1985, 44.8 million 


b. Use the model to complete the bar graph below. 


55 
50 


45 
40 
35 
30 
25 
20 
15 
10 


1975 1980 1985 1990 1995 


Year 


Enrollment (millions) 


on 
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> 73. MAXIMIZING REVENUE The revenue R 
received for selling x stereos is given by the formula 


x2 
R= a + 80x — 1,000 


How many stereos must be sold to obtain the 
maximum revenue? Find the maximum 
revenue. 200, $7,000 


> 74. MAXIMIZING REVENUE When priced at 
$30 each, a toy has annual sales of 4,000 units. The 
manufacturer estimates that each $1 increase in cost 
will decrease sales by 100 units. Find the unit price 
that will maximize total revenue. (Hint: Total 
revenue = price - the number of units sold.) $35 


I WRITING i 

75. Use the example of a stream of water from a drinking 
fountain to explain the concepts of the vertex and the 
axis of symmetry of a parabola. 


> 76. What are some quantities that are good to maximize? 
What are some quantities that are good to minimize? 


77. A table of values for 
f(x) = 2x? — 4x + 3 is 
shown on the right. Explain 
why it appears that the 
vertex of the graph of f is 
the point (1, 1). 


78. The illustration on the right 
shows the graph of the 
quadratic function 
f(x) = —4x? + 12x with 
domain [0, 3]. Explain how 
the value of f(x) changes as 
the value of x increases 
from 0 to 3. 


79. A mirror is held y 
against the y-axis of 4 
the graph of a a 
quadratic function. 
What fact about 
parabolas does this 
illustrate? 


80. Give a definition of the vertex of a parabola that 
opens upward. 


PREVIEW — a 
Perform the operations. All variables represent positive 
numbers. 
81. V8aV 20% 4a°Vb 82. (23) 23 

V3 3 
as, V2 V5 84. — V3 

V50 10 V9 


85. 3(V/5b — V3) 


> 86. —2V/5b(4V/2b - 3V3) 
ISB = 64/7 156'4:'9 


—8bV 10 + 6V15b 


The Discriminant and Equations That Can Be 


Written in Quadratic Form 


are given by the formula 


—b + Vb? — 4ac 
2a 


We have seen that solutions of the quadratic equation ax* + bx + c = 0 witha #0 


In this section, we will examine the radicand within the quadratic formula to 
distinguish or “discriminate” among the three types of solutions—rational, irrational, 


or imaginary. 
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EB Use the discriminant to determine number and type 
of solutions. 


The expression b” — 4ac that appears under the radical symbol in the quadratic 
formula is called the discriminant. The discriminant can be used to predict what kind 
of solutions a quadratic equation has without solving it. 


The Discriminant 


For a quadratic equation of the form ax” + bx + c = 0 with real-number 
coefficients and a # 0, the expression b” — 4ac is called the discriminant and 
can be used to determine the number and type of the solutions of the 
equation. 


Discriminant: b* — 4ac Number and type of solutions 

Positive Two different real numbers 
One repeated solution, a rational number 
Two different imaginary numbers 
that are complex conjugates 


Discriminant: b* — 4ac Number and type of solutions 
A perfect square Two different rational numbers 
Positive and not a perfect square . . Two different irrational numbers 


Self Check 1 | EXAMPLE 1 | ; ; ; ) 
- = Determine the type of solutions for each equation: 


Determine the type of 
solutions for: ax-+x+1=0 b. 3x7 + 5x +2=0 


ax t+x—-1=0 
b. 4x7 — 10x + 25 =0 
Now Try Problems 17 and 18 


Strategy We will identify the values of a, b, and c in each equation. Then we will 
use those values to compute b* — 4ac, the discriminant. 


Self Check 1 Answers WHY Once we know whether the discriminant is positive, 0, or negative, and 
a. real numbers that are irrational whether it is a perfect square, we can determine the number and type of the 
and unequal solutions of the equation. 
b. nonreal numbers that are complex 
conjugates Solution 


a. For x? + x + 1 = 0, the discriminant is: 
Teaching Example 1 Determine the 


type of solutions for: b? — 4ac = 7 — 4(1)(1) _ Substitute: a = 1, b = 1, andc = 1. 
es e-i=8 =-3 The result is a negative number. 
b. 9x° — 6x +1 =0 
Answers: Since b* — 4ac < 0, the solutions of x7 + x + 1 = O are two nonreal complex 
a. real oa that are irrational and numbers that are complex conjugates. 
unequa ee : 
b. one repeated solution, a rational b. For 3x7 + 5x +2= 0, the discriminant is: 
number 
b? — 4ac = 5° — 4(3)(2)  a=3,b=5,andc =2. 
= 25 — 24 
=1 The result is a positive number. 


Since b” — 4ac > 0 and b* — 4ac is a perfect square, the two solutions of 
3x° + 5x + 2 = Oare two different rational numbers. a 


3 Solve equations that are in quadratic form. 


We have discussed four methods that are used to solve quadratic equations. The 
table on the next page shows some advantages and disadvantages of each method. 
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Method Advantages Disadvantages Examples 
Factoring and _ It can be very fast. Some polynomials x? — 2x —24=0 
the zero-factor When each factor is may be difficult to 4a2 -—a=0 
property set equal to 0, the factor and others 

resulting equations impossible. 

are usually easy 

to solve. 
Square root It is the fastest way It only applies to ey] 
property to solve equations equations that are (2y + 3)? = 25 

of the form in these forms. 

ax? = n(n = anumber) 

or (ax + b)? =n. 
Completing It can be used to solve It involves more steps x7 + 4x + 1 =0 


than the other 
methods. The algebra 
can be cumbersome 
if the leading 
coefficient is not 1. 


the square* any quadratic equation. 
It works well with 
equations of the form 
x? + bx =n, 


where b is even. 


ide 0) 


x? + 3x — 33 =0 
4s* —10s+5=0 


It involves several 
computations where 
sign errors can be 
made. Often the 
result must be 
simplified. 


It can be used to 
solve any quadratic 
equation. 


Quadratic 
formula 


*The quadratic formula is just a condensed version of completing the square and is usually easier to use. However, 
you need to know how to complete the square because it is used in more advanced mathematics courses. 


To determine the most efficient method for a given equation, we can use the 
following strategy. 


Strategy for Solving Quadratic Equations 


See whether the equation is in a form such that the square root method is 
easily applied. 


See whether the equation is in a form such that the completing the square 
method is easily applied. 


If neither step 1 nor step 2 is reasonable, write the equation in 
ax’ + bx + c = 0 form. 


See whether the equation can be solved using the factoring method. 
If you can’t factor, solve the equation by the quadratic formula. 


Many nonquadratic equations can be written in quadratic form 
(ax? + bx + c = 0) and solved using the techniques discussed in previous sections. 
For example, a careful inspection of the equation x* — 5x7 + 4 = 0 leads to the 
following observations: 


In the lead term, the 
exponent on the variable 

is the square of the exponent on the x’ — 5x7 +4=0 
variable in the middle term. i * 


The last term is a constant. 


Equations having the above characteristics are said to be quadratic in form. One 


way to solve them is to make a substitution. We will let y = x”. 
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Self Check 2 
Solve: x*— 3x7 -4=0 


Now Try Problem 23 
Self Check 2 Answer 
2 =k 0 


Teaching Example 2 Solve: 
x* + 15x? — 16 =0 
Answer: 

1, -1, 47, —47 


Self Check 3 
Solve: x+x7-6=04 
Now Try Problem 27 


Teaching Example 3 Solve: 


x— 12Ve+ 35 =0 
Answer: 
49, 25 


x4 — 5x7 +4=0  Thisis the given equation. 
(x?) — 5(x2) +4 =0 Write x* as (x7). 
y?—5y+4=0 Replace each x° with y. 


We can solve this quadratic equation by factoring. 


(y-4)y - 1) =0 Factor ¥ — 5y + 4. 
y—-4=0 or y—1=0 | Set each factor equal to O. 
y=4 | ae 


These are not the solutions for x. To find x, we undo the earlier substitutions by 
replacing each y with x* and we solve for x. 


2 2 


x=4 or x= 
x= +V4 x=+V1 Usethe Square root property. 
= +2 x=+1 


This equation has four solutions: 1, —1,2, and —2. Verify that each one satisfies the 
original equation. 


| EXAMPLE 2 | Solve: x*— 8x7 -9=0 


Strategy Since the leading term, x*, is the square of the expression x* in the 
middle term, we will substitute y for x. 


WHY Our hope is that such a substitution will produce an equation that we can 
solve using one of the methods previously discussed. 


Solution 
If we write x* as (x*)’, the equation takes the form 


(x”)? — 8(x7) -9 =0 
which can be solved using substitution by letting y = x”. 
(x*)* — 8(x”) -9 =0 
y? — 8y —9=0 — Substitute y for %. 
(vy -—9)\(y +1) =0 Factor ¥ - By - 9. 
y—-—9=0 or y+1=0 Set each factor equal to O. 
y=9 | y=-—1 Solve each equation. 


Since y = x’, we have 


x7 =9 or x7=-1 
x= +3 | x= +i Use the square root property. 
The equation has four solutions: —3, 3, i, and —i. Check each one. | 


Solve: x —7Vx +12 =0 


Strategy Since the leading term, x, is the square of the expression Vx in the 
middle term, we will substitute y for Vx. 


WHY Our hope is that such a substitution will produce an equation that we can 
solve using one of the methods previously discussed. 
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Solution 
This equation can be written in quadratic form, because the power of the variable 
of the lead term is the square of the variable factor of the middle term: 


x= (vx). If we let y = Vx, then y* = x. With this substitution, the equation 
x—-7Vx+12=0 


becomes a quadratic equation that can be solved by factoring. 


y?— Ty +12=0 — Substitute y’ for x and y for Vx. 
(y — 3)(y — 4) =0 Factor ¥ — 7y + 12 =0. 
y—-3=0 or y—4=0 | Set each factor equal to 0. 
y=3 | y=4 
Replace each y with Vx and solve the radical equations by squaring both sides. 
Vx =3 or Vx =4 
x=9 | X= 16 Square both sides. 


Verify that 9 and 16 satisfy the original equation. 


| EXAMPLE 4 | Solve: 2m??? — 2 = 3m 


Strategy We will write the equation in descending powers of m and look for a 
possible substitution to make. 


WHY Our hope is that such a substitution will produce an equation that we can 
solve using one of the methods previously discussed. 


Solution 
After writing the equation in descending powers of m, we see that 

2m? — 3m? —2 = 0 
can be written in quadratic form, because m7? = (m')*, We will use the 
substitution y = ml, 

2m? — 3m'3 — 2 =0 
(m3)? — 3m¥3 — 2 =0 
2y? — 3y —2=0 Replace m”? with y. 
(2y + 1)\(y — 2) =0 Factor 2y? - 3y- 2=0. 
2y+1=0 or y—2=0 | Set each factor equal to O. 


1 
— =2 
Ba ,) y 


Replace each y with m'/* and solve for m. 


1 
m3 = = Be m3 =2 
iy Recall that m'’> = /m. To solve for 
1/3\3 _. | = 1/3\3 _ 3 , 
me ( 5) Ce) (2) m, cube both sides. 
1 
k= = m=8 
8 


Verify that -4 and 8 satisfy the original equation. 


Self Check 4 
Solve: a?/> = —3a”? + 10 


Now Try Problem 31 
Self Check 4 Answer 
=123,8 


Teaching Example 4 Solve: 
we =P 42 

Answer: 

32, =1 
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Self Check 5 

Solve: 

(n + 3)° — 6(n + 3) = -8 
Now Try Problem 35 


Self Check 5 Answer 
=i 


Teaching Example 5 Solve: 
(2a — 3)* + 4(2a — 3) = 12 
Answer: 

=3) 5 


2°2 


Self Check 6 


MOWING LAWNS Carly can mow a 
lawn in 1 hour less time than her 
friend Lindsey. Together they can 
finish the job in 5 hours. How 
long would it take Carly if she 
worked alone? ~9.5 hr 


Now Try Problem 38 


Teaching Example 6 WATER 
STORAGE TANKS Two pipes are 
used to fill a water storage tank. The 
first pipe can fill the tank in 4 hours, 
and the two pipes together can fill the 
tank in 2 hours less time than the 
second pipe alone. How long would it 
take for the two pipes together to fill 
the tank? 

Answer: 

2 hr 
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| EXAMPLE 5 | Solve: (4t + 2)* — 30(4t + 2) + 224 =0 


Strategy Since the leading term, (4t + 2)’, is the square of the expression 4f + 2 
in the middle term, we will substitute y for 4t + 2. 


WHY Our hope is that such a substitution will produce an equation that we can 
solve using one of the methods previously discussed. 


Solution 
If we make the substitution y = 4 + 2, the given equation becomes 


y* — 30y + 224=0 


which can be solved by using the quadratic formula. 


—b + Vb? — 4ac 
y 2a 
—(—30) + V(—30)? — 4(1)(224) Substitute 1 for a, —30 for b, and 224 
7 2(1) for c. 
30 + V900 — 896 
-_ >) Simplify within the radical. 
30 +2 
= V/900 — 896 = V4 =2. 


y=16 or y=14 
To find ¢, we replace y with 4¢ + 2 and solve for f. 
4¢+2=16 or 4¢+2=14 


4t = 14 4t = 12 
t= 3.5 t=3 
Verify that 3.5 and 3 satisfy the original equation. a 


IE Solve problems involving quadratic equations. 


Household Appliances Electronic Temperature Control 
A water temperature control on a washing machine (WARM 
is shown. When the warm setting is selected, both 
the hot and cold water inlets open to fill the tub in 
2 minutes 15 seconds. When the cold temperature 
setting is chosen, the cold water inlet fills the tub 
45 seconds faster than when the hot setting is used. 
How long does it take to fill the washing machine 
with hot water? 


Water Temp 


Analyze The key to solving this problem is to determine how much of the tub is 
filled by each water temperature setting in 1 second. On the warm setting, when the 
hot and cold inlets are working together, the tub is filled in 2 minutes 15 seconds, or 


135 seconds. So in 1 second, they fill ds of the tub. 


Form Let x = the number of seconds it takes to fill the tub when the hot 
temperature is chosen. In 1 second, the hot water inlet fills } of the tub. Since the 


cold water inlet fills the tub in 45 seconds less time, the washing machine can be V 
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filled with cold water in (x — 45) seconds. In 1 second, —— of the tub is filled by 


the cold water inlet. We can now form an equation. 


What the hot what the cold 


what they can 


water inlet pipe plus water inlet pipe equals do together 
can do in 1 second can do in 1 second in 1 second. 
1 1 1 
a, + = ae 
x x — 45 135 
Solve 
1 1 1 


x x-45 135 

Multiply both sides by 
135x(x — 45) to clear the 
equation of fractions. 
Simplify. 

Distribute the 
multiplication by 135 and 
by x. 


1 1 1 
135x(x — 49(+ + = =) = 135x(v -— 4935) 


135(x — 45) 
135x — 6,075 


135x = x(x — 45) 
135x = x? — 45x 


270x — 6,075 = x” — 45x 
0 = x7 — 315x + 6,075 


Combine like terms. 


Subtract 270x from both 
sides. Add 6,075 to both 
sides. 


To solve this equation, we can use the quadratic formula, with a = 1, b = —315, 
and c = 6,075. 


—b + Vb’ — 4ac 
2a 
—(—315) + V(—315)* — 4(1)(6,075) — Substitute 1 for a, —315 for b, and 
- 2(1) 6,075 for c. 
315 + V99,225 — 24,300 
- 2 
315 + V74,925 


Simplify within the radical. 


x ~ 294 x= 21 


State We disregard the solution of 21 seconds, because this would imply that the 
cold water inlet fills the tub in a negative number of seconds (21 — 45 = —24). 
Therefore, the hot water inlet fills the washing machine tub in about 294 seconds, 
which is 4 minutes 54 seconds. 


Check Use estimation to check the result. | 


ANSWERS TO SELF CHECKS 


1. a. real numbers that are irrational and unequal b. nonreal numbers that are complex 
conjugates 2. 2,—-2,i,-i 3.4 4 —125,8 5. —-1,1 6 ~95hr 
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STUDY SET 


I VOCABULARY 
Fill in the blanks. 
1. For the quadratic equation ax” + bx + c = 0, the 
discriminant is >” — 4ac_, 
> 2. When an equation is written in the form 


ax’ + bx + c = 0, we say that it is written in 
quadratic form. 


[I CONCEPTS 


Consider the quadratic equation ax” + bx + c = 0,where a, b, 
and c represent rational numbers, and fill in the blanks to make 
the statements true. 


> 12. Change 3 +x = 


3x — 50 
4(x — 6) 


to quadratic form. 


@=9)(3 + x) = We ~ aa 
4 4(x — 6) 
3(x — 6) + 4x(x 6) = 3x — 50 
3x — 18 + 4x? — 24x = 3x — 50 
4x? — 24x + 32 =0 
x —6x+8=0 


I GUIDED PRACTICE 


Determine what type of solutions exist for each quadratic 


3. If b? — 4ac < 0, the solutions of the equation are equation. Do not solve the equation. See Example 1. 


nonreal complex _comjugates _, 13. 4x7 - 4x +1=0 p14. 6x7 -5x-6=0 


p> 4. Ifb? — 4ac = 0, the solutions of the equation are rational, equal rational, unequal 


equal real numbers _. 15. 5x? +x+2=0 16. 3x7 + 10x -2=0 
complex conjugates irrational, unequal 


5. If b* — 4ac is a perfect square, the solutions are A > 
rational. pyumbers and _unequal_. 17. 2x° = 4x —-1 > 18. 9x° = 12x — 4 
irrational, unequal rational, equal 

19. x(2x — 3) = 20 p> 20. x(x — 3) = —10 


rational, unequal complex conjugates 


p> 6. Ifb° — 4ac is positive and not a perfect square, the 
solutions are rational numbers and _unequal_, 


ider:- v4 — 3x2 = 
ROnnIdel gy aa oa Solve each equation. See Example 2. 
7. What is the relationship between the powers of x in 21. x4 -— 1722 + 16 =0 22. x4 — 10x27 +9 =0 


the first two terms on the left-hand side? x* = («°)? 


1, -1,4, -4 ee et ill 
8. Is this equation quadratic in form? yes p> 23. x1 + 5x? — 36=0 24. x* — 15x? — 16 = 0 
2, =2,3t, =3b 4, =4,2, =3 


Consider: x”/* + 4x3 —-5=0 
Solve each equation. See Example 3. 


25. x —13Vx+40=0 P26. x -9Vx4+ 18 =0 


9. What is the relationship between the powers of x in 
the first two terms on the left-hand side? x7/° = («//°)? 


10. Is this equation quadratic in form? yes =e ae 
27. 2x + Vx -3 =0 28. 2x — Vx -1=0 
I NOTATION 1 1 


Rarnpleteeach-soliion, Solve each equation. See Example 4. 


11. To find the type of solutions for the equation 29. x73 4+ 5x73 4+6=0 30. x73 — 7x73 +12 =0 


x* + 5x + 6 = 0, we compute the discriminant. 3 27 64,27 
b? — 4ac = 57 — 4(1)(6) 31. a7? — 243 —3 =0 p32. 734 48-5 =0 
-35_B “1,27 ~125,1 


Solve each equation. See Example 5. 
Since a, b, and c are rational numbers and the value 33. (c+ 1)? -4(c +1) +3=00,2 
of the discriminant is a perfect square, the solutions 34. (b 5)? 4(b — 5) — 21 =02,12 


are tational numbers and unequal. 5 | 
> 35. 2(2x + 1)? -— 72x + 1)+6=013 


p> 36. 3(2 — x)? + 10(2 — x) 


P Selected exercises available online at 
www.webassign.net/brookscole 


8.4 The Discriminant and Equations That Can Be Written in Quadratic Form 


Solve each equation. See Example 6. 


37.1 +54 ~2=0 wed oy 
x x 


=—{,—4 al | 
1 24 3 4 
39. + = 13 40. —+ =2 
x+2 #43 a x xt 
4 27 3-1 
13 vg 


I TRY IT YOURSELF 


41. Use the discriminant to determine whether the 
solutions of 1,492x” + 1,776x — 2,000 = 0 are real 
numbers. yes 


Use the discriminant to determine whether the 
solutions of 1,776x” — 1,492x + 2,000 = 0 are real 
numbers. no 


> 42. 


Solve each equation, if possible. 


43. (4 + 317 = 28 > 44. 3h* +h? -2=0 
Ltt, 7 Be NS pg 
45. x* = 6x? — 5 46. 2x* + 24 = 26x? 
Li Rees 1:1 73, 253 
47. 3x +5Vx+2=0 p 4s. 3x -4Vx+1=0 
no solution i 5 
49. x —6Vx = -8 > 50. x — 5x7 + 4=0 
16,4 16,1 
51.73 42x43 -8=0 52.b4+8= 6b!” 
—64,8 16, 4 
53. (a+ 1) —4(a+ 1) -8=0 
t= 35, 14 on 
> 54. (k — 7) + 6(k — 7) +10 =0 
4-i4+i 
5 10 3.5 
55. 1-—-=— > 56.1-—-=— 
x x2 Xx x2 
5+ V65 34 V29 
2 2 
1 3 1 
57. + =3 58. - =5 
K+1 KH 2° #2 


t+ Viat 1 — Vial 
5 ’ 


59. x 4 -2x74+1= 60. 4x-4+1=5x 7 
1.11, 1 1,-1.2, 2 
2 x5 
61. x + = 0 > 62. x + = 0 
x= 2 x3 
1+i 122; 


I APPLICATIONS 


> 63. FLOWER ARRANGEMENTS A florist needs to 
determine the height h of the flowers shown in the next 
column. The radius r, the width w, and the height h of 
the circular-shaped arrangement are related by the 
formula 


_ Ah + w? 
8h 


r 


If w is to be 34 inches and r is to be 18 inches, find h 
to the nearest tenth of an inch. 12.1 in. 


> 64. 


> 65. 


> 66. 


> 67. 


> 68. 


ARCHITECTURE A golden rectangle is one of the 
most visually appealing geometric forms. The 
Parthenon, built by the Greeks in the 5th century B.c. 
and shown in the illustration below, fits into a golden 
rectangle once its ruined triangular pediment is 
drawn in. 

In a golden rectangle, the length / and width w 
must satisfy the equation 


If a rectangular billboard is to have a width of 20 feet, 
what should its length be so that it is a golden 
rectangle? Round to the nearest tenth. 32.4 ft 


SNOWMOBILING A woman drives a snowmobile 
150 miles at a rate of r mph. She could have gone the 
same distance in 2 hours less time if she had increased 
her speed by 20 mph. Find r. 30 mph 


BICYCLING Tina bicycles 160 miles at the rate 
of r mph. The same trip would have taken 2 hours 
longer if she had decreased her speed by 4 mph. 
Find r. 20 mph 


CROWD CONTROL After a sold-out performance 
at a county fair, security guards have found that the 
grandstand area can be emptied in 6 minutes if both 
the east and west exits are opened. If just the east exit 
is used, it takes 4 minutes longer to clear the 
grandstand than it does if just the west exit is opened. 
How long does it take to clear the grandstand if 
everyone must file through the east exit? 14.3 min 


PAPER ROUTES When a father, in a car, and his 
son, on a bicycle, work together to distribute the 
morning edition, it takes them 35 minutes to complete 
a paper route. Working alone, it takes the son 

25 minutes longer than the father. To the nearest 
minute, how long does it take the son to cover the 
paper route on his bicycle? 85 min 
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I WRITING J REVIEW 
69. Describe how to predict what type of solutions the Solve each equation. 
equation 3x” — 4x + 5 = 0 will have. to. p-3 1 1 
: ee A : ‘ 71. -+—-=— -2 72. +—=-—6 
> 70. Explain how the method of substitution is used in this a 9 > oe 3p 2p 4 


section to solve equations. 
p> 73. Find the slope of the line passing through (—2, —4) 


and (3, 5). 2 


74. Write the equation of the line passing through 
(—2, —4) and (3, 5) in general form. 9x — Sy = 2 


- T | O \ 


Objectives é 
1 | Balesountlentennac elites Quadratic and Other Nonlinear Inequalities 


EJ solve rational inequalities. We have previously solved linear inequalities in one variable such as 2x + 3 > 8 and 
; : i 6x — 7 < 4x — 9. To find their solution sets, we used properties of inequalities to 
EX Graph nonlinear inequalities isolate the variable on one side of the inequality. 


in two variables. : : ; ee ads 2 8 : 
In this section, we will solve quadratic inequalities in one variable such as 


x? +x —6<0 and x* + 4x =5. We will use an interval testing method on the 
number line to determine their solution sets. 


EB Solve quadratic inequalities. 


Recall that a quadratic equation can be written in the form ax* + bx + c = 0. If we 
replace the = symbol with an inequality symbol, we have a quadratic inequality. 


Quadratic Inequalities 


A quadratic inequality can be written in one of the standard forms 


t bx +c<0 t+ bx +c>0 
t bx +cS0 t bx +c=0 


where a, b, and c are real numbers and a # 0. 


To solve a quadratic inequality in one variable, we will use the following steps to 
find the values of the variable that make the inequality true. 


Solving Quadratic Inequalities 


Write the inequality in standard form and solve its related quadratic 
equation. 

Locate the solutions (called critical numbers) of the related quadratic 
equation on a number line. 


Test each interval on the number line created in step 2 by choosing a test 
value from the interval and determining whether it satisfies the inequality. 
The solution set includes the interval(s) whose test value makes the 
inequality true. 


Determine whether the endpoints of the intervals are included in the 
solution set. 


8.5 Quadratic and Other Nonlinear Inequalities 


| EXAMPLE 1 | Solve: x7 +x-6<0 


Strategy We will solve the related quadratic equation x* + x —6=0 by 
factoring to determine the critical numbers. These critical numbers will separate 
the number line into intervals. 


WHY We can test each interval to see whether numbers in the interval are in the 
solution set of the inequality. 


Solution 

The expression x* + x — 6 can be positive, negative, or 0, depending on what value 
is substituted for x. Solutions of the inequality are x-values that make x* + x — 6 
less than 0. To find them, we will follow the steps for solving quadratic inequalities. 


Step 1 Solve the related quadratic equation. For the quadratic inequality 
x? + x — 6 <0, the related quadratic equation is x7 + x — 6 = 0. 


rt+x-6=0 
(x + 3)(x — 2) =0 Factor the trinomial. 
x+3=0 or x—2=0 — Set each factor equal to O. 


x=-3 | X =2 Solve each equation. 


The solutions of x7 + x — 6 = 0 are —3 and 2. These solutions are the critical 
numbers. 


Step 2 Locate the critical numbers on a number line. When we highlight —3 and 2 
on a number line, they separate the number line into three intervals: 


(°°, -3) (3, 2) (2, ©) 
—_—————— 


Test x =—4 lest — 0 Mestoi— 3 


Step 3 Test each interval. To determine whether the numbers in (—~, —3) are 
solutions of the inequality, we choose a number from that interval, substitute it for 
x, and see whether it satisfies x” + x — 6 < 0. If one number in that interval satisfies 
the inequality, all numbers in that interval will satisfy the inequality. 

If we choose —4 from (—%, —3), we have: 


x? +x-—6<0 § Thisis the original inequality. 
(—4)? + (-4) — 6 <0 Substitute —4 for x. 
164 (2) -6 = 0 
6<0 False 


Since —4 does not satisfy the inequality, none of the numbers in (—%, —3) are 
solutions. 
To test the second interval, (—3, 2), we choose x = 0. 
x +x—-—6<0 © Thisis the original inequality. 
2 
07+0-—6<0 Substitute 0 for x. 
—6<0 True 


Since 0 satisfies the inequality, all of the numbers in (—3, 2) are solutions. 
To test the third interval, (2, 7), we choose x = 3. 
x +x—-—6<0 © Thisis the original inequality. 
2 
3°+3-6<0 Substitute 3 for x. 
2 
9+3-6<0 


6<0 False Vv 


Self Check 1 


Solve: x7 +x-12<0 


Now Try Problem 15 
Self Check 1 Answer 


(-4, 3) <$ {os} > 
4 3 


Teaching Example 1 Solve: 
F =2= 12g 
Answer: 


oar 
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Self Check 2 


Solve: x? + 3x = 40 
Now Try Problem 19 


Self Check 2 Answer 
(=, =8]) 0 [5, &) 
Se Ee oe 
-8 5 


Teaching Example 2 Solve: 
a +See =15 

Answer: 

(—8, —5] U [-3, ») 


6 5 43 2 


Since 3 does not satisfy the inequality, none of the numbers in (2, %) are 
solutions. 


Step 4 Are the endpoints included? From the interval testing, we see that only 
numbers from (—3, 2) satisfy x* + x — 6 <0. The endpoints —3 and 2 are not 
included in the solution set because they do not satisfy the 
inequality. (Recall that —3 and 2 make x* + x — 6 equal 
to 0.) The solution set is the interval (—3, 2) as graphed on — 
the right. -3 2 i 


Success Tip Ifa quadratic inequality contains = or =, the endpoints of the 


intervals are included in the solution set. If the inequality contains < or >, 
they are not. 


| EXAMPLE 2 | Solve: x7 + 4x =5 


Strategy This inequality is not in standard form because it does not have 0 on 
the right side. We will write it in standard form and solve its related quadratic 
equation to find any critical numbers. These critical numbers will separate the 
number line into intervals. 


WHY We can then test each interval to see whether numbers in the interval are 
in the solution set of the inequality. 


Solution 
To get 0 on the right side, we subtract 5 from both sides. 


x? +4x=5  Thisisthe inequality to solve. 


x? +4x—-520 Write the inequality in the equivalent form ax* + bx + c= 0. 
We can solve the related quadratic equation x* + 4x — 5 = 0 by factoring. 


x? + 4x-5=0 


(x + 5)(x — 1) =0 Factor the trinomial. 
x+5=0 or x—1=0 — Set each factor equal to 0. 
x=—5 | x=1 


The critical numbers —5 and 1 separate the number line into three intervals. We 
pick a test value from each interval to see whether it satisfies x7 + 4x — 5 = 0. 


(9, =5) 5, 1) (1,62) 


Test x =-—6 Test x=0 Test x =5 
t+ 4x —-52=0 y+ 4y¥—-520 
(-6)? + 4(-6) — 520 0? + 4(0) -5 20 
7=0 ~~ True —-5=0 False 
x +4y-52=0 
5° + 4(5) 520 


40=0_ True Vv 


8.5 Quadratic and Other Nonlinear Inequalities 


The numbers in the intervals (—%,—5) and (1, ©) 
satisfy the inequality. Since the endpoints —5 and 1 also 
satisfy x° + 4x —5=0, they are included in the 
solution set. (Recall that —5 and 1 make x? + 4x — 5 
equal to 0.) Thus, the solution set is the union of two 


intervals: (—%, —5] U [1, ©). The graph of the solution " f 


set is shown on the right. 5 I a 


Success Tip When choosing a test value from an interval, pick a convenient 


number that makes the computations easy. When applicable, 0 is an obvious 
choice. 


4 Solve rational inequalities. 


2 = 
Rational inequalities in one variable such as 2 <8 and wears = 0 can also be 


solved using the interval testing method. 


Solving Rational Inequalities 


Write the inequality in standard form with a single quotient on the left 
side and 0 on the right side. Then solve its related rational equation. 


Set the denominator equal to zero and solve that equation. 


Locate the solutions (called critical numbers) found in steps 1 and 2 ona 
number line. 


Test each interval on the number line created in step 3 by choosing a test 
value from the interval and determining whether it satisfies the inequality. 
The solution set includes the interval(s) whose test value makes the 
inequality true. 


Determine whether the endpoints of the intervals are included in the 
solution set. Exclude any values that make the denominator 0. 


| EXAMPLE 3 | 9 \ Self Check 3 


Solve: — <8 3 
x Solve: Pe <5 


Strategy This rational inequality is not in standard form because it does not Now Try Problem 23 


have 0 on the right side. We will write it in standard form and solve its related Self Check 3 Answer 
rational equation to find any critical numbers. These critical numbers will 
separate the number line into intervals. (—~,0) U (2 ~) 


WHY We can test each interval to see whether numbers in the interval are in the 
solution set of the inequality. 0 


Solution 
To get 0 on the right side, we subtract 8 from both sides. We then find a common 


12 
; . ; : . Teaching Example 3 Solve: — <3 
denominator to write the left side as a single quotient. x 


Answer: 


—ce, 0) U (4, 
—<8 This is the inequality to solve. ( fei: 
x 


-¢j} —$_Laee- 
9 0 4 
——-—8<0 Subtract & from both sides. 
x 


9 8 x <0 To write the left side as a single quotient, build & to a fraction with 
x x denominator x. v 
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= 25 
x Xx 
9 — 8x 


<0 Subtract the numerators and keep the common denominator, x. 
x 


Now we solve the related rational equation. 


9 — 8x 
=0 
x 
9- 8x =0 If x # O, we can clear the equation of the fraction by multiplying both 
sides by x. 
—8x = —9 Subtract 9 from both sides. 
9 
= 8 This is a critical number. 


9 — 8x 
x 


If we set the denominator of equal to 0, we obtain a second critical 
number, x = 0. When graphed, the critical numbers 0 and R separate the number 
line into three intervals. We pick a test value from each interval to see whether it 


go iy, 


x 


satisfies 


sf 0 19 2 
8 
Test x =-1 Mlesteg—al Mest a— 2) 
ae: er 9 — & 4 a= BF 2p 
x x & 
9 — 8(-1) ; 9 — (1) » 9 — 8(2) » 
————— | ——S = ——— = 
-1 0 1 2 : 
—-17 <0 True 1<0O False 7 
ae True 


The numbers in the intervals (—~, 0) and 3, cc) satisfy 


the inequality. We do not include the endpoint 0 in the 
solution set, because it makes the denominator of the 


original inequality 0. Neither do we include 2, because it 
does not satisfy 1a Sx <0. (Recall that 2 makes take 
equal to 0.) Thus, the solution set is the union of two 


intervals: (—%,0) U (Q, 2), Its graph is shown on the —_—_ + 
right. 


Caution! When solving rational inequalities such as 2 < 8, a common error is 


to multiply both sides by x to clear it of the fraction. However, we don’t know 
whether x is positive or negative, so we don’t know whether or not to reverse 
the inequality symbol. 


8.5 Quadratic and Other Nonlinear Inequalities 


| EXAMPLE 4 | w+x-2_, 


Solve: —————_ = 
x-—4 
Strategy This inequality is in standard form. We will solve its related rational 
equation to find any critical numbers. These critical numbers will separate the 
number line into intervals. 


WHY We can test each interval to see whether numbers in the interval are in the 
solution set of the inequality. 


Solution 
To solve the related rational equation, we proceed as follows: 
2 
amid, 
ak Se ey 
x-4 


x7 +x—2=0° Itx# 4,wecanclear the equation of the fraction by 
multiplying both sides by x — 4. 
(x + 2)(x — 1) =0 Factor the trinomial. 
x+2=0 or x—1=0 — Set each factor equal to O. 


x=-2 | x =1 These are critical numbers. 


If we set the denominator of sasae equal to 0, we see that x = 4 is also a 


critical number. When graphed, the critical numbers, —2, 1, and 4, separate the 
number line into four intervals. We pick a test value from each interval to see 


whether it satisfies sake = 0. 


(<2, -2) (-2, 1) (1, 4) (4, 2) 


432-1 0312 3 4 5 6 7 8 


Test x =-3 Wes eS 0) Testi ves Test x = 6 
(-3)? + (-3) -2 » ?+0-22 #+3-2> @+6-22 
= => > —_————— 
-3-4 0-4 3-4 6-4 
See ae —-10=0 20 = 0 
7 2 
False True False True 
The numbers in the intervals (—2,1) and (4, ~) satisfy ——— 


the inequality. We include the endpoints —2 and 1 in the 2 1 4 
solution set because they satisfy the inequality. We do not 

include 4 because it makes the denominator of the 

inequality 0. Thus, the solution set is the union of two 

intervals [—2, 1] U (4, %), as graphed on the right. 


| EXAMPLE 5 | 3 2 


Solve) —— <— 
Ay ox 
Strategy We will subtract 2 from both sides to get 0 on the right side and solve 
the resulting related rational equation to find any critical numbers. These critical 
numbers will separate the number line into intervals. 


WHY We can test each interval to see whether numbers in the interval are in the 
solution set of the inequality. 


Self Check 4 


+ 
Solve: a L =0 
% = 2 3 


Now Try Problem 27 


Self Check 4 Answer 
[-2, -1) U G, ©) 
a 
2 -l 3 


Teaching Example 4 Solve: 


Answer: 


Self Check 5 


1 


> 
xt+1 «x 


Solve: 


Now Try Problem 31 
Self Check 5 Answer 
(-1,0) U A, ~) 
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Teaching Example 5 Solve: 
4 5 


=o 
Answer: 
(==, 0) U (2, 10) 


“= 


O” 2 10 


Solution 
3 
<— This is the inequality to solve. 
K= 1 xX 
3 2 2 
——<0 9 Subtract ; trom both sides. 
x= 1 xX 


To get a single quotient on the left side, build each 
<0 rational expression to have the common denominator 


x-1lx x x-1 x(x-1). 
3x — 2x +2 0 Subtract the numerators and keep the common 
x(x = 1) denominator. 
+2 


<0 Combine like terms. 


The only solution of the related rational equation ree = 0 is —2. Thus, —2 isa 
critical number. When we set the denominator equal to 0 and solve x(x — 1) = 0, 
we find two more critical numbers, 0 and 1. These three critical numbers create 
four intervals to test. 


(©, —2) (2, 0) (0, 1) (1,24) 
gl | | | | | | —. 
3 2 1 005 1 2 3 
Test x =-3 Testx=-1 Testx=0.5 Test x =3 
oats oe O5+2 2 342 2, 
=—3(—3 — 1) -1(-1 - 1) 0.5(0.5 — 1) 3(3 — 1) 
ee 1 25 2 5 2 
< ee <9 
=3( 8) —1(-2) 0.5(—0.5) 3(2) 
I 1 -10 <0 5 
-— <0 = = 
DR 5 <0 6 <0 
True False True False 
The numbers 0 and 1 are not included in the solution set =§ ~——}—_@—}__> 
because they make the denominator 0, and the number 2 0 1 


—2 is not included because it does not satisfy the 
inequality. The solution set is the union of two intervals 
(—%, —2) U (0, 1), as graphed on the right. 


Success Tip When the endpoints of an interval are consecutive integers, such 


as with the third interval (0, 1), we cannot choose an integer as a test value. For 
these cases, choose a fraction or decimal that lies within the interval. 


Using Your CALCULATOR Solving Inequalities Graphically 


We can solve x* + 4x = 5 (Example 2) graphically by writing the inequality as 
x? + 4x — 5 = O and graphing the quadratic function f(x) = x” + 4x — 5, as 
shown in figure (a) on the next page. The solution set of the inequality will be 
those values of x for which the graph lies on or above the x-axis. We can trace 
to determine that this is the union of two intervals: (—%, —5] U [1, %). 

3 
e= 71 


form eet) < 0 and then graph the rational function f(x) = x7 + 4 , as 


To solve < 2 (Example 5) graphically, we first write the inequality in the 


8.5 Quadratic and Other Nonlinear Inequalities 


shown in figure (b) below. The solution of the inequality will be those values of 
x for which the graph lies below the axis. 


We can trace to see that the graph is below the x-axis when x is less than 
—2. Since we cannot see the graph in the interval 0 < x < 1, we redraw the 
graph using window settings of [—1, 2] for x and [—25, 10] for y, as shown in 
figure (c). 


Now we see that the graph is below the x-axis in the interval (0, 1). Thus, 
the solution set of the inequality is the union of the two intervals: 


(—20, —2) U (0,1). 
a = 


EE Graph nonlinear inequalities in two variables. 


We have previously graphed linear inequalities in two variables such as y > 3x + 2 
and 2x — 3y = 6 using the following steps. 


Graphing Inequalities in Two Variables 


Graph the related equation to find the boundary line of the region. If the 
inequality allows equality (the symbol is either = or =), draw the 
boundary as a solid line. If equality is not allowed (< or >), draw the 
boundary as a dashed line. 


Pick a test point that is on one side of the boundary line. (Use the origin if 
possible.) Replace x and y in the original inequality with the coordinates 
of that point. If the inequality is satisfied, shade the side that contains that 
point. If the inequality is not satisfied, shade the other side of the 
boundary. 


We use the same procedure to graph nonlinear inequalities in two variables. 


Graph: y < —x?+4 Self Check 6 


Graph: y= —x7+4 
Strategy We will graph the related equation y = —x? +4 to establish a 
boundary parabola. Then we will determine which side of the boundary parabola 
represents the solution set of the inequality. 


WHY To graph a nonlinear inequality in two variables means to draw a “picture” 
of the ordered pairs (x, y) that make the inequality true. 


Solution 
The graph of the boundary y = —x* + 4 is a parabola opening downward, with - 
vertex at (0,4) and axis of symmetry x = 0 (the y-axis). Since the inequality ponte 


contains an < symbol and equality is not allowed, we draw the parabola using a 


Now Try Problem 35 
dashed curve. v 
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Teaching Example 6 Graph: 
y>oxw?-4 
Answer: 


>< 


to 
as 


mt IV 
aS 


Self Check 7 


Graph: x=-—ly| 


Now Try Problem 39 


Teaching Example 7 Graph: 


—x > |y| 
Answer: 


To determine which region to shade, we pick the test point (0,0) and 


substitute its coordinates into the inequality. We shade the region containing 
(0, 0) because its coordinates satisfy y < —x? + 4. 


Graph the boundary Shading: Use the test point (0, 0) 
y= x? +4 y<-x?7 +4 
Compare to y = a(x —h) +k 0<-0 +4 
a = —1: Opens downward 0<4 True 
h = Oand k = 4: Vertex (0, 4) Since 0 < 4 is true, (0,0) is a 


Axis of symmetry x = 0 solution of y < —x* + 4. 


| 
js 
SO|wlo|wl|s 
ae 
ro ow ME 
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= 
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| EXAMPLE 7 | Graph: x S |y| 


Strategy We will graph the related equation x = |y| to establish a boundary. 
Then we will determine which side of the boundary represents the solution set of 
the inequality. 


WHY To graph a nonlinear inequality in two variables means to draw a “picture” 
of the ordered pairs (x, y) that make the inequality true. 


Solution 

To graph the boundary, x = |y|, we construct a table of solutions, as shown in 
figure (a). In figure (b), the boundary is graphed using a solid line because the 
inequality contains a = symbol and equality is permitted. Since the origin is on 
the graph, we cannot use it as a test point. However, any other point, such as 
(1, 0), will do. We substitute 1 for x and 0 for y into the inequality to get 


x= |y| 
1 |0| 
1=0 False 
Since 1 = 0 isa false statement, the point (1, 0) does not satisfy the inequality and 


is not part of the graph. Thus, the graph of x = |y|is to the left of the boundary. 
The complete graph is shown in figure (c). 


y 


+= |9 


8.5 Quadratic and Other Nonlinear Inequalities 


f 


| 
1. (-4, 3)<_—S}_ 2. (-»%, —8] U [5, 0) et $f 
4 3 -8 5 
3. (2,0) U (3, 20) —__-_—fomefemp> 4, [= 2, —1) U (3, 20) fom ee | 
0 301 2 -1 3 


5 


5. (—1, 0) U (1, ©) <n} $f 
-1 0 1 


STUDY SET 


| VOCABULARY a. —10 yes b. —5 no 

Fill in the blanks. c. 0 yes d. 4 no 

1. x? + 3x — 18 < Ois an example of a _quadratic p> 8. What are the critical numbers for each inequality? 
inequality in one variable. =3 

oat F : a ax? -2x-48=0 b———->0 

2. 2x 99 = Vis an example of a _ational_jnequality in x(x + 4) 

one variable. —6,8 —4, 0,3 
> 3. y <x° — 4y + 3 is an example of a nonlinear 9. a. The results after interval testing for a quadratic 

inequality in ‘Wo variables. inequality containing a > symbol are shown 


below. (The critical numbers are highlighted in 


p> 4. The set of real numbers greater than 3 can be red) What isthe solutionset? (3,5) 


represented using the _terval_ notation (3, ~). 


es es 
I CONCEPTS 3 @ - -1 : 1@ ; 
5. The critical numbers of a quadratic inequality False True False 


are highlighted in red on the number line shown 
below. Use interval notation to represent each 
interval that must be tested to solve the 
inequality. (—~, —1), (1, 4), (4%) 


b. The results after interval testing for a quadratic 
inequality containing a = symbol are shown below. 
(The critical numbers are highlighted in red.) What 
is the solution set? (—%, —1] U [1, ~) 


654324) 0 1234/5 6 “a2@0@23 
. $7 4 ' 
6. Graph each of the following solution sets. True False — True 
a (—2, 4) <—_¢s > p> 10. Fill in the blank to complete this important fact about 
_ “ the interval testing method discussed in this section: /f 
b. (-6,-2)U 3,9) ee as one number in an interval satisfies the inequality, 2!l_ 
eS a § numbers in that interval will satisfy the inequality. 
7. The graph of the solution set Of ens) —_fees) > 11. a. When graphing the solution of y = x7 + 2x + 1, 
a rational inequality in one =a 2 2 should the boundary be solid or dashed? solid 


variable is shown. Determine 
whether each of the following 
numbers is a solution of the 
inequality. 


b. Does the test point (0, 0) satisfy the 
inequality? yes 


P Selected exercises available online at 
www.webassign.net/brookscole 
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12. a. Estimate the solution of x7 — x — 6 > Ousing the 
graph of y = x° — x — 6 shown in figure (a) 
below. (—~, —2) U (3, ~) 


x3 
% 


b. Estimate the solution of = 0 using the 


graph of y = ui shown in figure (b) below. (0, 3] 


AW Se 


I NOTATION 


13. Write the quadratic inequality x7 — 6x = 7 in 
standard form. x* — 6x — 7=0 


> 14. The solution set of a rational inequality consists of 


the intervals (—1, 4] and (7, ©). When writing the 
solution set, what symbol is used between the two 
intervals? U 


[I GUIDED PRACTICE 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 1. 


15. x7 —5x+4<0 > 16. x7 + 2x -8 <0 


(1, 4) <p —§> (—4, 2) <——,—s} —_> 
4 Z 


1 4 


17. x7 —8x+15>0 
(—~, 3) U (5, %) 


> 18. x7 — 3x -4>0 
(=8,.—1) Uae) 


—— i 


3 5 =I 4 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 2. 


19. x —-x=42 
(]e; —6) WT, ©) 


20. x7 —x=72 
(—2, —8] U [9, ~) 


-6 7 -8 9 
21. x7 +x=12 p> 22. x7 — 8x = -15 
[—4, 3] [3,5] 
~—__—}_.. 
-4 3 3 5 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 3. 


23, 1 <2 pa i<3 
Xx Xx 
(—#,0) U (3, «) (—#, 0) U (3, =) 
<<) ooo 
0 1/2 0 1/3 
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es > 26.-=8 
Xx x 
(-=,-§JU@.%) (0.4 
ee 
-5/3 0 0 1/2 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 4. 


vrt+x-—6 
eee 


27, ———_— <0 > 28. =0 
pte x—4 
(—%, -3) U (1,4) [-3, 2] U (4, ») 
—_——_-—- —_———4 
3 if 4 3 2 4 
ss 6x7 — 5x +1 +: 2 6x7 + 11x + 3 
2x +1 — 3x -1 
(-3.3] U 3.) (—»,-5)U(-3,.4) 
— —_—— 


-1/2 1/3 1/2 3/2 -1/3 1/3 


Solve each inequality. Write the solution set in interval notation 
and graph it. See Example 5. 


$2" p> 32 ee 
“x-2 x “x+1 =x 
(0, 2) U (8, «) (-%, -1) U[-3,0) 
<—_— ——_ 

0 2 8 -1 -1/7 0 
ee ae > 34. — Ss 
“x-3 x+4 -4 “x+1 

[eau (1.3) U4) 
oe —_——_— 
345 4 3 -1 78 4 


Graph each inequality. See Example 6. 
35. y<x° +1 


36. y>x° -3 


37. ySx*+5x4+6 > 38. yer t+5xt+4 


> xX 


-7 -6 -5 -4 -3°*2 -1 il 
nmeSn eB ee ELE 


yexr+setds 


Graph each inequality. See Example 7. 


39. y< |x +4| 40. y= |x —3| 


» y 
7 
6 a 
yell 2 
4 L4 
S. 
NX. /f 2. 
s 7 
XN ¢ 1 
N7 
[EEE SErS inal” : myo oe 
y<b+4]7 “| y<[e-3] 


41. y=>—|x| +2 > 42. y> |x| —2 


y 

4|y> |x] -2 
3 

he | 2 | 

.. 3 Y 
aS ; 
as Neils 34] * 
N-1 
<7 

yYERMT?, 
4 


W] Use a graphing calculator to solve each inequality. Write the 
“ solution set in interval notation. See Using Your Calculator: 
Solving Inequalities Graphically. 


43. x7 — 2x -3 <0 44. x7 +x-6>0 


(1,3) (—~, —3) U (2, ©) 
a5, 73 wy te > 
x-—2 x 


(—%, —3) U (2, ©) (—%,0) U (5, ~) 


I TRY IT YOURSELF 


Solve each inequality. Write the solution set in interval notation 
and graph it. 


47, — : i 
“y4+4° x41 “y4+9 x41 
(=4,=2) 0-13) (—%, —9) U [-3, -1) U 3, ») 
ef 
4 2 -1 2 a ee 
49. x° =9 > 50. x = 16 
(—, —3] U [3, ~) (—c, —4] U [4, ») 
<a 
a 3 = 4 


52. x° + 8x < —16 
no solutions 


> 51. x7 + 6x = -9 


0 
Dh le ee = 
gy iy 2G 
x —3 xv-1 
(—2, 1) U G, ~) (-1,1) U @, ~) 
<—_——_——_ <————_ 
—2 1 3 -l 1 2 
55. 2x7 —50<0 p> 56. 3x* — 243 <0 
(=5,3) (—9, 9) 
a a 


=3 a —Y 9 
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57, ~—3 <9 mye eH 
“3x41 “yxy 41 
>) (-1,5) 
a 
13 32 sai 5 


60. x° + 4x +4>0 
(= 2) = 2) L(=2, 8) 


59. x —- 6x +9<0 
no solutions 


2 
fi, (i ee 
“x4+1° x-4 “y-2° 2 =x+3 
(-1, -4) u (23, @) (<0, =3) ui (1,2) 
— -_-—_"-- 
B 4 23/2 3 -1 > 


I APPLICATIONS 


p> 63. BRIDGES If an x-axis is superimposed over the 
roadway of the Golden Gate Bridge, with the origin 
at the center of the bridge, the length L in feet of a 
vertical support cable can be approximated by the 
formula 


Vr 4+5 


- = 9.000 


For the Golden Gate Bridge, —2,100 < x < 2,100. For 
what intervals along the x-axis are the vertical cables 
more than 95 feet long? (—2,100, —900) U (900, 2,100) 


y Vertical 


p 64. MALLS The number of people n in a mall is 


modeled by the formula 
n = —100x” + 1,200x 


where x is the number of hours since the mall 
opened. If the mall opened at 9 A.M., when were 


there 2,000 or more people in it? 
between 11 A.M. and 7 P.M., inclusive 


I WRITING 


65. How are critical numbers used when solving a 
quadratic inequality in one variable? 


> 66. Explain how to graph y = x’. 
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67. The graph of 
f(x) = x* — 3x + 4is 
shown. Explain why the 
quadratic inequality 
x? — 3x + 4 <Ohas no 
solution. 
p> 68. Describe the following 


solution set of a rational inequality in words: 


(—«, 4] U (6, 7). 


f REVIEW 
Translate each statement into an equation. 


69. x varies directly with y. x = ky 


. . . _ k 
p> 70. y varies inversely with ft. y = | 


71. ¢ varies jointly with x and y. ¢ = kxy 


72. d varies directly with ¢ and inversely with u?. d = - 


STUDY SKILLS CHECKLIST 


Preparing for the Chapter 8 Test 


The material in Chapter 8 focused on quadratic equations, functions, and inequalities. Be sure to 
review the following checklist in addition to your other studying as you prepare for the exam 


over this material. 


Solve: 
a = Oe 
=O =O 


x(x — 9) =0 


When solving a quadratic equation using the factoring method, one side of the equation must be 0. 


This is the equation to solve. 
Subtract 9x from both sides to get O on the right side. 
Factor the right side. 


x=0 or x—9=0 Set each factor equal to 0. 


Solve: 
x>-7=0 
=7 
=+V7 
=+V7 


x =9 Solve each linear equation. 


When using the square root property to solve a quadratic equation, always write the + sign. 


This is the equation to solve. 
Subtract 7 from both sides to isolate the x* term. 
Use the square root property, and remember the +. 


Simplify the left side of the equation. 


When solving a quadratic equation using the completing the square method, make sure the coefficient of the x* 


term is 1 before you complete the square. If it is not 1, you must divide both sides of the equation by the 
coefficient of the x* to make it 1. 


Solve by completing the square: 


ne = De = © 


= by = 3) 


This is the equation to solve. 


Divide both sides by 2 to make the coefficient of the x* term 1. 


x>- 6x +9=3+9 Complete the square on the right side by 3(—6) = —3, (—3)* = 9, add 9 to both sides. 


@=3) =12 


Factor the left side and simplify the right side of the equation. 


V(x -— 3% = £V12 Use the square root property, and remember the +. 


x-3=+2V3 Simplify the left and right sides of the equation. 


x=3+2V3 Isolate x by adding 3 to both sides of the equation. 


(continued) 


8.5 Quadratic and Other Nonlinear Inequalities 


L] We can find the vertex of the graph of a quadratic function by completing the square or by using the 
formula (- Z, f( 

[_] When solving a quadratic or other nonlinear inequality, write the inequality with all the terms on one side and 
0 on the other side. Next, solve the related equation to get the critical numbers on the graph. Test each interval 
on the number line by choosing a test value in each interval and testing it in the original inequality. Lastly, 
determine whether the endpoints are included in the solution. 


Solve: 


This is the inequality to solve. 


Subtract 2 from both sides to get O on the right side. 


Build each expression so that it has a denominator of x(x + 6). 


Multiply the numerators and the denominators. 


Merce) aCe ae) © 


Spe = Lee = 1 <0 Subtract the numerators, remember to use the distributive property 
se ar () —(2x + 12) = —1(2x + 12) = —2x — 12. 
She 12) 
“_— < 
sie ae ©) 


Simplify the left side of the inequality. 


The only solution of the related rational equation is 4. The values that make the denominator 0 are 0 and —6. 
When graphed, these critical numbers separate the number line into four intervals. Pick a test value from each 
interval to see whether it satisfies the inequality. For this example, the solution is (—~, —6) U (0, 4]. 


Teaching Guide: Refer to the Instructor’s Resource Binder to find activities, worksheets 
on key concepts, more examples, instruction tips, overheads, and assessments. 
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CHAPTER 8 


SECTION 8.1 
the Square 


| DEFINITIONS AND CONCEPTS 


We can use the square root property to solve 
equations of the form x* = c, where c > 0. 
The two solutions are 


x= Ve or x= —-Ve 


We can write x = Vc or x = —Vc in more 
compact form using double-sign notation: 


x=+Ve 


To complete the square on x* + bx, add the 
square of one-half of the coefficient of x. 


2 i 
+ bx + (= 
x be (3) 


To solve a quadratic equation in x by 
completing the square: 


1. Ifnecessary, divide both sides of the 
equation by the coefficient of x* to make 
its coefficient 1. 

2. Get all variable terms on one side of the 
equation and all constants on the other 
side. 

3. Complete the square. 

4. Factor the perfect-square trinomial. 
Solve the resulting equation by using the 
square root property. 

6. Check your answers in the original 
equation. 


SUMMARY AND REVIEW 


The Square Root Property and Completing 


EXAMPLES 
Solve: x? = 24 
eel or x=—V24  Usethe Square root property. 
x = +V24 Use double-sign notation. 


x= +26 
The solutions are 2/6 and —2V/6. 
Solve: (x — 3)? = -81 


Simplify 24. 


x-3=+V-81 Use the square root property and double-sign 
notation. 
x=3+ V—81  Toisolate x, add 3 to both sides. 
x=329i Simplify the radical expression. 


The solutions are 3 + 91 and 3 — 9i. 


Complete the square on x* + 8x and factor the resulting perfect- 
square trinomial. 


x° + 8x +16 The coefficient of x is 8. To complete the square: 


3° 8 =4and 4? = 16. Add 16 to the binomial. 


Now we factor: x? + 8x + 16 = (x + 4)? 


Solve: 3x* — 12x +6=0 
3x? 12x _6 0 To make the leading coefficient 1, divide 
3 %. 3° 3 both sides by 3. 
x? -—4x+2=0 Do the divisions. 
x? — 4x =-2 Subtract 2 from both sides so that the 


constant term, —2, is on the right side. 
The coefficient of x is —4. To complete 
the square: 3(-4) = —2 and (-2)* = 4. 
Add 4 to both sides. 


G@=2) =2 Factor the perfect-square trinomial on 
the left side. Add on the right side. 
x-2=+V2 Use the square root property. 
x=2+ V2 To isolate x, add 2 to both sides. 


The solutions are 2 + V2 and2 — V2. 
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J REVIEW EXERCISES 


1 
Solve each equation by factoring. : _2= VL _K/7 
14. Explain the error: 5 = 
1. x2 + 9x + 20=0 2. 6x2 + 17x +5 =0 2 
=a, 4 -i, -3 2 is not a factor of the numerator—it is a term. Only common 
factors of the numerator and denominator can be removed. 
Solve each equation using the square root property. 15. a. Write an expression that represents the width of 
a. 3? = 98 4. (t + 2) = 36 the larger rectangle shown in red. (2 + 2x) ft 
+2\/7 4,-8 b. Write an expression that represents the length of 
5. 2 +25=0 6. 5x2 — 49 =0 the larger rectangle shown in red. (6 + 2x) ft 
ee 4 1S 
ZOOL = 5 


7. Solve A = mr’ for r. Assume all variables represent 
positive numbers. Express the result in simplified 


radical form. 
_ Vad 


8. Complete the square on x” — x and then factor 


PIM. 


Length 
the resulting perfect-square trinomial. 
xeaxt j = (x = *y 16. HAPPY NEW YEAR As part of a New Year’s 
Eve celebration, a huge ball is to be dropped 
Solve each equation by completing the square. from the top of a 605-foot-tall building at the proper 
9. +é6r + 8 =0 10. 2x2 — 6x +3 =0 moment so that it strikes the ground at exactly 
oe 34 V3 12:00 midnight. The distance d in feet traveled by a 
5 _ -_ _ free-falling object in tf seconds is given by the 
MM oe a = elk 12) 3 Pas “Bb formula d = 16f7. To the nearest second, when 
6 Sere should the ball be dropped from the building? 
13. Explain why completing the square on x* + 7x is 6 seconds before midnight 
more difficult than completing the square on x* + 6x. 
Because 7 is an odd number and not divisible by 2, the 
computations involved in completing the square on x* + 7x 
create fractions. The computations involved in completing the 
square on x* + 6x do not. 
The Quadratic Formula 
| DEFINITIONS AND CONCEPTS EXAMPLES 
To solve a quadratic equation in x using the Solve: 3x* — 2x — 2 =0 
quadratic formula: Hite S39 Fe de eS 
1. Write the equation in general quadratic Sa, ae 
form: ax? + bx +c = 0. ie = a This is the quadratic formula. 
2. Identify a,b, and c. 
. : , —(-2) + V(-27 — 43)(—2) — Substitute 3 for a, —2 for b, 
Substitute the values for a, b, and c in the x= 2(3) ano tame 
quadratic formula 
2+ V4—(-2) Evaluate the power and 
—b + Vb? — 4ac x = multiply within the radical. 
_— 2a 6 Multiply in the denominator. 
and evaluate the right side to obtain the = 2+ V28 G0 ea reine 
: 6 4 —(-24)=44+24= 28. 
solutions. 
24207 Simplify the radical: 
C= 


6 V28 = V4V7 = 2v7. 
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Factor out the GCF, 2, from 


al + V7) the two terms in the 
y= numerator. In the denominator, 
2 3 factor 6 as 2 - 3. Remove the 


common factor, 2. 


“tev 
— 3 


x 


ive wid U= 


The exact solutions are vi, We can use a calculator to 


approximate them. To two decimal places, they are 1.22 and —0.55. 


When solving a quadratic equation using the Before solving... do this... to get this 
quadratic formula, we can often simplify the | —3x7 + 5x — 1 =0 Multiply both sides by —1 3x* — 5x + 1 =0 
computations by solving an equivalent 29 1 5 
equation that does not involve fractions or | ¥ + a 0 Multiply both sides by8 8x" + 7x —4=0 
decimals, and whose leading coefficient is 5 _ . 6 
positive. 60x~ — 40x +90 =0 Divide bothsidesby10 6x° — 4x +9 =0 
0.5x? + 1.6x + 7.1 = 0 Multiply both sides by 10 5x” + 16x + 71 =0 
J REVIEW EXERCISES 
Solve each equation using the quadratic formula. 27. ACROBATS To begin his routine on a trapeze, an 
17. 2x2 + 13x =7 18. —x2 + 10x —18 =0 acrobat is catapulted upward as shown in the 
1 _4 5+ V7 illustration. His distance d (in feet) from the arena 
2 = . ; ae 
floor during this maneuver is given by the formula 
2 = —_ = 
2s 10x on: sy" ro 2 d = —16t* + 40¢ + 5, where ¢ is the time in seconds 
gy since being launched. If the trapeze bar is 25 feet in 
1 1 1 i i i it? 
21. <p? +—p+—=0 the air, at what two times will he be able to grab it? 
3 2 2 Round to the nearest tenth. 0.7 sec, 1.8 sec 
3, V5, 
“a= ft 
22. 3,00017 — 4,000¢ = —2,000 
2g V2. 
fee ae 
23. 0.5x? + 0.3x —0.1=0 24, x7 —3x-27= 
-3 + V29 3+3VB 
10 2 
25. TUTORING A private tutoring company charges +] 
$20 for a 1-hour session. Currently, 300 students are > 


tutored each week. Since the company is losing 1. 
money, the owner has decided to increase the price. r 
For each 50¢ increase, she estimates that 5 fewer 


students will participate. If the company needs to 28. TRIANGLES The length of the longer leg of a right 
bring in $6,240 per week to stay in business, what triangle exceeds the length of the shorter leg by 
price must be charged for a 1-hour tutoring session 23 inches and the length of the hypotenuse is 
vb aati this amount of revenue? 65 inches. Find the length of each leg of the 

or 


triangle. 33 in., 56 in. 
26. POSTERS The specifications 


for a poster of Cesar Chavez 
call for a 615-square-inch 
photograph to be surrounded 
by a green border. The 
borders on the top and 
bottom of the poster are to 
be twice as wide as those on k— 23 in. —| 
the sides. Find the width of 

each border. sides: 1.25 in. wide; top/bottom: 2.5 in. wide 


35 in. 
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Quadratic Functions and Their Graphs 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A quadratic function is a second-degree Quadratic functions: 

polynomial function of the form 1 
— 972 _ we 1 2_ 

ome a eee f(x) = 2x° — 3x + 5, g(x) x” + 4x, and s(x) 4% 10 


The graph of the quadratic function Graph: f(x) = 2(x +1)? —-8 


f(x) = a(x —h) +k where a#0 is a f(x) = 2[x — (-DF - 8 
parabola with vertex at (h,k). The axis of ' ' ' 
symmetry is the line x =h. The parabola fx=ax- hf +k 
h >0 
ian oa een Gish eae We see that a = 2,h = —1, and k = —8. The graph is a parabola with 
. vertex (h, k) = (—1, —8) and axis of symmetry x = —1. Since a is 
f -_ positive, the parabola opens upward. 
! y 
Axisofy ff 
symmetry +> 
l xyeett+ 
3 
eo fx) =20/+ 1° -8 
4 
\* +s ; 23 4 5 ate 
Vertex 
GI, -8) 
The vertex of the graph of | Graph: f(x) = —x* +3x+4 , Vertex 
: ee 
f(x) = ax? + bx + cis Here,a = —1,b = 3, andc = 4. faysaate rey (>? 
( b ( b )) « Sincew = 0 the i y-intercept : Frorh 
-—, cays > grap (0, 4) symmetry 
2a 2a opens downward. 
and the axis of symmetry is the line ¢ The x-coordinate of the x-intercept aa 
b vertex of the graph is — che ) oy 
~ 9g b a 3 
The y-coordinate of the vertex of the graph of oe ans) 2 y 
a quadratic function gives the minimum or 5} 8 
maximum value of the function. rig! |? 


To find the y-coordinate of the vertex, we substitute for x in the 
function. 


fe) = -x? + 3e+4 
3 3\7 3 25 
ee ees es + a=) ot == 
fg) = 
‘ (3 25 
The vertex of the parabola is the point 3, 3). 


The y-intercept is determined by the value of e The y-intercept is the value of the function when x = 0. Thus, 
f(x) when x = 0: the y-intercept is (0, c). the y-intercept is (0, 4). 
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To find the x-intercepts, let f(x) = 0 and solve 
ax’ + bx +c =0. 


e To find the x-intercepts, we solve: 
-x° + 3x+4=0 
x* — 3x -—4=0 Multiply both sides by -1. 
(x + 1) — 4) =0 Factor. 
x=-1 or x=4 


The x-intercepts are (—1, 0) and (4, 0). 


J REVIEW EXERCISES 


29. HOSPITALS The annual number of in-patient 32. Complete the square to write y 
admissions to U.S. community hospitals for the years f(x) = 4x? + 16x + 9 in the n 
1980-2004 can be modeled by the quadratic form f(x) = a(x — h)? + k. $54 R32] * 
function A(x) = 0.03x* — 0.82x + 36.31, where Determine the vertex and the ba 
A(x) is the number of admissions in millions and x is axis of symmetry of the i 
the number of years after 1980. Use the function to graph. Then plot several points 25 
estimate the number of in-patient admissions for the and complete the graph. H 
year 1992. Round to the nearest tenth of one f(x) = 4@ + 2) - 7; G2) 
million. 30.8 million eee faseeer 7 

A(x) 33. Find the vertex of the graph of f(x) = —2x* + 4x — 8 


using the vertex formula. 
G@y=6) 

34. First determine the 
coordinates of the vertex 
and the axis of symmetry 
of the graph of 
f(x) = x° + x — 2 using 
the vertex formula. Then 
determine the x- and 
y-intercepts of the graph. 
Finally, plot several points 
and complete the graph. 
(-3, -Z),.x = —}: (-2, 0), (1, 0); 0, -2) 

35. FARMING The number of farms in the United 
States for the years 1870-1970 is approximated by 


N(x) = —1,526x* + 155,652x + 2,500,200 


Inpatient admissions 
(millions) 


(1980) (2004) 
Years after 1980 


(Source: American Hospital Association) 


30. Fill in the blanks. The graph of the quadratic 
function f(x) = a(x — h)? + kis a parabola with 
vertex at ( h,k ). The axis of symmetry is the line 

where x = 0 represents 1870, x = 1 represents 

1871, and so on. For this period, when was the 

number of U.S. farms a maximum? How many farms 

were there? 1921; 6,469,326 


x =h.The parabola opens upward when a > 0 and 
downward when a < 0. 


Graph each pair of functions on the same coordinate system. 


31. Find the vertex and the axis y 36. Bente the solutions of 
of symmetry of the graph A (1-4) —3x° — 5x +2=0 
of f(x) = —2(x — 1)? + 4. : . from the graph of 
2 


f(x) = —3x? — 5x + 2, 


Then plot several points 
shown here. —2, 5 


and complete the graph. 
(1,4),x =1 


fx) =-2(x - 1)? +4 


37. fa) = 2x, a(x) = 28° = 3 


ax) = + 3 


Chapter8 Summary and Review 


38. f(x) = -iy, g(x) = —F(x + 2) 


y 
A 
(-2; 0)" 


gx) =F (e+ 2P 


The Discriminant and Equations That 


Can Be Written in Quadratic Form 


I DEFINITIONS AND CONCEPTS 


The discriminant predicts the type of solutions 
of ax* + bx + c = 0, where a, b, and c are real 
numbers and a # 0: 


1. 


If b? — 4ac > 0, there are two different 
real-number solutions. If b* — 4ac is a 
perfect square, there are two different 
rational-number solutions. If b? — 4ac is 
not a perfect square, there are two 
different irrational-number solutions. 
If b* — 4ac = 0, there is one repeated 
solution, a rational number. 

If b* — 4ac < 0, there are two different 
imaginary-number solutions that are 
complex conjugates. 


Equations that contain an expression, the 
same expression squared, and a constant term 
are said to be quadratic in form. One method 
used to solve such equations is to make a 
substitution. 


EXAMPLES 
In the quadratic equation 2x? — 5x — 3 = 0, we have a = 2,b = —5, 
and c = —3. So the value of the discriminant is 


b* — 4ac = (—5)? — 4(2)(—-3) = 25 + 24 = 49 


Since the value of the discriminant is positive and a perfect square, 
the equation 2x* — 5x — 3 =0 has two different rational-number 
solutions. 


Solve: x7? — 6x'/24+5=0 
The equation can be written in quadratic form: 


(x¥3)? — 6x43 +5 =0 
We substitute y for x’/* and use factoring to solve the resulting 
quadratic equation. 
y —-6y+5=0 
(y — DY — 5) =0 
y=1 or y=5 


Lety= x, 


Factor. 


Now we reverse the substitution y = x'/* and solve for x. 


eal or gP =5 
(ory = air Gry = (5)° 
x=1 x = 125 


The solutions are 1 and 125. Check both in the original equation. 


J REVIEW EXERCISES 


Chapter8 Quadratic Equations, Functions, and Inequalities 


+1\7 +1 
Use the discriminant to determine the number and type 49. (* ) + (2 ) +9=0 
of solutions for each equation. - : 
7 a repeated solution of —= 
39. 3x° + 4x — 3 = 0 two different irrational-number solutions 2/5 1/5 : 
sash : 50. 2m‘? — 5m" +2=0 
2 __, two imaginary-number solutions that 1 
40. 4x" — Sx +7=0 are complex conjugates 32 32 
AM. 32 = Ae A 0 one repeated solution, a rational 51. WEEKLY CHORES Working together, two 
— * 3. ~~ number sisters can do the yard work at their house in 
42. m(2m — 3) = 20 two different rational-number solutions 45 minutes. When the older girl does it all herself, 
she can complete the job in 20 minutes less time 
Solve each equation. : aa baer Anaie oe nan , 
ow long does it take the older girl to do the yar 
43. x—-13Vx4+12=0 44a +a'?-6=0 Snake ‘ : 
1, i Bad about 81 min 
45. 3x+ +x? -2=0 46. 6 6 =5 52. ROADTRIPS A woman drives her automobile 
“ak i te x+1 150 miles at a rate of r mph. She could have gone 
as ae 1-5 the same distance in 2 hours less time if she had 
47. (x — 7) + 6(x — 7) +10 =0 increased her speed by 20 mph. Find r. 


4+i 


48. m 4 -2m*+1=0 
repeated solutions of —1 and 1 


| DEFINITIONS AND CONCEPTS 


To solve a quadratic inequality, get 0 on the 
right side and solve the related quadratic 
equation. Then locate the critical numbers on 
a number line, test each interval, and check 
the endpoints. 


30 mph 


Quadratic and Other Nonlinear Inequalities 


EXAMPLES 
To solve x* — x — 6 =0, we solve the related quadratic equation 
x—x-6=0. 
x*>-x-6=0 
(x — 3)(x + 2) =0 Factor. 
x=3 or x=-2 


These are the critical numbers that divide the number line into three 
intervals. 


(+e, -2) (2, 3) (3, 22) 
SSS 8686860600808 8588688068 
ee SSS SSeS a 

4 —2 0 3 5 
Test x =-4 Testx.—0) Mesta7— 
True False True 


After testing each interval and noting that 3 and —2 satisfy the 
inequality, we see that the solution set is (—%, —2] U [3, ~). 


To solve a rational inequality, get 0 on the right 
side and solve the related rational equation. 
Then locate the critical numbers (including any 
values that make the denominator 0) on a 
number line, test each interval, and check the 
endpoints. 


To graph a nonlinear inequality in two 
variables, first graph the boundary. Then use a 
test point to determine which side of the 
boundary to shade. 


REVIEW EXERCISES 


Solve each inequality. Write the solution set in interval 


notation and graph it. 
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To solve +4 < 0, we solve the related rational equation <4 = 0 to 


obtain the solution x = —1, which is a critical number. Another 
critical number is x = 4, the value that makes the denominator 0. 
These critical numbers divide the number line into three intervals. 


(-22,=1) (-1,4 (4, 29) 
a 
—————E———E—_ ———————— EE eS 

3 -1 0 4 6 
Test x =-3 mesig—0) Test x =6 
False True False 


After testing each interval and noting that —1 and 4 do not satisfy the 
inequality, we see that the solution set is the interval (—1, 4). 


This is the graph of y = x* + 5x + 4, 


Since the inequality contains the symbol =, 
and equality is allowed, we draw the 
parabola determined by y =x? +5x+4 
using a solid line. 


We shade the region containing the test 
point (0,0) because its coordinates satisfy 
ysxrt+ 5x44. 


x= 1 
% 


> 0 from the 
x ! shown in figure (b). 


58. Estimate the solution set of 
graph of f(x) = 


x- 


53. x7 + 2x -35>0 54. x° <= 81 (—, 0) U (1, %) 
(—”, -7) UG, *) [-9, 9] 
———_$_—_— —— 
i 5 ~9 9 —_—_— 
S 2x7 — x — 28 
55.—<5 56. x TX 0 
x Xa A, 
—c ee me . 
(—», 0) u [Z, ~) (-3,1)U@,») - 5 
t ——— Graph each i lity. 
0 3/5 324 raph each inequality. 


57. Estimate the solution set of 3x7 + 10x — 8 <0 


1 
59. y<pe 


from the graph of f(x) = 3x” + 10x — 8 shown in 


figure (a) in the next column. [-4, 5] 
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TEST 


CHAPTER 8 


1. Fill in the blanks. 


a. An equation of the form ax” + bx + c = 0, where 
a # 0, is called a quadratic equation. 


b. When we add 81 to x* + 18x, we say that we have 
completed the square on x* + 18x. 


c. The lowest point on a parabola that opens upward, 
or the highest point on a parabola that opens 
downward, is called the _vertex_ of the parabola. 

5 


d. 2, ~ sg > Dis an example of a tational 


inequality in one variable. 
e. y =x? — 4x + 3 is an example of a nonlinear 
inequality in two variables. 


2. Solve x? — 63 = 0 using the square root property. 
Approximate the solutions to the nearest 
hundredth. +3\/7 ~ +7.94 


Solve each equation using the square root property. 


3. (a+ 7) =50 4.m+4=0 
-7+5V2 +2i 


5. Add a number to make x* + 11x a perfect-square 
trinomial. Then factor the result. 


x? + 11x 4 ut (x t uy 


6. Solve 4x* — 16x + 15 = 0 by completing the square. 
as 


Use the quadratic formula to solve each equation. 
7. 4x7 + 4x -1=0 22! 


9. -? + 4-13 =0 10. 0.01x7 = —0.08x — 0.15 


2 2 Bi =5,.=3 
Solve each equation by any method. 
11, 2y —3Vy+1=0 12.3 =m ?-2m'! 
1 1 
1,3 -1,3 


13. x4 - x7 -12=0 
9. =2.15, =1V3 


14. 


15. 


18. 


19. 


20. 


21. 


_44 
5°7 
1 i a 
=--- 16. 5a? + 11a? = -2 
n+2 3 3#44Nn 
2+ V10 -8,-75 


. Solve E = mc’ for c. Assume that all variables 


represent positive numbers. Express any radical in 


simplified form. 
V Em 


c= 


Use the discriminant to determine the number and 
type of solutions for each equation. 
a, 3x7 + 5x +17 =0 
two different imaginary-number solutions that are complex 
conjugates 


b. 9m? — 12m = —4 


one repeated solution, a rational number 


TABLECLOTHS In 1990, Sportex of Highland, 
Illinois, made what was at the time the world’s longest 
tablecloth. Find the dimensions of the rectangular 
tablecloth if it covered an area of 6,759 square feet 
and its length was 8 feet more than 332 times its 


width. 
4.5 ft by 1,502 ft 


COOKING Working together, a chef and his 
assistant can make a pastry dessert in 25 minutes. 
When the chef makes it himself, it takes him 8 
minutes less time than it takes his assistant working 
alone. How long does it take the chef to make the 


dessert? 
about 46 min 


DRAWING An artist uses four equal-sized right 
triangles to block out a perspective drawing of an old 
hotel. See the illustration below. For each triangle, the 
leg on the horizontal line is 14 inches longer than the 
leg on the center line. The length of each hypotenuse 
is 26 inches. On the centerline of the drawing, what is 
the length of the segment extending from the ground 


to the top of the building? 
20 in. 


Center line foogs 
_— Top of building 


Vanishing 


22. 


23. 


24. 


25. 


26. 


ANTHROPOLOGY Anthropologists refer to the 
shape of the human jaw as a parabolic dental arcade. 
Which function is the best mathematical model of the 
parabola shown in the illustration? iii 


i. f(x) = F(x — 4) 4 


ii. f(x) = (x — 6) 4 


iii. f(x) = -3y +6 


Find the vertex and the axis y 

of symmetry of ihe graph of t. 1-2) 
f(x) = -3(x — 1)° + 2. 
Then plot several points 


and complete the graph. 
(1, -2),x =1 


Complete the square to write 
the function 

f(x) = 5x? + 10x — 1 in the 
form f(x) = a(x — h)? + k. 
Determine the vertex and the 
axis of symmetry of the 
graph. Then plot several 
points and complete the 
graph. 

f(x) = Se + 1° -— 6(-1, 


6),.x 1 


First determine the 
coordinates of the vertex and 
the axis of symmetry of the 
graph of f(x) = 2x7 +x-1 
using the vertex formula. 
Then determine the x- and 
y-intercepts of the graph. 
Finally, plot several points 
and complete the graph. 
(“pe ee 


DISTRESS SIGNALS A flare is fired directly 
upward into the air from a boat that is experiencing 
engine problems. The height of the flare (in feet) 
above the water, t seconds after being fired, is given 
by the formula h = —161* + 112t + 15. If the flare is 
designed to explode when it reaches its highest point, 
at what height will this occur? 211 ft 


Chapter8 Test 


Solve each inequality. Write the solution set in interval notation 
and then graph it. 


27. 


28. 


29. 


= 26 > 8 (2) 0 Be) ee — ee 
a3 4 


x= 2 
= 0 (-3,2] ___¢-—___ > 
x+3 = 


WATER USAGE The average amount of water used 
per month by a single-family residential customer in 
Tucson, Arizona, for the year 2004 is modeled by the 
function W(m) = —235m? + 2,095m + 6,540, where 
W(m) is the number of gallons and m is the number 
of months after March. Use the function to 
approximate the average number of gallons of water 
used in July, which is typically Tucson’s warmest 
month. (Based on data from the City of Tucson Water 
Department) 11,160 gal 


Tucson: Average Water Usage by Month 
Single-Family Residental Customer, 2004 


12,000 
gallons a 


A S N D 
u 
8 


6,000 
gallons 


J 
u 
1 


M 
a 
r 


ii 
so 
aed 
<0 
ao 


SS 
<os 


30. Graph: y = —x* + 3 


31. 


32. 


The graph of a quadratic 
function of the form 
f(x) = ax? + bx + 

is shown. Estimate 

the solutions of 

the corresponding 
quadratic equation 

ax? + bx +c =0. -2,3 


See Exercise 31. Estimate the solution of the 
quadratic inequality ax? + bx + ¢ <0. [—2,3] 
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CHAPTERS 1-8 


1. Solve: 3(x + 2) —2 = —(5 + x) + x [Section 1.5] 
=e 

2. PHARMACISTS How many liters of a 1% glucose 
solution should a pharmacist mix with 2 liters of a 
5% glucose solution to obtain a 2% glucose solution? 


[Section 1.8] 
6L 


Find an equation of the line with the given properties. Write the 

equation in slope-intercept form. 

3. Slope 3, passing through (—2, —4) [Section 2.4] 
y= 342 

4. Parallel to the graph of 2x + 3y = 6 and passing 
through (0, —2) [Section 2.4] 
y= ~ $x =z 

5. SHORTAGE OF NURSES Use the data in the graph 
to find the projected rates of change in the supply and 
demand for registered nurses (RNs) in the United 
States for the years 2010-2020. [Section 2.3] 


supply: a decrease of 15,000 nurses per year; demand: an increase 
of 55,000 nurses per year 


RN demand 
2,850,000 
8 
5 2,300,000 
= 
= RN supply 
& | 1,950,000 
1,800,000 


2010 2015 2020 
Year 


(Source: American Hospital Association) 


6. TIDES The illustration shows the graph of a function 
f, which gives the height of the tide for a 24-hour 
period in Seattle, Washington. (Note that military time 
is used on the x-axis: 3 A.M. = 3, noon = 12,9 PM. 
= 21, and so on.) [Section 2.6] 


a. Find the domain 
of the function. 
domain: [0, 24] 


b. Find f(6). 
1S 


Meters 


c. What information 
does f(12) give? 
At noon, the low tide 
mark was —2.5 m. 

d. Estimate the 
values of x for 
which f(x) = 0. 
O29. 17 


CUMULATIVE REVIEW 


7. Solve the system by graphing: 


ee! 
a ae” 
3 
2. —-_— = 
X ay 
[Section 3.1] (1, —2) 


8. Use substitution to solve the system: 


ee. Section 3.2] (3,8 
ae Dye aq PRET 


9. Solve the system: 


x-ytz=4 
x +2y —z=—1 [Section 3.3] (2, -1,1) 
eb yo 3zZ = -2 


10. Evaluate the determinant:| 
Valuate e aeterminan 15 4 


| [Section 3.5] 6 


Solve each inequality. Write the solution set in interval notation 
and then graph it. 
11. 5(—2x + 2) > 20 — x [Section 4.1] 
10 
-S-7)<= . 
-10/9 


12. 5x —3 =2 and 6 = 4x — 3 [Section 4.2] 


= 


9/4 
13. |2x — 5| = 25 [Section 4.3] 


(—%, —10] U [15, 2°) <<}! > 
-10 15 
14. Graph the solution set of the 
system: 


aes 
x+3y=2 


eos oe 2eb'c* 
15. Simplify: (2 “25-13 
16. Write each number in scientific notation and perform 
the operations. Give the answer in scientific notation 
and in standard notation: et ae _ 


[Section 5.2] 1.44  10!°; 14,400,000,000 


8al2p!2 


=3 
) [Section 5.1) 15 


Chapter8 Cumulative Review 


Perform the indicated operations. 34. Divide: 3a — 4)15a3 — 29a2 + 16 [Section 6.5] 
17. (—8.91° — 2.4r) — (2.119 + 0.81? — 1) [Section 5.3] lta Mies 

—1107 — 0.82? — 1.4¢ x-4 x-2 ; 

‘ Z 35. Solve: + = x — 3 [Section 6.7] 

18. (2a — b)(4a° + 2ab + b°) [Section 5.4] x-3 x-3 

8a* — b° 5;3 is extraneous 

| fi . 1 1 i 1 1 1 . 
Factor each expression. 36. Solve for R: ae Sa aS [Section 6.7] 
Ri R2R3 

19, x? + 4y — xy — 4x [Section 5.5] (x — y)(x — 4) R = Rs + Rika + RR 
20. x* — 16y* [Section 5.6] (x? + 4y*)(x + 2y)(x — 2y) 37. SINKS A sink has two faucets, one for cold water 


21. 8x° + 125y? [Section 5.6] (2x? + Sy)(4x* — 10x2y + 25y?) and one for hot water. It can be filled by the cold- 
ri 3 > : : water faucet in 30 seconds and by the hot-water 

22, 30a — 4a" — 16a" [Section 5.7] 2a°(3a + 2)(5a — 4) faucet in 45 seconds. How long will it take to fill the 

23. 495° — 84s°n* + 36n* [Section 5.7] (78° — 6n?)? sink if both faucets are opened? [Section 6.7] 18 sec 


24, x° + 10x + 25 — y® [Section 5.8] (x+5+y*\(x+5—y’) 38. SNOW REMOVAL A state highway department 

uses a 7-to-2 sand-to-salt mix in the winter months for 
Solve each equation. spreading across roadways covered with snow and ice. 
25. (m + 4)(2m + 3) — 22 = 10m [Section 5.9] 2, -3 If they have 6 tons of salt in storage, how many tons 
of sand should be added to obtain the proper mix? 
[Section 6.8] 21 tons 


26. 6a° — 2a = a” [Section 5.9] 0,3, -5 


Graph each function and give its domain and range. 39. DELIVERIES The costs of a delivery company vary 
jointly with the number of trucks in service and the 
number of hours they are used. When 8 trucks are 
used for 12 hours each, the costs are $3,600. Find the 
costs of using 20 trucks, each for 12 hours. 

[Section 6.8] $9,000 

40. Graph the function y 
f(x) = Vx — 2 and give its 
domain and range. 

[Section 7.1] D:[2, ©), R:[0, %) 


27. f(x) =x +x? — 6x 
[Section 5.3] 
D: (—%, %), R:(—%, ) 


4 - > xX 
28. f(x) = ~forx > 0 : et 
8 2 ht c 
[Section 6.1] : . fps aes 
D: (0, 2), R: (0, %) 5 
3 4 
3 f= \ Simplify each expression. 
1 41. \W/—27x° [Section7.1] 42. V48P> [Section 7.1] 
lta 4 567 ee |* ae 4t\/3t 
ee 43. —31/32 — 21/162 + 5W/48 [Section 7.2] 
29. Simplify: ee [Section 6.1] x23 -12W2 + 10W3 
= ; . 2 A 44. 3V2(2V3 = 4V/12) [Section 7.3] 
x oe XO = BY ; a 
30. Divide: = 7 Z = [Section 6.2] eed i's 
ed _ 45 Ve tion 7.3] 46 z [Section 7.3] 
<a | ar ecvion /. le ap ection /. 
31. Perform th tions: Bee ee — 
- Perform the operations: —— , as Poe Fe e +3VE4 2 sve 
[Section 6.3] 0 ‘ 5/3 1/2 
47. 64°7/> [Section 7.4] 48. ———— [Section 7.4] 
1 3/4 
; ; 2 re ait ey x2 
32. Spi [Section 6.4] a ae 
r r 
r+2 * r+2 Solve each equation. 
oa ere 49. 5Vx+2=x+ 8 [Section 7.5] 2,7 
2 24 y’ — L2x°y* + 36xy ; 
33. Divide: 48x2y3 [Section 6.5] 50. Vx + Vx + 2 =2 [Section 7.5] + 


Chapter8 Cumulative Review 


51. Find the length of the hypotenuse of the right triangle 
in figure (a). [Section 7.6] 3V2 in. 

52. Find the length of the hypotenuse of the right triangle 
in figure (b). [Section 7.6] 2/3 in. 


45° 
’, 
3 in. 3 in. 
45° io 60° 30° 
(a) (b) 


53. Find the distance between (—2, 6) and (4, 14). 
[Section 7.6] 10 


54, Simplify: i** [Section 7.7] —i 


Perform the indicated operations. Write each result ina + bi 
form. 


55. (-7 + V—81) - (-2 


=5 17i 


V 64) [Section 7.7] 


> 
56. >—— [Section 7.7] 
oa 


3 Bs 
5 +5l 


57. (2 + i)* [Section7.7] 58. Gr [ection 7.7] 
L 


3 + 4i 0-3: 


Solve each equation. 
59. x* = 28 [Section 8.1] +27 
60. (x — 19)? = —5 [Section 8.1] 19 + iV/5 


61. Use the method of completing the square to solve 
2x? — 6x + 3 = 0. [Section 8.1] 22 


62. Use the quadratic formula to solve a* — za — i. 


[Section 8.2] 4 + 2i 

63. COMMUNITY GARDENS Residents of a 
community can work their own 16-ft x 24-ft plot of 
city-owned land if they agree to the following 


conditions: 


e The area of the garden cannot exceed 
180 square feet. 

e A path of uniform width must be maintained 
around the garden. 


Find the dimensions of the largest possible garden. 
[Section 8.2] 10 ft by 18 ft 


16 ft 


24 ft 


64. SIDEWALKS A 170-meter-long sidewalk from the 
mathematics building M to the student center C is 
shown in red in the illustration. However, students 
prefer to walk directly from M to C, across a lawn. 
How long are the two segments of the existing 
sidewalk? [Section 8.2] 50m and 120m 


M 


170m 


Solve each equation. 


65. 17/9 — t'/ = 6 [Section 8.3] 
=8,27 

66. x 4 — 2x *+1=0 [Section 8.3] 
repeated solutions of —1 and 1 

67. First determine the vertex 
and the axis of symmetry of 
the graph of f(x) = —x? — 4x 
using the vertex formula. 
Then determine the x- and 
y-intercepts of the graph. 
Finally, plot several points 
and complete the graph. 


[Section 8.4] 
(—2, 4), x = —2;(—4, 0), (0, 0); (0, 0) 


Solve each inequality. Write the solution set in interval notation 
and then graph it. 


68. x” — 81 <0 [Section 6.5] 


(—9, 9) <<} > 
9 9 


= Section 8.5 
xt+1 eile J 


(4, -2] U (-1, 2] —_ =} —_ =} 
4 -2 -1 2 
70. a. The graph of f(x) = 16x* + 24x + 9 is shown 
below. Estimate the solution(s) of 
16x? + 24x + 9 = 0. [Section 8.5] —} 
b. Use the graph to determine the solution of 
16x? + 24x + 9 <0. no solution 
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from Campus to Careers 
Social Worker 


For those with a desire to help improve other people's lives, social work is one 
career option to consider. Social workers offer guidance and 
counseling to people in crisis. They must be critical 
thinkers—able to use their logic and reasoning to 
brainstorm alternative solutions to problems faced by 

their clients. Social workers use their mathematical skills to 
construct family budgets, plan personnel schedules, gather 
and interpret data, and comprehend the statistical methods 
used in research studies. 


Social workers often use occupational test results when 
counseling their clients about employment options. In 
Problem 57 of Study Set 9.4, you will use concepts from this 

chapter to interpret the “learning curve” of a factory trainee. : 


770 Chapter9 Exponential and Logarithmic Functions 


Objectives 


1 | Add, subtract, multiply, divide 
functions. 

] 2 | Find the composition 
of functions. 

EI Define the identity function. 


| 4 | Use composite functions to 
solve problems. 


Self Check 1 


Let f(x) = 3x — 2 and 
g(x) = 2x? + 3x. Find: 

a. (f + g)(x) 

b. (f — g)(x) 

Now Try Problems 17 and 19 
Self Check 1 Answers 

a, 2x* + 6x — 2 

be =e =2 


Teaching Example 1 Let f(x) = 5x — 3 
and g(x) = 4x* — 2x + 1. Find: 

a. (f + g)(x) 

b. (f — g)(x) 

Answers: 

a. 4x? + 3x —2 

b. 4x" + Te = 4 


SECTION 9.1 


Algebra and Composition of Functions 


Just as it is possible to perform operations on real numbers, it is possible to perform 
operations on functions. We will begin by showing how to add, subtract, multiply, and 
divide functions. Then we will consider another method of combining functions, 
called composition of functions. 


EB Add, subtract, multiply, divide functions. 


We now consider how functions can be added, subtracted, multiplied, and divided. 


Operations on Functions 


If the domains and ranges of functions f and g are subsets of the real numbers, 
then 


The sum of f and g, denoted as f + g, is defined by 
(f + g)(x) = f(x) + BQ) 

The difference of f and g, denoted as f — g, is defined by 
(Ff — g)(x) = f(x) — a(x) 

The product of f and g, denoted as f - g, is defined by 
(f+ g)(x) = fO)g@) 

The quotient of f and g, denoted as f / g, is defined by 


f@) 
(Hex) = 
g(x) 
The domain of each of these functions is the set of real numbers x that are in 
the domain of both f and g. In the case of the quotient, there is the further 
restriction that g(x) # 0. 


where g(x) # 0 


| EXAMPLE 1 | Let f(x) = 2x? + 1 and g(x) = 5x — 3. Find each function 


and its domain: a. (f + g)(x) b. (f — g)(x) 
Strategy We will add and subtract the functions as if they were polynomials. 


WHY We add because of the plus symbol in f + g, and we subtract because of 
the minus symbol in f — g. 


Solution 
a. (f + g)(x) = f@&) + g@) 
= (2x? + 1) + (5x — 3) Replace f(x) with 2x* + 1 and g(x) with 5x — 3. 


= 2x7 +1+5x-3 Drop the parentheses. 
= 2x7 +5x-2 Combine like terms. 
The domain of f + g is the set of real numbers that are in the domain of both 


f and g. Since the domain of both f and g is the interval (—~, ~), the domain 
of f + gis also the interval (—, °). v 
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b. (f — g)(x) = f@) — g@) 
= (2x? + 1) — (5x — 3) 
=2x7+1-5x+3 
= 2x" —5x+4 


Combine like terms. 


Since the domain of both f and g is (—~, ©), the domain of f — g is also the 
interval (—%, %). @ 


| EXAMPLE 2 | Let f(x) = 2x? + 1 and g(x) = 5x — 3. Find each function 


and its domain: a. (f+ g)(x) b. (f/g)(x) 
Strategy We will multiply and divide the functions as if they were polynomials. 


WHY We multiply because of the raised dot f - g, and we divide because of the 
fraction bar in f / g. 


Solution 
a. (f - g)(x) = f@s() 
= (2x? + 1)(5x — 3) 


= 10x? — 6x7 + 5x —3 Multiply the binomials. 


The domain of f - g is the set of real numbers that are in the domain of both f 
and g. Since the domain of both f and g is the interval (—~, ~), the domain of 
f+ gis also the interval (—%, %). 


b. (f/e)(x) = ” 
_ 2x7 +1 
~ 5y —3 


Since the denominator of the fraction cannot be 0, x # 2. Thus, the domain 
of f/g is the interval (—~, 3) U (3, oo). rat 


LG hime OleLe| SR Black Colleges and Universities 


“Historically Black Colleges and Universities (HBCUs) provide an academic 
atmosphere which recognizes, responds, and appreciates the diverse background 
and qualifications of thousands of students that annually enroll at these 
institutions.” 


Wilvena T. McDowell, Assistant Direction of Admissions, North Carolina A&T State University 


In the illustration, the graph 
of function f gives the 
number of men and the 
graph of function g gives the 


Fall enrollment in historically 
Encollment Black colleges and universities 
350,000 
300,000 
250,000 
200,000 


150,000 


number of women enrolled 
in historically Black colleges 
and universities. The 
variable x represents the 100,000 
number of years since 1980. 50,000 
Sketch the graph of the ee 
function f + g on the same 
coordinate system and 


explain its significance. 
The graph of f + g gives the total 
number of students enrolled in historically Black colleges and universities. 


Number of years since 1980 


Source: National Center for Educational Statistics, 2004 


Self Check 2 


Let f(x) = 2x* — 3 and 

g(x) = x* + 1. Find each 

function and its domain: 

a. (f * g)(x) 

b. (f/2)(x) 

Now Try Problems 21 and 22 

Self Check 2 Answers 

a. 2x4 — x? — 3, D:(—%, ~) 
2x? — 3 


b. 
r+ 


, D:(—%, %) 


Teaching Example 2 Let 

f(x) = 3x” — Land g(x) = 2x + 5. 
Find each function and its domain: 
a. (f > g)(x) 

b. (f/2)(x) 
Answers: 

a. 6x? + 15x? — 2x 


3x7 - 1 5 5 
b. Di : is 
x +5 (-= Ju 5,0) 


772 


Chapter9 Exponential and Logarithmic Functions 


4 Find the composition of functions. 


We have seen that a function can be represented by a machine: We input a number 
from the domain, and a number from the range comes out. For example, if we put 
the number 2 into the machine shown in figure (a), the number /(2) = 8 comes out. 
In general, if we put x into the machine shown in figure (b), the value f(x) comes 
out. 


Often one quantity is a function of a second quantity that depends, in turn, on a 
third quantity. For example, the cost of a car trip is a function of the gasoline 
consumed. The amount of gasoline consumed, in turn, is a function of the number of 
miles driven. Such chains of dependence can be analyzed mathematically as 
compositions of functions. 

Suppose that y = f(x) and y = g(x) define two functions. Any number x in the 
domain of g will produce the corresponding value g(x) in the range of g. If g(x) is in 
the domain of function f, then g(x) can be substituted into f, and a corresponding 
value f(g(x)) will be determined. This two-step process defines a new function, called 
a composite function, denoted by f © g. (This is read as “f composed with g.”) 

The function machines shown below illustrate the composition f ° g. When we 
put a number x into the function g, g(x) comes out. The value g(x) goes into function 
f, which transforms g(x) into f(g(x)). (This is read as “f of g of x.”) If the function 
machines for g and f were connected to make a single machine, that machine would 
be named f ° g. 


x is input into 
function g. 


Step 1 
The output of function g 
8(*)) is then input into function f, 


N 


A composition 
function machine 


feg 


This is the output 
of the composite function. 


9.1. Algebra and Composition of Functions 


To be in the domain of the composite function f ° g, a number x has to be in the 
domain of g. Also, the output of g must be in the domain of f. Thus, the domain of 
f °g consists of those numbers x that are in the domain of g, and for which g(x) is in 
the domain of f. 


Composite Functions 


The composite function f ° g is defined by 
(fF °g)(x) = f(g) 


For example, if f(x) = 4x and g(x) = 3x + 2, then 
(f° g)(%) = f(g@)) (g° f)(*) = s(f@)) 


= f(3x + 2) = g(4r) 
= 4(3x + 2) = 3(4x) +2 
=12x+8 =12x+2 


Different results 


Caution! 


Note that in the previous example, (f ° g)(x) # (g° f)(x). This shows 
that the composition of functions is not commutative. Also note that (f ° g)(x) 
is not equal to (f - g)(x): (f ° g)(x) = 12x + 8, but (f + g)(x) = 12x? + 8x. 


Let f(x) = 2x + land g(x) = x — 4. Find: 
a. (fog)(9) ob (fegy(x)  «& (ge f)(—2) 


Strategy In part a, we will find f(g(9)). In part b, we will find f(g(x)). In part c, 
we will find g(f(—2)). 


WHY To evaluate a composition function written with the circle ° notation, we 
rewrite it using nested parentheses notation. 


Solution 

a. (f ° g)(9) means f(g(9)). In figure (a) on the next page, function g receives the 
number 9, subtracts 4, and releases the number g(9) = 5. Then 5 goes into the 
f function, which doubles 5 and adds 1. The final result, 11, is the output of the 
composite function f ° g: 


Read as “f of g of 9.” 


?20)={60) =f{@)=26) 41+ 11 
Thus, (f ° g)(9) = 11. 
b. (f ° g)(x) means f(g(x)). In figure (a) on the next page, function g receives the 
number x, subtracts 4, and releases the number x — 4. Then x — 4 goes into 


the f function, which doubles x — 4 and adds 1. The final result, 2x — 7, is the 
output of the composite function f ° g. 


Read as “f of g of x.” 


(f° gs)(x) = flg@)) = f@ — 4) = 2-4) +1 =2x-7 
Thus, (f ° g)(x) = 2x — 7. 


c. (g° f)(—2) means g(f(—2)). In figure (b), function f receives the number —2, 
doubles it and adds 1, and releases —3 into the g function. Function g subtracts 


4 from —3 and outputs a final result of —7. Thus, v 


Self Check 3 


Let f(x) = 3x — 1 and 
g(x) = x + S. Find: 

a. (f° g)(4) 

b. (f° g)(x) 

c. (g° f)(—2) 

Now Try Problems 34 and 40 


Self Check 3 Answers 
a, 26 b. 3x +14 ©. =2 


Teaching Example 3 Let f(x) = 5x + 2 
and g(x) = 2x — 1. Find: 

a. (f ° g)(3) 

b. (f° g)(x) 

c. (g° f)(—2) 

Answers: 

a. 27 

b. 10x — 3 

eH1F 
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Self Check 4 


Let f(x) = x? + 1 and let J be 


the identity function, [(x) = x. 


Find: 

a. (fo D(x) x +1 
b. (To f)(x) x7 + 1 
Now Try Problems 41 and 43 


Read as “g of f of —2.” 
{ 
2° {)(-2) =sG-a) = 2) = 247 
Thus, (g° f)(—2) = —7. 


Function g is 
applied first. 


f°8 


(a) 


Function fis 
applied first. 


Apply function g. 
(b) a 


IER Define the identity function. 


The identity function is defined by the equation /(x) = x. Under this function, the 
value that is assigned to any real number x is x itself. For example 
1(2) = 2, (—3) = —3, and 1(7.5) = 7.5. If f is any function, the composition of f 
with the identity function is just the function /: 


(f° D(x) = We f)(*) = FQ) 


Let f be any function and let J be the identity function, 
I(x) = x. Show that: a. (f° J)(x) = f(x) b. (To f)(x) = f(x) 


Strategy In part a, we will find f(/(x)). In part b, we will find J(f(x)). 


WHY To find a composition function written with the circle o notation, we 
rewrite it using nested parentheses notation. 


9.1 Algebra and Composition of Functions 


Solution 
a. (f ° J)(x) means f(/(x)). Because I(x) = (x), we have 


(f° D(x) = fU@)) = FR) 


b. (J ° f)(x) means /(f(x)). Because J passes any number through unchanged, we 
have I(f(x)) = f(x) and 


(Le f)(x) = If()) = Ff) a 


IZ¥ Use composite functions to solve problems. 


| EXAMPLE 5 | Biological Research A laboratory specimen is stored in 


a refrigeration unit at a temperature of 15° Fahrenheit. Biologists remove the 
specimen and warm it at the rate of 3°F per hour. Express the sample’s Celsius 
temperature as a function of the time ¢ since it was removed from refrigeration. 


Strategy We will express the Fahrenheit temperature of the specimen as a 
function of the time rf since it was removed from the refrigerator. Then we will 
express the Celsius temperature of the specimen as a function of its Fahrenheit 
temperature and find the composition of the two functions. 


WHY The Celsius temperature of the specimen is a function of its Fahrenheit 
temperature. Its Fahrenheit temperature is a function of the time since it was 
removed from refrigeration. This chain of dependence suggests we write a 
composition of functions. 


ta ™ Fit) XX C(Fit)) 


Time in hours Temperature Temperature 

since specimen of of 

removed from specimen specimen 
refrigeration in °F ime 


Solution 

The temperature of the specimen is 15°F when the time ft = 0. Because it warms 
at a rate of 3°F per hour, its initial temperature of 15° increases by 37°F in ¢ hours. 
The Fahrenheit temperature of the specimen is given by the function 


F(t) = 3t + 15 
The Celsius temperature C is a function of this Fahrenheit temperature F, given 
by the function 
5 
C(F) = gf — 32) 
To express the specimen’s Celsius temperature as a function of time, we find 
the composite function 


(Co F)(t) = CFM) 


= C(3t + 15) Substitute 3t + 15 for F(t). 


5 
= glGe +15) — 32] Substitute 3t + 15 for Fin 9(F — 32). 


= (3 — 17) Simplify. 


The composite function, C(t) = 3(3¢ — 17), finds the temperature of the specimen 
in degrees Celsius ¢t hours after it is removed from refrigeration. @ 


Teaching Example 4 Let 

f(x) = 5x? + 3 and let J be the identity 
function, /(x) = x. Find: 

a. (f° I(x) 

b. (1° f)(x) 

Answers: 

a. 5x7 + 3 

b. 52° $3 


Self Check 5 


WEATHER FORECASTING A low- 
pressure area is bringing in 
colder weather for the next 

12 hours. The temperature is 
now 86° Fahrenheit and is 
expected to fall 3° every 2 hours. 
Write a composition function 
that expresses the Celsius 
temperature as a function of the 
number of hours from now. 


Now Try Problem 63 


Self Check 5 Answer 
5 
= 30 =< 
CaH=3 6 


Teaching Example 5 WEATHER 
FORECASTING A changing weather 
pattern is bringing in warmer weather 
for the next 24 hours. The temperature 
is now 50° Fahrenheit and is expected 
to increase 6° every 5 hours. Write a 
composition function that expresses the 
Fahrenheit temperature as a function of 
the number of hours from now. 
Answer: 


C(t) = 10 + ot 
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ANSWERS TO SELF CHECKS 


1. a. 2x7 + 6x —2 b, —2x7-2 2. a. 2x4 -— x? — 3,D:(-~, &) 
b. 25-3 D:(—0,0) 3.a26 bo 3xt+14 «a -2 42241 


xe 


= 3 
5. C(t) = 30 —- Gt 


STUDY SET 


I VOCABULARY 
Fill in the blanks. 
1. The s'™_of f and g, denoted as f + g, is defined 
by (f + g)(x) = fe) +8@). 
2. The _cifference of f and g, denoted as f — g, is defined 
by (f — 2)@) = ea. 
. The product of f and g, denoted as f - g, is defined 
by (f+ g)(*) = f@)g@)- 


p> 4. The quotient of f and g, denoted as f/g, is defined 
F(x) 
b = —— (g #0). 
y (f/e)(«) = Gage (2 # 0) 


5. In Exercises 1-3, the ¢°™2i"_ of each function is the set 
of real numbers x that are in the domain of both f and g. 

6. The composite function f © g is defined by 
(f° g)(x) = f(g@)). 

7. Under the identity function, the value that is 
assigned to any real number x is x itself. 


8. When reading the notation f(g(x)), we say “f of ¢ 
jh ee? 


I CONCEPTS 

Fillin the blanks. 
9 (f°8)(x) = f(a) 

10. To find f(g(x)), we first find 2(x) and then substitute 
that value for x in f(x). 

. If f(x) = 3x + Land g(x) = 1 — 2x, find f(g(3)) and 
g(f(3)). -14, -19 

. Is the composition of functions commutative? 
Explain. no 


13. Complete the 
table of values 


for the identity —3) -3 : 
function, = 4 
I(x) =x.Then ——— : 
. =i | = 
graph it. ; 
On 
1 1 
2B) 
3 3 


P Selected exercises available online at 
www.webassign.net/brookscole 


14. Fill in the blanks in the drawing of the function 
machines below that show how to compute g(f(—2)). 


f)=2-30| > 


sQsxe+ 10 7 


I NOTATION 
Complete each solution. 
> 15. Let f(x) = 3x — Land g(x) = 2x + 3. Findf:g. 
(f + g)(%) = fx) - 8) 
= (x —1) (2x + 3) 
6x? + HA -H-3 
= 6x7 + Tx — 3 
> 16. Let f(x) = 3x — land g(x) = 2x + 3. Findf og. 
(f° g)(x) = f(g()) 
= f( Dees ) 
= 3( Dea 3) =r Il 
=6r +9 —-1 
=6x+8 


ll 


| GUIDED PRACTICE 


Let f(x) = 3x and g(x) = 4x. Find each function and its domain. 
See Examples 1-2. 


17. (f + g)(x) > 18. (f — g)(x) 


a ak at =x, (—, @) 
19. (g — f(x) 20. (g + f)(x) 
x, (—@, ©) 7x, (—%, 2%) 


21. (f+ g)(x) 


12x”, (—~, 2) 


22. (f/g)(x) 


3 (—2, 0) U (0, ») 
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23. (g/f)(x) Pm 24. (g- f(x) I APPLICATIONS 
4 (—~,0) U (0, ») 12x2, (—c, 0) 
3 > 63. METALLURGY A molten alloy must be cooled 
Let f(x) = 2x + Land g(x) = x — 3. Find each function and its slowly to control crystallization. When removed from 
domain. See Examples 1-2. the furnace, its temperature is 2,700°F, and it will be 
cooled at 200° per hour. Express the Celsius 
25. (f + g)(x) 26. (f — g)() temperature as a function of the number of hours ¢ 
3x — 2, (—%, 2%) x + 4, (—%, ) ; as 5 
a7. (f-e)(x) p> 28. (f/z)(x) since cooling began. C(7) = 5(2,008 — 2007) 
- 7 a eeea *Y /8) eC > 64. WEATHER FORECASTING A high-pressure area 
; rete a. ok : promises increasingly warmer weather for the next 
29. (g — t )(x) 30. ( + fx) : 48 hours. The temperature is now 34° Celsius and is 
ee mie a, gies in expected to rise 1° every 6 hours. Express the 
31. (g/ i )(x) ; , 32. (g° f)(x) Fahrenheit temperature as a function of the number of 
fle = 7) -*) ae = be ~ 3, (=, %) hours from now. (Hint: F = 2C + 32.) Fy =pr+ 
Let f(x) = 2x + Land g(x) = x” — 1.Find each value. p 65. MILEAGE COSTS 
See Example 3. a. Use the graphs below to determine the cost of the 
33. (f° g)(2) 7 bm 34. (f° g)(—3) 17 gasoline consumed if a family drove 500 miles on a 


$5. (f° a) bm 36. (f° g)(2x) & summer vacation. about $37.50 
5. © g)\(X) 2x7 — 1 s ° A) ae = 1 
2 a b. Write a composition function that expresses the 


1 16 : : 
ee cost of the gasoline consumed on the vacation as a 
37. (g° f)(0) 0 > 38. (ge (3) ' of the gasoline cons he vac 
function of the miles driven. C(m) = 5 
39. (g° f)(x) 4x° + 4x 40. (g° f)(2x) 16x* + 8x 
_ Gm) C(G) 
Let f(x) = 7x + 5and I(x) = x. Find each composition. S 4 sot 
See Example 4. Baok S 4g C(G) = 1.50 G 
& Z 
41. (f° D(x) 7 +5 p> 42. (Ie f)(x) 7x +5 2 30+ Gon)-= 5 : 30 L 
5 & 
Let f(x) = —3x + 6and I(x) = x. Find each composition. = = g ai 
See Example 4. g 107 9 107 
ie) m i i i! i i ly G 
43. (f°1)(x) -3x +6 > 44. (Tc f)(x) -3x + 6 100 200 300 400 500 5 10 15 20 25 30 
Miles driven Gasoline consumed (gal) 


I TRY IT YOURSELF 


let #():= Se — Dahd p6x) SBP 44 Find each function p> 66. COSTUMES The tables on the back of the pattern 


package shown below can be used to determine the 


Baas emai, number of yards of material needed to make a rabbit 
45. (f — g)(x) p> 46. (f + g)(x) costume for a child. 
= Oy" + 34 = 3) (=e, &) 2 + 3x = 1,(=6, 2) : : 
a. How many yards of material are needed if the 
we (/8)) 46. (f° g)(x) child’s chest measures 29 inches? 3} yd 
=4— + | (—00, 00 6x* — 4x? + 3x — 2,(—%, : . ae : 
aes 1 ) . : ° ( ) b. In this exercise, one quantity is a function of a 
Let f(x) = x? — Land g(x) = x* — 4. Find each function and its second quantity that depends, in turn, on a third 
domain. quantity. Explain this dependence. 
The amount of material needed depends on the size of the 
49. (f — g)(x) 50. f+ g)(x) pattern used. The size of the pattern to use depends on the 
oF 2x" = 5, (=%, @) chest measurement of the child. 
51. (s/P)@) Pm 52. (g- f(x) 
ot Se) a et ae) F naes 
eo PATTERN 9810 Simplicity 
Let f(x) = 3x — 2and g(x) = x” + x. Find each value. Costumes have front zipper, long raglan sleeves, elastic 
sleeve and leg casings, hood. Fabrics: Fleece or suede 
53. (f °g)(4) 58 > 54. (g° f)(4) 110 BODY MEASUREMENTS 
55. (go f)(—3) 110 56. (f° g)(—3) 16 Chest (in.) 21 22 23 25 26 27 28; 29 30 
Pattern A238 6 ¢ 8 10 i i 
57. (g° f)(0) 2 > 58. (f° g)(0) —2 Size 
Pm 59. (g° f)(x) 9x7 - 9% +2 ©60. (f° g)(x) 3x? + 3x - 2 YARDAGE NEEDED 
61. If f(x) = x + Land g(x) = 2x — 5, Soe ne 
show that (f ° g)(x) # (g° f)(x). Yards 20035 a 


62. If f(x) = x? + 1 and g(x) = 3x* — 2, 
show that (f ° g)(x) # (go f)(x). 
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67. Problem 65 illustrates a chain of dependence between Simplify each expression. 


the cost of the gasoline, the gasoline consumed, and 9? ee = 1A ae dy 9? = By 
the miles driven. Describe another chain of 71, —— > . i 

4-x 34+ 2x —x x 
dependence that could be represented by a _ 3x +7 _2x°(x + 7) 


ow aoe 


composition function. : P 
x 20-8 . Bx ox = 2 


p> 68. Explain how to add, subtract, multiply, and divide two 73. : 
functions. 3x7 —x — 12 3x -1 
x—4 
69. Write out in words how to say each of the following: 3x? — x — 12 
x 1 Kis 2 
(feg)(2) — a(f(-8)) a 
1+ 
70. If Y,; = f(x) and Y, = g(x), explain how to use the x= 2 


tables shown below to find g(f(2)). 


Inverse Functions 


The function defined by C(F) = 3(F — 32) can be used to convert degrees 


Fahrenheit to degrees Celsius. If we input a Fahrenheit reading, the output is a 
Celsius reading. For example, if we substitute 41° for F, we will obtain a Celsius 
reading of 5°: 


CUR) = 2(F - 32) 
5 
C(41) = 9 (41 — 32) Substitute 41 for F. 


5 
=—-(9 
5 (9) 
=5 
If we want to find a Fahrenheit reading from a Celsius reading, we need a 
function into which we can input a Celsius reading and have a Fahrenheit reading 
come out. Such a function is F(C) = 2C + 32, which takes the Celsius reading of 5° 


and turns it back into a Fahrenheit reading of 41°. 


F(C) = ac +32 


F(5) = =(5) + 32 Substitute 5 for C. 


=4A1 


These two functions do opposite things. The first turns 41°F into 5° C, and the 
second turns 5° C back into 41°F. For this reason, we say that the functions 
are inverses of each other. In this section, we will show how to find inverses of 
one-to-one functions. 


iB Determine whether a function is a one-to-one function. 


In figure (a) below, the arrow diagram defines a function f. If we reverse the arrows 
as shown in figure (b), we obtain a new correspondence where the range of f 
becomes the domain of the new correspondence, and the domain of f becomes the 
range. The new correspondence is a function because to each member of the 
domain, there corresponds exactly one member of the range. We call this new 
correspondence the inverse of f, or f inverse. 


Range Domain 

Domain Range —Demain— —Range- 
Z 8 
= se 
a he 
| Zn Vee" 


This reversing process does not always produce a function. For example, if we 
reverse the arrows in function g defined by the diagram in figure (a) below, the 
resulting correspondence is not a function. This is because to the number 2 in the 
domain, there corresponds two members of the range: 8 and 4. 


Domain Range 


The question that arises is, “What must be true of an original function to 
guarantee that the reversing process produces a function?” The answer is: the 
original function must be one-to-one. 

We have seen that a function assigns to each input exactly one output. For some 
functions, different inputs are assigned different outputs, as shown in figure (a). For 
other functions, different inputs are assigned the same output, as in figure (b). When 
each output corresponds to exactly one input, as in figure (a), we say the function is 
one-to-one. 


Different 
outputs 


Same output 


Different inputs ifferent inputs 
A one-to-one function Not a one-to-one function 


(a) (b) 


9.2 


Inverse Functions 
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One-to-One Functions 


A function is called one-to-one if different inputs determine different outputs. 


Self Check 1 | EXAMPLE 1 | . ae ) 
Determine whether each function is one-to-one: 


Determine whether 
f(x) = 2x + 3 is one-to-one. 


a fix =x b. f(x) =x? 


Explain why or why not. Strategy We will determine whether different inputs have different outputs. 
Now Try Problems 29 and 30 WHY If different inputs have different outputs, the function is one-to-one. If 
Self Check 1 Answer ; r ae 

: : different inputs have the same output, the function is not one-to-one. 
Yes, because different input values 
determine different output values. Solution 

° _ 2: ° ° 

‘Contiie Benplet Temine a. The function f(x) = x is not one-to-one, because different input values x can 
whether f(x) = |x| is one-to-one. determine the same output value y. For example, inputs of 3 and —3 produce 
Answer: the same output value of 9. 
No, f(—2) = |—2| = 2 and 5 5 
fQ2) = |2| =2 IQS =9 ‘and jf(-3)=(-sy=9 


b. The function f(x) = x° is one-to-one, because different input values x 
determine different output values y. This is because different numbers have 
different cubes. a 


9 Use the horizontal line test to determine whether a function 
is a one-to-one function. 


To determine whether a function is one-to-one, it is often easier to view its graph 
rather than its defining equation. If two (or more) points on the graph of a function 
have the same y-coordinate, the function is not one-to-one. This observation suggests 
the following horizontal line test. 


The Horizontal Line Test 


A function is one-to-one if every horizontal line that intersects its graph does 
so only once. Otherwise, the function is not one-to-one. 


In figure (a), since the graph of the function (shown in red) passes the 
horizontal line test, the function is one-to-one. In figure (b), the graph of the 
function does not pass the horizontal line test. Therefore, the function is not one-to- 
one. 


y BY 
A : A : 
One point More than one point 
of intersection of intersection 
> XxX > XxX 
One point 


of intersection 


A one-to-one function Not a one-to-one function 


(a) (b) 


| EXAMPLE 2 | Use the horizontal line test to determine whether the graphs 


in the figure represent one-to-one functions. 


Strategy We will draw horizontal lines through the graph of the function and 
see how many times each line intersects the graph. 


WHY If each horizontal line intersects the graph of the function exactly once, the 
graph represents a one-to-one function. If any horizontal line intersects the graph 
of the function more than once, the graph does not represent a one-to-one function. 


Solution 
a. Refer to the graph in figure (a). Because at least one horizontal line intersects 
the graph twice, the graph does not represent a one-to-one function. 


b. Refer to figure (b). Because every horizontal line that can be drawn intersects 
the graph exactly once, the graph represents a one-to-one function. 


(b) 4 


ER Find the equation of the inverse of a function. 


If f is the function determined by the ordered pairs in the table shown in figure (a) it 
turns the number 1 into 10, 2 into 20, and 3 into 30. Since the inverse of f must turn 
10 back into 1, 20 back into 2, and 30 back into 3, it consists of the ordered pairs 
shown in figure (b). 


Range Domain 
Domain Range Domain —Range- 
& & 3 & 3 

Function f Inverse of f 

x y @y) x/\y| Gy) 

1 | 10 | (1, 10) 10 | 1 | 440, 1) 

2 | 20 | (2, 20) 20 | 2 | (20, 2) 

3 | 30 | G, 30) 30 | 3 | (30, 3) 

(a) J (b) | 
The x- and 


y-coordinates 
are interchanged. 


9.2 Inverse Functions 


Self Check 2 


Use the horizontal line test to 
determine whether the following 
graphs represent one-to-one 
functions. 


Now Try Problems 33 and 37 
Self Check 2 Answers 
a. no b. yes 


Teaching Example 2 Use the 
horizontal line test to determine 
whether the following graphs represent 
one-to-one functions. 


a. y 
r 


Answers: 
a. yes b. no 
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Self Check 3 
If f(x) = —5x — 3, find the 
inverse of f and tell whether 
it is a function. 
Now Try Problem 40 
Self Check 3 Answer 


i. arg 


3 
, yes 


2 
Teaching Example 3 If f(x) = 3% 5 a A 


find the inverse of f and tell whether it 
is a function. 
Answer: 


fe) === 


, yes 
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We note that the domain of f and the range of its inverse is {1, 2, 3}. The range 
of f and the domain of its inverse is {10, 20, 30}. 

This example illustrates that to form the inverse of a function f, we simply 
interchange the coordinates of each ordered pair that determines f. When the 
inverse of a function f is also a function, we call it f inverse and denote it with the 
symbol f |. 


Caution! The symbol f '(x) is read as “the inverse of f(x)” or just “f 
inverse.” The —1 in the notation f'(x) is not an exponent. Remember that 


f'@) # 7: 


The Inverse of a Function 


If f is a one-to-one function consisting of ordered pairs of the form (x, y), the 
inverse of f, denoted f ', is a one-to-one function consisting of ordered pairs 
of the form (y, x). 


When a one-to-one function is defined by an equation, we use the following method 
to find the equation of its inverse. 


Finding the Inverse of a One-to-One Function 


If a function is one-to-one, we find its inverse as follows: 
If the function is written using function notation, replace f(x) with y. 
Interchange the variables x and y. 


Solve the resulting equation for y. 


We can then substitute f'(x) for y to denote the inverse function. 


| EXAMPLE 3 | If f(x) = 4x + 2, find the inverse of f and tell whether it is a 


function. 


Strategy We will find the equation of the inverse by replacing f(x) with y, 
interchanging x and y, and solving for y. 


WHY Ifa function takes an input of x and gives an output y, its inverse function 
has the reverse effect. 


Solution 
We proceed as follows: 
f(x) = 4x + 2 


y=4x +2 Step t: Replace f(x) with y. 


x=4y+2 Step 2: Interchange the variables x and y. 


To decide whether the inverse x = 4y + 2 is a function, we solve for y (step 3). 


x=4y+2 
x—2=4y Subtract 2 from both sides. 
x= 2 
(1) y= Divide both sides by 4 and write y on the left-hand side. 


4 Vv 


9.2 


Because each input x that is substituted into Equation 1 gives one output y, the 
inverse of f is a function, so we can express it in the form 


—2 
7 @-= rae Step 4: Substitute f—'(x) for y. 


IZJ Find the composition of a function and its inverse. 


To emphasize an important relationship between a function and its inverse, we 
substitute some number x, such as x = 3, into the function f(x) = 4x + 2 of 
Example 3. The corresponding value of y produced is 


fG) = 4) +2=14 


If we substitute 14 into the inverse function, f ', the corresponding value of y 
that is produced is 
14-2 


fd) = =3 


Thus, the function f turns 3 into 14, and the inverse function f ~1 turns 14 back into 3. 
In general, the composition of a function and its inverse is the identity function. 


To prove that f(x) = 4x + 2 and f ‘(x)= = are inverse functions, we must 
show that their composition (in both directions) is the identity function: 


(fof ‘\(x) = f-"@)) (f-*° f)(x) = f "(f@)) 
= ea = f (ax + 2) 
x-2 av +2-2 
Meiji 
=x—-2+2 -= 


Thus, (f ° f-')(x) = (f-'° f)(x) = x, which is the identity function I(x). 


8 Graph a function and its inverse. 


Inverse Functions 


| EXAMPLE 4 | Find the inverse function of the one-to-one function salnehacks 


f(x) = —3x + 3. Graph the function and its inverse on one coordinate system. 
Also graph y = x. 


Find the inverse of the one-to-one 
function defined by f(x) = bx = 2. 
Graph the function and its inverse 


Strategy We will find the equation of the inverse by replacing f(x) with y, on one coordinate system. Also 
interchanging x and y, and solving for y. Then we will graph f(x), f '(x), and graph y = x. 


y = x on one coordinate system. 


WHY Ifa function takes an input of x and gives an output y, its inverse function 
has the reverse effect. 


Solution 
To find the inverse function of f(x) = — 3x + 3, we begin by replacing f(x) with y. 


3 
ee ee 


Then we interchange the variables x and y and solve the equation for y. v 
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Now Try Problem 44 


Self Check 4 Answer ee or 2” +3 
3 
fe) = 3% +3 3 
x-3=- ot Subtract 3 from both sides. 
Teaching Example 4 Find the inverse a Kilipicboebatide bow 
function of the one-to-one function 4 Ply wee 
Ni é 
f(x) = 3x + 1. Graph the function, 2, +2=y Divide both shies by =5, 
its inverse, and y = x on one coordinate 3 
system. 2 
ara a moe Substitute f—'(x) for y. 


Answer: 
f-\(x) = 2x -2 


The inverse of f(x) = —3x + 3is f-'(x) = —2x + 2. 
The graphs of the function, its inverse, and the line 
y = x appear in the figure to the right. 


f(x) = -jx +3 f"@) = -jxr+2 
x f(x) x f(x) 
0 3 — (0,3) 3| 
2| 0 + (2,0) iu) 62 > (0,2) 
4 =3 — (4,-3 =9) A 4 — (-3,4 
(4,-3) (-3.4) a 
In the figure above, we see that the graphs of f(x) = —3x +3 and 
f'w= — ix + 2 are symmetric about the line y = x. That is, the graphs are mirror 


images (reflections) of each other with reference to the line y = x. This is always the 
case with a function and its inverse, because when the coordinates (a, b) satisfy an 


equation, the coordinates (b, a) will satisfy its inverse. 


Using Your CALCULATOR Graphing the Inverse of a Function 


We can use a graphing calculator for an informal check of the result found in 
Example 4. First, we enter f(x) = —3x +3as Y, = —3x + 3. Then we enter 


what we believe to be the inverse function, as Y, = — ox + 2, as well as the 
equation y = x as Y3 = x. See figure (a). Before graphing, we adjust the 
display so that the graphing grid will be composed of squares. (The standard 
window display is rectangular, having a grid with a unit width different from 
the unit height.) Check your owner’s manual for directions on how to program 
the calculator to graph in the square mode. 


In figure (b), it appears that the two graphs are symmetric about the line 
y = x. Although it is not definitive, this visual check does help to validate that 


f"Q)= —3x + 2 is the inverse of the function f(x) = —3x os 


Plotd Flatt Flot? 
WH Ed “S42 0K+35 
wieHe -2 3 R+2 


In each example so far, the inverse of a function has been another function. This 
is not always true, as the following example will show. 


| EXAMPLE 5 | Find the inverse of the function determined by f(x) = x’. 


Strategy We will find the equation of the inverse by replacing f(x) with y, 
interchanging x and y, and solving for y. 


WHY If a function takes an input of x and gives an output y, its inverse has the 
reverse effect. 


Solution 
y= x Replace f(x) with y. 
x= yy Interchange x and y. 
yo Vx Use the square root property and write y on the left-hand side. 


When the inverse y = + Vx is graphed, we see that the 
graph (in blue) does not pass the vertical line test. Thus, 
it is not a function. 

The graph of f(x) = x? is also shown in the figure. 
Note that it is not one-to-one. The graphs of f(x) = x* 


and y = + Vx are symmetric about the line y = x. 


One-to-One Functions and Inverses 


If a function is one-to-one, its inverse is a function. 


| EXAMPLE 6 | Find the inverse of f(x) = x°. 


Strategy We will find the equation of the inverse by replacing f(x) with y, 
interchanging x and y, and solving for y. 


WHY Ifa function takes an input of x and gives an output y, its inverse function 
has the reverse effect. 


Solution 
Since f(x) = x° is a one-to-one function (see Example 2(b)), its inverse is a 
function. To find the inverse, we proceed as follows: 


y= x Replace f(x) with y. 
x= ¥ Interchange the variables x and y. 
Ve = y Take the cube root of both sides. 


We note that to each number x there corresponds one real cube root. Thus, 
y= Wx represents a function. Using f '(x) notation, the inverse of f(x) = x° is 


f a= Ve a 


If a function is not one-to-one, it is often possible to make it one-to-one by 
restricting its domain. For example, we have seen that f(x) = x7 is not a one-to-one 
function. However, if we restrict the domain of f(x) = x? to x = 0 (only 0 and 
positive input values for x), the result is a one-to-one function whose inverse is also 
a function. 


9.2 Inverse Functions 


Self Check 5 


Find the inverse of the function 
determined by f(x) = 4x”. 


Now Try Problem 48 


Self Check 5 Answer 
gi 
2 


Teaching Example 5 Find the inverse 
of the function determined by 

f(x) = 9x?. 

Answer: 


S 


yeas 


Self Check 6 


Find the inverse of f(x) = x°. 
Now Try Problem 52 

Self Check 6 Answer 

f'(@) = Ve 


Teaching Example 6 Find the inverse 
of f(x) =x’. 
Answer: 


f'@) = Vx 
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Self Check 7 


Find the inverse of the function 
defined by f(x) = px? with x = 0. 
Graph the function and its 
inverse on one set of coordinate 
axes. 


1 
y fee ae andx>0 
7 


Now Try Problem 56 


Teaching Example 7 Find the inverse 
of the function defined by f(x) = x* 
with x = 0. Graph the function and its 
inverse on one set of coordinate axes. 
Answer: 


fxy= x with x <0 
y 


K yHx 


7 
oa LI 


FA 


Lt olx 


| EXAMPLE 7 | Find the inverse of the function defined by f(x) = x° with 


x = 0. Graph the function and its inverse on one set of coordinate axes. 


Strategy We will find the equation of the inverse by replacing f(x) with y, 
interchanging x and y, and solving for y. 


WHY Ifa function takes an input of x and gives an output y, its inverse function 
has the reverse effect. 


Solution 
The inverse of the function f(x) = x* with x = 0 is 


x=y’ with y =O __ Interchange the variables x and y. 
Then we solve for y. 


y=+vx withy=0 


Since y=0, we can discard the possibility that y fee and 2 
y = —Vx. Thus, the inverse of f(x) = x? with x = 0is A [7 
i '@= vz : 

The graphs of the function and its inverse appear : 
in the figure to the right. The line y = x is included so 7 
that we can see that the graphs are symmetric about 4 
the line y = x. : 

Z Tose sore my 


ANSWERS TO SELF CHECKS 


1. Yes, because different input values give different output values. 2. a. no b. yes 
3. f (x) === yes 4. y 5. y= +e 
Fi 


fQ@)= Sis 


6. f= Wx 7. 


2 STUDY SET 


| VOCABULARY 
Fill in the blanks. 


1. A function is called _0ne-to-one jf each input 


determines a different output. 


P Selected exercises available online at 
www.webassign.net/brookscole 


> 2. The _borizontal ]ine test can be used to determine 
whether the graph of a function represents a one-to- 
one function. 


3. The functions f and f ‘ are _inverses_, 


4. An input value is an element of a function’s domain_, 
An output value is an element of a function’s ‘@8°_, 


I CONCEPTS 


Fill in the blanks. 


5. If every horizontal line that intersects the graph of a 
function does so only _2"¢°_, the function is 
one-to-one. 


6. If any horizontal line that intersects the graph of a 
function does so more than once, the function is not 
one-to-one | 
7. Ifa function turns an input of 2 into an output of 5, 
the inverse function will turn an input of 5 into an 
output of 2_. 


8. The graphs of a function and its inverse are 
symmetrical about the line y = x. 


9 (fof )@) =H 
. To find the inverse of the function f(x) = 2x — 3, we 
begin by replacing f(x) with _’_, and then we 


17. 


18. 


9.2 Inverses of Functions 


Two functions are shown on 
a calculator display along 
with the line y = x. Explain 
why we know that the 
functions are not inverses of 


each other. 
The graphs are not symmetric 
about the line y = x. 


A table of values for a function f is shown in 
illustration (a). A table of values for f~' is shown in 
illustration (b). Explain how to use the tables to find 
f-*(F(4)) and f(f-"(2)). f(4) = 10 and 

f-*(10) = 4; f"(2) = Oand f(0) = 2 


a a 
z z 
4 4 
5 5 
H H 
i i 


interchange y and y. | NOTATION 
11. Use the table of values of the one-to-one function f Complete each solution. 
to complete a table of values for f~'. 49; Find the inverse of fe) = De = 3, 
x f(x) ae iin 63) y = 2x —3 _ Replace f(x) with y. 
= 63 23 =6 x = 2y —3 Interchange the variables x and y. 
S77) |) 5) a5) i] ost x +3 =2y Add 3 to both sides. 
Cle? 0 0 . 5 ve y Divide both sides by 2. 
2} il 1 2 
8 u 4 8 The inverse of f(x) = 2x — 3is f ‘(x) = = ; z 
12. How can we tell that function f is not one-to-one 20. Find the inverse of f(x) = Vx + 2. 
from the table of values? /(—2) = /(2) = 4 m= We +2 Raiinnn fA wii, 
x f@w x= Vi +2 Interchange the variables x and y. 
—2| 4 x-B= Vy Subtract 2 from both sides. 
=| 1 (x — 2)? = y Cube both sides. 
0 The inverse of f(x) = Wx + 2is FQ) = (x — 29°. 
2| 4 21. The symbol f~‘(x) is read as “_the inverse off” oy “ 
9 inverse ” 


> 22. 
13. 


14. 


Is the inverse of a function always a function? no 
Name four points that the line y = x passes 
through. (1, 1), (2, 2), (3, 3), (4, 4) (answers may vary) 

If f is a one-to-one function, and if f(2) = 6, what is 


f (6)? 3 


15. 


Explain the difference in the meaning of the —1 in 


the notation f'(x) as compared to x’. 


Inf ~The), the —1 denotes the inverse function. In x‘, the —1 is 
a negative exponent. 


[| GUIDED PRACTICE 


Determine whether the set of ordered pairs (x, y) is a function. 
Then find the inverse of the set of ordered pairs (x, y) and 
determine whether the inverse is a function. See Objective 1. 


> 23. {(3, 2), (2, 1), (1, 0)} yes, {(2, 3), (1, 2), (0, 1)}, yes 


p> 24. {(4, 1), G, 1), (, 1), 7, 1)} 
yes, {(1, 4), (1, 5), (1, 6), (1, 7)}, no 


> 16. Ifthe point (2, —4) is on the graph of the 
one-to-one function f, then what point is on the 


graph of f 1? (—4,2) 
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25. {(1, 1), (2, 1), (3, 1), (4, 1} Find the inverse of each one-to-one function. Then graph the 
yes, {(1, 1), (1, 2), (1, 3), (1, 4}, no function and its inverse on one coordinate system. Show the line 
p> 26. {(1, 2), (2,3), (1, 3), 0, 5)} of symmetry on the graph. See Example 4. 


no, {(2, 1), (3, 2), (3, 1), (5, 1)}, no 


: 
3 


43. f(x) =4x +3 > 44. f(x) = 
Determine whether each function is one-to-one. See Example 1. 
27. f(x) = 2x yes p> 28. f(x) = |x| no 
29. f(x) = x* no p> 30. f(x) =x° + 1 yes 


Each graph represents a function. Use the horizontal line test to 
determine whether each function is one-to-one. See Example 2. 


31. y 32. y 3 “9 : 

A 
4 

3 3 
2 45. f(x) =x° > 46. f(x) =2° +1 
1 

432 234 \* sf . 2 
3 3 i 


4 
one-to-one one-to-one 


> 34. y 


33. 


x Foot tt tt Find the inverse of the function and determine whether it is a 


function. If it is a function, express it using f '(x) notation. 
See Examples 5-6. 


—4 
one-to-one 


2 2 
35. > 36. 47. f(x) =x +4 > 48. f(x) =x° +5 
y=+Vx — 4,no y=+Vx-—5,no 
49. f(x) =x° > 50. xy =4 
SSeGRRERERP f-*(x) = Wx, yes f(x) = f.yes 
Ee 51. f(x) = |x| 52. f(x) = Vx 
3 x = |y|,no f ‘(x) = x°, yes 
ee 
ie 3 
5} hot! one-to/one 53. f(x) = 2x7 — 3 > 54. f(x) = == 1 
= 
37. 38. ) = : = 
4 } FG) = FF yes FG) = Werves 
at 3 +. 
2 2 Find the inverse of each function. Graph the function and its 
1 I * ° 
SSN je|x -EELREEE jo|x inverse on one Bs of coordinate axes. See oe re 
EB Lif |. ai 55. f(x) = —x° +3, (x <0) 56. f(x) = -—x° — 1, (x $0) 
3 3 
+4 4 
one-to-one not one-to-one 


Find the inverse of the function and express it using f_'(x) 
notation. See Example 3. 


4 fe) 
39. f(x) = 5% 4 > 40. f(x) =5x-1 ao @e te -1 
f'Q) =3x 45 f'\Q@)=ix+4 
x 4 x il 
41. fMasts > 42. haar 


ff '(@) =5x-4 f(x) =3x +1 


57. f(x) =x? —1,(x = 0) > 58. f(x) = x° + 1, (x = 0) 


Be 
< 


7 
a of a 
3 5 Cai 
fl @eWe4 } fol=pe 74 
3 7 
x 2 2 
ht 9 fs 
=i 1 2 
mre slo) Ap] 1 es 4-4 eo] 
raat 
Ban arava 


I TRY IT YOURSELF 


Find the inverse of each one-to-one function and express it using 
f'(x) notation. 


59. f(x) =5x-1 60. f(x) =2x + 9 
Pie =* i oer 

61. f(x) = 14 > 62. f(x) = = > : 
fQ@) =5x+4 f(x) = 3x -3 


Find the inverse of each function. Then graph the function and 
its inverse on one coordinate system. Show the line of symmetry 
on the graph. 
63. f(x) = 2x 
Pwoas 


p> 64. f(x) = —3x 


f'@) = -32 


66. f(x) = —Fx +3 


f(x) = -3x +4 


65. f(x) = —$x +3 


9 
2 


7 '®= 3x a 


f 3) =-3x+4 


I APPLICATIONS 


> 67. INTERPERSONAL RELATIONSHIPS Feelings 


of anxiety in a relationship can increase or decrease, 
depending on what is going on in the relationship. 
The graph in the next column shows how a person’s 
anxiety might vary as a relationship develops over 
time. 


9.2 Inverses of Functions 


a. Is this the graph of a function? Is its inverse a 
function? 
yes, no 

b. Does each anxiety level correspond to exactly one 
point in time? Use the dashed lined labeled 


Maximum threshold to explain. 
No. Twice during this period, the person’s anxiety level was 
at the maximum threshold value. 


High 


Uneasy, eweaty Maximum threshold 
palms, stomach near ee 


ache 


Amount of anxiety 


Not motivated to 
communicate, 
lethargic 


Minimum threshold eo 


Low 
Time (days) 


Source: Gudykunst, Building Bridges: Interpersonal Skills for a Changing World 
(Houghton Mifflin, 1994) 


p> 68. LIGHTING LEVELS The ability of the eye to see 


detail increases as the level of illumination increases. 
This relationship can be modeled by a function E, 
whose graph is shown. 


= 


SCF NwWEUNDNYO WOO 


Relative effectiveness of seeing 


i 
80 160 240 32 
Illumination (footcandles) 


Based on information from World 
Book Encyclopedia 


a. From the graph, determine E(240). 7.9 

b. Is function E one-to-one? Does E have an 
inverse? yes, yes 

c. If the effectiveness of seeing in an office is 7, what 
is the illumination in the office? How can this 


question be asked using inverse function 
notation? 120 footcandles; What is E~'(7)? 


I WRITING 


69. What does it mean when we say that one graph is 
symmetric to the other about the line y = x? 
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p> 70. Explain the purpose of the horizontal line test. 72. Write in words how to read the notation: 


71. In the illustration below, a function f and its inverse - 1 
f' have been graphed on the same coordinate f° @) = 4° 3 
system. Explain what concept can be demonstrated 


by folding the graph paper on the dotted line. i! 


Simplify each expression and write the result in the forma + bi. 
73. 3 -— V—64 74, (2 — 3i) + (4 + 5i) 
Sek) 6+ 21 
6+ 7i 
75. (3. + 4i)(2 — 3i 76. 
(3 + 4i)(2 - 3i) a 
18 -i -2 423i 
77. (6 — 8i)” p> 78. i? 
=28 — 961 1+ 07 


\ 


ential functions. 


Exponential Functions 


The graph in figure (a) below shows the balance in a bank account in which 
$10,000 was invested in 2006 at 9%, compounded monthly. The graph shows that in 
the year 2016, the value of the account will be approximately $25,000, and in the 
year 2036, the value will be approximately $147,000. The rapidly rising red curve is 
the graph of a function called an exponential function. 


Value of $10,000 invested at 9% 
compounded monthly 


Air Pressure and Altitude 

150,000 f 
147,000 
125,000 

2 

100,000 3 

e Lo 

2 g5 

3B 75,000 és 

s ae 

50,000 3 
25,000 

> 
2006 2016 2026 2036 0 25,000 50,000 75,000 100,000 


Year Altitude (ft) 


(a) (b) 


If you have ever climbed a high mountain or gone up in an airplane that does 
not have a pressurized cabin, you have probably felt the effects of low air pressure. 
The graph in figure (b) shows how atmospheric pressure decreases with increasing 
altitude. The rapidly falling red curve is also the graph of an exponential function. 

Exponential functions are used to model many other situations, such as 
population growth, the spread of an epidemic, the temperature of a heated object as 
it cools, and radioactive decay. Before we can discuss exponential functions in more 
detail, we must define irrational exponents. 


9.3 Exponential Functions 


EB Simplify expressions containing irrational exponents. 
We have discussed expressions of the form b*, where x is a rational number. 


8'/? means “the square root of 8.” 


51/3 means “the cube root of 5.” 


1 
a= Pe means “the reciprocal of the fifth root of 37.” 


To give meaning to b* when x is an irrational number, we consider the expression 
5¥? where V2 is the irrational number 1.414213562... 


We can successively approximate 5Vv2 by the following rational powers: 


14 1.41 1.414 1.4142 1.41421 
a; er Dae 5 ; 5 


gees 


Using concepts from advanced mathematics, it can be shown that there is exactly 
one number that these powers approach. We define 5? to be that number. This 
process can be used to approximate 5Y” as many decimal places as desired. 

Any other positive irrational exponent can be defined in the same manner, and 
negative irrational exponents can be defined using reciprocals. Thus, if b is positive, 
b* has meaning for any real number x. 

We can use a calculator to obtain a very good approximation of an exponential 
expression with an irrational exponent. 


Using Your CALCULATOR Evaluating Exponential Expressions 


To find the value of 5Vv2 with a scientific calculator, we enter these numbers 
and press these keys: 


S(e 2/7 - 4-7353851774e2 
With a graphing calculator, we enter these numbers and press these keys: 
5[A][2nd]/,/_ |2/)| ENTER Biv (2) 
4-738651774e 


It can be shown that all of the familiar rules of exponents are also true for 
irrational exponents. 


a (sv2)v2 b. bV3 . pV Self Check 1 


Simplify: 
Simplify: 
Strategy We will use the power rule (x”)” = x” to simplify part a and the - (3V2)v8 81 
product rule xx” = x’"*” to simplify part b. 


b. bY? bY!8 p4v2 


WHY These rules for exponents hold true for irrational exponents. Now Try Problems 21 and 27 


Solution Teaching Example 1 Simplif 
5 eaching Example 1 Simplify: 
a. (sv2)v2 = 5Vave2 Keep the base and multiply the exponents. 2 ova igh wa : 
= 52 VeV2=V4=2. Answers: 
= 25 a8 b. x°V3 


b. bY? pV! = pVstv2 Keep the base and add the exponents. 


= pY3*2V3 Simplify: Vi2 = V4V3 = 2V3. 
= b3Vv3 Combine like radicals: V3 + 2V'3 = 3V3. @ 
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Self Check 2 


Graph: f(x) =4 


Now Try Problem 33 


Teaching Example 2 Graph: 


fe) =3* 


Answer: 


ES 
Rai 
Hl 
wo 


4 Define exponential functions. 


If b > O and b # 1, the function f(x) = b* is an exponential function. Since x can be 
any real number, its domain is the set of real numbers. This is the interval (—~, ~). 
Because b is positive, the value of f(x) is positive, and the range is the set of positive 
numbers. This is the interval (0, °). 

Since b # 1, an exponential function cannot be the constant function f(x) = 1°, 
in which f(x) = 1 for every real number x. 


Exponential Functions 


An exponential function with base b is defined by the equation 
f(x) = b* or y=b 
where b > 0, b # 1, and x is a real number. 


The domain of f(x) = b* is the interval (—, ~), and the range is the interval 
(0, 2). 


EER Graph exponential functions. 


Since the domain and range of f(x) = b* are sets of real numbers, we can graph 
exponential functions on a rectangular coordinate system. 


| EXAMPLE 2 | Graph: f(x) = 2* 


Strategy We will graph f(x) = 2* by creating a table of function values and 
plotting the corresponding ordered pairs. 


WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 

To graph f(x) = 2", we make a table of values for the function, plot the points, 
and join them with a smooth curve, as shown in the figure below. For example, if 
x = —1, we have 


f(x) = 2" 
f(-1) =271 — Substitute —1 for x. 

il 

) 


The point (-1, 3) is on the graph of f(x) = 2°. 


f@%) = 2* 
x ff) (@ f@)) 


-1 4) (-1,3) 
ol 1 | @1) 
he ee) 
2% 4 (2 4) 
Bu ese 8) 
416 (4,16) Peay sheer ares 


but never touches or 
crosses it. 


9.3 Exponential Functions 


From the graph, we can verify that the domain of f(x) = 2* is the interval 
(—, ©) and the range is the interval (0, ~). Since the graph passes the horizontal 
line test, the function is one-to-one. 

Note that as x decreases, the values of f(x) decrease and approach 0. Thus, 
the x-axis is a horizontal asymptote of the graph. The graph does not have an 
x-intercept, the y-intercept is (0, 1), and the graph passes through the point (1, 2). 


Success Tip We have previously graphed the linear function f(x) = 2x and 


the squaring function f(x) = x°. For the exponential function f(x) = 2", note 
that the variable is in the exponent. 


| EXAMPLE 3 | (2) ) Self Check 3 


Graph: f(x) =|= 1\* 
2 Graph: g(x) = (3) 
Strategy We will graph f(x) = Gy" by creating a table of function values and 
plotting the corresponding ordered pairs. 

WHY After drawing a smooth curve through the plotted points, we will have the 
graph. 


Solution 

We make a table of values for the function. For example, if x = —4, we have 
1 x 

f@) = (5) 
1 —-4 
f(-4) = (5) Substitute —4 for x. Now Try Problem 35 
(2) Teaching Example 3 Graph: 
1 f@) = 4 
= 16 Answer: 
The point (—4,16) is on the graph of f(x) = (3y*. The graph of f(x) = (3) 4 


appears in the figure below. TE 


fe) =(3)° 
x f@ & f@) 
—4| 16 | (—4,16) 


SS seles 

—2) 4 | (-2,4) 3,8) 

Ue Zane) y-intercept The graph steadily 
o| 1| @v SECC ea] ortnere ithe 
1 il (1, 4) (-l, (. 1) f crosses it. 


123 4 


From the graph, we can verify that the domain of f(x) = Gy" is the interval 
(—%, %) and the range is the interval (0, »). Since the graph passes the horizontal 
line test, the function is one-to-one. 

Note that as x increases, the values of f(x) decrease and approach 0. Thus, the 
x-axis is a horizontal asymptote of the graph. The graph does not have an 


x-intercept, the y-intercept is (0, 1), and the graph passes through the point (1, 5). isi 
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Examples 2 and 3 illustrate the following properties of exponential functions. 


Properties of Exponential Functions 


The domain of the exponential function f(x) = b* is the interval (—%, ~). 
The range is the interval (0, °). 
The graph has a y-intercept of (0, 1). 


The x-axis (the line y = 0) is an asymptote of the graph. 


The graph of f(x) = b* passes through the point (1, b). 


In Example 2 (where b = 2), the values of y increase as the values of x increase. 
Since the graph rises as we move to the right, we call the function an increasing 
function. When b > 1, the larger the value of b, the steeper the curve. 


In Example 3 (where b= 5), the values of y decrease as the values of x increase. 
Since the graph drops as we move to the right, we call the function a decreasing 
function. When 0 < b < 1, the smaller the value of b, the steeper the curve. 

In general, the following is true. 


Increasing and Decreasing Functions 


Ifb > 1, then f(x) = b* is an increasing function. 


If0 <b <1, then f(x) = b* is a decreasing function. 


y 
fa=bh* 


(0, 1) 
(0, 1) 


b>1 ! 0<b<l 


Increasing function Decreasing function 


An exponential function with base b is either increasing (for b> 1) or 
decreasing (0 < b < 1). Since different real numbers x determine different values of 
b*, exponential functions are one-to-one. 


Using Your CALCULATOR Graphing Exponential Functions 
To use a graphing calculator to graph f(x) = (3)" and 


g(x) = 3)", we enter the right-hand sides of the 


equations after the symbols Y, = and Y, =. The 
screen will show the following equations. 


Y, = (2/3) *X 
Yo = (3/2) *X 


If we use window settings of [—10, 10] for x and [—2, 10] for y and press the 
GRAPH | key, we will obtain the display shown. 


We note that the graph of f(x) = (3) passes through the points (0, 1) and 
(1, 3). Since 5 < 1, the function is decreasing. 

The graph of g(x) = (3)° passes through the points (0, 1) and iG 3). Since 
5 > 1, the function is increasing. 


Since both graphs pass the horizontal line test, each function is one-to-one. 


The graphs of many functions are translations of basic exponential function graphs. 


IZ3 Graph exponential functions with vertical and horizontal 
translations. 


| EXAMPLE 4 | On one set of axes, graph f(x) = 2* and g(x) = 2* + 3, and 


describe the translation. 


Strategy We will graph f(x) = 2*. Then we will graph g(x) = 2° +3 by 
translating the graph of f(x) = 2* up 3 units. 


WHY The addition of 3 in g(x) = 2* + 3 causes a vertical shift of the graph of 
the base-2 exponential function 3 units upward. 


Solution 

The graph of g(x) = 2* + 3 is identical to the graph of f(x) = 2*, except that it is 
translated 3 units upward. We note that the asymptote of the graph of 
g(x) = 2* + 3 is the line y = 3. 


f(x) = 2* 

x f(x) @, f@) x g(x) (x, g(x) 

4 a ( 4, Il 4 ae ( 4, 3 is) 
(0, 1) 0| 4 (0, 4) 
(2, 4) Q| 7 7) 


g(x) = 2* +3 


— 9x+3 
=) 2 


On one set of axes, graph f(x) = 2° and g(x) 
describe the translation. 


Strategy We will graph f(x) = 2*. Then we will graph g(x) = 2**? by translating 
the graph of f(x) = 2° left 3 units. 


WHY The addition of 3 in g(x) = 2*** causes a horizontal shift of the graph of 
the base-2 exponential function 3 units left. 


Solution 
The graph of g(x) is identical to the graph of f(x) = 2*, except that it is 
translated 3 units to the left. 


_ gxt3 


f(x) = 2" g(x) = 2**° 
x f(x) @ f@) x g(x) (x, g(x)) 
Sees) S| et) 
ol 4 (0,1) | 8 1) (0.8) 
i] 2/ az 1| 16 | (4,16) 
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9.3 Exponential Functions 


Teaching Example 4 Graph f(x) = 2° 
and g(x) = 2* — 4on one set of axes 
and describe the translation. 

Answer: . 

The graph of i 
f(x) = 2° is 
translated 4 units =)! 
downward. 


Self Check 4 
Graph f(x) = 4° and 
g(x) = 4° — 3, and describe the 
translation. 


123 4 


gtx) = Ht 9 


Now Try Problem 44 

Self Check 4 Answer 

The graph of f(x) = 4" is translated 
3 units downward. 


Self Check 5 


On one set of axes, graph 
f(x) = 4 and g(x) = 4°-3, and 
describe the translation. 


Now Try Problem 46 

Self Check 5 Answer 

The graph of f(x) = 4* is translated 
3 units to the right. 
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Teaching Example 5 On one set of 
axes graph f(x) = (3)" and 


8) 


g(x) = (3) and describe the 
translation. 

Answer: 

The graph of f 
f(x) =)" is 4p met 
translated 
3 units left. Oe 


The graphs of f(x) = kb* and f(x) = b* are vertical and horizontal stretchings 
of the graph of f(x) = b*. To graph these functions, we can plot several points and 
join them with a smooth curve, or we can use a graphing calculator. 


Using Your CALCULATOR Graphing Exponential Functions 


To use a graphing calculator to graph the exponential function f(x) = 3(2*’%), 
we enter the right-hand side of the equation after the symbol Y, =. The 
display will show the equation 


Y, = 3(2* (X/3)) 


If we use window settings of [—10, 10] for x and 
[—2, 18] for y and press the graph key, we will obtain 
the graph shown. 


EM Use exponential functions in applications involving 
growth or decay. 


If we deposit $P in an account paying an annual interest rate r, we can find the 
amount A in the account at the end of ¢ years by using the formula A = P + Prt, or 
A = P(1 + rt). 

Suppose that we deposit $500 in such an account that pays interest every six 
months. Then P = 500, and after six months G year), the amount in the account will be 


A = 500(1 + rt) 


1 
= so0( +r: ,) Substitute 4 for t. 


7 
= 500| 1 + = 
(+5) 


The account will begin the second six-month period with a value of $500(1 + 5). 
After the second six-month period, the amount in the account will be 


A=P(1 + rv) 


2 
r r 
= 500| 1 1+ 
(r+ a)(3) 
2 
r 
= so0( 1 + * 


At the end of a third six-month period, the amount in the account will be 
ea 
A = 500| 1 + = 
(+5) 


In this discussion, the earned interest is deposited back in the account and also 
earns interest. When this is the case, we say that the account is earning compound 
interest. This example illustrates the following formula for compound interest. 


1 
A=  soo(1 + ale +9: ,) Substitute 500(1 + £) for P and } for t. 


9.3 Exponential Functions 


Formula for Compound Interest 


If $P is deposited in an account and interest is paid k times a year at an annual 
rate r, the amount A in the account after ¢ years is given by 


r\** 
= + — 
a=a(1+2) 


| EXAMPLE 6 | A \ Self Check 6 
Saving for College To save for college, parents invest ~ = 


$12,000 for their newborn child in a mutual fund that should average a 10% SAVING FOR COLLEGE In Example 
annual return. If the quarterly dividends are reinvested, how much will be 6, how much would be available 
available in 18 years? if the parents invested $20,000? 
$118,344.56 

Strategy We will substitute 12,000 for P, 0.10 for r, 4 for k, and 18 for ¢ in the 


; Now Try Problem 51 
formula for compound interest and find A. ” 


Teaching Example 6 SAVING FOR 
COLLEGE In Example 6, how much 
would be available if the parents 


WHY The words compounded quarterly indicate that we should use the 
compound interest formula. 


Solution invested $10,000? 
kt Answer: 
a= P(1+2) $59,172.28 
k 
0.10 \4® 
A= 12,000( 1 + ot) Express r = 10% as a decimal. 
= 12,000(1 + 0.025)” Divide: 97° = 0.025, multiply: 4(18) = 72. 
= 12,000(1.025)” Add:1 + 0.025 = 1.025. 
= 71,006.74 Use a scientific calculator and press these keys: 
1.025 y 72 = X 12,000 =. 
In 18 years, the account will be worth $71,006.74. a 


Using Your CALCULATOR Solving Investment Problems 


Suppose $1 is deposited in an account earning 6% annual interest, 
compounded monthly. To use a graphing calculator to estimate how much will 
be in the account in 100 years, we can substitute 1 for P, 0.06 for r, and 12 for k 
in the formula 


kt 
r 
A=P\(1+-— 
(+3) 
0.06 \ 12 
A=1{1+— 
Ca) 


and simplify to get 
A = (1.005)!*" 


of [0, 120] for t and [0, 400] for A to obtain the graph 
shown. We can then trace and zoom to estimate that 
$1 grows to be approximately $397 in 100 years. From 
the graph, we can see that the money grows slowly in 
the early years and rapidly in the later years. 


We now graph A = (1.005)'*‘ using window settings / 
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Self Check 7 


INTERNET ACCESS If the trend 
described in Example 7 
continues, what ratio of students 
to instructional computers with 
Internet access does the function 
predict for the year 2006? 3.29 


Now Try Problem 66 


Teaching Example 7 INTERNET 
ACCESS If the trend described in 
Example 7 continues, what ratio of 
students to instructional computers 
with Internet access does the function 
predict for the year 2010? 

Answer: 

2.16 


Chapter9 Exponential and Logarithmic Functions 


In business applications, the initial amount of money deposited is often called 
the present value (PV). The amount to which the money will grow is called the 
future value (FV). The interest rate used for each compounding period is the 
periodic interest rate (i), and the number of times interest is compounded is the 
number of compounding periods (). Using these definitions, we have an alternate 
formula for compound interest. 


Formula for Compound Interest 


FV = PV(1 + i)” 


This alternate formula appears on business calculators. To use this formula to 
solve Example 6, we proceed as follows: 


FV = PV(1 + i)" 
FV = 12,000(1 + 0.025)” i= 942 = 0.025 andn = 4(18) = 72. 
= 71,006.74 


Use a calculator to evaluate the expression. 


Example 6 is an application illustrating exponential growth. In the next 
example, we see an application of exponential decay. 


| EXAMPLE 7 | Internet Access The exponential function c(t) = 6.2(0.9)' 


approximates the ratio of students to instructional computers with Internet access 
in US. public schools, where ¢ is the number of years after 2000 and 0 = t = 5. Use 
the function to answer the following questions. 


a. The National Center for Educational Statistics did not survey the public 
schools in 2004. What ratio does the exponential function give for 2004? 


b. If the current trend continues, what ratio of students to instructional 
computers with Internet access does the function predict for the year 2014? 


Ratio of Students to Computers 
c(t) with Internet Access in 
A U.S. Public Schools 


c(t) = 6.2(0.9)* 


no WwW fF uN WDA NA 


Number of students per instructional 
computer with Internet access 


>t 


0 1 2 3 4 5 
(2000) (2001) (2002) (2003) (2004) (2005) 


Years after 2000 


Source: National Center for Educational Stastistics 


Strategy We will substitute 4 and 14 into the function c(t) = 6.2(0.9)' for ¢. 
WHY The year 2004 is 4 years after 2000 and the year 2014 is 14 years after 2000. WV 


9.3 Exponential Functions 


Solution 
a. To determine the ratio for the year 2004 as given by the exponential function, 
we evaluate it for ¢ = 4. 


c(4) = 6.2(0.9)4 
=41 Use a calculator. 


In the year 2004, the exponential function predicts the ratio was approximately 
4.1 students to each computer with Internet access. 
b. To predict the ratio for the year 2014, we evaluate the function for t = 14. 
c(14) = 6.2(0.9)"4 


=14 Use a calculator. 


If the trend continues, in 2014, the ratio will be approximately 1.4 students to 
each computer with Internet access. a 


Success Tip c(t) = 6.2(0.9)' is a decreasing function because the base, 0.9, is 


such that 0 < 0.9 < 1. 


vam 
ANSWERS TO SELF CHECKS 


1. a. 81 b. b*Y? 


2. y 3. 4. 6. $118,344.56 

7 7. 3.29 
16 (2,16) 
15 
14 
13 
12 
H 
10 

fa =4% 


STUDY SET 


[I VOCABULARY 1. What type of function is f(x) = 3°? exponential 

Refer to the graph of f(x) = 3* shown below. p> 2. Find the domain of the function. (—~, ~) 

3. Find the range of the function. (0, ~) 

4. Find the y-intercept of the graph. (0, 1) 

5. Find the x-intercept of the graph. none 

6. Find an asymptote of the graph. the x-axis (y = 0) 

f= 3* 7. Is f(x) an increasing or a decreasing function? increasing 
p> 8. The graph passes through the point (1, y). What is y? 3 


4-3 -2 -1 123 4 


P Selected exercises available online at 
www.webassign.net/brookscole 
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J CONCEPTS Simplify each expression. See Example 1. 
: V3\V3 V5\V5 
9. Graph the functions y p21. (2%°)"% 8 p 22. (3V°)¥° 243 
= x she ae on 23. (bY*yv5 be 24. (bv? p’ 
the same set of coordinate 
axes. p> 25. qV3qVvi2 pv3 > 26. 3V23V18 34v2 
27. (bveyy 4 pV 10 28. (pY2)v4 ptv3 
32V7 56V2 
> 43v7 2/2 
29. 3vi 3 30. 52 
-V5 1 -V2 1 
10. Graph y = x”? and 2 31. 5 5v5 32. 4 4v2 
1\x 
= (5 th t of ‘ ; 
- (3) ee a Graph each exponential function. See Examples 2-3. 
coordinate axes. Be 7 x 
y=G) m 33. f(x) =5 34, f(x) = 6 
432-1 123 4 
a : y 
3 
ey fas 


11. What are the two formulas that are used to determine 
the amount of money in a savings account that is 
earning compound interest? 

A= P(1+{Z)\, FV = PV(I +i)" 
p> 12. Explain the order in which the expression 


20,000(1.036)’” should be evaluated. 
First find the power, then multiply. 


13. The illustration shows the 
graph of f(x) = 2” as well as 
two vertical translations of 
that graph. Using the 
notation g(x) for one 
translation and A(x) for the 
other, write the defining 
equation for each function. 
g(x) = 2* + 3, h(x) = 2* —2 

> 14. The illustration shows the 
graph of f(x) = 2* as well as 
a horizontal translation of 
that graph. Using the 
notation g(x) for the 
translation, write its defining 


equation. 
g(x) = 2" 


J NOTATION 
15. nA = P(1 + ai what is the base, and what is the 


Use a graphing calculator to graph each function. Determine 
exponent? (1 + i) kt | grapning grap 


; ; ; “ whether the function is an increasing or a decreasing function. 
p> 16. For an exponential function of the form f(x) = 5’, See Objective 3. 


what are the restrictions on b? b > 0,b # 1 1 
39. f(x) = 50°) a0. f(x) = -302"9) 


increasing decreasing 


| GUIDED PRACTICE 
| Use a calculator to find each value to four decimal places. 


™ See Objective 1. / 
17. 2¥? 2.6651 p 18. 7Y2 15.6729 


19. avs 36.5548 > 20. 63 22.2740 
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7 Des, > 52. COMPOUND INTEREST An initial deposit of 
a x/2 ae x/2 
ee aes 1) Ae ) $10,000 earns 8% interest, compounded monthly. 
decreasing increasing How much will be in the account after 10 years? 
$22,196.40 


53. COMPARING INTEREST RATES How much 
LA more interest could $1,000 earn in 5 years, 


compounded quarterly, if the annual interest rate 


Graph each exponential function by plotting points or using a were 54 % instead of 5%? 

translation. See Examples 4-5. $32.03 

43. f(x) =3* -2 44, f(x) =2* +1 > 54. COMPARING SAVINGS PLANS Which institution 
in the illustration provides the better investment? 


y 


Fidelity 


Fidelity Savings & Loan 
FQ) =P] Earn 5.25% 
compounded monthly 


x 


432 123 47) 
Union Trust 


Money Market Account 
paying 5.35% 
compounded annually 


> 55. COMPOUND INTEREST If $1 had been invested 
on July 4, 1776, at 5% interest, compounded annually, 
what would it be worth on July 4, 2076? 
$2,273,996.13 

> 56. FREQUENCY OF COMPOUNDING $10,000 is 
invested in each of two accounts, both paying 
6% annual interest. In the first account, interest 
compounds quarterly, and in the second account, 
interest compounds daily. Find the difference 
between the accounts after 20 years. 
$291.27 

> 57. WORLD POPULATION See the illustration below. 
a. Estimate when the world’s population reached 


5 billion and when it reached 1 billion. 
about 1500, about 1825 


b. Estimate the world’s population in the year 2000. 
6.5 billion 


c. What type of function does it appear could be 
used to model the population growth? 


exponential 
47 
46 g 
g 
45 5 
d4 8 
I APPLICATIONS 3 2 
= a 
Assume that there are no deposits or withdrawals. 42 3 
2 
51. COMPOUND INTEREST An initial deposit of 41 
$10,000 earns 8% interest, compounded quarterly. ooo. 
How much will be in the account after 10 years? 1 250 500. 750 1000 1250 1500 1750 2000 


Year (A.D.) 
Source: The Blue Planet (Wiley, 1995) 


$22,080.40 
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58. VALUE OFA CAR The following graph shows how 


the value of the average car depreciates as a percent 
of its original value over a 10-year period. It also 
shows the yearly maintenance costs as a percent of 
the car’s value. 


a. When is the car worth half of its purchase price? 
at the end of the 2nd year 


b. When is the car worth a quarter of its purchase 
price? 
at the end of the 4th year 


c. When do the average yearly maintenance costs 
surpass the value of the car? 


during the 7th year 
100% 
90% 
80% 
10% 
60% 
50% L 
40% L 
30% 
20% b 


Market| value of|car 


Maintenance and re} 
10% Las-a-percent of.car’s va 


Value of a car as a percent of its original value 


0 ii 1 1 i i i i i 
Ist 2nd 3rd 4th Sth 6th 7th 8th 9th 10th 
YE YE YE YE OYE yt cyt YE yr YE 


Source: U.S. Department of Transportation 


59. DIVING Bottom time is the time a scuba diver 


spends descending plus the actual time spent at a 
certain depth. Complete the graph in the next column 
of the bottom time limits given in the table below. 


Bottom Time Limits 
Depth Bottom Depth Bottom 
(ft) time (min) (ft) time (min) 
30 no limit 80 40 
35 310 90 30 
40 200 100 2S) 
50 100 110 20 
60 60 120 15 
70 50 130 10 


> 60. 


> 61. 


> 62. 


> 63. 


64. 


rN 
300 F 
e 
= 2004 
oO 
= 
I 
g 
mm 100 
i i > 
50 100 150 
Depth (ft) 


BACTERIAL CULTURES A colony of 6 million 
bacteria was determined to be growing in the culture 
medium shown in illustration (a). If the population P 
of bacteria after ¢ hours is given by the function 

P(t) = 6,000,000(2.3)’, find the population in the 
culture later in the day using the information given in 
illustration (b). 167,904,600 


Date: 8-16-08 
Time: 6:00 AM 


(a) (b) 


Date: 8-16-08 
Time: 10:00 AM 


RADIOACTIVE DECAY A radioactive material 
decays according to the formula A = Ad§), where 


Ap is the initial amount present and ¢ is measured in 
years. Find the amount present in 5 years. 3 Ao 


DISCHARGING A BATTERY The charge 
remaining in a battery decreases as the battery 
discharges. The charge C (in coulombs) after ¢ days is 
given by the formula C = (3 X 10° *)(0.7)'. Find the 
charge after 5 days. 5.0421 x 10 * coulombs 


POPULATION GROWTH The population of 
North Rivers is decreasing exponentially according 
to the formula P = 3,745(0.93)’, where t is measured 
in years from the present date. Find the population in 
6 years, 9 months. 2,295 


SALVAGE VALUE A small business purchased a 
computer for $4,700. It is expected that its value each 
year will be 75% of its value in the preceding year. If 
the business disposes of the computer after 5 years, 
find its salvage value (the value after 5 years). $1,115.33 


p> 65. LOUISIANA PURCHASE In 1803, the 
United States negotiated the Louisiana Purchase 
with France. The country doubled its territory by 
adding 827,000 square miles of land for $15 million. If 
the land appreciated at the rate of 6% each year, 
what would one square mile of land be worth in 
2005? about $2,346,230 


66. GUITARS The frets on the neck of a guitar are 
placed so that pressing a string against them 
determines the string’s vibrating length. The 
exponential function f(7) = 650(0.94)” gives the 
vibrating length (in millimeters) of a string on a 
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I WRITING 


67. If world population is increasing exponentially, why is 
there cause for concern? 


> 68. How do the graphs of f(x) = 3° and g(x) = Gy" 
differ? How are they similar? 


I REVIEW 
Refer to the illustration below, in which lines r and s are parallel. 


69. Find x. 40 
> 70. Find the measure of 21. 60° 


certain guitar for the fret number n. Find the length 
of the vibrating string when a guitarist holds down a 
string on the 7th fret. about 422 mm 


600 
= 500 
& S 
E Ff(n) = 650(0.94)” 
= 400 
g 
2 
2 300F 
i) 
a 
5 200 F Measure string 
length from 
100 jf the bridge ~_A UE 
| _____t___it_t} 


| a 
123 45 6 7 8 9 101112 13 14 15 1617 1819 
Fret number 


Base-e Exponential Functions 


Any positive number can be used as a base of an exponential function. However, 
some bases are used more often than others. An exponential function that has many 
applications is one whose base is an irrational number represented by the letter e. In 
this section, we will show how to evaluate e, graph the base-e exponential function, 
and discuss one of its applications in analyzing population growth. 


kB Define e and identify the formula for exponential 
growth/decay. 


If a bank pays interest twice a year, we say that interest is compounded semiannually. 
If it pays interest four times a year, we say that interest is compounded quarterly. If it 
pays interest continuously (infinitely many times in a year), we say that interest is 
compounded continuously. 

To develop the formula for continuous compound interest, we start with the 
formula 


r\* 
A=P(1+— 
(+7) 


and let rn = k. Since r and k are positive numbers, so is 1. 


rnt 
A= P(1 + “) 
m 


The formula for compound interest: ris the annual rate and k is the 
number of times per year interest is paid. 


71. Find the measure of 22. 120° 
> 72. Find the measure of 23. 60° 


- Objectives 
i) Define e and identify the formula 

for exponential growth/decay. 

| 2 | Define the natural exponential 

function. 


3 | Graph the natural exponential 
function. 


| 4 | Use base-e exponential functions 
in applications involving growth 
or decay. 
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We can then simplify the fraction = and use the commutative property of 


multiplication to change the order of the factors in the exponent. 


nrt 
A= (1 + 1) 
n 


Finally, we can use a property of exponents to write the formula as 
nyrt 
(1) A= (1 Da +) Use the property a” = (a’)". 


To find the value of (1 + 1)" we evaluate it for several values of n, as shown. 


n (1 + 1\" 
i |2 
2, || Pees) 
4 2.44140625... 
12 | ZOOS 2, .. 
365 2.71456748... 
1,000 | 2.71692393... 
100,000 2.71826830... 
1,000,000 | 2.71828137... 


The results illustrate that as n gets larger, the value of (1 + i)" approaches the 
number 2.71828... .This number is called e, which has the following value. 


e = 2.718281828459... 


In continuous compound interest, k (the number of compoundings) is infinitely 
large. Since k, r, and n are all positive, r is a fixed rate, and k = rn, as k gets very 
large (approaches infinity), so does n. Therefore, we can replace (1 ale iy" in 
Equation 1 with e to get 


A = Pe” 


Formula for Exponential Growth/Decay 


If a quantity P increases or decreases at an annual rate r, compounded 
continuously, the amount A after ¢ years is given by 


A = Pe” 


If time is measured in years, then r is called the annual growth rate. If r is 
negative, the growth represents a decrease. 


4 Define the natural exponential function. 


Of all possible bases for an exponential function, e is the most convenient for 
problems involving growth or decay. Since these situations often occur in natural 
settings, we call f(x) = e* the natural exponential function. 
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The Natural Exponential Function 


The function defined by f(x) = e* or y = e* is the natural exponential function 
(or the base-e exponential function), where e = 2.71828....The domain of 
f(x) = e” is the interval (—-, ~). The range is the interval (0, ~). 


The |e*| key on a calculator is used to enter the natural exponential function. 


Using Your CALCULATOR The Natural Exponential Function Key 


To compute the amount to which $12,000 will grow if invested for 18 years at 
10% annual interest, compounded continuously, we substitute 12,000 for P, 
0.10 for r, and 18 for ¢ in the formula for exponential growth: 


A = Pe" 
A = 12,000e°1°0®) 
= 12,000e!* 


To evaluate this expression, we enter these numbers and press these keys on a 
scientific calculator: 


1.8 Je*| |X] 12000 |= 72595-76957? 
Using a graphing calculator, we enter these numbers and press these keys: 
12000 |X] [2nd] je*} 1.8 |)}| JENTER 12000 x e*(1-4) 
72595-76495? 


After 18 years, the account will contain $72,595.77. This is $1,589.03 more than 
the result in Example 6 in the previous section, where interest was 
compounded quarterly. 


| EXAMPLE 1 | : \ Self Check 1 
Investing If $25,000 accumulates interest at an annual = = 


rate of 8%, compounded continuously, find the balance in the account in 50 years. INVESTING In Example 1, find the 
balance in 60 years. $3,037,760.44 
Strategy We will substitute 25,000 for P, 0.08 for r, and 50 for ¢ in the formula 


Now Try Probl 2 
A = Pe" and calculate the value for A. ish eae 


Teaching Example 1 INVESTING In 
Example 1, find the balance in 55 years. 
Answer: 


WHY The words compounded continuously indicate that we should use the 
exponential growth/decay formula. 


Solution $2,036,271.72 
A = Pe™ This is the exponential growth formula. 
A = 25,000e°°° — 8% = 0.08. 
= 25,000e* 
= 1,364,953.75 Use a calculator. 
In 50 years, the balance will be $1,364,953.75—more than a million dollars. a 


IER Graph the natural exponential function. 


To graph f(x) = e*, we plot several points and join them with a smooth curve, as 
shown in the figure on the next page. By looking at the graph, we can verify that it is 
an increasing function. The domain is the interval (—%, ©), and the range is the 
interval (0, ©). Note that as x decreases, the values of f(x) decrease and approach 0. 
Thus, the x-axis is a horizontal asymptote of the graph. 
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f@% =e 
x f@®) (fe) 
-2| 0.1 | (-2,0.1) 6 
-1 04 | (-1,04) nla ek 
o| 1 (0, 1) ; 
1 27 27) yrintereept | fe) 
2| 74 | (2,7.4) 0,1) 


4 3 2 -1 1 2 3 4 


The outputs can be found using 
the é* key on a calculator. They 
are rounded to the nearest tenth 
to make point plotting easier. 


We can illustrate the effects of vertical and horizontal translations of the natural 
exponential function by using a graphing calculator. 


Using Your CALCULATOR Translations of the Natural Exponential 
Function 


Figure (a) shows the calculator graphs of f(x) = e*, g(x) = e* + 5, and 
h(x) = e“ — 3. To graph these functions with window settings of [—3, 6] for 
x and [—5, 15] for y, we enter the right-hand sides of the equations after the 
symbols Y, =, Y2 =, and Y3 =. The display will show 


Y, = e’(X) 
Y> = e’(X) +5 
Y3 _ e’(X) = 3 


After graphing these functions, we can see that the graph of g(x) = e* + Sis 
5 units above the graph of f(x) = e*, and that the graph of h(x) = e* — 3 is 
3 units below the graph of f(x) = e”. 


Figure (b) shows the calculator graphs of f(x) = e*, g(x) = e**°, and 


h(x) = e* >. To graph these functions with window settings of [—7, 10] for 
x and [—5, 15] for y, we enter the right-hand sides of the equations after the 
symbols Y, =, Y2 =, and Y3 =. The display will show 


Y, = e’(X) 
Y> = e\(X + 5) 
Y3 => e’\(X _ 3) 


After graphing these functions, we can see that the graph of g(x) = e**° is 


5 units to the left of the graph of f(x) = e*, and that the graph of h(x) = e*~ 
is 3 units to the right of the graph of f(x) = e”. 


3 
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Using Your CALCULATOR Graphing Exponential Functions 


The figure shows the calculator graph of 

f(x) = 3e*/?. To graph this function with window 
settings of [—7, 10] for x and [—5, 15] for y, we enter 
the right-hand side of the equation after the symbol 
Y, =. The display will show the equation 


Yi = 3(e*(—X/2)) 


Explain why the graph has a y-intercept of (0, 3). 


IZ9 Use base-e exponential functions in applications involving 
growth or decay. 


An equation based on the natural exponential function provides a model for 
population growth. In the Malthusian model for population growth, the future 
population of a colony is related to the present population by the formula A = Pe”. 


City Planning The population of a city is currently 
15,000, but changing economic conditions are causing the population to decrease 
3% each year. If this trend continues, find the population in 30 years. 


Strategy We will substitute 15,000 for P, —0.03 for r, and 30 for ¢ in the formula 
A = Pe” and calculate the value for A. 


WHY Since the population is decreasing 3% each year, the annual growth rate is 
—3%, or —0.03 in decimal form. 


Solution 
A = Pe™ 
A = 15,000e~ °° 
=15.000e ** 
= 6.099 


In 30 years, the expected population will be 6,099. i 


The English economist Thomas Robert Malthus (1766-1834) pioneered in 
population study. He believed that poverty and starvation were unavoidable, 
because the human population tends to grow exponentially, but the food supply 
tends to grow linearly. 


| EXAMPLE 3 | Food Shor tages Suppose that a country with a popula- 


tion of 1,000 people is growing exponentially according to the formula 
P = 1,000e°°* — The annual growth rate is 2% = 0.02. 


where ¢ is in years. Furthermore, assume that the food supply F, measured in 
adequate food per day per person, is growing linearly according to the formula 


F = 30.625t + 2,000 (tis time in years) 
In how many years will the population outstrip the food supply? 


Strategy We will use a graphing calculator to graph these two functions and find 
the point where the graphs intersect. 


WHY This will be the point where the food supply is exactly adequate to feed 
the population. v 


Self Check 2 


CITY PLANNING In Example 2, 
find the population in 
50 years. 3,347 


Now Try Problem 34 


Teaching Example 2 CITY 
PLANNING In Example 2, find the 
population in 40 years. 

Answer: 

4,518 


Self Check 3 


FOOD SHORTAGES In Example 3, 
suppose that the population 
grows at a 3% rate. Use a 
graphing calculator to determine 
for how many years the food 
supply will be adequate. 

Now Try Problem 38 


Self Check 3 Answer 
about 39 years 
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Teaching Example 3 FOOD 
SHORTAGES In Example 3, suppose 
that the population grows at a 2.5% 
rate. Use a graphing calculator to 
determine for how many years the food 
supply will be adequate. 

Answer: 

about 51 years 


Self Check 4 


BAKING In Example 4, find the 
temperature of the cake 

10 minutes after it is removed 
from the oven. 104.4° 


Now Try Problem 55 


Teaching Example 4 BAKING In 
Example 4, find the temperature of the 
cake 15 minutes after it is removed 
from the oven. 

Answer: 

82.8° 
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Solution 

We can use a graphing calculator with window settings of [0,100] for x and 
[0, 10,000] for y. After graphing the functions, we obtain figure (a) on the next 
page. If we trace, as in figure (b), we can find the point where the two graphs 
intersect. From the graph, we can see that the food supply will be adequate for 
about 71 years. At that time, the population of approximately 4,200 people will 
begin to have problems. 


WeLode C028 


HEP Leref9e a T=41B00701 . 


(a) (b) aa 


Baking A mother takes a cake out of the oven and sets it on 
a rack to cool. The function T(t) = 68 + 220e °'*' gives the cake’s temperature in 
degrees Fahrenheit after it has cooled for ¢ minutes. If her children will be home from 
school in 20 minutes, will the cake have cooled enough for the children to eat it? 


Strategy We will substitute 20 for ¢ in the formula T(t) = 68 + 220e °'* and 
calculate the value for T. 


WHY The formula gives the temperature T of the cake in degrees Fahrenheit 
after it has been cooled for ¢ minutes. 


Solution 
When the children arrive home, the cake will have cooled for 20 minutes. To find 
the temperature of the cake at that time, we need to find 7(20). 
T(t) = 68 + 220e°!* 
T(20) = 68 + 220e~ 9182) 
= 68 + 220e*° 
= 74.0 


Substitute 20 for t. 


Use a calculator. 


When the children return home, the temperature of the cake will be about 74°, 
and it can be eaten. | 


~ 


~ ANSWERS TO SELF CHECKS 


_ 1. $3,037,760.44 2. 3,347 3. About 39 years 4. 104.4° 


STUDY SET 


[ VOCABULARY 


Refer to the graph of f(x) = e* in the illustration below. 


—_ 


. What is the name of the function f(x) = e*? 
the natural exponential function 


p> 2. Find the domain of the function. 
(-®,,%) 
3. Find the range of the function. 
(0, °°) 


p> 4. Find the y-intercept of the graph. 
(0, 1) 


A 
8 
4 
6 
5 
4 
3 
2 


faze 5. Find the x-intercept of the graph. 
none 


ee 
143 4h)* 


4-3 2-1 


P Selected exercises available online at 
www.webassign.net/brookscole 


9.4 Base-e Exponential Functions 


6. Find the asymptote of the graph. the x-axis (y = 0) 300 F 
7. Is f an increasing or a decreasing function? increasing J 
8. The graph passes through the point (1, y). Find y. e 
250 F e 
| CONCEPTS 
Fill in the blanks. * 
9. In _continuous compound interest, the number of 3 200 + * 
compoundings is infinitely large. a 
10. The formula for continuous compound interest is a $ 
A = Pe”. 3 150 b e 
11. To two decimal places, the value of e is 2.72 . ES é 
p> 12. Ifn gets larger and larger, the value of (1 - i) t | 
approaches the value of ¢ . 100 - $ 
13. Graph each irrational number on the number } 
line: {a e, V2, =) ° 
507 ° 
3/2. V2 en ) 
< | -1_. ! -—L. ! > }é 
0 1 2 3 4 $ 
oe? ? . I I 1 I 
» 14. Complete the table of values. Round to the nearest 1800 1850 1900 1950 2000 
hundredth. Year 
Sales alge 2 > 16. What is the Malthusian population growth 
formula? A = Pe’ 
* | 0.14 | 0.37 | 1 | 2.72 | 7.39 . fics 
‘i 17. The function f(x) = e” is Heth) 
hed, and the TRACE 
15. POPULATION OF THE UNITED STATES 2 daesinamnediorantae 
: feature is used. What is the 
Complete the graph in the next column of the USS. : . 
: . y-coordinate of the point 
census population figures shown in the table below : 
iw faa : : on the graph having an = = 
(in millions). What type of function does it appear f , Hee Ue Le 
; x-coordinate of 1? What is 
could be used to model the population? : : 
hain’, the name given this 
i aii number? 2.7182818..;¢ 
Year Population Year Population 18. The calculator display shows 
a table of values for 
1790 3.9 1900 76.0 f(x) = e*. As x decreases, 
1800 33 1910 92.2 what happens to the values 
1810 a> 1920 106.0 of f(x) listed in the Y, 
column? Will the value 
1820 9.6 1930 12312 of f(x) ever be 0 or 
1830 129 1940 132.1 negative? they decrease; no 
1840 17.0 1950 ISi3 
I NOTATION 
1850 BSc 1960 73 
Evaluate A in the formula A = Pe” for the following values 
1860 31.4 1970 203.3 
ofr and t. 
ll 285 sa 258 pm 19. P = 1,000, r = 0.09, and¢ = 10 
1880 50.1 1990 248.7 A = WOie(.020(10 
1890 6209 2000 281.4 , 
= 1,000e°” 
= 1,000 (2.459603111) 


~ 2,459.603111 
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p> 20. P = 1,000, r = 0.12, and t = 50 
A = 1,000e%2 6% 

1,000 e® 

1,000( 403.4287935 ) 

~ 403,428.7935 


u 


[| GUIDED PRACTICE 


“| Find A using the formula A = Pe™ given the following values of 


“ P, r, and t. Round to the nearest hundredth. See Example 1. 
21. P = 5,000, r = 8%, t = 20 years 24,765.16 
22. P = 15,000, r = 6%, t = 40 years 165,347.65 
23. P = 20,000, r = 10.5%, t = 50 years 3,811,325.37 
p> 24. P = 25,000, r = 6.5%, t = 100 years 16,628,540.83 


Graph each function. Check your work with a graphing 
calculator. Compare each graph to the graph of f(x) = e*. 
See Objective 3. 


25. f(x)=e"+1 > 26. f(x) =e" —-2 


y 


fay=e4+ 1 


> xX 


123 4 


7-65 432-1 


29. f(x) = —e* 30. f(x) = -e* +1 


31. f(x) = 2e* 


1 
D 32. f(x) = 5¢" 


“| Find A using the formula A = Pe" given the following values 
“ of P, r, and t. Round to the nearest hundredth. See Example 2. 


33. P = 15,895,r = —2%,t = 16 years 11,542.14 
34. P = 33,999, r = —4,t = 21 years 14,677.73 
> 35. P = 565,r = —0.5%,t = 8 years 542.85 
p> 36. P = 110,r = —0.25%, t = 9 years 107.55 


| Suppose that a population of 500 is growing exponentially 

“ according to the formula P = 500e”, where t is the time in years 
and r is the rate of growth. Further assume that the food supply 
F is growing linearly according to the formula F = 10¢ + 1,000, 
where t is the time in years. For the following growth rates, how 
long will it take for the population to exceed the food supply? 
Use a calculator window of X = [0, 300] and Y = [0, 5,000]. 
See Example 3. 


37. r = 0.01 > 38. 7 = 0.015 
about 168 years about 88 years 
39. r = 0.02 40. r = 0.03 


about 57 years about 32 years 


eh APPLICATIONS 


In Exercises 41-46, assume that there are no deposits or 
withdrawals. 


> 41. CONTINUOUS COMPOUND INTEREST An 
initial investment of $5,000 earns 8.2% interest, 
compounded continuously. What will the investment 
be worth in 12 years? 
$13,375.68 

> 42. CONTINUOUS COMPOUND INTEREST An 
initial investment of $2,000 earns 8% interest, 
compounded continuously. What will the investment 
be worth in 15 years? 
$6,640.23 

> 43. COMPARING COMPOUNDING METHODS An 
initial deposit of $5,000 grows at an annual rate of 
8.5% for 5 years. Compare the final balances resulting 
from annual compounding and continuous 
compounding. 
$7,518.28 from annual compounding, $7,647.95 from continuous 
compounding 


> 44. 


> 45. 


> 46. 


> 47. 


> 48. 


Country 


Somalia 


Bulgaria 


COMPARING COMPOUNDING METHODS An 
initial deposit of $30,000 grows at an annual rate of 
8% for 20 years. Compare the final balances resulting 
from annual compounding and continuous 
compounding. 

$139,828.71 from annual compounding, $148,590.97 from 
continuous compounding 

DETERMINING THE INITIAL DEPOSIT An 
account now contains $11,180 and has been 
accumulating interest at 7% annual interest, 
compounded continuously, for 7 years. Find the initial 
deposit. 

$6,849.16 

DETERMINING THE PREVIOUS BALANCE 
An account now contains $3,610 and has been 
accumulating interest at 8% annual interest, 
compounded continuously. How much was in the 
account 4 years ago? 

$2,621.40 

WORLD POPULATION GROWTH The 
population of Earth is approximately 6.1 billion 
people and is growing at an annual rate of 1.4%. Use 
the exponential growth model to find the world 
population in 30 years. 

about 9.3 billion 

HIGHS AND LOWS Somalia, in eastern Africa, has 
one of the greatest population growth rates in the 
world. Bulgaria, in southeastern Europe, has one of 
the smallest. Use the exponential growth model to 
complete the table. 


Annual Estimated 
growth rate population 2015 


Population 
2003 


8,025,190 
VUES) 


3.43% 
—1.09% 


12,111,863 
6,613,728 


Source: nationmaster.com 


> 49. 


> 50. 


POPULATION GROWTH The growth of a 
population is modeled by 


P=sijse* 


How large will the population be when t = 20? 315 


POPULATION DECLINE The decline of a 
population is modeled by 


Petz nie 


How large will the population be when 
t = 30? 9.44 x 10° 


> 51. 


> 52. 


53. 


> 54. 


> 55. 
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OCEANOGRAPHY The width w (in millimeters) 
of successive growth spirals of the sea shell Catapulus 
voluto, shown in the illustration below, is given by the 
exponential function 


w= 1 542°" 


where n is the spiral number. Find the width, to 
the nearest tenth of a millimeter, of the sixth 
spiral. 31.5 mm 


4391 


geet 


EPIDEMICS The spread of hoof and mouth disease 
through a herd of cattle can be modeled by the 
formula 


P = Poe?” (tis in days) 


If a rancher does not act quickly to treat two cases, 
how many cattle will have the disease in 12 days? 51 


HALF-LIFE OF A DRUG The quantity of a 
prescription drug in the bloodstream of a patient t 
hours after it is administered can be modeled by an 
exponential function. (See the graph below.) Use the 
graph to determine the time it takes to eliminate half 
of the initial dose from the body. 12 hr 


a 
Ww ~l S 
Oo Nn o 


N 
Nn 


Amount of initial dose 
in the blood (percent) 


10 20 30 40 
Hours 


>t 


MEDICINE The concentration x of a certain 
prescription drug in an organ after ¢ minutes is 
given by 
x = 0.08(1 — e~°"’) 
Find the concentration of the drug at 30 minutes. 0.076 


SKYDIVING Before the parachute opens, a 
skydiver’s velocity v in meters per second is given by 


v = 50(1 — e °*) 


Find the velocity after 20 seconds of free fall. 49 mps 
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> 56. FREE FALL After t seconds a certain falling object 58. LEARNING CURVES If the factory in Exercise 57 
has a velocity v given by changes its standard and requires an average 
72500 = e034) assembly time of 20 minutes or less, how many 
chairs must a trainee assemble to meet factory 
Which is falling faster after 2 seconds—the object or standards? 14 
the skydiver in Exercise 55? the object 
Use a graphing calculator to solve each problem. 
~ 59. FOOD SUPPLY In Example 3, suppose that better 
farming methods changed the formula for food 
growth to y = 31x + 2,000. How long would the food 
supply be adequate? about 72 yr 
p> 60. FOOD SUPPLY In Example 3, suppose that a birth- 
control program changed the formula for population 
growth to P = 1,000e°°"’. How long would the food 
supply be adequate? about 215 yr 


57. LEARNING CURVE from Campus to Careers 
Social workers often work ~ ——‘SocialWorker 
with learning curves. For 
example, the learning 
curve shown below 
illustrates that as a factory 
worker trainee assembles 
more chairs, the assembly 
time per chair decreases in 
an exponential way. If 


© iStockphoto.com/Bo 1982 


factory standards require an average assembly time I WRITING 
of 10 minutes or less, how many chairs must a 61. Explain why the graph of y = e* — 5 is five units 
trainee assemble to meet factory standards? 14 below the graph of y = e*. 


p> 62. A feature article in a newspaper stated that the sport 


a5 of snowboarding was growing exponentially. Explain 
& | what the author of the article meant by that. 
a 
Re | REVIEW 
22 
2 . Simplify each expression. Assume that all variables represent 
2g = positive numbers. 
g 63. V/240x° p> 64. W/—125x°y* 
<x 2 ae 
4 4x°V 15x = XV 
0 10 2 30 65. 4V/48y° — 3yV12y 66. W482? + W/7682° 
Number of chairs 1oy V3y 6z/3z 


assembled by trainee 


N 


Objectives 
IE Define logarithms. Logarithmic Functions 


i 2 | Write logarithmic equations 
in exponential form. 


A function that is closely related to the exponential function is the logarithmic 
function. It can be used to solve many application problems from fields such as 
electronics, seismology (the study of earthquakes), business, and population growth. 


Bi Write exponential equations 
in logarithmic form. 


4) Evaluate logarithmic 
expressions. 


5 | Graph logarithmic functions. 


6 | Use logarithmic functions 
in applications. 


EB Define logarithms. 

The graph of the exponential function f(x) = 2“ is shown in red on the next page. 
Since it passes the horizontal line test, it is a one-to-one function and has an inverse. 
To graph f ‘, we interchange the coordinates of the ordered pairs in the table, plot 
those points, and draw a smooth curve through them, as shown in blue. As expected, 
the graphs of f and f ' are symmetric with respect to the line y = x. 
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To graph f", interchange 
RE) Se each pair of coordinates. 


xf) — 


3b (a) 3) 
2b (23) 2) 
ya (2) G1) 
0 1 +(@,1) (1, 0) 
1.2 (1,2) (2,1) 
2} 4 +(2,4) (4,2) 
3) 3 — (3,8) (8, 3) 


To write an equation for the inverse of f(x) = 2*, we proceed as follows: 
f(x) = 2" 
y=2* Replace f(x) with y. 
x = 2” Interchange the variables x and y. 


We cannot solve the equation for y because we have not discussed methods for 
solving equations with a variable in an exponent. However, we can translate the 
relationship x = 2” into words: 


y = the power to which we raise 2 to get x 
If we substitute f'(x) for y, we see that 
f '(x) = the power to which we raise 2 to get x 


If we define the symbol log, x to mean the power to which we raise 2 to get x, we 
can write the equation for the inverse as 


f '(x) = log, x — Read log x as “the logarithm, base 2, of x” or “log, base 2, of x.” 


The Language of Algebra The abbreviation log is used for the word 


logarithm. A logarithm is an exponent. 


We have found that the inverse of the exponential function f(x) = 2* is 
f ‘(x) = log, x. To find the inverse of exponential functions with other bases, such 
as f(x) = 3* and f(x) = 10°, we define logarithm in the following way. 


Definition of Logarithm 
For all positive numbers b, where b + 1, and all positive numbers x, 


y =log,x isequivalentto x = b’ 


The domain of the logarithmic function is the interval (0, ©). The range is the 
interval (—%, %). 


Success Tip Here are examples of inverses of other exponential functions: 


f(x) = 3* — f-"(x) = logs x 
g(x) = 10" g(x) = logio x 


Self Check 1 


Write log, 128 = 7 as an 
exponential equation. 2’ = 128 


Now Try Problem 21 
Teaching Example 1 Write each 


logarithmic equation as an exponential 
equation. 


8 
a. logs25 = 2 b. loga/3 55 =3 
ut 
G logs 5 =-3 
Answers: 
3 
a. 5° =25 b. (2) = 
3 27 
1 
2° = 
8 


Self Check 2 


Write 9°! = 5 as a logarithmic 
equation. logs 5 =-1 


Now Try Problem 29 
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This definition guarantees that any pair (x,y) that satisfies the logarithmic 
equation y = log; x also satisfies the exponential equation x = b”. Because of this 
relationship, a statement written in logarithmic form can be written in an equivalent 
exponential form, and vice versa. The following diagram will help you remember the 
respective positions of the exponent and base in each form. 


;-— Exponent —4 
y = log,x x=b’ 
—_ Base —_ 


B43 Write logarithmic equations in exponential form. 
The following shows several pairs of equivalent equations. 


Logarithmic equation Exponential equation 


log, 8 = 3 =e 
log; 81 = 4 a = 81 
log,4 = 1 4.=4 
1 1 
] —=- 53 = 
08s 55> 3 125 


| EXAMPLE 1 | Write each logarithmic equation as an exponential equation: 


1 
b. logyV7 = = 


. logy 64 = 
a. logy 3 > 


c. loge =2 


a7 
Strategy To write an equivalent exponential equation, we will determine which 


number will serve as the base and which will serve as the exponent. 


WHY We can then use the definition of logarithm to move from one form to the 
other: log, x = y is equivalent to x = b”. 


Solution 
[Exponent —— 
a. log,64 =3 isequivalentto 4° = 64. 
t Base f 
[Exponent —— 
b. log7V7 = ; is equivalent to 7/7 = 4/7, 
t Base f 
[—— Exponent —— 
c. logs ~ = -2 isequivalentto 67 = =. 
t Base t a 


EB Write exponential equations in logarithmic Form. 


Write each exponential equation as a logarithmic equation: 


a 8=1 b6l?=wW 


aes 
“\4 16 


Strategy To write an equivalent logarithmic equation, we will determine which 
number will serve as the base and where we will place the exponent. 


WHY We can then use the definition of logarithm to move from one form to the 
other: x = b’ is equivalent to log, x = y. 


Solution 
~~ Exponent — 
a. 8° =1 is equivalent to logs 1 = 0 
t Base f 
[=-<—— Exponent ne | 
1 
b. 61° = W6 is equivalent to logs 6 = @ 
t Base f 
————— Exponent es 
() =a ivalent to | 2 
c.{—] =— isequivalentto logy;4— = 
a cua 
t Base f y 


Certain logarithmic equations can be solved by writing them as exponential 
equations. 


| EXAMPLE 3 | Solve each equation for x: 


a. log, 25 = 2 b. log; x = —3 c. logi/2 x 


rte 


Strategy To solve each logarithmic equation, we will instead write and solve an 
equivalent exponential equation. 


WHY The resulting exponential equation is easier to solve because the variable 
term is often isolated on one side. 


Solution 
a. Since log, 25 = 2 is equivalent to x* = 25, we can solve x* = 25 to find x. 
x? = 25 
x=+V25  Usethe Square root property. 


= +5 


In the expression log, 25, the base of the logarithm is x. Because the base must 
be positive, we discard —5 and we have 


x=5 
To check the solution of 5, we verify that logs 25 = 2. 
b. Since log; x = —3 is equivalent to 3-3 = x, we can solve 3° = x to find x. 
33=x 
1 _ 
33 =X 
il 
x=aS 
27 


To check the solution of 4. we verify that log; +5 = —3., v 
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Teaching Example 2 Write each 
exponential equation as a logarithmic 
equation. 


ii =i 
a 3'?= V3 b (2) =5 


a2=] 

Answers: 

a. log3V3 =4 b. logys5 = —1 
ce. logs 1 =0 


Self Check 3 


Solve each equation for x: 

a. log, 49 = 27 

b. log1/3 x =2 j 

c. logs 216 = x 3 

Now Try Problems 37,39,and 41 


Teaching Example 3 Solve for x: 


a. log, 9 = 2 

b. logs x = 4 
| —_= 

€. 1081/7 49 x 

Answers: 


ae be 16 & 2 


Self Check 4 


Evaluate each logarithmic 
expression: 
a. logy 81 2 


b. logy is 223 
c. logs 3 § 
Now Try Problems 61 and 63 


Teaching Example 4 Evaluate each 
logarithmic expression: 


1 
a. logy 81 b. login Say 
c. logs 2 
Answers: 
1 
“a2 b =2 & = 


3 
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c. Since logy 2 * = x is equivalent to (ay = i we can solve Gy" = i to find x. 


Ga ~ 
Nile 
a 
tad 
ll 
= 
a|- 


x 4 
a oe A cucitnthalistee tatelad at 
5) >) rite 1g as a power of 5 to matc ebases:5*5*a°2 16: 
x=4 Since the bases are the same, and since exponential functions are 
one-to-one, the exponents must be equal. 
F : ic, 
To check the solution of 4, we verify that log,/2 7¢ = 4. a 


ZJ Evaluate logarithmic expressions. 


In the previous examples, we have seen that the logarithm of a number is an 
exponent. In fact, 


log, x is the exponent to which b is raised to get x. 
Translating this statement into symbols, we have 


pilose x =x 


| EXAMPLE 4 | Evaluate each logarithmic expression: 


1 
a. logs 64 b. log; 3 c. log, 2 


Strategy After identifying the base, we will ask “To what power must the base 
be raised to get the other number?” 


WHY That power is the value of the logarithmic expression. 


Solution 
a. logs 64 = 2 Ask: “To what power must we raise 8 to get 64?” 
Since 8° = 64, the answer is the 2nd power. 


b. | 1 i Ask: “To what power must we raise 3 to get af 
10835 == a 
83 5 Since 3 |= = the answer is the —1 power. 
loo, 2 1 Ask: “To what power must we raise 4 to get 2?” 
c. 10 = ee 
Ba 2 Since V4 = 4/2 = 2, the answer is the} power. | | 


For computational purposes and in many applications, we will use base-10 
logarithms (also called common logarithms). When the base b is not indicated in the 
notation log x, we assume that b = 10: 


logx means logy) x 


The table below shows several pairs of equivalent statements involving base-10 
logarithms. 


Logarithmic form Exponential form 


log 100 = 2 107 = 100 Read log 100 as “log of 100.” 
1 4.24 
log 10 > 1 10° = 10 
log 1 =0 1g =1 


In general, we have 


logig 10° =x 
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| EXAMPLE 5 | \ Self Check 5 
Evaluate each logarithmic expression, if possible: : oe 


Evaluate each expression: 


1 
a. log 1,000 blog; log 10d. log(~10) a. log 10,000 4 
b. log —— — 
Strategy After identifying the base, we will ask “To what power must 10 be 1,000 
raised to get the other number?” c. log 0 undefined 


: : ; : Now Try Problems 65 and 67 
WHY That power is the value of the logarithmic expression. 4 


Solution Teaching Example 5 Evaluate each 
logarithmic expression, if possible: 
a. log 1,000 = 3 Ask: “To what power must we raise 10 to get 1,000?” 1 
. —_ 7 a 
Since 10” = 1,000, the answer is the 3rd power. a. log 100 b. log 10,000 
Ask: “To what power must we raise 10 to get ao?” ec. log(—100) 


Answers: 
a. 2 b. —4 ec. undefined 


1 
b. 108 509 =-2 


Since 10-* = a, the answer is the —2 power. 
c. log 10 = 1 Ask: “To what power must we raise 10 to get 10?” 
Since 10' = 10, the answer is the 1st power. 


d. To find log(—10), we must find a power of 10 such that 10’ = —10. There is no 
such number. Thus, log(—10) is undefined. & 


Many logarithmic expressions cannot be evaluated by inspection. For example, 
to find log 2.34, we ask, “To what power must we raise 10 to get 2.34?” This answer 
isn’t obvious. In such cases, we use a calculator. 


Using Your CALCULATOR Evaluating Logarithms 
To find log 2.34 with a scientific calculator we enter 


2.34 |LOG -3b97215857 


On some calculators, the |10*| key also serves as the | LOG] key when |2nd| or 


SHIFT) is pressed. This is because f(x) = 10° and f(x) = log x are inverses. 


To use a graphing calculator, we enter 


LOG] 2.34 [)] [ENTER log(e- 34) 
-36921545? 


To four decimal places, log 2.34 = 0.3692. This means, 10°°°? ~ 2.34. 


If we attempt to evaluate logarithmic expressions such as log 0, or the 
logarithm of a negative number, such as log(—5), an error message like the 
following will be displayed. 


ERR: DOMAIN ERR:NONREAL ANS 
4: QUIT 14: QUIT 
2:Go to 2:Go to 


Self Check 6 


Solve log x = 1.87737 and round 
to four decimal places. 75.3998 


Solve log x = 0.3568 and round to four decimal places. 


Strategy To solve this logarithmic equation, we will instead write and solve an 


equivalent exponential equation. Now Try Problem 77 


WHY The resulting exponential equation is easier to solve because the variable 
term is isolated on one side. 
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Teaching Example 6 Solve 

log x = 0.7429 and round to four 
decimal places. 

Answer: 

35,0322 


Solution 

The equation log x = 0.3568 is equivalent to 10°°°°S =x. Since we cannot 
determine 10°°°°* by inspection, we will use a calculator to find an approximate 
solution. We enter 


10 y* 3568 = 
The display reads 2.274049951 . To four decimal places, 
x = 2.2740 


If your calculator has a 10° key, enter .3568 and press it to get the same result. 
The solution is 2.2740. To check, use your calculator to verify that 
log 2.2740 ~ 0.3568. a@ 


IE Graph logarithmic functions. 


Because an exponential function defined by f(x) = b* is one-to-one, it has an inverse 
function that is defined by x = b”. When we write x = b” in the equivalent form 
y = log, x, the result is called a logarithmic function. 


Logarithmic Functions 


If b > Oand b # 1, the logarithmic function with base b is defined by the 
equations 


f(x) =log,x or y=log,x 


The domain of f(x) = log, x is the interval (0, ©) and the range is the 
interval (—%, ~). 


Since every logarithmic function is the inverse of a one-to-one exponential 
function, logarithmic functions are one-to-one. 

We can plot points to graph logarithmic functions. For example, to graph 
f(x) = log. x, we construct a table of function values, plot the resulting ordered 
pairs, and draw a smooth curve through the points to get the graph, as shown in 
figure (a). To graph f(x) = log,2 x, we use the same method, as shown in figure (b). 


f(x) = log, x . 
x f@ A 
4 =5) > (3,-2) : fx) = logs x 
aoe) 
1 0 — (1,0) 
2 1 — (2,1) 
4 2 — (4,2) 
8 3 — (8, 3) 
i 


Because the base of the function 
is 2, choose values for x that are 
integer powers of 2. 


(a) 


f(x) = logi2x 


x f(x) 

alae (5:2) 

ee (3-1) 

1 30 — (1,0) 

a) a —» (2, -1) 

Alea =» (4, —2) : (8, -3) 
os — (8, —3) 

| 


Because the base of the function 
is 3, choose values for x that are 
integers powers of oe 


(b) 


The graphs of all logarithmic functions are similar to those shown below. If 
b > 1, the logarithmic function is increasing, as in figure (a). If 0<b <1, the 
logarithmic function is decreasing, as in figure (b). 


The graph 
approaches the 
y-axis but 
never touches 
or crosses it. 


(b, 1) 
x-intercept (1, 0) 
> Xx 


x-intercept (1, 0) 
The graph 
approaches the 
y-axis but —>| 
never touches 
or crosses it. 


ail 
a oes f(x) = log, x 


0<b<1 


Increasing function 


(a) (b) 


Decreasing function 


Properties of Logarithmic Functions 

The graph of f(x) = log, x (or y = log, x) has the following properties. 
1. It passes through the point (1, 0). 

2. It passes through the point (5, 1). 

3. The y-axis (the line x = 0) is an asymptote. 

4 


The domain is the interval (0, ) and the range is the interval (—, ~). 


The exponential and logarithmic functions are inverses of each other, so their 
graphs have symmetry about the line y =x. The graphs of f(x) = log,x and 
g(x) = b* are shown in figure (a) when b > 1 and in figure (b) when 0 < b <1. 
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The graphs of many functions involving logarithms are translations of the basic 


Self Check 7 


Graph each function by using a 
translation. 


a. g(x) = (log3.x) — 2 


y 


H(x) =log; x 


Now Try Problems 89 and 91 


Teaching Example 7 Graph each 
function by using a translation: 

a. g(x) = —2 + logo x 

b. g(x) = logs (x + 1) 

Answers: 

a. 2 


SQ0/=|-4 +log,x 


glx)|= loge ll) 


logarithmic graphs. 


| EXAMPLE 7 | Graph each function by using a translation: 


a. g(x) = 3 + logo x b. g(x) = logy (x — 1) 


Strategy We will graph g(x) =3+log,x by translating the graph of 
f(x) = log, x upward 3 units. We will graph g(x) = log;/ (x — 1) by translating 


the graph of f(x) = log,/2 x to the right 1 unit. 


WHY The addition of 3 in g(x) = 3 + log, x causes a vertical shift of the graph 
of the base-2 logarithmic function 3 units upward. The subtraction of 1 from x in 
g(x) = logy. (x — 1) causes a horizontal shift of the graph of the base-} 


logarithmic function | unit to the right. 


Solution 
a. The graph of g(x) = 3 + log, x will be the same shape as the graph of 
f(x) = log, x, except that it is shifted 3 units upward. 


g(x) =3 + log, x 


To graph g(x) = 3 + logs x, translate each 
fix) = logy x 


b. The graph of g(x) = log). (x — 1) will be the same shape as the graph of 


f(x) = log,/2 x, except it is shifted 1 unit to the right. 


y 
8(x) = login &- 1) 


point on the graph of f(x) = logy/2 x to the 
right 1 unit. 


AX) = logy. x 


point on the graph of f(x) = logz x up 3 units. 


To graph g(x) = logy2 (x — 1), translate each 


To graph more complicated logarithmic functions, a graphing calculator is a 


useful tool. 


Using Your CALCULATOR _ Graphing Logarithmic Functions 


To use a calculator to graph the logarithmic 
function f(x) = —2 + logy 5, we enter the right 
side of the equation after the symbol Y, =. The 
display will show the equation 


Y, = —2 + log (X/2) 


If we use window settings of [—1, 5] for x and 


[—4, 1] for y and press the |GRAPH | key, we will obtain the graph shown. 


[a Use logarithmic functions in applications. 


Logarithmic functions, like exponential functions, can be used to model certain types 
of growth and decay. Common logarithms are used in electrical engineering to 
express the voltage gain (or loss) of an electronic device such as an amplifier. The 
unit of gain (or loss), called the decibel, is defined by a logarithmic relation. 


Decibel Voltage Gain 


If Eg is the output voltage of a device and £; is the input voltage, the decibel 
voltage gain of the device (db gain) is given by 


Eo 
db gain = 20 log— 
E; 


| EXAMPLE 8 | LMJ db Gain if the input to an 


amplifier is 0.5 volt and the output is 40 volts, find 
the decibel voltage gain of the amplifier. 


Strategy We will substitute into the formula for db 
gain and evaluate the right side using a calculator. 


WHY We can use this formula to find the db gain 
because we are given the input voltage E, and the 
output voltage Eo. 


© iStockphoto.com/Peter Albrektesen 


Solution 
We can find the decibel voltage gain by substituting 0.5 for E; and 40 for Eo into 
the formula for db gain: 


Eo 
db gain = 20 log E, 
T 


db gain = 20 log ~ 


= 20log80 Divide: $2 = 80. 
= 38 Use a calculator: 20 log means 20 - log 80. 
The amplifier provides a 38-decibel voltage gain. a 


In seismology, common logarithms are used to measure the intensity of 
earthquakes on the Richter scale. The intensity of an earthquake is given by the 
following logarithmic function. 


Richter Scale 


If R is the intensity of an earthquake, A is the amplitude (measured in 
micrometers) of the ground motion, and P is the period (the time of one 


oscillation of the Earth’s surface measured in seconds), then 


A 
R= logs 


Earthquakes Find the measure on the Richter scale of 
an earthquake with an amplitude of 5,000 micrometers (0.5 centimeter) and a 
period of 0.1 second. 


Strategy We will substitute into the formula for intensity of an earthquake and 
evaluate the right side using a calculator. 
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Self Check 8 


dBGAIN If the input to an 
amplifier is 0.6 volt and the 
output is 40 volts, find the 
decibel voltage gain of the 
amplifier. about 36 db 


Now Try Problem 97 


Teaching Example 8 dB GAIN If the 
input to an amplifier is 0.7 volt and the 
output is 40 volts, find the decibel 
voltage gain of the amplifier. 

Answer: 

about 35 db 
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Self Check 9 


EARTHQUAKES Find the measure 
on the Richter scale of an 
earthquake with an amplitude 
of 4,000 micrometers 

(0.4 centimeter) and a period 
of 0.2 second. 4.3 


Now Try Problem 101 


Teaching Example 9 
EARTHQUAKES Find the measure 
on the Richter scale of an earthquake 
with an amplitude of 6,000 micrometers 
(0.6 centimeter) and a period of 

0.2 second. 

Answer: 

about 4.5 


| VOCABULARY 
Refer to the graph of f(x) = log, x. 


y 


Hermon 


Ax) = logy x 


WHY We can use this formula to find 
the intensity of the earthquake because 
we are given the amplitude A and the 
period P. 


Amplitude 


Solution 

We substitute 5,000 for A and 0.1 for Pin 
the Richter scale formula and proceed as 
follows: 


Time 
A 
R = log = 
8 DB 
P<] 5,000 
aes | 
= log 50,000 _ Divide: 229° = 50,000. 
= 4.698970004 Use a calculator. 
The earthquake measures about 4.7 on the Richter scale. | 


The Language of Algebra The Richter scale was developed in 1935 by 
Charles F. Richter of the California Institute of Technology. 


1, 27=128 2. log f=-1 3a7 bj «@3 4 a2 b-2 «5 
5. a.4 b. —3 c. undefined 6. 75.3998 


7a y b. 8. about 36db 9. 4.3 


5. Is fa one-to-one function? yes 
p> 6. What is an asymptote of the graph? the y-axis (x = 0) 
7. Is f an increasing or a decreasing function? increasing 


8. The graph passes through the point (4, y). What is y? 1 


| CONCEPTS 


Fill in the blanks. 


9. The equation y = log, x is equivalent to the 
exponential equation x = )’. 


1. What type of function is f(x) = log4 x? logarithmic 
2. What is the domain of the function? (0, ~) 
3. What is the range of the function? (—~, ~) 
4. a. What is the y-intercept of the graph? none 
b. What is the x-intercept of the graph? (1, 0) 


P Selected exercises available online at 
www.webassign.net/brookscole 


> 10. log, x is the ©xponent to which 5 is raised to get x. 


11. The functions f(x) = logig x and f(x) = 10° are 
_inverse_ functions. 


12. The inverse of an exponential function is called a 
logarithmic function. 
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Complete the table of values, where possible. I. GUIDED PRACTICE 
13. f(x) = logx p> 14. f(x) = logs x Write each logarithmic equation as an exponential equation. 
See Example 1. 
pees 2) 21. log; 81 = 4 22. log; 7 = 1 
100} 2 od eee 3* = 81 re 
— =5 = 9) 23. logio 10=1 e 24. logio 100 = 2 
10° = 10 10° = 100 
15. f(x) = loge x 16. f(x) = loggx 25. faa — 26. feo =e 
64 36 
Input Output Input Output 43=% 67 =% 
1 1 
6 1 8 1 > 27. logsV/5 = 5 28. log; W/7 = : 
—6 | undefined —8 | undefined dt ae Ah aae 
0 | undefined 0 | undefined 
Write each exponential equation as a logarithmic equation. See 
17. a. Use a calculator to complete the | Example 2 
table of values for f(x) = log x id | FO) oar 
ie 7 29. 82 = 64 30. 10° = 1,000 
Round to the nearest 0.5 | —0.30 \ = a 
ogg 64 = 2 logi9 1,000 = 3 
hundredth. 1 0 1 1 
=o) -4 
2 030 &3. 4°=7, 32.3% = 5 
4 0.60 loga7g = —2 logs & = -4 
1 => 1 —3 
we 33. (3) = 32 > 34, (3) =27 
8 0.90 2 3 
logy/2 32 = —5 logi/3 27 = —3 
10 1 2 
35. x =Z 36. =p 
log. a= login P =n 
b. Graph f(x) = log x. Note that the units on the 
x- and y-axes are different. Solve for x. See Example 3. 
- 37. log, 81 = 2 9 38. log, 9 = 2 3 
nel 39. loggx = 2 64 40. log; x = 01 
ae i 41. logs 125 = x 3 42. logs 16 = x 2 
fel 43. logsx = —2 5 44. log;x = —4 u 
0.4+ i 14 
0.3-- > 45. logz6 x = am > 46. logo7 x = ra 
2b 2 3 
lial 7 47. log, 0.01 = —2 10 48. log, 0.001 = —3 10 
| 2345678910 4 
9.2. 49. logo7 9=x 3 50. logy. x=01 
di 51. log, 5° = 35 52. log. 5 = 15 
3 1 
18. For each function, determine its inverse, f(x). 53. login x = 2 1,000 54. log, 1000. 2 100 
a. f(x) = 10" b. f(x) = 3* i ; 
f(x) = log x F(x) = logs x 55. log. =-34 p> 56. logs 599 = —2 10 
c. f(x) = log x d. f(x) = logs x r 
f (x) = 10° f (x) = 2" 57. loggx = 0 1 58. log,8 = x 5 
VS. 9 
I NOTATION 59. log. = = 3 j > 60. log. | =2 3 
Fill in the blanks. 
19. a. logx =log® x > b. logy) 10° = x Evaluate each logarithmic expression. See Examples 4 and 5. 


> 20. a. We read logs 25 as “log, base 5, of 25.” 61. logs 8 3 62. log; 9 2 
b. We read log x as “ log of x.” 63. log, 16 2 64. log, 216 3 
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65. log 1,000,000 6 66. log 100,000 5 


1 
67. log — -1 68. | —4 
POP 8 iG °F 10,000 


1 
70. logi/3 81 4 


4 72. logy25 5 5 


1 
69. logi/2 32 5 


71. logs 3 5 


Use a calculator to find each value. Give answers to four decimal 
places. See Using Your Calculator: Evaluating Logarithms. 


73. log 3.25 0.5119 74. log 0.57 —0.2441 
75. log 0.00467 —2.3307 > 76. log 375.876 2.5750 


Use a calculator to solve each equation. Round answers to four 
decimal places. See Example 6. 


77. log x = 3.7813 6,043.6597 78. log x = 2.8945 784.3321 
79. log x = —0.7630 0.1726 80. log x = —1.3587 0.0438 
> 81. logx = —0.5 0.3162 82. log x = —0.926 0.1186 
83. log x = —1.71 0.0195 84. log x = 1.4023 25.2522 


Graph each function. Determine whether each function is an 
increasing or a decreasing function. See Objective 5. 


85. f(x) = log3x > 86. f(x) = logi3x 


y y 

A 

4 4 

3 L 3 

2} Al} = ops x 2 Se) = log i735 
1 

24, 7445 67)" 
eo) 
3 3 
+ 4 
increasing decreasing 
87. y = logy. x 88. y = log, x 


increasing 


decreasing 


> 95. f(x) =5* 


Graph each function by plotting points or by using a translation. 
(The basic logarithmic functions graphed in Exercises 85-88 will 
be helpful.) See Example 7. 


89. f(x) =3 + log3x 90. f(x) = (logi3x) — 1 


y 
A 


7 
6 
5 
4 
3 
2 
4 


J) ='3 + log x 


> 92. y = log, (x + 2) 


4 
3 
3 


(x) = logy (x + 2), 


3 


al fla) = logy (4-12) 


Graph each pair of inverse functions on the same coordinate 
system. Draw the axis of symmetry. See Objective 1. 


93. f(x) =o 94. f(x) =3* 
f "(x)= loge x f "(x) = logs x 


96. f(x) = 8" 
7) = loggx 


7 @ = logs x 


y y 
A 4 A 4 
+ x 4 . (x) = 8* i 
eee Tato TT 
: 6 ? 
5 7 =ly 4 y= 
4 7 y= 5 7 y= 
3 a 4 +2 
“¢-l ¢ 
2 7 f—@) = logs x 3 rar 
y_ {7 £1) logy x 
z x 7 
BA 123045 6 7 OF aan, 
ar 
r; 7 7345 67 8 


J APPLICATIONS 


97. INPUT VOLTAGE Find the db gain of an amplifier 
if the input voltage is 0.71 volt when the output 
voltage is 20 volts. 29 db 


> 98. 


99. 


i Volts 
co © 


> 100. 


> 101. 


> 102. 


103. 


> 104. 


105. 


> 106. 


OUTPUT VOLTAGE Find the db gain of an 
amplifier if the output voltage is 2.8 volts when the 
input voltage is 0.05 volt. 35 db 


db GAIN Find the db gain of the amplifier shown 
below. 49.5 db 


a | ; 
00 00 *) O Output Baars 
oo 68 


> 


db GAIN An amplifier produces an output of 
80 volts when driven by an input of 0.12 volt. Find 
the amplifier’s db gain. 56.5 db 


THE RICHTER SCALE An earthquake has 
amplitude of 5,000 micrometers and a period of 
0.2 second. Find its measure on the Richter scale. 4.4 


EARTHQUAKES Find the period of an 
earthquake with amplitude of 80,000 micrometers 
that measures 6 on the Richter scale. 0.08 sec 


EARTHQUAKES An earthquake with a period 
of $ second measures 4 on the Richter scale. Find 
its amplitude. 2,500 micrometers 


EARTHQUAKES In 1985, Mexico City 
experienced an earthquake of magnitude 8.1 on the 
Richter scale. In 1989, the San Francisco Bay area 
was rocked by an earthquake measuring 7.1. By 
what factor must the amplitude of an earthquake 
change to increase its severity by 1 point on the 
Richter scale? (Assume that the period remains 
constant.) a factor of 10 


CHILDREN’S HEIGHT The function 

h(A) = 29 + 48.8 log(A + 1) gives the percent of 
the adult height a male child A years old has 
attained. If a boy is 9 years old, what percent of his 
adult height will he have reached? 77.8% 


DEPRECIATION In business, equipment is often 
depreciated using the double declining-balance 
method. In this method, a piece of equipment with a 
life expectancy of N years, costing $C, will 
depreciate to a value of $V in x years, where n is 
given by the formula 


_ log V — log 
a ae a 
log(1 — ¥) 
A computer that cost $37,000 has a life expectancy 


of 5 years. If it has depreciated to a value of $8,000, 
how old is it? 3 yr old 


> 107. 


> 108. 


9.5 Logarithmic Functions | 825 


INVESTING If $P is invested at the end of each 
year in an annuity earning annual interest at a rate r, 
the amount in the account will be $A after 1 years, 
where 


Ar 
log} — +1 
og| P | 
log(1 + r) 


If $1,000 is invested each year in an annuity earning 
12% annual interest, how long will it take for the 
account to be worth $20,000? 10.8 yr 

GROWTH OF MONEY If $5,000 is invested each 
year in an annuity earning 8% annual interest, how 
long will it take for the account to be worth $50,000? 
(See Exercise 107.) 7.6 yr 


I WRITING 


109. 


> 110. 


111. 


112. 


Explain the mathematical relationship between 
f(x) = log x and g(x) = 10°. 

Explain why it is impossible to find the logarithm of 
a negative number. 


A table of solutions for 
f(x) = log x is shown. As 
x decreases and gets close 
to 0, what happens to the 
values of f(x)? 


What question should be asked when evaluating the 
expression log, 16? 


[ REVIEW 


Solve each equation. 


113. 
p> 114. 
115. 
> 116. 


Wox +4=4 10 

V3x+4= V7x+2} 
Vat+1-1=3a 0; —3 does not check 
ae 


Self Check 1 


Evaluate each expression: 
a. Ine? 3 


1 
b. In— -1 
e 
c. Inve | 
Now Try Problems 19,23, and 25 


Teaching Example 1 Evaluate each 
natural logarithmic expression: 


a. Ine? b. InWe 
c lanes 

e 
Answers: 


5 b : 2 
a. ne es = 
E 
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Base-e Logarithmic Functions 


We have seen the importance of e in modeling the growth and decay of natural 
events. Just as f(x) = e” is called the natural exponential function, its inverse, the 
base-e logarithmic function, is called the natural logarithmic function. Natural 
logarithmic functions have many applications. They play a very important role in 
advanced mathematics courses, such as calculus. 


IE Define base-e logarithms. 


Of all possible bases for a logarithmic function, e is the most convenient for 
problems involving growth or decay. Since these situations occur often in natural 
settings, base-e logarithms are called natural logarithms or Napierian logarithms 
after John Napier (1550-1617). They are usually written as In x rather than log, x: 


Inx means log,x Read In x letter-by-letter as “€...n... of x.” 
In general, the logarithm of a number is an exponent. For natural logarithms, 
In x is the exponent to which e is raised to get x. 


Translating this statement into symbols, we have 


Caution! Because of the font used to print the natural log of x, some 


students initially misread the notation as In x. In handwriting, In x should look 
like Inx. 


4 Evaluate natural logarithmic expressions. 


| EXAMPLE 1 | Evaluate each natural logarithmic expression: 


d. In Ve 


1 
a. Ine b. In c Inl 
e 


Strategy Since the base is e in each case, we will ask “To what power must e be 
raised to get the given number?” 


WHY That power is the value of the logarithmic expression. 


Solution 
a. Ine =1 Ask: “To what power must we raise e to get e?” 
Since e' = e, the answer is: the Ist power. 
1 
as . ton 
b. ti = 29 Ask: Aaa saa must we raise e to get 4 
e Sincee “= e the answer is: the —2 power. 
c. Ini =0 Ask: “To what power must we raise e to get 1?” 
Since e° = 1, the answer is: the O power. 
ae 1 Ask: “To what power must we raise e to get Ve?” 
. In = — 
2. Since e/? = Ve, the answer is: the } power. a 


9.6 Base-e Logarithmic Functions 


Many natural logarithmic expressions are not as easy to evaluate as those in the 
previous example. For example, to find In 2.34, we ask, “To what power must we 
raise e to get 2.34?” The answer isn’t obvious. In such cases, we use a calculator. 


Using Your CALCULATOR Evaluating Base-e (Natural) Logarithms 
To find In 2.34 with a scientific calculator, we enter 


2.34 |LN 


-650150924 


On some calculators, the |e*| key also serves as the |LN| key when |2nd] or 
SHIFT |is pressed. This is because f(x) = e* and g(x) = In x are inverses. 


In(e2-34) 
»4501509294 


To four decimal places, |In]2.34 = 0.8502. This means that e°°? ~ 2.34, 


To use a direct-entry or graphing calculator, we enter 


[LN] 2.34 [)] [ENTER 


If we attempt to evaluate logarithmic expressions such as In 0, or the logarithm 
of a negative number, such as In (—5), then one of the following error 
statements will be displayed. 


ERR: DOMAIN ERR:NONREAL ANS 
1: QUIT 1: QUIT 
2:Go to 2:Go to 


| EXAMPLE 2 | Find each value to four decimal places: 


a. In 17.32 b. In (—0.05) 


Strategy We will use the LN key on the calculator to find an approximation for 
each value. 


WHY The LN key on the calculator means In(x). 


Solution 
a. Enter these numbers and press these keys: 


Scientific calculator Direct-entry graphing calculator 


17.32 [LN [LN] 17.32 [)] [ENTER 


Either way, the result is 2.851861903. 


b. Enter these numbers and press these keys: 


Scientific calculator Direct-entry graphing calculator 
0.05 [+/—] [LN [LN] [(—)] 0.05 [)] [ENTER] 


Either way, we obtain an error, because we cannot take the logarithm of a 
negative number. a 


a. Inx = 1.335 


Solve each equation: b. Inx = —5.5 


Give each result to four decimal places. 
Strategy We will write each equation in equivalent exponential form. 


WHY The resulting exponential equation in each case is easier to solve because 
the variable term is isolated on one side. 


Self Check 2 


Find each value to four decimal 
places: 

a. In @ 1.1447 

b. In 0 no value 


Now Try Problems 31 and 32 


Teaching Example 2 Find each value 
to four decimal places: 

a. In2 b. In3 ¢« Inl 

Answers: 

a. 0.6931 b. 1.0986 ¢. 0 


Self Check 3 


Solve: 

a. Inx = 1.9344 6.9199 

b. —3 = In x 0.0498 

Give each result to four decimal 
places. 


Now Try Problems 42 and 44 
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Teaching Example 3 Solve each 
equation: 

a. Inx = 3.2178 b. Inx = —43 
Give each result to four decimal places. 
Answers: 

a. 24.9731 b. 0.0136 


Solution 

a. Since the base of the natural logarithmic function is e, the equation 
In x = 1.335 is equivalent to e'**° = x. To use a reverse-entry scientific 
calculator to find x, press these keys: 


1.335 [e*] 


The display will read 3.799995946. To four decimal places, 


x = 3.8000 
b. The equation In x = —5.5 is equivalent to e °° = x. To use a reverse-entry 
scientific calculator to find x, press these keys: 
5.5|+/-lle* 
The display will read 0.004086771.To four decimal places, 
x = 0.0041 I 


IER Graph the natural logarithmic function. 


The equation y = In x is equivalent to the equation x = e’. When we write x = e” in 
equivalent form y = In x, the result is called the natural logarithmic function. 


The Natural Logarithmic Function 


The natural logarithmic function with base e is defined by the equations 
f(x) = Inx or y =Inx, where ln x = log, x. 


The domain of f(x) = In x is the interval (0, ©), and the range is the interval 


(-%, oo), 


To get the graph of In x, we can plot points that satisfy the equation x = e” and 
join them with a smooth curve, as shown in figure (a). Figure (b) shows the 
calculator graph of y = Inx. 


tad 
SS 
& 
SS 
~— 


1) 01 (6) 
e| 1] @&) 
e| 2| ED 


(b) 


The exponential function and the natural logarithmic function are inverse functions. 
The figure below shows that their graphs are symmetric to the line y = x. 


23 4 


al[fi@=inx 
ns 
veka 
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Using Your CALCULATOR _ Graphing Base-c Logarithmic Functions 


Many graphs of logarithmic functions involve translations of the graph of 
f(x) = In x. For example, the figure shows calculator graphs of the functions 
f(x) = Inx, g(x) = Inx + 2, and h(x) = Inx — 3. 


The graph of g(x) = Inx + 2 is 2 units above the graph 
of f(x) = Inx. 


The graph of h(x) = In x — 3is 3 units below the graph 
of f(x) = Inx. 


—— 


The figure below shows the calculator graph of the functions f(x) = In x, 
g(x) = In (x — 2), and A(x) = In (x + 3). 


The graph of h(x) = In (x + 3) 
is 3 units to the left of the 
graph of f(x) = Inx. 


The graph of g(x) = In (x — 2) 
is 2 units to the right of the 
graph of f(x) = Inx. 


IZ Use natural logarithmic functions in applications. 


Base-e logarithms have many applications. If a population grows exponentially at a 
certain annual rate, the time required for the population to double is called the 
doubling time. It is given by the following formula. 


Formula for Doubling Time 


If r represents the annual rate, compounded continuously, and t represents 
time required for a population to double, then 


_in2 
7 i 


t 


| EXAMPLE 4 | Doubling Time The population of Earth is growing at 


the approximate rate of 1.17% per year. If this rate continues, how long will it 
take for the population to double? 


Strategy We will substitute 0.0117 for r in the formula for doubling time and 
evaluate the right side using a calculator. 


WHY We can use this formula because we are given the annual rate of 
continuous compounding. 


Solution 
Because the population is growing at the rate of 1.17% per year, we substitute 
0.0117 for r in the formula for doubling time and simplify. 
_in2 
or 
fe In 2 

~ 0.0117 

~ 59.24334877 


t 


Use a calculator. Find In 2 first. Then divide the result by 0.0117. 


The population will double in about 59 years. a 
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Self Check 4 


DOUBLINGTIME See Example 4. 
If the population’s annual growth 
rate could be reduced to 

1.1% per year, what would be the 
doubling time? about 63 years 


Now Try Problem 51 


Teaching Example 4 DOUBLING 
TIME See Example 4. If the 
population’s annual growth rate could 
be reduced to 1% per year, what would 
be the doubling time? 

Answer: 

about 69 years 
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Self Check 5 | EXAMPLE 5 | : : ae ) 
Doubling Time How long will it take $1,000 to double at 


DOUBLINGTIME In Example 5, an annual rate of 8%, compounded continuously? 
how long will it take to double at 


9%, compounded continuously? Strategy We will substitute 0.08 for r in the formula for doubling time and 
evaluate the right side using a calculator. In this case, the information that the 

Now Try Problem 52 = : ‘ 

Self Chedke'S Answer original amount is $1,000 is unnecessary. 


ial bial WHY We can use this formula because we are given the annual rate of 


Teaching Example 5 DOUBLING continuous compounding. 
TIME In Example 5, how long will it Solution 


take to double at 7% compounded : : . 
We substitute 0.08 for r and simplify: 


continuously? 
Answer: 
about 9.9 years — ae 
r 
te In 2 
0.08 
= 8.664339757 Use a calculator. Find In 2 first. Then divide the result by 0.08. 
It will take about 83 years for the money to double. a 
_ ANSWERS TO SELF CHECKS 


1.a.3 bo -1 «3 2. a. 1.1447 b. novalue 3. a. 6.9199 b, 0.0498 
| 4. about 63 years 5. about 7.7 years 


STUDY SET 


| VOCABULARY Fill in the blanks. 

Fill in the blanks. 5. The graph of f(x) = In x has the _)=8X's_ as an 

1. Base-e logarithms are often called _»atural_logarithms. asymptote. 
> 2. f(x) = Inxand f(x) = e* are _inverse_functions. p> 6. The domain of the function f(x) = In x is the interval 

(0, 2) . 

I CONCEPTS p> 7. The range of the function f(x) = In x is the interval 
3. Use a calculator to complete the table of values for (—%, ~) . 
~~ f(x) = Inx. Round to the nearest hundredth. 8. The graph of f(x) = In x passes through the point 


[os |ilz{s|eis|el7]s (1,0). — 
| eae ae | inCaaiees | 9. The statement y = In x is equivalent to the 


| casei 
f@&) | —0.69 | 0 | 0.69 | 1.10 | 1239 | 161 | 1:79 | 1:95) | 2.08 | 2.20 | 2.30 
| | | | 


exponential statement e” = x. 


4. Graph f(x) = In x. (See Exercise 3.) Note that the > 10. The logarithm of a negative number is _undetined 
units on the x- and y-axes are different. 11. A table of values for 
f(x) = In x is shown. 
Explain why ERROR 
ee appears in the Y; column 


for the first three entries. 
The logarithm of a negative 
number or 0 is not defined. 


TTT 


P Selected exercises available online at 
www.webassign.net/brookscole 


12. The illustration shows the 
graph of f(x) = In x, as well 
as a vertical translation of 
that graph. Using the 
notation g(x) for the 
translation, write the 
defining equation for the 
function. g(x) = 2 + Inx 


= : 


13. In the illustration, 
f(x) = In x was graphed, 
and the TRACE feature was 
used. Find the x-coordinate 
of the point on the graph 
having a y-coordinate of 1. 
What is the name given this 
number? 2.7182818..., ¢ 


14. The graphs of f(x) = In x, 
f(x) = e*, and y = x are 
shown. What phrase is used 
to describe the relationship 
between the graphs? 
symmetric about the line y = x 


W1=1nthy 


Te] 


H=Z.7LH2H18 Y=1 


I NOTATION 
Fill in the blanks. 
15. In 2 means log, 2. 


> 16. 


17. Ifa population grows exponentially at a rate r, the 


time it will take the population to double is given by 
In2 


log 2 means log jy 2. 


the formula t = 


> 18. To evaluate a base-10 logarithm with a calculator, 
use the LOG key. To evaluate a base-e logarithm, use 


the LN key. 


[| GUIDED PRACTICE 


Evaluate each natural logarithmic expression without using a 
calculator. See Example 1. 


19. Ine? 5 20. Ine? 2 
> 21. Ine® 6 22. Ine? 4 
1 1 
23. In= -6 24. In -3 
e e 
25. In Ve | 26. In We } 
p 27. In We? 2 28. In We? 3 
29. Ine’ —7 30. Ine © —10 


W) Use acalculator to evaluate each expression, if possible. Express 
B all answers to four decimal places. See Example 2. 


31. In 35.15 3.5596 p> 32. In 0.675 —0.3930 
33. In 0.00465 —5.3709 ~— > 34. In 378.96 5.9374 
35. In 1.72 0.5423 p> 36. In 2.7 0.9933 

37. In(—O.1) undefined > 38. In (—10) undefined 
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W] Solve each equation for x. Express all answers to four decimal 
— See Example 3. 


. Inx = 1.4023 4.0645 > 40. In x = 2.6490 14.1399 
. Inx = 4.24 69.4079 = > 42. Inx = 0.926 2.5244 

- Inx = —3.71 0.0245 p> 44. Inx = —0.28 0.7558 
. 1.001 = Inx 2.7210 p> 46. Inx = —0.001 0.9990 


W) Use a graphing calculator to graph each function. 
See Objective 3. 


1 
47. y= in( 5) 


48. y = Inx? 


ye APPLICATIONS 


> 51. POPULATION GROWTH How long will it take the 
population of River City to double? 5.8 yr 


Reuer Ccty 


a growing community 
°6parks * 12% annual growth 
“ * Good schools * Low crime rate : 


DOUBLING MONEY How long will it take 
$1,000 to double if it is invested at an annual rate of 
5% compounded continuously? 13.9 yr 
POPULATION GROWTH A population growing 
continuously at an annual rate r will triple in a 

time f given by the formula 


_tn3 
~ r 


> 52. 


> 53. 


How long will it take the population of a town to 
triple if it is growing at the rate of 12% per year? 9.2 yr 
TRIPLING MONEY Find the length of time for 
$25,000 to triple when it is invested at 6% annual 
interest, compounded continuously. See 

Exercise 53. 18.3 yr 


> 54. 
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> 55. FORENSIC MEDICINE To estimate the number of I] WRITING 


hours ¢ that a murder victim had been dead, a 


coroner used the formula 


57. Explain the difference between the functions 
f(x) = log x and f(x) = Inx. 


_ i a 98.6 — Ts > 58. How are the functions f(x) = In x and f(x) = e* 

0.25 82 — T, related? 
where T, is the temperature of the surroundings 5 REVIEW 
where the body was found. If the crime took place 
in an apartment where the thermostat was set Write an equation of the required line. 
at 70°F, approximately how long ago did the murder 59. Parallel to y = 5x — 8 and passing through the origin 
occur? about 3.5 hr y = 5x 

p> 56. MAKING JELL-O After the contents of a package 60. Having a slope of 7 and a y-intercept of 3 y = 7x +3 


of JELL-O are combined with boiling water, the 
mixture is placed in a refrigerator whose temperature 
remains a constant 42°F. Estimate the number of 


61. Passing through the point (3, 2) and perpendicular to 


rae le 


the line y = 3x — 12 y=—3x+% 


hours < thacde-will take forthe JELEAO to.veel 62. Parallel to the line 3x + 2y = 9 and passing through 


to 50°F using the formula 
; 1 , 50 — T, 

= n 
0.9 200 — T, 


the point (—3, 5) y = —3x +3 
63. Vertical line through the point (2,3) x = 2 
p> 64. Horizontal line through the point (2,3) » = 3 


where 7, is the temperature of the 
refrigerator. about 3.3 hr 


Objectives 

1 | Use the four basic properties 
of logarithms. 

| 2 | Use the product and quotient 
rules for logarithms. 

| 3 | Use the power rule for 

logarithms. 


| 4 | Write logarithmic expressions as 
a single logarithm. 


B Use the change-of-base formula. 


| 6 | Use properties of logarithms 
to solve application problems. 


TION 


Properties of Logarithms 


In this section, we will discuss eight properties of logarithms and use them to 
simplify logarithmic expressions. We will then show how to change a logarithm from 
one base to another. We conclude the section by solving some problems from the 
field of chemistry. 


EB Use the four basic properties of logarithms. 


Since logarithms are exponents, the properties of exponents have counterparts in the 
theory of logarithms. We begin with four basic properties. 


Properties of Logarithms 


If b represents a positive number and b # 1, then 


1. log, 1=0 2. log, b=1 
3. log,b° =x 4. b'°%* =x where x >0 


Properties 1 through 4 follow directly from the definition of a logarithm. 

1. log, 1 = 0, because b° = 1. 

2. log, b = 1, because bt =b. 

3. log, b* = x, because b* = b*. 

4. b'°8* = x, because log, x is the exponent to which b is raised to get x. 


Properties 3 and 4 also indicate that the composition of the exponential and 
logarithmic functions (in both directions) is the identity function. This is expected, 
because the exponential and logarithmic functions with the same base are inverse 
functions. 


| EXAMPLE 1 | Simplify each expression: 


a. logs 1 b. log; 3 c Ine? d. 9'087 


Strategy We compare each logarithmic expression to the left side of the 4 basic 
properties of logarithms. 


WHY When we get a match, the property will provide the answer. 


Solution 

a. By property 1, logs 1 = 0, because 5° = 1. 
b. By property 2, log; 3 = 1, because 3! = 3. 
c. By property 3, In e* = 3, because e? = e°. 


d. By property 4, 9'°®” = 7, because logs 7 is the power to which 9 is raised to 
get 7. a 


B49 Use the product and quotient rules for logarithms. 
The next two properties state that 


The logarithm of a product is the sum of the logarithms. 
The logarithm of a quotient is the difference of the logarithms. 


The Product Rule and Quotient Rule for Logarithms 


For all positive real numbers M, N, and b, where b # 1, 


5. log, MN = log, M + log, N 


M 
6. logea; = log, M — log, N 


| EXAMPLE 2 | Use the product rule for logarithms to rewrite each of the 


following: a. log, (2-7) b. log (100x) 
Strategy We will use the product rule for logarithms. 


WHY Each of the logarithmic expressions has the form log, MN. 


Solution 
a. log, (2-7) = log, 2 + log, 7 The log of a product is the sum of the logs. 
= 1+ log,7 log2 2 =1 
b. log (100x) = log 100 + logx The log of a product is the sum of the logs. 
=2+ logx log 100 = 2 a 
| EXAMPLE 3 | Use the quotient rule for logarithms to rewrite each of the 
10 x 
following: a. In — b. logy — 
ollowing: a. In-- 084 


Strategy We will use the quotient rule for logarithms. 


M 
WHY Each of the logarithmic expressions has the form log, WN’ 
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Self Check 1 


Simplify: 
a. log, 1 0 b. log, 4 1 
c. log, 2* 4 d. 5108? 2 


Now Try Problems 24 and 28 


Teaching Example 1 Simplify: _ 
a. log, 7 b. log77° c. 618 
d. log; 1 

Answers: 

alb9ea5 d. 0 


Self Check 2 


Use the product rule for 
logarithms to rewrite each of the 
following: 

a. log; (4° 3) log34 +1 

b. log (1,000y) 3 + log y 

Now Try Problems 33 and 35 
Teaching Example 2 Use the product 
rule for logarithms to rewrite each of 
the following: 

a. logs (5+3) b. log (10,000x) 
Answers: 

a. 1+logs3 b. 4+ logx 


Self Check 3 


Use the quotient rule to rewrite 
each of the following: 


a. logs-¢ 1 — logs 5 


y 
. In-—— | — In 100 
b 1700 ny-—In 


Now Try Problems 37 and 39 
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Teaching Example 3 Use the quotient Solution 
rule for logarithms to rewrite each 10 
of the following: a. In > = In 10 —In7 The log of a quotient is the difference of the logs. 
a. n> b. log ed 

x x 
Answers b. log, 64> log, x — log, 64 — The log of a quotient is the difference of the logs. 
a.iInS—In2 b:.2—logx 

= logyx — 3 log, 64 =3 


Self Check 4 i 


x 
Use logarithm properties to Use logarithm properties to rewrite the expression: log — 
Zz 


: : x 
rewrite the expression: log, yz Strategy We will use the quotient rule for logarithms and then the product rule. 


Now Try Problem 44 WHY We will use the quotient rule first because log = has the form log, 4. 


Seip Cheon Saree We then use the product rule because the numerator of » contains a product. 
log, x — log, y — logy z - 
Solution 


Henening Eeamsple- 4 Use kgaextns In the expression log *”, we have the logarithm of a quotient. 


properties to rewrite the expression: 


xy xy 

log 100z log ae log (xy) — log z The log of a quotient is the difference of the logs. 
Answer: 

logx + log y — 2 — logz = (log x + logy) — logz The log of a product is the sum of the logs. 


= logx + log y — log z Remove parentheses. a 


Caution! By property 5 of logarithms, the logarithm of a product is equal to 
the swm of the logarithms. The logarithm of a sum or a difference usually does 
not simplify. In general, 


log, (M + N) # log, M+ log, N and log, (M — N) # log, M — log, N 


By property 6, the logarithm of a quotient is equal to the difference of the 
logarithms. The logarithm of a quotient is not the quotient of the logarithms: 
M_ log, M 


1 —, 
mee N . log, N 


Using Your CALCULATOR Verifying Properties of Logarithms 
We can use a calculator to illustrate property 5 of logarithms by showing that 
In [(3.7)(15.9)] = In 3.7 + In 15.9 


We calculate the left- and right-hand sides of the equation separately and 
compare the results. To use a scientific calculator to find In [(3.7)(15.9)], we 
enter these numbers and press these keys: 


3.7 [x] 15.9 [=] [LN 4-O74651925] 


To find In 3.7 + In 15.9, we enter these numbers and press these keys: 


3.7 [LN] [+] 15.9 [LN] [= 4-O74b51924 


Since the left- and right-hand sides are equal, the equation 
In [(3.7)(15.9)] = In 3.7 + In 15.9 is true. 


EB Use the power rule for logarithms. 
Two more properties of logarithms state that 


The logarithm of a power is the power times the logarithm. 


[f the logarithms of two numbers are equal, the numbers are equal. 


Properties of Logarithms 


If M, p, and b represent positive numbers and b # 1, then 


7. log, M? = plog, M 8. Iflog, x = log, y, then x = y. 


PROOF To prove property 7, we let x = log, M, write the expression in 


exponential form, and raise both sides to the pth power: 


M=b* 
(M)? = (b*)?_— Raise both sides to the pth power. 
MP = bP* Keep the base and multiply the exponents. 


Using the definition of logarithms gives 
log, M? = px 


Substituting the value for x completes the proof. 


log, M? = p log, M a 


Property 8 follows from the fact that the logarithmic function is a one-to-one 
function. Property 8 will be used in the next section, when we solve logarithmic 
equations. 


| EXAMPLE 5 | Use the power rule for logarithms to rewrite each of the 
b. logV/10 


Strategy In each case, we will use the power rule for logarithms. 


following: a. logs 67 


WHY We use the power rule because log; 6” has the form log, M”, as will 
logV/10 once we write V/10 as 10”. 

Solution 

a. logs 6° = 2 logs; 6 
b. logV/10 = log(10)"” 


The log of a power is the power times the log. 


Write V10 using a fractional exponent: Vi0 = (10). 


1 
= log 10 The log of a power is the power times the log. 
: Simplify: log 10 = 1 
== implify: log 10 = 1. 
2 are a 


| EXAMPLE 6 | Use properties of logarithm to rewrite each expression as 


the sum and/or difference of logarithms of a single quantity: 


Ne 
i 


a. log, (x’y*z) 


Strategy In each case, we will use the appropriate product, quotient, and/or 
power rule for logarithms. v 


9.7 Properties of Logarithms 


Self Check 5 


Use the power rule for 
logarithms to rewrite each of the 
following: 

a. Inx* 4inx 


b. logs W3 5 log, 3 
Now Try Problems 45 and 48 


Teaching Example 5 Use the power 
rule for logarithms to rewrite each of 
the following: 

a. log37* b. logW5 c. log x” 
Answers: 

a. 4log,7  b. jlog5 c. 9 log x 


Self Check 6 


Use properties of logarithm to 
rewrite each expression as the 
sum and/or difference of 

logarithms of a single quantity: 


3 
log -— ! 
og = q(3 log x + log y — log z) 
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Now Try Problems 50 and 55 


Teaching Example 6 Use properties of 
logarithm to rewrite each expression as 
the sum and/or difference of logarithms 
of a single quantity: 

SWx 


2 


[x"y 
b. log,3/— 


Answers: 


a. In 


a. In 5 + 5Inx—2iny 


2 i 1 
b. 3 log2x + 3 lesz y 3 loge z 


Self Check 7 


Write the expression as one 
logarithm: 


1 
2 log, x + 5 logay — 2log,(x — y) 


Now Try Problem 58 
Self Check 7 Answer 

rvVy 

(x - y) 


log, : 


Teaching Example 7 Write the 
expression as one logarithm: 


2 
3 log, x — 5 log, y + 3 log, (x + 4) 


Answer: 
@ +4? 
5 


log, 


WHY Each case is a logarithm of a combination of products, quotients and/or 
powers. 


Solution 
a. We begin by recognizing that log, (x*y*z) is the logarithm of a product. 


log, (x*y*z) = log, x” + log, y° + log, z The log of a product is the sum 
of the logs. 
= 2 log, x + 3log, y + log, z The log of a power is the power 
times the log. 
3 


b. The expression In is the logarithm of a quotient. 


yvx The log of a quotient is the difference of the 


= In (y? Vx) — Inz aes 


In 


=In y? + InvVx — Inz The log of a product is the sum of the logs. 
7_Inz Write Vx as x’. 


=Iny? + Inx” 


The log of a power is the power times the 


log. | 


1 
=3Iny+ 3 nx In z 


3 Write logarithmic expressions as a single logarithm. 


We can use the properties of logarithms to combine several logarithms into one 
logarithm. 


| EXAMPLE 7 | Write each of the given expressions as one logarithm: 


a. 3log,x + 5 logy y b. 5 log, (x — 2) — log, y + 3 log, z 


Strategy In each case, we will use the appropriate product, quotient, and/or 
power rule for logarithms in reverse. 


WHY We will use the power rule when we see expressions of the form p log, M. 
The + symbol between logarithmic terms suggests that we use the product rule, and 
the — symbol between logarithmic terms suggests that we use the quotient rule. 


Solution 
a. We begin by applying the power rule to each term of the expression. 


1 
3 log, x + 3 108ay 


= log, xt log, yl? A power times a log is the log of the power. 
= log, oe : yl/?) The sum of two logs is the log of the product. 


b. The first and third terms of this expression can be rewritten using the power 
rule of logarithms. 


1 
log, (x — 2) — log, y + 3 log, z 


2 
= log, (x — a — log, y + log, z A power times a log is the log of the 
power. 
fj (x — 2 ae 1 3 The difference of two logs is the log 
~ 1085 y + logy Z of the quotient. 
Vx-2 3 
= log, —_—_—#% 
y 

2 x—-—2 The sum of two logs is the log of the 

= log, ~~ —* 


product. Write (x — 2)2asVx-2. 


9.7 Properties of Logarithms 


We summarize the properties of logarithms as follows. 


Properties of Logarithms 


If b, M, and N represent positive numbers and b # 1, and p is any real 
number, 


1. log,1=0 2. log,b=1 
3. log, b* =x 4, pit * = x 


M 
log, MN = log, M + log, N . logs a, = log, M — log, N 


7. log, M’? = plog, M . Iflog, x = log, y, then x = y. 
g p log g g 


MSE Given that log 2 ~ 0.3010 and log 3 ~ 0.4771, find padi aS 


approximations for a. log6  b. log 18 Given log; ~ 0.4771 and 
logs ~ 0.6990, find 
Strategy We will express 6 and 18 using factors of 2 and 3 and then use the approximations for: 
properties of logarithms to simplify each resulting expression. a. log 1.5 0.1761 
WHY We express 6 and 8 using factors of 2 and 3 because we are given values of b. log 0.75 —0.1249 
log 2 and log 3. Now Try Problems 61 and 64 
Solution Teaching Example 8 Given 
a. log 6 = log (2: 3) Write 6 using the factors 2 and 3. log, 5 ~ 1.462 and log, 7 ~ 1.768, find 
= log 2 + log3 The log of a product is the sum of the logs. ents 7 
= 0.3010 + 0.4771 Substitute the value of each logarithm. ae? es 5 
~ 0.7781 c. log, 49 
: Answers: 
b. log 18 = log (2 - 3”) Write 18 using the factors 2 and 3. a. 3.230 b. 0.306 ¢. 3.536 
= log2 + log 3? The log of a product is the sum of the logs. 
= log2 + 2log3 The log of a power is the power times the log. 
= 0.3010 + 2(0.4771) — Substitute the value of each logarithm. 
~ 1.2552 B 


IE Use the change-of-base formula. 


Most calculators can find common logarithms and natural logarithms. If we need to 
find a logarithm with some other base, we use a conversion formula. 

If we know the base-a logarithm of a number, we can find its logarithm to some 
other base b by using a formula called the change-of-base formula. 


Change-of-Base Formula 


For any positive real numbers a, b, and x, witha # 1 andb # 1, 
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Self Check 9 


Find log; 3 to four decimal 
places. 0.6826 


Now Try Problem 74 


Teaching Example 9 


Find log, 12 to four decimal places. 


Answer: 
1.1309 


| PROOF | To prove this formula, we begin with the equation log, x = y. 


(1) y = log, x 
x= b 
log, x = log, b” 
log, x = y log, b 


Change the equation from logarithmic to exponential form. 
Take the base-a logarithm of both sides. 


The log of a power is the power times the log. 


log, x 
= as as Divide both sides by log, b. 
y log, b Y 10g. 
log, x 
log, x = jog, b Refer to Equation 1 and substitute log, x for y. g 
a 


If we know logarithms to base a (for example, a = 10), we can find the 
logarithm of x to a new base b. We simply divide the base-a logarithm of x by the 
base-a logarithm of b. 


| EXAMPLE 9 | Find: log35 


Strategy To evaluate this base-3 logarithm, we will substitute into the change- 
of-base formula. 


WHY We assume that the reader does not have a calculator that evaluates 
base-3 logarithms directly. Thus, the only alternative is to change the base. 


Solution 
We can use base-10 logarithms to find a base-3 logarithm. To do this, we substitute 
3 for b, 10 for a, and 5 for x in the change-of-base formula: 


\ log, ¥ 

(@) — 

85x log, b 
logyo 5 

log, 5 = Eap b= 3, x= 5..arda= 10. 
logio 3 


= 1.464973521 Use acalculator. 


To four decimal places, log; 5 = 1.4650. 
We can also use the natural logarithm function (base e) in the change-of-base 
formula to find a base-3 logarithm. 


, log, x 
a log, b 
_ Ins b=3,x=5,anda=e. 
log; 5 = In3 log, 5 = In5 and log. 3 = In3. 
= 1.464973521 Use a calculator. 
We obtain the same result. |_| 


logio 5 


Caution! Don’t misapply the quotient rule: Toei 9 


means log;g 5 + logy, 3. 


It is the expression logo : that means logig 5 — logio 3. 


[Use properties of logarithms to solve application problems. 


In chemistry, common logarithms are used to express the acidity of solutions. The 
more acidic a solution, the greater the concentration of hydrogen ions. This 
concentration is indicated indirectly by the pH scale, or hydrogen ion index. The pH 


of a solution is defined as follows. 


pH of a Solution 


If [H "] represents the hydrogen ion concentration in gram-ions per liter, then 


pH = —log [H*] 


| EXAMPLE 10 | pH Meters One of 


the most accurate ways to measure pH is 
with a probe and meter. What reading 
should the meter give for pure water if 
water has a hydrogen ion concentration 
[H*] of approximately 10°’ gram-ions per 
liter? 


Strategy We will substitute into the 
formula for pH and use the power rule for 
logarithms to simplify the right side. 


WHY After substituting 10°’ for H* in —log[H*], the resulting expression will 
have the form log, M?. 


Solution 

Since pure water has approximately 10 ’ gram-ions per liter, its pH is 
pH = —log [H*] 
pH = —log 1077 

—(-7) log 10 

=-(-7)-1 

=7 


Substitute 10~” for Ht. 


The log of a power is the power times the log. 


Simplify: log 10 = 1. 


The meter should give a reading of 7. 


| EXAMPLE 11 | Hydrogen lon Concentration Find the hydrogen ion 


concentration of seawater if its pH is 8.5. 


Strategy To find the hydrogen ion concentration, we will substitute 8.5 for pH in 
the formula pH = —log[H *] and solve the resulting equation for [H *]. 


WHY After substituting for pH, the resulting logarithmic equation can be solved 
by solving an equivalent exponential equation. 


Solution 
To find its hydrogen ion concentration, we solve the following equation for [H “]. 
pH = —log[H"] 
8.5 = —log [H*] 
—8.5 = log [H*] 
[H*] = 19785 


Substitute 8.5 for pH. 
Multiply both sides by —1. 


Change the equation to exponential form. 
We can use a calculator to find that 


[H*] ~ 3.2 x 10° gram-ions per liter 
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Self Check 10 


pH METERS The hydrogen ion 
concentration range for a 
freshwater aquarium has a low- 
end value of 2.5 x 10~*. Find the 
PH level that corresponds to this 
value. 7.6 


Now Try Problem 95 


Teaching Example 10 pH METERS 
The hydrogen ion concentration range 
for a freshwater aquarium has a high- 
end value of 1.6 X 107’. Find the pH 
level that corresponds to this value. 
Answer: 

6.8 


Self Check 11 


HYDROGEN ION CONCENTRATION 
Find the hydrogen ion 
concentration of a solution with 
a pH value of 4.8. 1.58 « 10° 


Now Try Problem 96 


Teaching Example 11 HYDROGEN 
ION CONCENTRATION Find the 
hydrogen ion concentration of pickles 
if their pH is 3.2. 

Answer: 

6.31 x 10-4 
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ANSWERS TO SELF CHECKS 


}1.a.0 bil «a4 di 2 2.a.log34+1 b 3+ logy 3. a. 1 —log,5 
“ib. Iny—1n100 4. log,x — log, y — log,z 5. a. 4Inx b. } log, 3 


1 evVy 
6. {(3logx + logy — logz) 7. log,g—sy 8. a. 0.1761 b. —0.1249 9. 0.6826 


10. 7.6 11. 1.58 x 1075 


STUDY SET 


| VOCABULARY 


Fillin the blanks. 
1. The expression log; (4x) is the logarithm of a 
product . 
2. The expression log, 2 is the logarithm of a quotient, 
3. The expression log 4" is the logarithm of a power. 
p> 4. In the expression logs 4, the number 5 is the _base_ of 
the logarithm. 
I CONCEPTS 
Fillin the blanks. 
5. log, 1 = 0 6. log, b = 1 
7. log, MN = log, M + log, N 
8, pice * = 
9. Iflog, x = log, y, then x = y 


M 
> 10. logs a; = log,— logb N 


11. log, x? = p- log, x 

> 12. log, b* = x 
13. log, (A + B)#log, A + log, B 
14. log, A + log, B =log, AB 


log.x 
log, b 


15. log, x = 16. pH = — log{H'} 


17. Three logarithmic 
expressions have been 
evaluated, and the results 
are shown on the calculator 
display on the right. Show 
that each result is correct by 
writing the equivalent 
base-10 exponential statement. 
10° = 1, 10° = 10,107 = 107 


loatis 
loge 1a 


loge le) 


P Selected exercises available online at 
www.webassign.net/brookscole 


18. Three logarithmic 
expressions have been 
evaluated, and the results 
are shown on the calculator 
display on the right. Show 
that each result is correct by 
writing the equivalent 
base-e exponential statement. (The notation In(e’(2)) 
means In e”.) e? = ee =e',e4 = e* 


Inte*eeay 
Inte*osaa 


Inte*e4 ya 


I NOTATION 
Complete each solution. 
19. log, rst = log, ( rs )e 
= log, (rs) + log, ¢ 
= log, + log, s + logbt 


p> 20. log — = logr — log( st) 
St 


= logr — (log s + log i) 
= logr — logs —logt 


[| GUIDED PRACTICE 


Evaluate each expression. See Example 1. 


21. log, 1 0 p> 22. log,4 1 
23. log44’ 7 24. Ine® 8 
pm 25. 5/819 19 pm 26. 8219 19 
27. logs5° 2 p> 28. log, 4° 2 
29. Ine 1 30. log; 1 0 
31. log; 3’ 7 pm 32. 5188 g 


Use the product rule for logarithms to rewrite each expression. 
Assume that x > 0. See Example 2. 


33. logo(4-5) 2+ log,5 p> 34. log3(27-5) 3 + log;5 
35. log(10x) 1 + log x 36. log(1,000x) 3 + log x 


Use the quotient rule for logarithms to rewrite each expression. 
Assume that x > 0. See Example 3. 


12 8 
37. In 5 In 12 —In5 38. log, 3 log, 8 — log,3 


x 
p> 39. log, 36 logex — 2 


x 
40. logs 8 loggx — 1 

Use properties of logarithms to rewrite each expression. Assume 
that all variables are positive. See Example 4. 


> 42. log 4xz 
log 4 + log x + log z 


41. log xyz 
log x + log y + log z 


43. lo 44. lo 
2 3 Zz 


1 + logy x — logs y log; x — log3 y — log; z 


Use the power rule for logarithms to rewrite each expression. 
Assume that all variables are positive. See Example 5. 


45. log, 5” 2 log, 5 46. log; z° 9 log; z 


47. log V5 5 log 5 p> 48. logW7 zlog7 
Use properties of logarithms to rewrite each expression. Assume 
that all variables are positive. See Example 6. 
49. log(x*y’) > 50. log(xy7x°) 
3 log x + 2 log y logx + 2logy + 3 logz 


51. log, (xy)!/* 52. log, xy” 
5(log,x + logy y) 3 log, x + 5 log, y 
53. log, Vxy 54. log, eVy 
5 (log, x + log, y) 3 log, x + } log, y 
xrvVy xy? 
55. In 56. In —— 
Zz Vz 


2inx + 4Iny—Inz 3Inx + 2Iny—4Inz 
Write each expression as one logarithm. Assume that all 
variables are positive. See Example 7. 


1 1 
57. 3log,x + —log, y 58. 7 Box + 3log,y 


3 


loga(x*y -_ log, (x'/?y3) 


il 
59. —3log,x — 2log, y + 7108p Z log, 


zu 
vy 
Bie ey? 
ie + 2) 


> 60. 3 log, (x + 1) — 2 log, (x + 2) + log, x log, 


Assume that log, 4 ~ 0.6021, log, 7 ~ 0.8451, and 
log, 9 ~ 0.9542. Use these values and the properties of 
logarithms to approximate each value. See Example 8. 


7 
61. log, 28 1.4472 > 62. log, F| 0.2430 


4 
63. logs G3 —1.1972 p> 64. log, 36 1.5563 


63 
65. logy 1.1972 p> 66. log, 2.25 0.3521 


67. log, 64 1.8063 > 68. log, 49 1.6902 
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Use the change-of-base formula to find each logarithm to four 
decimal places. See Example 9. 


69. log37 1.7712 > 70. log73 0.5646 


e 71. logi/3 3 —1.0000 e 72. logi/2 6 —2.5850 
> 73. log; 8 1.8928 74. logs 10 1.4307 
75. logyaV5 2.3219 76. log, € 0.8736 


I TRY IT YOURSELF 
Ey Use a calculator to verify each equation. 
77. log [(2.5)(3.7)] = log 2.5 + log 3.7 


In 45.37 
78. log 45.37 = in 10 
79. In(2.25)* = 4 In 2.25 

11.3 
80. In = In 11.3 ~ In6.1 
1 log 8.75 

81. logV/243 = —log24.3 82. In8.75 = —= 

2 loge 


Determine whether the given statement is true. If a statement is 
false, explain why. 


83. log xy = (log x)(log y) false 
84. log ab = loga+1 false 


log, A 
85. log, (A — B) = ion, B false 
86. ee = log, A — log, B false 
log, B 


A 
87. logs p = log, A — log, B true 
88. log, 2 = logsb false 


Use properties of logarithms to rewrite each expression. Assume 
that all variables are positive. 


89. | Vx 90. | 4, ay i 
. log, . loga,4 
Wyz yZ : zs 


Flog, x = jlogay = i log. Fd } logy x a Slog, y = log, z 


= 
91. in(® +x) in(2 y) in — 
zg z ae 2 


p> 92. In(xy + y”) — In(xz + yz) + Inz Iny 
93. InxVz Inx + sinz 94. InVxy $(In x + Iny) 


qe 
Iny 


[ APPLICATIONS 


> 95. pH OFA SOLUTION Find the pH of a solution 
with a hydrogen ion concentration of 1.7 x 10 °° 
gram-ions per liter. 4.8 

HYDROGEN ION CONCENTRATION Find 
the hydrogen ion concentration of a saturated 
solution of calcium hydroxide whose pH is 

13.2. 6.3 x 10° gram-ions per liter 


> 96. 
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p> 97. AQUARIUMS To test for safe pH levels in a J WRITING 
freshwater aquarium, a test strip is compared with the 
scale shown. Find the corresponding range in the 
hydrogen ion concentration. 


99. Explain the difference between a logarithm of a 
product and the product of logarithms. 


from 2.5 X 10°-* to 1.6 X 10°” » 100. How can the|LOG|key on a calculator be used to 
find log, 7? 
AquaTest pH Kit | REVIEW 
Safe range 


| | Consider the line that passes through P(—2, 3) and O(4, —4). 
Oe oo ey se 101. Find the slope of line PO. —? 
& C> & > 102. Find the distance PO. V8 
i 103. Find the midpoint of segment PQ. (1, -5 
104. Write the equation of line PQ. y = —2x + + 


> 98. pH OF SOUR PICKLES The hydrogen ion 
concentration of sour pickles is 6.31 < 10~*. Find 
the pH. 3.2 


TION 


Objectives » SEC 


IE Solve exponential equations. Exponential and Logarithmic Equations 


B Solve logarithmic equations. 


An exponential equation is an equation that contains a variable in one of its 
exponents. Some examples of exponential equations are 


| 3 | Solve radioactive decay 


roblems. = 2 1 

: 3°=5, 6 3=2% and 2°42 == 

| 4 | Solve population growth 2 
problems. 


A logarithmic equation is an equation with a logarithmic expression that 


contains a variable. Some examples of logarithmic equations are 
log, (5x — 6) 
log 5x = 1, log (3x + 2) — log (2x — 3) = 0, and ————— =2 
log, x 


In this section, we will learn how to solve many of these equations. 


[kB Solve exponential equations. 


If both sides of an exponential equation can be expressed as a power of the same 
base, we can use the following property to solve the equation. 


Exponent Property of Equality 


If two exponential expressions with the same base are equal, their exponents 
are equal. 


For any real number 5, where b # —1, 0, or 1. 


b* = b’ is equivalent to x = y 


9.8 Exponential and Logarithmic Equations | 843 
| EXAMPLE 1 | ) Self Check 1 
242% = 1 


Solve: 2* 


2 Solve: 3% 2% = 2 1! 


3 
Strategy We will express the right-hand side as a power of 2. Now Try Problem 26 


WHY We can then use the exponent property of equality to set the exponents 


equal and solve for x. Teaching ee 1 Solve: 
xr 4x 

Solution 125 

Since 5 = 2°', we can write the equation in the form la 5 


(2 = 
2°*2* = 27! Each side of the equation can be written as an exponential expression 


with base 2. 


Since equal quantities with equal bases have equal exponents, we have 


x>+2x=-1 Equate the exponents. 
x? +2x+1=0 Add 1 to both sides. 
(x + 1)(x +1) =0 Factor the trinomial. 
x+1=0 or x+1=0 Set each factor equal to O. 
x=-1 | x=-1 
Verify that —1 satisfies the original equation. | 


Using Your CALCULATOR Solving Exponential Equations Graphically 


x7+2x _ 1 
a = 
(see Example 1), we can subtract 5 from both sides of the equation to get 


To use a graphing calculator to approximate the solutions of 


a +2x 


NI eR 


1 a 
~ 5 = 0. and graph the corresponding function y = 2* a 


If we use window settings of [—4, 4] for x and [—1, 2] for y, we obtain the 
graph shown in figure (a) below. 


The solutions of 2° *?* — 5 = O are the x-coordinates of the x-intercepts of 
the graph of y = ie 5. Using the ZERO feature, we see that the graph 


has only one x-intercept, (—1, 0). Therefore, —1 is the only solution of 
gee tx tl =0 
5 : 


We can also solve 2° *?* = 5 using the INTERSECT feature found on most 


graphing calculators. After graphing Y, = oF and Y= 5, we select 


INTERSECT, which approximates the coordinates of the point of intersection 
of the two graphs. From the display shown in figure (b), we can conclude that 
the solution is —1. Verify this by checking. 
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When it is difficult or impossible to write each side of an exponential equation 
as a power of the same base, we can often use property 8 of logarithms to solve the 
equation. Recall this property states that if two positive numbers are equal, the 
logarithmic base-b of the numbers are equal. 


Ser Gheck 2 | EXAMPLE 2 | Solve 3* = 5. Give the answer to four decimal places. 


Solve 5* = 4. Give the answer to 


four decimal places. Strategy We will take the base-10 logarithm of both sides of the equation. 
Now Try Problem 28 WHY We can then use the power rule of logarithms to move the variable x from 
oe as 2 Answer its current position as an exponent to a position as a factor. 
og = 
log5 one Solution 
Since the logarithms of equal numbers are equal, we can take the common 
Teaching Example 2 Solve 7* = 2. logarithm of each side of the equation. The power rule of logarithms then 
the answer to four decimal places. provides a way of moving the variable x from its position as an exponent to a 
: oy position as a coefficient. 
0g 
= 0.3562 
log7 3% = 5 
log 3° = log 5 Take the common logarithm of each side. 
x log 3 = log 5 The log of a power is the power times the log: 
log 3 = xlog 3. 
log 5 
(1) x= Divide both sides by log 3. 
log 3 


x = 1.464973521 Use a calculator. 


log 5 
The exact solution is 1 E 3° To four decimal places, the solution is 1.4650. 
e) 


We can also take the natural logarithm of each side of the equation to solve 


for x. 
37 =5 
In 3* = In'5 Take the natural logarithm of each side. 
xIn3 =In5 Use the power rule of logarithms: In 3° = x In 3. 
In5 
x= Divide both sides by In 3. 
In3 


x = 1.464973521 Use a calculator. 


To check the solution, we substitute 1.4650 for x in 3“ and see if the result is 


close to 5. We can compute 3'*°°° by entering 3 [y*] 1.4650 [=] on a scientific 
calculator. The result of 5.000145454 verifies that x ~ 1.4650 is an approximate 
solution of 3* = 5. a 


Caution! A careless reading of Equation 1 in the Example 2 solution leads to 
a common error. The right-hand side of Equation 1 calls for a division, not a 
subtraction. 


log 5 


jog 3 means (log 5) + (log 3) 


It is the expression log 3 that means log 5 — log 3. 


9.8 Exponential and Logarithmic Equations 


Solve: 6° > = 2° Self Check 3 


Solve: 5*-? = 3* 
Strategy We will take the base 10 logarithm of both sides of the equation. Now Try Problem 32 
WHY We can then use the power rule of logarithms to move the variable a ieee 3 Answer 
expressions from their current position as an exponent to a position as a factor. oe ~ 6.3013 
0g > — 108 
Solution 
6° 3 = 2* Teaching Example 3 Solve: 3*** = 2* 
ee Answer: 
log 6 ~ = log 2° Take the common logarithm of each side. —4In3_ james 
(x — 3)log 6 = x log 2 The log of a power is the power times the log. In3 — In2 , 
x log 6 — 3 log 6 = x log2 Use the distributive property. 
x log 6 — x log2 = 3 log6 On both sides, add 3 log 6 and subtract x log 2. 
x (log 6 — log 2) = 3 log 6 Factor out x on the left-hand side. 
3 log 6 
x = ————. __ Divide both sides by log 6 — log 2. 
log 6 — log 2 
x ~ 4.892789261 Use a calculator. 


To four decimal places, the solution is 4.8928. a 


| EXAMPLE 4 [San me Self Check 4 


Solve: e7 1! = 35 


Now Try Problem 36 
WHY We can then use the power rule of logarithms to move the variable Self Check 4 Answer 


Strategy We will take the natural logarithm of both sides of the equation. 


expression 0.9¢ from its current position as an exponent to a position as a factor. . = = 1.6930 
Solution : - 
The exponential expression on the left-hand side has base e. In such cases, the Teaching Exemple4 Sole.” = 42 
i : ‘ : . Answer: 
computations are somewhat simpler if we take the natural logarithm of each side. in 42 
0.9t = 1.0679 
e' =8 5 
Ine?” = In8 Take the natural logarithm of each side. 
0.9t Ine = In8 Use the power rule of logarithms: In e?°* = 0.9t Ine. 
0.9t- 1 = 1In8 Simplify: In e = 1. 
0.9t = In8 
In 8 
t= 0.9 Divide both sides by 0.9. 


t ~ 2.310490602 Use a calculator. 


To four decimal places, the solution is 2.3105. a 


4 Solve logarithmic equations. 


We can solve many logarithmic equations using properties of logarithms. 


Self Check 5 


Solve: logs (x — 3) = -1 i 


Solve: log 5x = 3 


Strategy Recall that log 5x = logy9 5x. To solve log 5x = 3, we will instead write 


: f : Now Try Problem 40 
and solve an equivalent base-10 exponential equation. ” 


WHY The resulting exponential equation is easier to solve because the variable peels Eames & Seeing ane = % 


term is isolated on one side. 4 
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Self Check 6 


Solve: 
log(5x 


+ 2) — log(7x — 2) = 02 


Now Try Problem 44 


Teaching Example 6 Solve: 


log (3x 
Answer: 
3 


2) — log (x + 4) =0 


Self Check 7 


Solve: 


log x + log (x + 3) = 12 


Now Try Problem 48 


Teaching Example 7 


Solve: 
Answer: 
25 


log, + log(x — 21) = 2 


Solution 
Recall that log 5x = logiy) 5x. We can change the equation log 5x = 3 into the 
equivalent base-10 exponential equation 10° = 5x and solve for x. 
log 5x = 3 
10° = 5x 
1,000 = 5x — Simplify: 10° = 1,000. 
200 = x Divide both sides by 5. 


The solution is 200. Check the result. 


| EXAMPLE 6 | Solve: log (3x + 2) — log (2x — 3) = 0 


Strategy We will isolate each logarithmic expression on one side of the 
equation. Then we will use the logarithmic property of equality to see that 
3x +2 = 2x —-3. 


WHY We can use the logarithmic property of equality because once we isolate 
each logarithmic expression, the equivalent equation has the form log, x = log, y. 


Solution 
We isolate each logarithmic expression on one side of the equation. 
log (3x + 2) — log (2x — 3) = 0 This is the equation to solve. 
log (3x + 2) = log (2x — 3) = Add log (2x — 3) to both sides. 
(3x + 2) = (2x — 3) If the logarithms of two numbers 
are equal, the numbers are equal. 
x=-5 Subtract 2x and 2 from both sides. 
Check: log (3x + 2) — log (2x — 3) = 0 


log [3(—5) + 2] — log [2(—5) — 3] 40 
log (—13) — log (-13) 4 0 


Since the logarithm of a negative number does not exist, the proposed solution 
—5 must be discarded. This equation has no solutions. 


| EXAMPLE 7 | Solve: log x + log (x — 3) =1 


Strategy We will use the product rule for logarithms in reverse: The sum of two 
logarithms is equal to the logarithm of a product. Then we will write and solve an 
equivalent exponential equation. 


WHY We use the product rule for logarithms because the left side of the 
equation log x + log (x — 3) has the form log, M + log, N. 


Solution 
logx + log (x — 3) =1 This is the equation to solve. 
logx (x —3)=1 Use the product rule of logarithms. 
logig x (v — 3) = 1 The base is 10. 


x(x — 3) = 10' Use the definition of logarithms to change the equation 
to exponential form: log x(x — 3) = logio x(x — 3). 


x? — 3x -10=0 Distribute the multiplication by x and subtract 10 from 
both sides. 


(x + 2)(x — 5) =0 Factor the trinomial. 


9.8 Exponential and Logarithmic Equations 


x+2=0 or x—5=0 Set each factor equal to 0. 
x=-—2 x=5 


Check: The number —2 is not a solution, because it does not satisfy the equation 
(a negative number does not have a logarithm). We will check the remaining 


number, 5. 
log x + log (x — 3) =1 
log 5 + log(5—3) 41 Substitute 5 for x. 
log5 + log2 41 


log10 21 Use the product rule of logarithms: 
log 5 + log 2 = log (5+ 2) = log 10. 


1=1 — Simplify: log 10 = 1. 


Since 5 satisfies the equation, it is the solution. e 


Caution! Examples 6 and 7 illustrate that we must check the solutions of a 


logarithmic equation. 


Using Your CALCULATOR Solving Logarithmic Equations Graphically 


To use a graphing calculator to approximate the solutions of the logarithmic 
equation log x + log (x — 3) = 1 (see Example 7), we can subtract 1 from 
both sides of the equation to get 


log x + log (x — 3) -1=0 


and graph the corresponding function 


y = logx + log (x — 3) -1 


If we use window settings of [0, 20] for x and [—2, 2] for y, we obtain the graph 
shown in figure (a). Since the solution of the equation is the x-coordinate of 
the x-intercept, we can find the solution using the ZERO feature. The solution 
isx =5. 


Po 


Inkersection 
n== T=L 


(b) 


We can also solve log x + log (x — 3) = 1 using the INTERSECT feature. 
After graphing Y; = log x + log (x — 3) and Y2 = 1, we select INTERSECT, 
which approximates the coordinates of the point of intersection of the two 
graphs. From the display shown in figure (b), we can conclude that the solution 
is x = 5. Verify this by checking. 
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Self Check 8 
log; (5x + 6) = 


26 
log; x 


Solve: 


Now Try Problem 51 


Teaching Example 8 Solve: 
log, (3x — 2) 
logy x 
Answer: 

i 


Self Check 9 


CARBON-14 DATING In Example 9, 
how old is a statue that retains 
25% of its original carbon-14 
content? 

Now Try Problem 103 


Self Check 9 Answer 
about 11,400 years 


| EXAMPLE 8 | 8 logs (5x — 6) | 
Solve: —————— = 2 
logs x 


Strategy We will multiply both sides by log, x and apply the power rule of 
logarithms. 


WHY We will then have an equivalent equation of the form log, x = log, y and 
we can use the property of equality of logarithms. 


Solution 
We can multiply both sides of the equation by log, x to get 


logs (5x — 6) = 2 logs x 
and apply the power rule of logarithms to get 
log, (5x — 6) = log, x” 
By property 8 of logarithms, 5x — 6 = x’, because they have equal logarithms. 
Thus, 
5x —6 = x* 
0=x?-5x+6 
0 = (x — 3)(x — 2) 
x-3=0 or x-2=0 
x=3 | x=2 


Verify that both 2 and 3 satisfy the equation. a 


IER Solve radioactive decay problems. 


Experiments have determined the time it takes for half of a sample of a given 
radioactive material to decompose. This time is a constant, called the material’s half-life. 

When living organisms die, the oxygen/carbon dioxide cycle common to all 
living things ceases, and carbon-14, a radioactive isotope with a half-life of 5,700 
years, is no longer absorbed. By measuring the amount of carbon-14 present in an 
ancient object, archaeologists can estimate the object’s age by using the radioactive 
decay formula. 


Radioactive Decay Formula 


If A is the amount of radioactive material present at time t, Ag was the amount 
present at ¢ = 0, and his the material’s half-life, then 


A=Ag 


| EXAMPLE 9 | Carbon-14 Dating How old is a wooden statue that 


retains only one-third of its original carbon-14 content? 


Strategy If Ag is the original carbon-14 content, then today’s content is 
A= 5 Ao. We will substitute Ao for A and 5,700 for h in the radioactive decay 


formula and solve for f. 


WHY The value of ¢ is the estimated age. v 


9.8 Exponential and Logarithmic Equations 


Solution Teaching Example 9 CARBON-14 
: : A : ; 

To find the time t when A = 5 Ao, we substitute 3’ for A and 5,700 for h in the DATING In Example 9, how old is a 

statue that retains 60% of its original 


radioactive decay formula and solve for f: carbon-14 content? 


_ =t/h Answer: 
A = Ao2 about 4,200 years 
A _ 
— = Ao2 ae The half-life of carbon-14 is 5,700 years. 
1=30 Fe) Divide both sides by Ao and multiply both 
sides by 3. 
log 1 = log 3(2- >") Take the common logarithm of each side. 


log 1 = log3 + log27/9 The logarithm of a product is the sum of 
the logarithms. 


Subtract log 3 from both sides and use the 


“logs = = 5,700 log 2 power rule of logarithms. 
log 3 
s.700( 7=) =t Multiply both sides by saree 
t ~ 9,034.286254 Use a calculator. 
The statue is approximately 9,000 years old. a 


IZ¥ Solve population growth problems. 


Recall that when there is sufficient food and space, populations of living organisms 
tend to increase exponentially according to the Malthusian growth model. 


Exponential Growth Model 


If P is the population at some time f, Pp is the initial population at t = 0, and k 
depends on the rate of growth, then 


P= Pre™ 


| EXAMPLE 10 | Population Growth The bacteria in a laboratory Seles cle 


culture increased from an initial population of 500 to 1,500 in 3 hours. How long POPULATION GROWTH In . 

will it take for the population to reach 10,000? Example 10, how long will it take 
the population to reach 

Strategy We will substitute 500 for P) and 1,500 for P into the exponential 20,000? about 10 hours 


growth model and solve for k. Now Try Problem 111 


WHY Once we know the value of k, we can substitute 10,000 for P, 500 for Po, 


and the value of k into the exponential growth model and solve for the time ¢. Tening eraaqne tt Fue Oba CaN 


GROWTH In Example 10, how long 


Solution will it take the population to reach 
We substitute 500 for Po, 1,500 for P, and 3 for t and simplify to find k: ve a, 
P= Pye This is the population growth formula. about 9 hours 
1,500 = 500(e**) — Substitute 1,500 for P, 500 for Po, and 3 for t. 
3=e* Divide both sides by 500. 
3k = In3 Change the equation from exponential to logarithmic form. 
k= eu Divide both sides by 3. 


3 v 
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To find when the population will reach 10,000, we substitute 10,000 for P, 
500 for Po, and me for k in the equation P = Pye“ and solve for ¢: 
P=P, a it 
10,000 = 500e!" 9/5! 
ap = el er Divide both sides by 500. 
In3 
cs t = In 20 Change the equation to logarithmic form. 
3 In 20 : ; 3 
t= in3 Multiply both sides by 3. 
= 8.180499084 Use a calculator. 
The culture will reach 10,000 bacteria in about 8 hours. |_| 


2 log 5 


aS In35 _ 7 | 
1.1,1 2. 0.8614 3. oes — og 6.3013 4. 5 ~ 1.6930 5.5 6.2 7.2 8.6 | 


9 about 11,400 years 10. about 10 hours 


STUDY SET 


contains a variable, such as 


I VOCABULARY 6. Use the graphs in the illustration to estimate the 

Fillinthe blanks. solution of 3 log (x — 1) = 2 log x. about 4.6 

1. An equation with a variable in its exponent, such as y 

3°* = 8, is called a(n) exponential equation. 3 bbleb 
4 = 10) = 
p> 2. An equation with a logarithmic expression that 3 lil 

2 
1 


y=2logx 


logs (2x — 3) = logs (x + 4), is a(n) _!ogarithmic eee * 
equation. e 
I CONCEPTS 7. Fillin the blanks to make the statements true. To 
Fill in the blanks. solve 5* = 21, we can take the logarithm of each side 
3. The formula for radioactive decay is A = Ay”. of the equation to get 
4. The formula for population growth is P= 2,” . log 5* = log 21 


5. Use the graphs in the illustration to estimate the 
. about 1.8 


y 
A 
9 
8 
7 
6 
5 
4 
3 
2 


The power rule for logarithms then provides a way of 
moving the variable x from its position as an 
_exponent_ to a position as a coefficient. 

fa 8. Use a calculator to determine whether x ~ 2.5646 is a 
solution of 2°"! = 70. yes 


fa 9. Find “£8. Round to four decimal places. 1.2920 


solution of 2° = 3-**? 


log 5° 


yaorts i 10. Find yet Round to four decimal places. 2.2619 
11. Simplify: Ine 1 


Soa) r2s¢s>* 12. Does ie25 = log 7 — log 3? no 
P Selected exercises available online at 
www.webassign.net/brookscole 


13. Write the corresponding base-10 exponential 
equation for log (x + 1) = 2. 10° =x +1 


> 14. 


Write the corresponding base-e exponential equation 
for In (x +1) =2. 2? =x+1 


Solve each equation. Round to the nearest hundredth. 


15. x7 = 12 +3.46 16. 2% = 12 3.58 


Solve each equation. 
p> 17. log(x — 1) =3 1,001 ~—-18. log (wv — 1) = log3 4 
19. Check to see whether —4 is a solution of 
logs (x + 3) = k. no 


20. Check to see whether —2 is a solution of 


genre k. yes 
I NOTATION 
Complete each solution to solve the equation. 
21. Solve: 2° =7 
log 2x = log 7 
x log2 = log7 
log 7 
~ log 2 
> 22. Solve: logs (2x — 3) = logs (x + 4) 


x-3 =xt+4 


x= 


| GUIDED PRACTICE 

Solve each exponential equation. See Example 1. 

23, 2° * = 648 24, 3°94? = 243 -3 
p> 25. 2° = 83-1 p> 26. 3° = 81 4-1 


Solve each exponential equation. Give answers to four decimal 
places when necessary. See Example 2. 


27. 4° = 5 1.1610 28. 7* = 12 1.2770 
29. 5* =7 1.2091 pm 30. 8 = 16 1.3333 


Solve each exponential equation. Give answers to four decimal 
places when necessary. See Example 3. 


31. 2**1 = 3* 1.7095 p 32. 5° > = 37" —82144 
33. 2° = 3° 0 p> 34. 37 = 4" 0 


Solve each exponential equation. Give answers to four decimal 
places when necessary. See Example 4. 


35. e** = 9 0.7324 p> 36. e** = 60 1.0236 
pm 37. e 9% = 14.2 -13.2662 38. e?7! = 9.1 7.3609 


Solve each logarithmic equation. See Example 5. 
39. log 5x = 2 20 40. log 20x = 3 50 
41. log 10x = 3 100 Pm 42. log 25 = 2 4 


9.8 Exponential and Logarithmic Equations | 851 


Solve each logarithmic equation. See Example 6. 
43. log (3 — 2x) — log (x + 24) =0 -7 
p> 44. log (3x + 5) — log (2x + 6) =0 1 
45. In(3x +1) =In(x +7) 3 
46. In (x* + 4x) — In(x? + 16) = 0 4 


Solve each logarithmic equation. See Example 7. 
47. log x + log (x — 48) = 2 50 
> 48. 9y=11 
49. log x + log (x — 15) =2 20 
50. logx + log (x + 21) =2 4 


log x + log (x 


Solve each logarithmic equation. See Example 8. 
; logs (6x — 8) logs (7x — 12) 


=22,4 52. = 2 3,4 
log, x logs x 
log(8x — 7 log (5x + 6 
pcg ge 8 gg PEO ie 
log x 2 
J TRY IT YOURSELF 
fy Solve each equation. 
~ 55. 13%) =2 1.2702 p 56. 5°'' = 3 -0.3174 
: 1 3 a 1 
7. 5% = — —= 58. 8 *t1 = — 3 
~e 125 4 64 
59. 7” = 10 +1.0878 60. 8” = 11 +1.0738 
61. 8° = 9 0, 1.0566 62. 5" = 2°" 0,2.1534 
2 1 2 
5 aio | cc | ee Sa: ee ee 
63. 3 = 64. 7 49 72 


65. log (x + 2) =4 9,998 66. log 5x = 4 2,000 
67. log (7 — x) = 2 —93 68. log (2 — x) = 3 —998 
69. Inx = 1 ¢ ~ 2.7183 70. Inx =5 & ~ 148.4132 
71. In(x + 1) =3 19.0855 72. In2x = 5 74.2066 


> 73. log 2x = log 4 2 > 74. log 3x = log 9 3 
4x +1 2— 5x 
75. log-—_ = 04 76. log ——~- = 0 -2 
Fa +9 PO ees 8) 
77. log x? = 2 10,-10 78. log x° = 3 10 
79. log (x + 90) = 3 — logx 10 
p> 80. log (x — 90) = 3 — log x 100 
5 
81. log (x — 6) — log (x — 2) = log ~ 10 
82. log (3 — 2x) — log (x + 9) =0 —2 
log (3x — 4 
83. ele) = 2 no solution 
log x 
1 
84. 3 los (4x + 5) = logx 5 
1 
85. log; x = log; = +49 
86. logs (7 + x) + logs (8 — x) — logs 2 = 2 3,-2 
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87. 
88. 
89. 
90. 


2 logs x = 3 + logs (x — 2) 4 

2 log; x — log; (x — 4) = 2 + log32 6, 12 
log (Jy + 1) = 2 log (y + 3) — log2 1,7 
2 log (y + 2) = log (y + 2) — log 12 -3 


wy) Use a graphing calculator to solve each equation. If an answer is 
“ not exact, round to the nearest tenth. 


91. 
93. 
95. 
96. 
97. 
98. 


rr eT ie 92, 3°" = 2° 27 
4(2*) = 8* 88,02 94, 3° — 10 = 3-7 21 
log x + log (x — 15) = 2 20 
log x + log (x + 3) =1 2 
In (2x + 5) -In3 = In(x 
2 log (x? + 4x) = 1 -4.7,0.7 


1) 8 


I APPLICATIONS 


99. 


> 100. 


101. 


> 102. 


103. 


104. 


105. 


106. 


107. 


> 108. 


TRITIUM DECAY The half-life of tritium is 
12.4 years. How long will it take for 25% of a sample 
of tritium to decompose? 5.1 yr 


RADIOACTIVE DECAY In two years, 20% of a 
radioactive element decays. Find its half-life. 6.2 yr 


THORIUM DECAY An isotope of thorium, 227TH 
has a half-life of 18.4 days. How long will it take for 
80% of the sample to decompose? 42.7 days 


LEAD DECAY An isotope of lead, ?01pb, has a 
half-life of 8.4 hours. How many hours ago was there 
30% more of the substance? 3.2 hr 


CARBON-14 DATING A bone fragment analyzed 
by archaeologists contains 60% of the 

carbon-14 that it is assumed to have had initially. 
How old is it? about 4,200 yr 


CARBON-14 DATING Only 10% of the 
carbon-14 in a small wooden bowl remains. How old 
is the bowl? about 19,000 yr 


COMPOUND INTEREST If $500 is deposited in 
an account paying 8.5% annual interest, 
compounded semiannually, how long will it take for 
the account to increase to $800? 5.6 yr 


CONTINUOUS COMPOUND INTEREST In 
Exercise 105, how long will it take if the interest is 
compounded continuously? 5.5 yr 


COMPOUND INTEREST If $1,300 is deposited in 
a Savings account paying 9% interest, compounded 
quarterly, how long will it take the account to 
increase to $2,100? 5.4 yr 

COMPOUND INTEREST A sum of 

$5,000 deposited in an account grows to $7,000 in 

5 years. Assuming annual compounding, what 
interest rate is being paid? 6.96% 


109. 


> 110. 


111. 


> 112. 


113. 


> 114. 


115. 


> 116. 


117. 


118. 


RULE OF SEVENTY A rule of thumb for finding 
how long it takes an investment earning 
continuously compounded interest to double is 
called the rule of seventy. To apply the rule, divide 
70 by the interest rate written as a percent. At5%, 
doubling requires a years to double an investment. 


At 7%, it takes 2 years. Explain why this formula 
works. because In 2 ~ 0.7 


BACTERIAL GROWTH A bacterial culture 
grows according to the formula 


P= Poa’ 


If it takes 5 days for the culture to triple in size, how 
long will it take to double in size? 3.2 days 


RODENT CONTROL The rodent population in a 
city is currently estimated at 30,000. If it is expected 
to double every 5 years, when will the population 
reach 1 million? 25.3 yr 


POPULATION GROWTH The population of a 

city is expected to triple every 15 years. When can 
the city planners expect the present population of 
140 persons to double? 9.5 yr 


BACTERIAL CULTURES A bacterial culture 
doubles in size every 24 hours. By how much will it 
have increased in 36 hours? 2.828 times larger 


OCEANOGRAPHY 
The intensity J of a 
light a distance x 
meters beneath the 
surface of a lake 
decreases exponentially. 
From the illustration, 
find the depth at which 
the intensity will 

be 20%. 27m 


MEDICINE Ifa medium is inoculated with a 
bacterial culture containing 500 cells per milliliter, 
how many generations will have passed by the time 
the culture contains 5 X 10° cells per milliliter? 13.3 


MEDICINE Ifa medium is inoculated with a 
bacterial culture containing 800 cells per milliliter, 
how many generations will have passed by the time 
the culture contains 6 X 10’ cells per milliliter? 16.2 


NEWTON’S LAW OF COOLING Water initially 
at 100°C is left to cool in a room at temperature 
60°C. After 3 minutes, the water temperature is 
90°. The water temperature T is a function of 

time t given by 


T = 60 + 40e** 


Find k. 4 In 0.75 


NEWTON’S LAW OF COOLING Refer to 
Exercise 117 and find the time for the water 
temperature to reach 70°C. 14.5 min 


9.8 Exponential and Logarithmic Equations 


I WRITING 125. Find the length of B 
119. Explain how to solve 2**! = 31. leg — 
i : in. 12 in. 
> 120. Explain how to solve 2**! = 32. ee ee Be Vin. 
J REVIEW A a 
polveedeiequanan > 126. MEDICATIONS The amount of medicine a patient 


121. 5x? — 25x = 00,5 122. 4y? — 25 = 0 3, -3 


123. 3p? + 10p = 82,-4 124. 4° +1 = -6t 3 


should take is often proportional to his or her 
weight. If a patient weighing 83 kilograms needs 

150 milligrams of medicine, how much will be 
needed by a person weighing 99.6 kilograms? 180 mg 


= 


4 


STUDY SKILLS CHECKLIST 


Preparing for the Chapter 9 Test 


The Chapter 9 material covers operations on functions, inverse functions, exponential functions, 
and logarithmic functions. As you prepare for the test over this material, be sure to also review 
the following checklist. 
L] (f : g)(x) means to form a new function by multiplying f(x) and g(x). 
(f ° g)(x) means to form a new function by finding f(g(x)). 
For f(x) = x? + 3and g(x) = 4x + 5: 
(f - e)(x) = Ff) + g@) 
= (x* + 3)(4v + 5) 
= 4x? + 5x7 + 12x + 15 
(f° g)(x) = f(g@)) Change from ° notation to nested parentheses. 
= f(4x + 5) We are given g(x) = 4x + 5. 
= (4x + 5)? +3 Find f(4x + 5) using f(x) = x* + 3. 
= 16x? + 40x +25 +3 Remember: (4x + 5)? = (4x + 5)(4x + 5). 
= 16x? + 40x + 28 Combine like terms. 


L] The logarithm of a number is an exponent. log,.x is the exponent to which 5 is raised to get x. 


1 
= — =3) = ——— 
125 3 because 5 125 


log; 9 = 2 because 3” = 9 logs 


Use properties of logarithms to simplify and expand logarithmic expressions. 


Write the expression as a sum of logarithms and simplify. 


log; 49x° = log; 49 + log, x° 
—2 5 log; x 


Use properties of logarithms to write expressions as one logarithm. 


il 
3 logx + 5 log y 5 log z = log x” + log y> — log z'/ 


= log x*y° — log 7” 


Teaching Guide: Refer to the Instructor’s Resource Binder to find activities, worksheets 
on key concepts, more examples, instruction tips, overheads, and assessments. 
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cHapteR 9 SUMMARY AND REVIEW 


SECTION 9.1. Algebra and Composition of Functions 


| DEFINITIONS AND CONCEPTS 


Just as it is possible to perform arithmetic 
operations on real numbers, it is possible to 
perform those operations on functions. 

The sum, difference, product, and quotient 
functions are defined as: 


(f + g)(x) = f(x) + gx) 
(f — g)(x) = f(x) — gx) 
(f+ g)(x) = f(x)g(x) 

_ fe) 
(Hee) = > 
Often one quantity is a function of a second 
quantity that depends, in turn, on a third 


quantity. Such chains of dependence can be 
modeled by a composition of functions. 


with g(x) # 0 


Composition of functions: 


(f° g)@) = f(e(x)) 


EXAMPLES 
Let f(x) = 2x + 1 and g(x) = x’. 
F+ sx) =f@)+se) (fF —8)(*) = f@&) — g@ 


=2x+1+x =2x¥ +1- x? 
=x?+2x41 = ny? Oe 1 
(x) 
(f - g)(x) = f(x) - g@) (f/2)(x) -= 
= 2 
= (2x + 1x ser 
= 2x3 + x? = 2 


Let f(x) = 4x — 9 and g(x) = x°. Find (f © g)(2) and (f ° g)(x). 


(f° g)(2) = f(g(2)) Change to nested parentheses notation. 


= f(8) Evaluate: (2) = 2° = 8. 
= 4(8) —9 Evaluate f(8) using f(x) = 4x — 9. 
= 23 


(f° g)(x) = f(g@)) = fe) = 4x — 9 


REVIEW EXERCISES 
Let f(x) = 2x and g(x) = x + 1. Find each function and its Let f(x) = x? + 2and g(x) = 2x + 1.Find each of the 
domain. following. 


1. f +g (f + g(x) = 3x 
2. f ~ 20 =g)a) =2- 1-4, 
3B. f+ g (f+ g)(x) = 2x7 + 2x, (—~, ») 
4 


2x 


» fle (f/e\x) = 4. (-®, -) U (-1, %) 


ies 
8 
8 


SECTION 9.2 Inverse Functions 


DEFINITIONS AND CONCEPTS 


A function is called a one-to-one function if 
different inputs determine different outputs. 


5. (f° g)(-1) 3 
6. (g° f)(0) 5 
7. (f° g(x) (fe g)(x) = 4x? + 4x +3 
8. (g° f)(x) (g° f\() = 2x7 + 5 


EXAMPLES 


The function f(x) = 3x — 5 is a one-to-one function because different 
inputs have different outputs. 


Since two different inputs, —2 and 2, have the same output 16, the 
function f(x) = x* is not one-to-one. 
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The function f(x) = |x +1] is not a y 
one-to-one function because we can draw 
a horizontal line that intersects its graph 
twice. 


Horizontal line test: A function is one-to-one 
if every horizontal line intersects the graph of 
the function at most once. 


fey + tel 
x 


124 4 4 


To find the inverse of the one-to-one function f(x) = 2x + 1, we 
proceed as follows: 


To find the inverse of a function, replace f(x) 
with y, interchange the variables x and y, 
solve for y, and replace y with f-'(x). 


f@~) =2x+1 
y=2x +1 Replace f(x) with y. 
x =2y +1 Interchange the variables x and y. 
x= 1 
) =y Solve for y. 


FM) =~ Replace y with f~ 
~T5 eplace y with f(x). 


The graphs of f(x) =2x +1 
f'@)=*7t 


If a point (a, b) is on the graph of function f, it 


follows that the point (b, a) is on the graph of 


and are 


—1 . 
f ~, and vice versa. symmetric about the line y = x 
The graph of a function and its inverse are as shown in the illustration. eos 
symmetric about the line y = x. - 
| REVIEW EXERCISES 
In Exercises 11-16, determine whether the function is 14. y 
one-to-one. A 
9. f(x) =x? +3 no ; u 
1 1 
10. f(x) = 3% — 8 yes 43347 823 Pals 
2 
11. {(3, 4), (5, 10), (10, —1), (6, 6)} yes 3 
4 
12. 
x f@) - yes no 
® || =5 15. Use the table of values of the one-to-one function f 
21 10 to complete a table of values for f_'. 
4-5 = 
Ae x f@) x fe) 
= || =o =O | —% 
=i) =3 =3)) il 
P| We 12 7 
20 3 3 20 
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Find the inverse of each function. 
17. f(x) = 6 — 3 fq) =243 


16. Given the graph of 
function f, graph f ' 
on the same 
coordinate axes. Label 
the axis of symmetry. 


4 
18. f(x) = 4 fl@=t+1 


19. f(x) = (x + 2)? fx) = We -2 


20. f(x) =2 : f 1x) = 6x +1 


| DEFINITIONS AND CONCEPTS EXAMPLES 


An exponential function with base b is defined | The graphs of f(x) = 2* and g(x) = GJ are shown below. 
by the equation 


y 
f@) = B&, withb > 0,b #1 
Properties of an exponential function “ie ( 1 y 
f(x) = bY ov Ee 


The domain is the interval (—°, ~), 
The range is the interval (0, ~). 


Its graph has a y-intercept of (0, 1). 


§ 4-3 2-1 


The x-axis is an asymptote of its graph. 
Since the base 2 is greater than 1, the function f(x) = 2” is an 


increasing function. 
Since the base 5 is such that 0 < 4 <1, the function g(x) = Gy" isa 
decreasing function. 


The graph passes through the point (1, D). 


If b>1, then f(x) =b” is an increasing 
function. 


If 0<6b <1, then f(x) = b* is a decreasing 
function. 


Exponential functions are used to model | If $15,000 is deposited in an account paying an annual interest rate of 
many situations, such as population growth, 7.5%, compounded monthly, how much will be in the account in 60 
the spread of an epidemic, the temperature of | years? 
a heated object as it cools, and radioactive 


0.075 \ 17! To write the formula in function 
meray, A() = 15,000( 1 - 2 ) notation, substitute for P, r, and k. 
Exponential functions are suitable models for 
describing compound interest: ( 0.075 os ‘ 
A(60) = 15,000| 1 + —— Substitute GO for t. 
If $P is the deposit, and interest is paid & times 
a year at an annual rate r, the amount A in the 0,075 \7° 
account after f years is given by ~ 15,000( 1 * ) 
r\* = 1,331,479.52 Use a calculator. 


In 60 years, the account will contain $1,331,479.52. 
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J REVIEW EXERCISES 


Use properties of exponents to simplify each expression. 27. In Exercise 26, what is the asymptote of the graph of 
21, 5Y5 .5°V5 sve 22, (2 3)? ave f(x) = 3°19 the x-axis (y = 0) 


Graph each function and give the domain and the range. Label 
the y-intercept. 


23. f(x) = 3* D:(-=, &), R: (0, ~) 


28. COAL PRODUCTION The table gives the 
number of tons of coal produced in the United 
States for the years 1800-1920. Graph the data. 
What type of function does it appear could be used 


to model coal production over this period? 
1\* ‘ 5 
24. f(x) = (5) D: (—%, 2), R: (0, ~) an exponential function 


700 F 
600 F 
500 F 
400 F 
300 F 


200 F 


Tons of coal (millions) 


100 


1 1 
“Sq, ‘855 “%p “94, 


Year 


Year Tons Year Tons 
1800 108,000 1870 40,429,000 
1810 178,000 1880 79,407,000 
1820 881,000 | 1890 157,771,000 
1830 1,334,000 1900 269,684,000 
1840 2,474,000 1910 | 501,596,000 
1850 8,356,000 1920 658,265,000 
1860 20,041,000 


Source: World Book Encyclopedia 


29. COMPOUND INTEREST How much will 
$10,500 become if it earns 9% annual interest, 
compounded quarterly, for 60 years? $2,189,703.45 

30. DEPRECIATION The value (in dollars) of a 
certain model car is given by the function 
V(t) = 12,000(10-°15*), where ¢ is the number 
of years from the present. Find the value of the car 
in 5 years. about $2,015 


| DEFINITIONS AND CONCEPTS 


Of all possible bases for an exponential 
function, e is the most convenient for 
problems involving growth or decay. 


e = 2.718281828459 ... 


The function defined by f(x) =e" is the 
natural exponential function. 


Exponential growth/decay: If a quantity 
increases or decreases at an annual rate r, 
compounded continuously, the amount A 
after ¢ years is given by 


A = Pe" 


If r is negative, the amount decreases. 


| REVIEW EXERCISES 


31. f(x) = e* + 1 D:(—~, ~), R:(1, ~) 
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Base-e Exponential Functions 


EXAMPLES 


From the graph, we see that 
the domain of the natural 
exponential function is 
(—»,«) and the range is 
(0, 2). 


The x-axis is an 
asymptote of 
the graph. 


If $30,000 accumulates interest at an annual rate of 9%, compounded 
continuously, find the amount in the account after 25 years. 


A = Pe" This is the formula for continuous compound 
interest. 
= 30,000c°°"'75 ~— Substitute 30,000 for P, 0.09 for r, and 25 for t. 
= 30,000e*?° 


= 284,632.08 Use a calculator. 


In 30 years, the account will contain $284,632.08. 


Suppose the population of a city of 50,000 people is decreasing 
exponentially according to the function P(t) = 50,000e- °°’, where ¢ 
is measured in years from the present date. Find the expected 
population of the city in 20 years. 


P(t) = 50,000e~ °° Since r is negative, this is the exponential 
decay model. 
P(20) = 50,000e~°°?) Substitute 20 for t. 
= 50,000¢~°°° 
= 47,088 Use a calculator. 


After 20 years, the expected population will be about 47,088 people. 


Graph each function, and give the domain and the range. 32. f(x) =e” > D:(—~, ~), R:(0, ») 


corm 9) 


_— 
-1 1234 5.67 )|~ 


Lire? 


33. INTEREST COMPOUNDED CONTINUOUSLY 
If $10,500 accumulates interest at an annual rate of 
9%, compounded continuously, how much will be in 
the account in 60 years? $2,324,767.37 
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34. THE GRAND CANYON STATE In 2006, Arizona 36. MEDICAL TESTS A radioactive dye is injected 


ended Nevada’s 19-year reign as the nation’s fastest into a patient as part of a test to detect heart 

growing state. The population of Arizona at the time disease. The amount of dye remaining in his 

was 6,166,318 with an annual growth rate of 3.6%. bloodstream ¢ hours after the injection is given by 

Predict the population of Arizona in 2016, assuming the function f(t) = 10e °?”. How can you 

the growth rate remains the same. 8,838,365 determine from the function that the amount of dye 
35. MORTGAGE RATES There was the housing in the bloodstream is decreasing? 


boom in the 1980s as the baby boomers (those born inisi laiainaaaiindthdiait ial 


from 1946-1964) bought their homes. The average 
annual interest rate in percent on a 30-year fixed- 
rate home mortgage for the years 1980-1996 can be 
approximated by the function r(t) = 13.9e °°, 
where ¢ is the number of years since 1980. To the 
nearest hundredth of a percent, what does this 
model predict was the 30-year fixed rate in 1980? In 
1985? In 1990? 13.9%, 11.67%, 9.80% 


Logarithmic Functions 


| DEFINITIONS AND CONCEPTS EXAMPLES 
Definition of logarithm: Logarithmic form Exponential form 
Ifb > 0,b # 1, and x is positive, then logs 125 =3 isequivalentto 5° = 125 
1 1 
y =log,x means x = b” log2 5 = -3 isequivalentto 27° = 3 


log, x is the exponent to which b is raised to To evaluate log, 16 we ask: “To what power must we raise 4 to 
get x. get 16?” 


Since 47 = 16, the answer is: the 2nd power. Thus, 
log, 16 = 2 


For computational purposes and in many I 3. 1 
applications, we use base-10 logarithms, called log 1,000 — 3 because 10° = 1,000 


common logarithms. 


logx means logiox 


If b >0 and b #1, the logarithmic function The graph of the logarithmic function y 
with base b is defined by f(x) = log, x. The f(x) = log) x. fix) = logs x 


domain is (0, ©) and the range is (—°, ). From the graph, we see that f(x) = log, x is 


If b > 1, then f(x) = log, x is an increasing | an increasing function. 
function. 


If O0<b<1, then f(x) =log,x is a 
decreasing function. 


The exponential function f(x) = b* and the f(x) = 3" and f '(x) = log3x are 
logarithmic function f(x) =log,x are | inverses of each other. Their 
inverses of each other. graphs are symmetric about the 


line y = x. f-'(@) = log, x 
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Logarithmic functions, like exponential 
functions, can be used to model certain types 
of growth and decay. 


Decibel voltage gain: 
; Eo 
db gain = 20 log — 
E; 
The Richter scale: 


A 
R= log5 


J REVIEW EXERCISES 


37. Give the domain and range of f(x) = log x. 
D: (0, ©), R: (—%, ©) 

38. Explain why a student got the following message 
when she used a calculator to evaluate log 0. 


Error] Since there is no real number such that 10’ = 0, log 0 
is undefined. 


39. Write the statement log, 64 = 3 in exponential 


form. 
i = 64 
40. Write the statement 7 ' = 5 in logarithmic form. 
log74 =-l 
Evaluate, if possible. 
41. logs 9 2 42. loge #7 =a 
43. logy. 1 0 44. logs (—25) undefined 
45. logsV6 | 46. log 1,000 3 
Solve for x. 
47. logs x = 5 32 48. log; x = —4 a 
49. log, 16 = 2 4 50. logy qo = —2 10 
51. logy 3 = x 4 52. logo73 = x ; 


Use a calculator to find the value of x to four decimal places. 


53. log 4.51 = x 0.6542 54. log x = 1.43 26.9153 


Graph each function and its inverse on the same coordinate 
system. Draw the axis of symmetry. 


55. f(x) =logyx and g(x) =4* 


. E 
db gain = 20 log — 


If the input to an amplifier is 0.4 volt and the output is 30 volts, find 
the decibel voltage gain. 


oO 
E, 
30 
= 20 log 04 Substitute 30 for Eo and 0.4 for E,. 
= 37.50122527 Use a calculator. 


The db gain is about 38 decibels. 


56. f(x) = log1/3x and g(x) = (3)° 


{f= leas 


Graph each function. Label the x-intercept. 
57. f(x) = log (x — 2) 


fix) =log-4—= 2) 


58. f(x) =3 + logx 


f(x) =|3 + log x 


(1,3) 


59. ELECTRICAL ENGINEERING Find the db gain 
of an amplifier with an output of 18 volts and an 
input of 0.04 volt. about 53 

60. EARTHQUAKES An earthquake had a period of 
0.3 second and an amplitude of 7,500 micrometers. 
Find its measure on the Richter scale. about 4.4 
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Base-e Logarithmic Functions 


| DEFINITIONS AND CONCEPTS 


Of all possible bases for a logarithmic function, 
e is the most convenient for problems 
involving growth or decay. Since these 
situations occur often in natural settings, base-e 
logarithms are called natural logarithms: 


Inx means log.x 


In x is the exponent to which e is raised to get x. 


The natural logarithmic function with base e is 
defined by 


f@ =Inx 


The domain is the interval (0,%) and the 
range is the interval (—%, ~). 


The natural exponential function f(x) = e* 
and the natural logarithmic function 
f ‘(x) = Inx are inverses of each other. 


If a population grows exponentially at a 
certain annual rate r, the time required for the 
population to double is called the doubling 
time. It is given by the formula: 


In2 
_—_ 
r 

REVIEW EXERCISES 
Evaluate each expression, if possible. Do not use a calculator. 
61. Ine | 62. Ine* 2 
63. In; —5 64. In Ve } 
65. In (—e) undefined 66. In 0 undefined 
67. In1 0 68. Ine 7 ~7 


EXAMPLES 


In5.7 means log,5.7 


To evaluate In a we ask: “To what power must we raise e to get a” 


Since e * = a the answer is: the —4th power. Thus, 
1 
In==-4 
of 
The graph of the natural 
logarithmic function 
f(x) =Inx 


From the graph, we see that = The y-axis 
f(x) =Inx is an __ increasing 


function. 


The graphs are symmetric about 
y=x. 


The population of a town is growing at a rate of 3% per year. If this 
rate continues, how long will it take the population to double? 


We substitute 0.03 for r and use a calculator to perform the 
computation. 


In2 In2 
t= — = —- = Ek 
- 0.03 23.10490602 


The population will double in about 23.1 years. 


Use a calculator to evaluate each expression. Express all 
answers to four decimal places. 


69. In 452 6.1137 70. In 0.85 —0.1625 


Solve each equation. Express all answers to four decimal 
places. 


71. Inx = 2.336 10.3398 72. Inx = —8.8 0.0002 


f(x) = log x and g(x) = Inx. 


fi) =e 


Graph each function. 
75. f(x) =1+Inx 


2 y 
5 

: fa) =|T + Inx 
2 


Tosas 6 | 


[ DEFINITIONS AND CONCEPTS 


Properties of logarithms: If M, N, and b are 
positive real numbers, b # 1 


1. log, 1=0 2. 
3. log, bY =x 4. 


log, b =1 
plese « =x 


5. Product rule for logarithms: 

log, MN = log, M + log, N 
6. Quotient rule for logarithms: 

log, x = log, M — log, N 
7. Power rule for logarithms: 

log, M? = p log, M 


Properties of logarithms can be used to 
expand logarithmic expressions. 


Properties of logarithms can be used to 
condense certain logarithmic expressions. 


73. Explain the difference between the functions 


They have different bases: log x = log;) x and In x = log, x. 


74. What function is the inverse of f(x) = In x? 


76. f(x) = In(x + 1) 


fey=In(@+ 1 


Properties of Logarithms 
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77. POPULATION GROWTH How long will it take 
the population of Mexico to double if the growth 
rate is currently about 1.153%? 
about 60 yr 

78. BOTANY The height (in inches) of a certain 
plant is approximated by the function 
H(a) = 13 + 20.03 In a, where a is its age in years. 


How tall will it be when it is 19 years old? 
about 72 in. (6 ft) 


EXAMPLES 
Apply a property of logarithms and then simplify, if possible. 
1. log;l1=0 2. logz7=1 

ines =3 4, ea 16 


log>(6 - 8) = log,6 + log.8 
= log,6 + 3 


8 
6. logs ?- log, 8 — log, 6 


= 3 — log,6 
7. log, 7* = 3log,7 


Write log; (x’y*) as the sum and/or difference of logarithms of a 
single quantity. 


log; (x?y*) = log; x” + log; y® The log of a product is the sum 


of the logs. 


= 2log3x + 3log3 y 


The log of a power is the power 
times the log. 


Write 3 In x — 5 In y as a single logarithm. 


A power times a log is the log 


1 = 3 1/2 
3Inx — ZF Iny = Ine —Iny of the power. 


x The difference of two logs is the 
yi? log of the quotient. 


Write y? as Vy. 
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If we need to find a logarithm with some base | Find log; 6 to four decimal places. 

other than 10 or e, we can use a conversion log 6 

formula. log7 6 = ——~ = 0.920782221 
log 7 


Change-of-base formula: 
To four decimal places, log7 6 = 0.9208. To check, verify that 7°°7°* is 


log, x : 
1 — 4 approximately 6. 
meee log, b 
In chemistry, common logarithms are used to Find the pH of a liquid with a hydrogen ion concentration of 10° 
express the acidity of solutions. gram-ions per liter. 
pH scale: pH = —log [H*] 
pH = —log[H *] = —log 10° Substitute 10~° for [H*]. 


—(—8) log 10 The log of a power is the power times the log. 


=8 Simplify: log 10 = 1. 
| REVIEW EXERCISES 
Simplify each expression. Write each logarithmic expression as one logarithm. 
79. log, 10 80. logy 9 1 89. 3 log, x — Slog, y + 7 logz z logs" = 
81. log 10° 3 82, 71°87 4 90. —3 log, y — 7 log, z + 4 log, (x + 2) log, a . 
Write each logarithm as the sum and/or difference of Assume that log, 5 = 1.1609 and log, 8 = 1.5000 and find 
logarithms of a single quantity. Then simplify, if possible. each value to four decimal places. 
83. logs 27x 3 + logsx 91. log, 40 2.6609 92. log, 64 3.0000 
84. log a 2 — logx 93. Find log; 17 to four decimal places. 1.7604 
85. logs 27 S logs 27 94. pH OF GRAPEFRUIT The pH of grapefruit juice 
86. log, 10ab log, 10 + log,a +1 is about 3.1. Find its hydrogen ion concentration. 


about 7.9 X 10 * gram-ions/liter 


Write each logarithm as the sum and/or difference of 
logarithms of a single quantity. 


xy3 
87. log, “= 2 log, x + 3 log, y — log, z 


88. In V 52 5 (Inx — Iny — 21nz) 


SECTION 9.8 Exponential and Logarithmic Equations 


| DEFINITIONS AND CONCEPTS EXAMPLES 


An exponential equation contains a variable | Solve: 3**? = 27 


in one of its exponents. We express the right side of the equation as a power of 3. 


If both sides of an exponential equation can 
be expressed as a power of the same base, we 


can use the following property to solve it: x+2=3 If two exponential expressions with the same base are 
equal, their exponents are equal. 


3+? = 3° Write 27 a5 3°. 


ea Ry | ; - 
b b* isequivalentto x = y | 


The solution is 1. Check it in the original equation. 
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When it is difficult to write each side of an | Solve 4" = 7 and give the answer to four decimal places. 
exponential equation as a power of the same 


We take the base-10 logarithm of both sides of the equation. 
base, take the logarithm of each side. 


log 4" = log7 
x log 4 = log7 The log of a power is the power times the log. 
log 7 
t= To isolate x, divide both sides by log 4. 
log 4 


x = 1.4037 Use acalculator. 


To four decimal places, the solution is 1.4037. To check the 
approximate solution, we substitute 1.4037 for x in 4° = 7 and use a 
calculator to evaluate the left side. 


A. logarithmic equation is an equation | Solve: log(4x — 3) = log(2x + 7) 
containing a variable in a_ logarithmic log(4x — 3) = log(2x +7) 


expression. 
4x —3=2x+7 If the logarithms of two numbers are 


Certain logarithmic equations can be solved equal, the numbers are equal. 


using the following property: > 10 
oe = 


log, x = log, y isequivalentto x =y 2=5 
The solution is 5. Check it in the original equation. 


To solve some logarithmic equations, we | Solve: log,(x + 1) = 2 
instead write and solve an _ equivalent 


; ‘ We will write the equivalent base-4 exponential equation. 
exponential equation. 


loga(x + 1) = 2 


2t1i=# 
x+1=16 
x=15 


The solution is 15. Check it in the original equation. 


When there is sufficient food and space Find the number of bacteria in a culture of 1,000 bacteria if they 


available, populations of living organisms tend | are allowed to reproduce for 5 hours. Assume k = me 
to increase exponentially according to the 


—_ kt wot . 
following growth model. P= Pe This is the population growth model. 


= n3.s ; 
Population growth = 1,0006e + Substitute. 


kt ~= 6,240 Use a calculator. 
P = Poe 


In 5 hours, there will be approximately 6,240 bacteria. 


J REVIEW EXERCISES 


Solve each equation. Give approximate answers to four 105. a = 2 4,3 
decimal places. 106. log, (x + 2) + logs (x — 1) =22 
95. 5°*° = 25 —4 96, P= 1 og 4 107. log x + log (x — 5) = log 6 6 
97. 3° =7 1.7712 98. 2° = 3°"! 2.7095 108. log 3 — log (x — 1) = -1 31 
99.e* = 7 1.9459 100, e°* = 25 -8.0472 109. Evainate both sides of the statement 
og 


logs 7 log 8 — log 15 to show that the sides are 


Solve each equation. . 
indeed not equal. 0.76787 # —0.27300 


101. log (x — 4) =2 104 = 102. In (2x — 3) = In15 9 
103. log x + log (29 — x) = 2 25,4 
104. log, x + logs (x — 2) = 3 4, —2 is extraneous 
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110. CARBON-14 DATING A wooden statue found 112. The approximate coordinates of the points of 
in Egypt has a carbon-14 content that is intersection of the graphs of f(x) = log x and 
two-thirds of that found in living wood. If the g(x) = 1 — log (7 — x) are shown in 
half-life of carbon-14 is 5,700 years, how old is the figures (a) and (b) below. Use the graphs to 
statue? about 3,300 yr estimate the solutions of the logarithmic 

111. ANTS The number of ants in a colony is estimated equation log x = 1 — log (7 — x). Then check your 
to be 800. If the ant population is expected to triple answers. 2,5 


every 14 days, how long will it take for the 
population to reach one million? about 91 days 


VE=1-lodt?-H 


Intersection 
eS f=. 69897 


(a) (b) 


Let f(x) = 4x and g(x) = x — 1. Find each function or value. 


1. gt f (gt+ fa) =Sx-1 2. e°f (gfx) = 40° — 4x 


3. Find: (ge f)(1) 3 4. Find: f(g(x)) 4(@ — 1) 
Find the inverse of each function. 


6. f(x) = 3x? + 4(x = 0) 
i all ae 


5. f(x) = Sx + 6 


f (x) = 2 5 12 


Graph each function. 


7. fx) =2> +1 8 y=3~* 


y 

A 
5] 
4 


| fle) = 2* 4. 1 


9. RADIOACTIVE DECAY A radioactive material 
decays according to the formula A = Ao(2)“. 
How much of a 3-gram sample will be left in 


a 


6 years? Gg = 0.046875g 


10. COMPOUND INTEREST An initial deposit of 
$1,000 earns 6% interest, compounded twice a 
year. How much will be in the account in one 
year? $1,060.90 


11. Graph: f(x) = e* 


[fa =le 


12. CONTINUOUS COMPOUNDING An account 
contains $2,000 and has been earning 8% interest, 
compounded continuously. How much will be in the 
account in 10 years? $4,451.08 


Find x. 
13. logy 16 = x 2 14. log, 81 = 43 


15. logsx = —3 = 16. nx=1le 


1 . F 
17. Write the statement log, 36 7 —2 in exponential 


a ee! 
form: 6° = 3¢ 


18. Give the domain and range of the function 
f(x) = log x. D: (0, ~), R:(—~, &) 


Graph each function. 
19. f(x) = —log3x 20. f(x) = Inx 
y 
aoa 3 > xX 
x) =|-logyx 


21. Write the expression log a’bc’ in terms of the 
logarithms of a, b, and c. 2 loga + logb + 3 loge 


1 
22. Write the expression Bl In(a + 2) + Inb — 3Incas 


a logarithm of a single quantity. In °“"* 


23. Use the change-of-base formula to find log, 3 to four 
decimal places. 0.5646 


Chapter9 Test 


24. What function is the inverse of y = 10°? y = log x Consider the graph shown below. 
34. Is it the graph of a function? yes 


25. pH Find the pH ofa solution with a 
hydrogen ion concentration of 3.7 X 10’. #5; Is ite inverse a fimction? ys 
(Hint: pH = —log [H*].) 64 


: ; ; 36. What is f '(260)? What information about 
26. ELECTRONICS Find the db gain of an amplifier temperature and tire tread does it give? 


when Eo = 60 volts and E; = 0.3 volt. 80; when the temperature of the tire tread is 260°, the vehicle is 
. . Eo traveling 80 mph 
Hint: db gain = 20 log ES 46 


i Relationship between car speed and tire temperature 


y 
Solve each equation. Round to four decimal places when 
HE 


™ necessary. 


27. 5* = 3 0.6826 28. 3%! =274 


29. In (5x + 2) = In (2x + 5) 1 


Tire tread temperature (F°) 
) 
a 
S 


250 
i log ( 9)=1 | 
30. log x + log (x — 9) = 1 10 <I 
dese 60 70 80 90 100 7 
1 Speed h 
31. The illustration shows the graphs of y = 5 In (x — 1) eee 
and y = In 2 and the approximate coordinates of 
their point of intersection. Estimate the solution of a POPULATION GROWTH As of July 2003, the 
1 population of India was estimated to be 
the logarithmic equation 3 In (x — 1) = In2. 5 1,050,000,000, with an annual growth rate of 1.47%. If 


the growth rate remains the same, how large will the 
population be in 30 years? about 1,631,973,737 


38. INSECTS The number of insects attracted to a 
bright light is currently 5. If the number is expected to 
quadruple every 6 minutes, how long will it take for 
the number to reach 500? about 20 min. 


Inkersection 
n= f 


T=.B9314718 


32. Show a check of your answer to Problem 31. 
5 In (5 — 1) = 41n 4 = 0.69314718..., which is In 2. 


33. Give an example of a situation studied in this chapter 
that is modeled by a function with a graph that has 
the shape shown. Label the axes. You do not have to 
scale the axes. answers may vary 
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CHAPTERS 1-9 


Write the formula associated with each concept. 


1. Perimeter of a 2. Area of a circle 


rectangle [Section 1.6] [Section 1.6] 
P=21+2w A=ar 


4. Volume of a cube 
[Section 1.6] V=s° 


3. Area of a triangle 
[Section 1.6] A = tbh 


6. Distance 


(uniform motion) 
[Section 1.8] d = rt 


7. Midpoint of a line segment (232 252) 


[Section 2.1] 


5. Simple interest 
[Section 1.8] 1 = Prt 


8. Slope-intercept form of the equation of a line 
[Section 2.4] y=mx+b 


9. Point-slope form of the equation of a line 
[Section 2.4] y — y, = m(x — x1) 


J 
x2 — X1 


10. Slope of a line [Section 2.3] m = 


11. Pythagorean theorem [Section 7.6] a + b> = c 


12. Distance between two points 
[Section 7.6] d = V(x. — x1)> + (» — 1) 


13. Direct variation [Section 6.9] y = kx 
14. Inverse variation [Section 6.9] y =“ 
15. Quadratic formula [Section 8.2] x = = Yb —*« Vie = dae 


16. Exponential growth [Section 9.4] A = Pe™ 


17. Change-of-base formula for logarithms 
loga x 


[Section 9.7] log, x = logab 


Fill in the blanks to complete the rules for exponents. 


[Section 5.1] 
19. xx" = 


18. x1 = BE 
20. (x”)" =" 21. (xy)" = vy" 


22. x° = 23. (2) = A 
x= 


CUMULATIVE REVIEW 


25.% "= aa 
1 wes 
26. — = 27.(~) = 
x y 
28. x" = 29, x/" = (v)" 


Complete each factorization or product formula. 


30. x* — y? = [Section 5.6] 
31. x° — ¥ = (x—y)@? tay ty?) [Section 5.6] 
32. x° + y? = (x + y)Q?-xy + y?) [Section 5.6] 
33. (x+y) = e+ dy ty [Section 5.4] 
34. (x — yy? = dy ty [Section 5.4] 


35. (x + y\(x-y)= e-y [Section 5.4] 


ui 


Complete each property of radicals. [Section 7.2] 


36. Wab = Wav/b v7. {= WF o2o 


Approximate each irrational number to the nearest hundredth. 
[Section 1.2] 


38. 7 3.14 39. V2 1.41 
40. e 2.72 


41. To graph y = x, we first graph the boundary line 
y = x asin the illustration. Explain how we 
determine which side of the boundary to shade. 
[Section 4.4] 
Pick a test point on one side of the boundary line. In y = x, 
replace x and y with the coordinates of that point. If the 
inequality is satisfied, shade the side that contains that point. If 
the inequality is not satisfied, shade the other side. 


y 


a4] 


Complete each property of logarithms. [Section 9.7] 
42. log, 1 = 0 43. log, b = 1 


44, log, b* = x 45, pe = x 


46. log, MN = log, M + log, N 
M 
47. log, Ww = log, M — log, N 


48. log, M? = plog,M 


49. Fillin the blanks to complete the fundamental 
property of fractions. If a, b, and k represent real 

ack 

b+ k 


numbers, and b # Oand k # 0, then | = 


[Section 6.1] 


The following partial solutions show three important 
applications of the fundamental property of fractions. In each 
case, explain why it was used. 

Sa lla 5a-3b lla: 4 


50. t = t Section 6.3 
54h” 185? Ab Sb sigpeea 


to build up the fractions so they have the same denominator 


VI0_ VI0:V3 
Vi V3VS 


to rationalize the denominator 


51. [Section 7.3] 


52. [Section 6.4] 


tf” ee 
xX y A y 


to simplify a complex fraction 


53. The following partial solution shows an important 
application of the fundamental property of fractions. 
Explain why it was used and what the slashes and 1’s 
mean. [Section 6.1] 


6a? — 13a + 6 (Ga=2)(20 — 3) 
3a° +a—2 ~ Ga~=2)(a + 1) 


It was used to simplify a rational expression. The slashes and 1’s 
show a common factor of 3a — 2 being divided out. 


54. Fill in the blanks to complete the fundamental 
property of proportions. [Section 6.9] 


i = 7 then ad = ‘be 


55. What is a quadratic equation? [Section 8.1] 
an equation of the form ax? + bx +c = 0, where a + 0 
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56. Consider the equation (x + 1)(x — 7) = 0. How is 
the zero-factor property used to solve this equation? 
[Section 5.9] x +1=O0orx-—7=0 


57. What is the first step used to solve the following 
equation? [Section 6.7] 
x-3 1 x-3 


w= 2 -X% x 


Multiply both sides of the equation by the LCD, which is 
HG = 2) 


58. Which method would be the most efficient to solve 
the following system? [Section 3.2] the addition method 


a —10 
6x + Sy = 25 


Fill in the blanks to complete each definition. 
59. For any real number x, 


oe = 0, then |x| = x 
if x < 0, then |x| 


ll 
| 
« 


[Section 4.3] 


60. The number b is a square root of aif b> = a. 
[Section 7.1] 


61. If x can be any real number, then Vx? = [Ec\\. 
[Section 7.1] 


62. If x is any real number, then We =. [Section 7.1] 


63. If aand b are real numbers,a — b = a+(—b). 
[Section 1.3] 


64. i = \V-1 [Section 7.7] 


Fill in the blanks. 


65. A function is a correspondence between a set of input 
values x (called the _domain_) and a set of output 
values y (called the _!@nge¢_), in which exactly _one_ 
y-value in the range is assigned to each number x in 
the domain. [Section 2.5] 


66. The solution set of a compound inequality containing 
the word and consists of all the numbers that make 
both jnequalities true. [Section 4.2] 


67. The solution set of a compound inequality containing 
the word or consists of all the numbers that make 
_one_or the other or _beth_ inequalities true. 

[Section 4.2] 
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Traffic Engineer 


Traffic engineers design roads, streets, and highways for the safe and efficient 
movement of people and goods. They use traffic flow formulas to 
determine what kinds of roads are needed and then find 
economical ways to construct and operate them. During 
the planning stages, traffic engineers make detailed 
drawings and graphs of the project. Because highway and 
street construction is often publicly funded, they make 
budgets, submit bid proposals, and perform cost analysis 


studies to make sure that highway tax money is spent wisely. end! 5 
Ny 
08 0 
In Problem 85 of Study Set 10.1, you will design two * cre 
sections of a freeway that are to be joined with a curve that is : ANN! 


one-quarter of a circle. 2001 


Chapter 10 Conic Sections; More Graphing 


The Circle and the Parabola 


We have previously graphed first-degree equations in two variables such as 
y = 3x + 8 and 4x — 3y = 12. Their graphs are lines. In this section, we will graph 
second-degree equations in two variables such as x*>+y*=25 and 
x = —3y” — 12y — 13. The graphs of these equations are conic sections. 


EB Identify conic sections and some of their applications. 


The curves formed by the intersection of a plane with an infinite right-circular cone 
are called conic sections. Those curves have four basic shapes, called circles, 
parabolas, ellipses, and hyperbolas, as shown below. 


/ A hyperbola 
An ellipse | 


y y y y 


2 
J 


XxX 


Conic sections have many applications. For example, everyone is familiar with 
circular wheels and gears, pizza cutters, and hula hoops. 

Parabolas can be rotated to generate dish-shaped surfaces called paraboloids. 
Any light or sound placed at the focus of a paraboloid is reflected outward in 
parallel paths. This property makes parabolic surfaces ideal for flashlight and 
headlight reflectors. It also makes parabolic surfaces good antennas, because signals 
captured by such antennas are concentrated at the focus. Parabolic mirrors are 
capable of concentrating the rays of the sun at a single point, thereby generating 
tremendous heat. This property is used in the design of solar furnaces. 

Any object thrown upward and outward travels in a parabolic path. An example 
of this is a stream of water flowing from a drinking fountain. In architecture, many 
arches are parabolic in shape, because this gives them strength. Cables that support 
suspension bridges hang in the shape of a parabola. 


10.1. The Circle and the Parabola 


Radar dish Stream of water Support cables 


Ellipses have optical and acoustical properties that are useful in architecture 
and engineering. Many arches are portions of an ellipse, because the shape is 
pleasing to the eye. The planets and many comets have elliptical orbits. Certain gears 
have elliptical shapes to provide nonuniform motion. 


Arches Earth's orbit 


Hyperbolas serve as the basis of a navigational system known as LORAN 
(LOng RAnge Navigation). They are also used to find the source of a distress signal, 
are the basis for the design of hypoid gears, and describe the orbits of some comets. 

A sonic shock wave created by a jet aircraft has the shape of a cone. In level 
flight, the sound wave intersects the ground as one branch of a hyperbola, as shown 
below. People in different places along the curve on the ground hear and feel the 
sonic boom at the same time. 


Navigation Sonic boom 


4 Graph equations of circles written in standard form. 


Every conic section can be represented by a second-degree equation in x and y. To 
find the equation of a circle, we use the following definition. 


Definition of a Circle 


A circle is the set of all points in a plane that are a fixed distance from a fixed 
point called its center. The fixed distance is called the radius of the circle. 


If we let (h, k) be the center of a circle and (x, y) be some point on a circle that 
is graphed on a rectangular coordinate system, the distance from (h, k) to (x, y) is 
the radius r of the circle. We can use the distance formula to find r. 


r= V(x —h)? + (y — ky 


874 Chapter 10 Conic Sections; More Graphing 


We can square both sides to eliminate the radical and y 
obtain 4 
Page —hy ya ky 
( y) 


This result is called the standard form of the equation of a 
circle with radius r and center at (h, k). 


> xX 


Equation of a Circle 


The standard form of the equation of a circle with radius r and center at (h, k) is 


G@ohy +t Ga klar 


Success Tip An equation of the form 


eP+ya? 


has a graph that is a circle with radius r and center at (0, 0). 


Self Check 1 | EXAMPLE 1 | : ; ‘ we 
: - Find the center and the radius of each circle and then graph it: 


Find the center and the radius of 


each circle and then graph it: a(x-4P+(y-1?=9 bxty=25 a @t3yPty=12 
24 L 4y2 
a (x— 3) + +4) =4 Strategy We will compare each equation to the standard form of the equation 
y of a circle, (x — h)? + (y — k)? = r’, and identify h, k, and r. 
A 
; WHY The center of the circle is the point with coordinates (h, k) and the radius 
sachs kt of the circle is r. 
i-aytcinig pte a 
ciate i Solution 
- a. The color highlighting shows how to compare the given equation to the 
-s ra? standard form to find h, k, and r. 
6 
Ga +G-I=9 
b x? ae y? =8 t i t 
(x -—hY +(y—kP =r? h=4,k=1,and/? = 9. Since the radius of a circle 
must be positive, r = 3. 
Lae tor 8 The center of the circle is (h, k) = (4, 1) and the radius is 3. 
To plot four points on the circle, we move up, down, left, and right 3 units 
+ > x from the center, as shown in figure (a). Then we draw a circle through the 
points to get the graph of (x — 4)? + (y — 1)? = 9, as shown in figure (b). 
“ r=|2V2 y y 
Now Try Problems 15,19, and 21 i (4/4) (rs4}2 + (y-1)2= 
Self Check 1 Answers 3 
a. (3, —4),r =2 (51) (7, 1) 
b. (0,0), r = 2V2 = 2.8 ane 
-1 
e (4,-2) 


10.1 


b. To find h and k, we will write x* + y* = 25 in the following way: 


(x — 0) + (y — 0) = 25 
t t f 
(x hy (y ky =; h = 0,k = O, and r* = 25. Since the radius must 


be positive, r = 5. 


The center of the circle is at (0, 0) and the radius 
is 5. 

To plot four points on the circle, we move 
up, down, left, and right 5 units from the center. 
Then we draw a circle through the points to get 
the graph of x* + y* = 25, as shown. 


c. To find h, we will write x + 3 as x — (—3). 


Standard form requires 
a minus symbol here. 


{ 
-(-3P +0-0’=2 
t t t 
(x-h)*+(y-kP =r h=-3,k=0,and? = 12. 


Since r* = 12, we have 
r=+V12 = +2V3 


Since the radius can’t be negative, r = 2V3. y 
The center of the circle is at (—3, 0) and the radiusis = («+3)° +" = 12, 
2V3. 

To plot four points on the circle, we move up, 
down, left, and right 2V/3 ~ 3.5 units from the 
center. We then draw a circle through the points to 


Use the square root property. 


get the graph of (x + 3)? + y* = 12, as shown on 
the right. 


E3 Write the equation of a circle, given its center and radius. 


Because a circle is determined by its center and radius, that information is all we 
need to know to write its equation. 


| EXAMPLE 2 | Write the equation of the circle with radius 9 and center at 
(6, —5). 
Strategy We substitute 9 for r, 6 for h, and —5 for k in the standard form of the 
equation of a circle, (x — h)* + (y — k) =r’. 
WHY When writing the standard form, the center is represented by the ordered 
pair (A, k) and the radius as r. 
Solution 
(«x-hP +(-ke=r’ 
(2-6) + [fy - (CSP =9 
(x — 6 + (y+ 5 = 9? 


Substitute 6 for h, —5 for k, and 9 for r. 
Write y — (—5) asy + 5. 
If we express 9? as 81, we have 


(x — 6) +(y +5) =81 al 


The Circle and the Parabola 


Teaching Example 1 Find the center 
and the radius of each circle and then 
graph it: 

a. (x — 1)* + (y — 2)? = 36 

b. x7 + y? = 18 

«xr t+(yt2P=9 


Answers: 
a. (1,2),r = 6 
* 
pa e 
eX 

b. (0,0), r = 3V2 

f 

(050) 

% x 

c: (0 =2),7=3 


Self Check 2 


Write the equation of the circle 
with radius 10 and center at 
(-7, 1). (« + 7” + (y — 1% = 100 
Now Try Problems 23, 27,and 31 


Teaching Example 2 Write the 
equation of the circle with radius 
5 and center at (—3, —2). 
Answer: 

(x + 3) + (y + 2)? =25 
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PSN GUM isl N@lUC sm Ultimate Frisbee 


“Ultimate Frisbee combines speed, grace, and powerful hurling with a grueling 
pace.” 
The Wall Street Journal 


College students have tossed the plastic discs called y 
Frisbees on campuses since the WHAM-O toy i 
company first introduced them in 1958. Recently, the aa) 
popularity of the Frisbee has been growing fi 
dramatically with a game called Ultimate Frisbee. Gaal 
Ultimate, as the players call it, is a high-endurance 
sport with few basic rules that combines the nonstop 
movement of soccer, the defensive strategies of 
basketball, and the passing of football. 


ee 


4 ows 


L.A 


The illustration shows a drawing of an official 
ultimate Frisbee centered on a rectangular coordinate 
system. Determine the diameter of the disc from the 
given equation. The units are inches. a in. = 10.5 in. 


3 Convert the general form of the equation of a circle 
to standard form. 


In Example 2, the result was written in standard form: (x — 6)? + (y + 5)? = 81. If 
we square x — 6 and y + 5, we obtain a different form for the equation of the circle. 
emo ++ sf =o? 
x? — 12x + 36 + y? + 10y + 25 = 81 Square each binomial. 


x? — 12x + y? + 10y — 20 =0 Subtract 81 from both sides. Combine like 
terms. 


x? + y? — 12x + 10y — 20 =0 Rearrange the terms, writing the squared 
terms first. 


Success Tip This example illustrates an important fact: The equation of a 
circle contains both x? and y” terms on the same side of the equation with 
equal coefficients. 


This result is written in the general form of the equation of a circle. 


Equation of a Circle 


The general form of the equation of a circle is 


x+y? + Dx+Ey+F=0 


We can convert from the general form to the standard form of the equation of a 
circle by completing the square. 


10.1 


| EXAMPLE 3 | Write the equation x* + y” — 4x + 2y — 11 = Oin standard 


form and graph it. 


Strategy We will rearrange the terms to write the equation in the form 
x? — 4x + y? + 2y = 11 and complete the square on x and y. 


WHY Standard form contains the expressions (x — h)? and (y — k)’. We can 
obtain a perfect-square trinomial that factors as (x — 2)* by completing the 
square on x* — 4x. We can complete the square on y* + 2y to obtain an 
expression of the form (y + 1)’. 


Solution 
To write the equation in standard form, we complete the square twice. 
x t+y?— 4x +2y-11=0 
x — 4x + y? + 2y = 11 Write the x-terms together, the y-terms 
together, and add 11 to both sides. 
To complete the square on x” — 4x, we note that 5(—4) = —2 and (-2)/? =4, 


To complete the square on y* + 2y, we note that 5(2) = 1 and 1* = 1. We add 4 
and I to both sides of the equation. 


ve —4x4+44+y+2y4+1=114+4+4+1 


(x oy + (y 4 0s = 16 Factor x* — 4x + 4and y¥* + 2y +1. 
The equation can also be written as A 
(x — 2)? +(y + 1) = 4. : 


We can determine the circle’s center and radius 
by comparing this equation to the standard form of 
the equation of a circle, (x — h)? + (y — k)? = r*. We 
see that h = 2, k = —1, and r = 4. We can use the 
center, (h, k) = (2, —1) and the radius r = 4, to graph 
the circle as shown on the right. 


v+y—4x4+2y-11=0 
or 


(x-2)° +(y+1)? = 16 


i 
Using Your CALCULATOR Graphing Circles 


Since the graphs of circles fail the vertical line test, their equations do not 
represent functions. It is more difficult to use a graphing calculator to graph 
equations that are not functions. For example, to graph the circle described by 
(x — 1)* + (y — 2)° = 4, we must split the equation into two functions and 
graph each one separately. We begin by solving the equation for y. 


(y- 2)? =4 
(y- 2% =4-@-1P 


y-2=2V4>@-17 
yo V4= GIy 
This equation defines two functions. If we graph 
y=2+V4—-(x-1) and y=2 4—(x 


we get the distorted circle shown in figure (a) on the next page. To get a better 
circle, we can use the graphing calculator’s square window feature, which gives 
ZOOM, 5,] ENTER|.) 
Using this feature, we get the circle shown in figure (b). Sometimes the two 
arcs will not connect because of approximations made by the calculator at 
each endpoint. 


Subtract (x — 1)? from both 
sides. 


Use the square root property. 


Add 2 to both sides. 


ibe 


an equal unit distance on both the x- and y-axes. (Press 


The Circle and the Parabola 


Self Check 3 


Write the equation 
7+ 12x —-6y —-4=0in 
standard form and graph it. 


(x+ 6)TH+3)72 = 49 


Now Try Problem 35 
Self Check 3 Answer 
(x + 6)? + (y - 3) = 49 


Teaching Example 3 Write the 
equation x7 + y* + 2x — 12y 
standard form and graph it. 
Answer: 

(x +1)? + (y- 6) =9 


28 in 


y 
K 
MeN 
ad 
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Self Check 4 


A landscape architect is 
designing a circular flower bed 
bounded by the circle 

x? + y? = 36 where x and y are 
measured in feet. Another 
circular flower bed in his design 
is bounded by 


(x — 3) + (y + 4) = 16 


Find the length of the sidewalk 
from the center of the first circle 
to the furthest edge of the second 
circle. 9 ft 


Now Try Problem 83 


Teaching Example 4 The broadcast 
area of a television station is bounded 
by the circle x* + y” = 3,600 where 

x and y are measured in miles. A 
translator station picks up the signal 
and transmits it from the center of a 
circular area bounded by 


(x + 30)* + (y + 40)* = 900 


Find the location of the translator and 
the greatest distance from the main 
transmitter that the signal can be 
received. 

Answer: 

50 miles from the station, 80 mi 
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(a) (b) 


The graph of y= 2+ V4 — (x — 1)* is the top half of the 


circle. 
The graph of y= 2 — V4 — (x — 1)? is the bottom half of 
the circle. 


8 Solve problems involving circles. 


| EXAMPLE 4 | Radio Translators The broadcast area of a television 


station is bounded by the circle x* + y* = 3,600, where x and y are measured in 
miles. A translator station picks up the signal and retransmits it from the center of 
a circular area bounded by 


(x + 30)? + (y — 40)* = 1,600 


Find the location of the translator and the greatest distance from the main 
transmitter that the signal can be received. 


Strategy Refer to the figure below. We will find two distances: the distance from 
the TV station transmitter to the translator and the distance from the translator 
to the outer edge of its coverage. 


WHY The greatest distance of reception from the main transmitter is the sum of 
those two distances. 


Solution 

The coverage of the TV station is 
bounded by x? + y?= 607, a circle 
centered at the origin with a radius of 
60 miles, as shown in yellow in the figure. 
Because the translator is at the center of 
the circle (x + 30)? + (y — 40)? = 1,600, 
it is located at (—30, 40), a point 30 miles 
west and 40 miles north of the TV 
station. The radius of the translator’s 


coverage is V 1,600, or 40 miles. 

As shown in the figure, the greatest 
distance of reception is the sum of d, the 
distance from the translator to the 
television station, and 40 miles, the radius 
of the translator’s coverage. 

To find d, we use the distance formula to find the distance between the 
origin, (x;, y;) = (0, 0), and (x2, y2) = (—30, 40). 


d= V (x2 


(x + 30)? + (y — 409° = 1,600 


x +y* = 3,600 


The distance formula was introduced in 
Section 7.6. 


d= V(—30 — 0)* + (40 — 0)" v 


4) + (2 -— 1)? 
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d = V/(—30)* + 40° 
= V/900 + 1,600 


= V 2,500 
= 50 
The translator is located 50 miles from the television station, and it broadcasts the 


signal 40 miles. The greatest reception distance from the main transmitter signal 
is, therefore, 50 + 40, or 90 miles. | 


[Convert the general form of the equation of a parabola to 
standard form to graph it. 


Another type of conic section is the parabola. 


Definition of a Parabola 


A parabola is the set of all points in a plane that are equidistant from a fixed 
point, called the focus, and a fixed line, called the directrix. 


yY Fora parabola, 


A point on the 
parabola 


> xX 


Directrix 


We have previously discussed parabolas whose graphs open upward or 
downward. Parabolas can also open to the right and to the left, but they do not 
define functions because their graphs fail the vertical line test. 

The two general forms of the equation of a parabola are similar. 


Equation of a Parabola 


The general forms of the equation of a parabola are: 
1. y =ax? + bx 4 The graph opens upward if a > 0 and downward if 
a<0. 


2. x =ay’ + by4 The graph opens to the right if a > 0 and to the left if 
a<0. 


Recall from Chapter 8 that equations written in the standard form 
y = a(x — h)? + k represent parabolas with vertex at (h, k) and axis of symmetry 
x = h. They open upward when a > 0 and downward when a < 0. 


Write y = —2x? + 12x — 15 in standard form and graph it. 


Strategy We will complete the square on x to write the equation in standard 
form, y = a(x —h)? +k. 


WHY Standard form contains the expression (x — hh)’. We can obtain a 
perfect-square trinomial that factors into that form by completing the square on x. 
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Self Check 5 Solution 
Write y = 2x? + 4x + 5in Because the equation is not in standard form, the coordinates of the vertex are 
standard form and graph it not obvious. To write the equation in standard form, we complete the square on x. 
y y = —2x? + 12x — 15 
8 y = —2(x? — 6x )-—15 Factor out —2 from —2x* + 12x. 
: This step adds —2-9 Add 18 to counteract 
5 or —18 to this side. the addition of —18. 
| =|2¢e + 1)? +3 Po a | 
G3} ; y = —2(x? — 6x +9) — 15 +18 Complete the square on x° — 6x. 
t4oaoa (ras i* y = -2(x — 3)? +3 Factor x — 6x + 9 and combine like terms. 
Now Try Problem 39 This equation is written in the form y = a(x — h)* + k, where a = —2, h = 3, 
Self Check 5 Answer and k = 3. Thus, the graph of the equation is a parabola that opens downward 
y =x +1) +3 with vertex at (3,3) and an axis of symmetry x = 3. We can construct a table of 
solutions and use symmetry to plot several points on the parabola. Then we draw 
Teaching Example 5 Write a smooth curve through the points to get the graph of y = —2x” + 12x — 15, as 
y = —3x° + 18x — 25 in standard form 
snd dean ii shown below. 
Answer: 5 
y = —3(x — 3)? +2 y = —2x° + 12v — 15 s 
3 
4 x) y 2 
we P33 + 2 (2, Tt 
BP) i | =S — (1, -5) x 
p 2 il — (2,1) | yE tok [4 Wax — 15 
> 3 I or 
La ! y= 24 -|3)? +3 
Because the x-coordinate of the ad, ae (5,-5) 
vertex is 3, choose values for x a | 
that are close to 3 on the same 4 4 
side of the axis of symmetry. ie a 


Success Tip Recall that we can find the x-coordinate of the vertex using 
b 12 
= “7-7 = 


3 


To find the y-coordinate, substitute: 


2(3)* + 12(3) — 15 


The vertex is at (3, 3). 


The standard form for the equation of a parabola that opens to the right or left 
is similar to y = a(x — h)* +k, except that the variables, x and y, exchange 
positions as do the constants, h and k. 


Standard Form of the Equation of a Parabola 


Opens left 
x=a(y- ke +h 
Opens right where a <0 
x=a(y—-kP +h 
where a > 0 


10.1 


| EXAMPLE 6 | Lo 


Graph: = 
raph: x = yy 


Strategy We will compare the equation to the standard form of the equation of 
a parabola to find a, h, and k. 


WHY Once we know these values, we can locate the vertex of the graph. We also 
know whether the parabola will open to the left or to the right. 


Solution 
This equation is written in the form x = a(y — k)? + h, where a = 7m k = 0, and 
h = 0. The graph of the equation is a parabola that opens to the right with vertex 
at (0, 0) and an axis of symmetry y = 0. 

To construct a table of solutions, we choose values of y and find their 
corresponding values of x. For example, if y = 1, we have 


1 
x= 30 Substitute 1 for y. 


LS 


2 


The point 6, 1) is on the parabola. 

We plot the ordered pairs from the table and use symmetry to plot three 
more points on the parabola. Then we draw a smooth curve through the points to 
get the graph of x = 5 y”, as shown below. 


x =hy? 

x\y 

.. iin 
z|1 (3,1) 
area — (2,2) 
g8|4 +(8,4) 


Because the y-coordinate of the 
vertex is O, choose values for y 

that are close to O on the same 
side of the axis of symmetry. a 


| EXAMPLE 7 | Write x = —3y? — 12y — 13 in standard form and graph it. 


Strategy We will complete the square on y to write the equation in standard 
form, x = a(y — k)? +h. 


WHY Standard form contains the expression (y — k)*. We can obtain a 
perfect-square trinomial that factors into that form by completing the square on y. 


Solution 
x = —3y? — 12y - 13 
x = —3(y* + 4y )- 13 Factor out —3 from —3y* — 12y. 


x = —3(y* + 4y + 4) — 13 + 12 Complete the square on y° + 4y. Then add 12 


to the right side to counteract —3- 4 = —12. 


x= —-3(y+ 2-1 Factor y° + 4y + 4 and combine like terms. v 


The Circle and the Parabola 


Self Check 6 


Graph: x = —3y? 


Now Try Problem 43 


Teaching Example 6 Graph: 
acts 
E a 


Answer: 


Self Check 7 


Write x = 3y* — 6y — lin 
standard form and graph it. 


Now Try Problem 49 
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Self Check 7 Answer This equation is in the standard form x = a(y — k)? + h, where a = —3,k = —2, 
x=3(y— 1-4 and h = —1. The graph of the equation is a parabola that opens to the left with 
vertex at (—1, —2) and an axis of symmetry y = —2. 


Teaching Example 7 Write 


x = —2y? + 12y — 17 in standard form We can construct a table of solutions and use symmetry to plot several points 
and graph it. on the parabola. Then we draw a smooth curve through the points to get the 
Answer: graph of x = —3y” — 12y — 13, as shown below. 


x=-2(y-3P +1 


ct x = —3y* — 12y - 13 


1/3) or 
PPA x= —-3(y + 2)?-1 
es | 
-4|-1 + (-4,-1) 
=13 | — (—13,0) (-13,-4) 5 
t M=3y2- [2y 4 IB i 
Choose values for y, and find es arte 22-1 
the corresponding x-values. : : a 


Success Tip The equation of a circle contains an x” and a y* term. The 
equation of a parabola has either an x” term or a y” term, but not both. 


ANSWERS TO SELF CHECKS 


1. a. y b. y 2. (x + 7) + (y — 1)° = 100 


w+y? 38 


> xX 


2 -1 123 4 5 6 


G3 +Q+47=4 


4. 9ft 


STUDY SET 


10.1. The Circle and the Parabola 


I VOCABULARY 9. 


Fill in the blanks. 


p> 1. The curves formed by the intersection of a plane with an 
infinite right-circular cone are called conic __ sections _, 


> 2. Give the name of each curve shown below. 


a. What is the standard form of the equation of a 
parabola opening upward or downward? 
y=a(x-hP +k 

b. What is the standard form of the equation of a 


parabola opening to the right or left? 
x=aly—k/Pt+h 


> 10. Fill in the blanks. 
[ [ / | a. To complete the square on the right side, what 
] should be factored from the first two terms? 
x = 4y? + loy +9 
x = |4(y? + 4y )+9 
b. To complete the square on y” + 4y, what should 
be added within the parentheses, and what should 
be subtracted outside the parentheses? 
ellipse parabola hyperbola circle ee 4( y tay + 4 ) LQ 16 
ge. x ae 
ea Ds — ine sPLoral a we plane iat ate< 11. Determine whether the graph of each equation is a 
fixed distance from a fixed point called its center. The : 
j : : circle or a parabola. 
fixed distance is called the _tadius_, a ee igee 
4. A parabola is the set of all points in a plane that are . on - ee 7 
equidistant from a fixed point and a fixed _line_. ea See 9 20 
bol 
I CONCEPTS oe 
. . a x°+5x—-y=0 
5. a. Write the standard form of the equation of a parabola 
“ _ py a7. 2 
circle. (x — h)? + (y-—k) =r ei ge fog ok y -~¢ 
b. Write the standard form of the equation of a circle circle 
with the center at the origin. x° + y" = 1° 12. Draw a parabola using the given facts. 
6. a. Find the center and the co sch 
radius of the circle graphed eee 
on the right. (0,0), r = 3 ¢ Vertex (—3, 2) 
b. Write the equation of the ¢ Passes through (—2, 1) 
circle. x7 + y? =9 e x-intercept (1, 0) 
7. a. Find the center and the 
radius of the circle graphed 
on the right. (2,—1),r =4 
b. Write the equation of the E 
circle. (x — 2)? + (y + 1) = 16 
I NOTATION 
p> 13. Findh,k, andr: (x — 6)? + (y + 2)? =9 6, -2,3 


. Fill in the blanks. To complete the square on x” + 2x 
and on y” — 6y, what numbers must be added to each 
side of the equation? 

x +2x+y*-6y=2 
et+ax+i+y-oy+B=-2+0+8 


® Selected exercises available online at 
www.webassign.net/brookscole 


> 14. a. Finda,h,andk:y = 6(x 


5) — 9 6,5,-9 
b. Find a,h, and k:x = —3(y + 2)? +1 -3,1,-2 
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[| GUIDED PRACTICE 


Find the center and radius of each circle and graph it. 
See Example 1. 


15. x + y*=9 16. x° + y* = 16 
(0,0),r=3 (0,0),r =4 


Write the equation of a circle in standard form with the 
following properties. See Example 2. 


23. Center at the origin, radius 1 


gaye =] 
P12. +(y+3P=1 p18 (x +4 +y=1 : , ; 
(0, -3),r=1 (—4,0),r=1 p> 24. Center at the origin, radius 4 
x+y? = 16 
= p> 25. Center at (6, 8), radius 5 


(x — 6) + (y -— 8)? = 25 


4 
3 
2: 


(4, 0) p> 26. Center at (5, 3), radius 2 
ies ae @- sy +Q@-3y=4 
ai : = Tay 27. Center at (—2, 6), radius 12 
| teh (x+4) oan (x + 22 + (y - 6)? = 144 
xt HO +325 
COS _ p> 28. Center at (5, —4), radius 6 
(x — 5)? + (y + 4)* = 36 
19. (x + 3)? + (y — 1)? = 16 1 
“i a re - io ) p> 29. Center at (0, 0), radius 4 
e+ ye = k 
. 1 
p> 30. Center at (0, 0), radius 3 
+ y? = 5 
7 2 7 
31. Center at (=. -7), radius V2 
3 2\2 Bs 
@i+Byt HO [DPS 16 (x- 3) +(y +4) =2 
: 32. Center at (—0.7, —0.2), radius V/11 
24 » Ay? = (x + 0.7)? + (y + 0.2)? = 11 
> 20. (x — 1) (y+ 4) =9 
,.=—4j,¢=3 33. Center at the origin, diameter 4vV/2 
x + Da = 8 
p> 34. Center at the origin, diameter 8V3 
+ y? = 48 


Write each equation of a circle in standard form and graph it. 
Give the coordinates of its center and give the radius. 
See Example 3. 


G@= DFG + Ht=9 p35. x7 + y— 2x + dy = -1 
@= 1) 46+ 2f =4501, =2),7= 2 


@ =D? + +2724 


> 36. x° + y* + 6x — 4y = -12 


y 
A 
5 
(-3-2)--4 
on 
: 
spp ep ae ay 1 7 * 
@+34G5|D2 41 


37x +y + 4x 4+ 2y =4 
(x + 2)? + (y + 1)? = 9; (-2, -1),r = 3 


G+ 2)?+ Qt{D? 39 


> 38. x + y* + 8x + 2y = -13 
(x + 4° + (y +1) = 4;(-4, -1),r =2 


G+ 4+ OED =4 


Write each equation of a parabola in standard form and graph 
it. Give the coordinates of the vertex. See Example 5. 
39. y=2x7-4x +5 p40. y=x° + 4x45 

y =x - 1) +3, y=(x+2)/ +1, 

vertex: (1, 3) vertex:'(=2, 1) 


y y 


(i, 3) (=2,1) 


y= An— lt 43 6 5 4-3 -2 qT, i ae 4 
ye(x+2)?t 15 
—3- 
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> 41. y = -x* - 2x +3 42. y = —2x* — 4x 
y=-(x +17 +4, y = —2(x + 1)° + 2, 
vertex: (—1, 4) vertex: (—1, 2) 


y 
Y= FAK Lt az 

3 
(—1,2) 


Graph each equation of a parabola. Give the coordinates of the 
vertex. See Example 6. 


43. x= > 44. x = 2y* 
vertex: (0, 0) vertex: (0, 0) 


> 45. x =2(y +1)? +3 46. x = 3(y — 2)? - 1 
vertex: (3, —1) vertex: (— 1,2) 


> xX 


[tt yrs 
|G. -D 

3 

= 2 FE DEB 
5 


Write each equation of a parabola in standard form and graph 
it. Give the coordinates of the vertex. See Example 7. 


47. x =y>—2y+5 > 48. x=y?+6y+8 


x=(y-1)7 +4, x=(y+3)/-1, 
vertex: (4, 1) vertex: (=, =3) 
y aA 
4 \ 


x= Q 437 +1 


xe(ytiyPh4 
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> 49. x = —3y? + 18y —25 50. x = —2y7 + 4y +1 I TRY IT YOURSELF 
fea -3y +2, te iy = iy +3, ; pe sei: 
vertex: (2, 3) vertex: (3, 1) Write each equation in standard form, if it is not already so, and 
graph it. If the graph is a circle, give the coordinates of its center 
: and its radius. If the graph is a parabola, give the coordinates of 
5 ‘i its vertex. 
[ERs ? ‘ 59. x =y*—6y+4 60, x = y? — 8y + 13 
so 4syP a2 ima x= (y~3)'—5, roy ay = 3, 
¥=—30) 13)? + z 123 4 $ afi i(- 
<5 7 so * wot ce DrH3 vertex: (—5, 3) vertex: (—3, 4) 
—2 =3 
=3 4 


Ww) Use a graphing calculator to graph each equation. (Hint: Solve 
“ for y and graph two functions.) See Using Your Calculator: 
Graphing Circles. 


51. x+y? =7 P5207 + y*=5 


61. (@@-—2P+y?=25 62. x7 + (y — 3) = 25 
(2,0),r=5 (0,3),r=5 
y y 


53. (x + 1)° + y* = 16 54.x° + (y —- 2) =4 


x 


? 
L. 


EBLE 


ww) Usea graphing calculator to graph each equation. (Hint: Solve 


= for y and graph two functions when necessary.) 63. x + y? — 6x + 8y + 18 =0 


G=3f + 447 = 7.0: —Oyr = V7 26 


55. x = 2y" 56.x=y?-4 
y 
1 
a i233 5 6 9 ]* 
a 
=: 
57. x° -2xt+y= 58. x = —2(y — 1)? +2 . 
+7 
(x— 3)? + (y+ 4)? =7 
> 64. x? + y*- 4x + 4y —-3 =0 
= 2) + +2) = 11,0,-9) r= Vil = 33 
y 
A 
2 
1 
h eri~ 


(= 2)? +4 2% S11 


10.1 The Circle and the Parabola 
65. y=4x°— 16x +17 66. y = 4x* — 32x + 63 71. (x — 2)° + (y — 4)? = 36 
y=4a—-27 +1, y=4(x — 47 -1, (2,4),r = 6 
vertex: (2, 1) vertex: (4, —1) 
y y 
A 
8 5 
7 6 
6 5 
5 4 
4 > 
3 2 
2 1 
: PH, {44 Wye el 
3-2-1 123 4 5 i 
=A Oy + 1 wae 
yaaa) ak (x- 2)? + (y- 4)? = 36 
67. (x — 17° + (y - 3) = 15 72. (x — 3° + (y — 2)? = 36 
(1, 3),r = V15 = 3.9 (3,2),r = 6 
y 
@ 
(312) 
> XxX 
pe ew 45 123 45 67 8 
(x- 1° + (y-3)?= 15 
-  2\2 ra Te = 3 
68. (x + 1)? +(y +1) =8 @-3%+(7-2)"= 36 
(-1, -1),r =2V2 ~28 4 : 
pera = 74. x = 4y 
y 
A vertex: (0, 0) vertex: (0, 0) 
+1) + G4 1° =8 
69. x=-y +1 70.x=-y?—5 
vertex: (1, 0) vertex: (—5, 0) 5.x = —~6(y = iy +3 p76.x= —6(y + 17 =f 
y vertex: (3, 1) vertex: (—4, —1) 
A 
‘ y 
3 
2 
5,0) 1° 
9 8 7 6 Sap 
~2 x 
4 
4 4,=1) 
3 
xa’ =5 4 


x=-6(y+1)°-4 


x=-6(y- 17° +3 
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77. x° +y*+2x-8=0 
(x + 1) + y? = 9,(-1,0),r =3 


(x +1 +y?=9 


78. x7 + y?- 4y =12 
x’ + (y — 2)° = 16, (0,2),r =4 


J 


e+ y- 2)? = 16 


1 
> 79. x= 5y + 2 


81. 


x= 5(y +2) -2, 
yettex:(—2, —Z) 


y= —-4@ +5)? +5 
vertex: (—5, 5) 


y=-4(n + 5)? +5 


1 
> 80. x = —3y ~ 2y 


x=-4(y + 3)? +3, 
vertex: (3,.—3) 


x=-Z0t 3° +3 


82. y = —4(x — 4)? -4 
vertex: (4, —4) 


y 
A 


3 
2 
1 
-l 
=2 


I APPLICATIONS 


> 83. BROADCAST RANGES Radio stations applying 
for licensing may not use the same frequency if their 
broadcast areas overlap. One station’s coverage is 
bounded by x? + y* — 8x — 20y + 16 = 0, and the 
other’s by x? 4 


+ y? + 2x + 4y — 11 = 0. May they be 
licensed for the same frequency? no 

> 84. MESHING GEARS For design purposes, the large 
gear is described by the circle x7 + y* = 16. The 
smaller gear is a circle centered at (7, 0) and tangent 
to the larger circle. Find the equation of the smaller 
gear. (x -—7/ +y?=9 


y 


» 


- _ 
S 2 
y 
= 
%, . } ; 
< (7, 0) 
& 
re = we 


pm 85. Suppose you area from Campus to Careers 
traffic engineer and Traffic Engineer 
you are designing two Pe 
sections of a new 
freeway so that they 
join with a curve 
that is one-quarter of 
a circle, as shown. 
The equation of 
the circle is 

x? + y? — 10x — 12y + 52 = 0, where distances 

are measured in miles. 


Image copyright Henryk Sadura, 2009. 


Used under license from 


Shutterstock.com 


a. How far from City Hall will the new freeway 
intersect State Street? 8 mi 

b. How far from City Hall will the new freeway 
intersect Highway 60? 9 mi 


ue 
A New Freeway 


Highway 60 


State Street 


> 86. WALKWAYS The walkway shown is bounded by the 
two circles x* + y* = 2,500 and (x — 10)* + y* = 900, 
measured in feet. Find the largest and the smallest 
width of the walkway. 30 ft and 10 ft 


y 


> 87. PROJECTILES The cannonball in the illustration 
follows the parabolic path y = 30x — x*. How far 
short of the castle does it land? 5 ft 


y (in feet) 
A 


x (in feet) 
35 


> 88. PROJECTILES In Exercise 87, how high does the 
cannonball get? 225 ft 


COMETS If the orbit y 
of the comet is 
approximated by the 
equation 2y* — 9x = 18, 
how far is it from the sun 
at the vertex V of the 
orbit? Distances are 
measured in astronomical 
units (AU). 2 AU 


> 89. 


The Ellipse 


10.2. The Ellipse 889 


p> 90. SATELLITE ANTENNAS The cross section of the 
satellite antenna in the illustration is a parabola given 
by the equation y = Be, with distances measured 
in feet. If the dish is 8 feet wide, how deep is it? 1 ft 


~< 8 ft | 
¥ 
yaar 
<—— 
> xX 
I WRITING ~ =) 


91. Explain how to decide from its equation whether the 

graph of a parabola opens up, down, right, or left. 

From the equation of a circle, explain how to 

determine the radius and the coordinates of the 

center. 

93. On the day of an election, the following warning was 
posted in front of a school. Explain what it means. 


> 92. 


No electioneering within a 1,000-foot radius of 
this polling place. 


94. What is meant by the turning radius of a truck? 


HRI N , 
Solve each equation. 

4-3 
95. |3x — 4) = 11 > 96 = =12 


97. |3x + 4| = |5x — 2| 
«0 4 8 
174 593 


ellipses. 


A third conic section is an oval-shaped curve called an ellipse. 
Ellipses can be nearly round and look almost like a circle, or they 
can be long and narrow. In this section, we will learn how to 
construct ellipses and how to graph equations that represent 
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EB Define an ellipse. 


To define a circle, we considered a fixed distance from a fixed point. The definition of 
an ellipse involves two distances from two fixed points. 


Definition of an Ellipse 


An ellipse is the set of all points in a plane for which the sum of the distances 
from two fixed points is a constant. 


The figure below illustrates that any point on an ellipse is a constant distance 
d, + dz from two fixed points, each of which is called a focus. Midway between the 
foci is the center of the ellipse. 


> X 


Focus Sf 


Center 


We can construct an ellipse by placing two thumbtacks fairly close together to 
serve as foci. We then tie each end of a piece of string to a thumbtack, catch the loop 
with the point of a pencil, and (keeping the string taut) draw the ellipse. 


4 Graph ellipses centered at the origin. 


The definition of an ellipse can be used to develop the standard equation of an 
ellipse. 


Equation of an Ellipse Centered at the Origin 


The standard form of the equation of an ellipse that is symmetric with respect 
to both axes and centered at (0, 0) is 


2 
ree | where a > Oandb > 0 


b? 


To graph an ellipse centered at the origin, it is helpful to know the intercepts of 
the graph. To find the x-intercepts of the graph of 


Sti =1 
a b* 
we let y = O and solve for x. 
+ z=1 Substitute O for y. 
x eS 
S+O0=1 — Simplify: S =o. 


x“=a Simplify and multiply both sides by a 


x =+a Use the square root property. 
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The x-intercepts are (a, 0) and (—a, 0). 
To find the y-intercepts of the graph, we can let x = 0 and solve for y. 


° y 
=p a =1 Substitute O for x. 
a 
2 
ie ee ae 
0 rm =], Simplify: a 0. 


y’ = Db’ _ Simplify and multiply both sides by P. 
y= +b Use the square root property. 


The y-intercepts are (0, b) and (0, —b). 


In general, we have the following results. 


The Intercepts of an Ellipse 


The graph of 5 + a = 1 is an ellipse, centered at the origin, with x-intercepts 
(a, 0) and (~a, 0) and y-intercepts (0, b) and (0, —b). 


For _ ae x = 1, if a>b, the ellipse is horizontal, as shown in figure (a). 
If b > a, the ellipse is vertical, as shown in figure (b). The points V, and V; are called 
the vertices of the ellipse. The line segment joining the vertices is called the major 
axis, and its midpoint is called the center of the ellipse. The line segment whose 
endpoints are on the ellipse and that is perpendicular to the major axis at the center 
is called the minor axis of the ellipse. 


y 4 
V,(0, b) 
(0, b) 
V(—a, 0) Vi@, 0). (<a, 0) (a, 0) oy 
(0, -b) 
V,(0, —b) 
Horizontal ellipse Vertical ellipse 
(a) (b) 
5 ¥ Self Check 1 
x 
Graph: 36 7 a 1 Graph: 7 + ¥ =1 
2. 
Strategy This equation is in standard - + % = 1 form. We will identify a and b. — i 
a b oh me ale 
WHY Once we know a and b, we can determine the intercepts of the graph of «{—49! “125 J 
the ellipse. AGES 
Solution = Ce * 
The color highlighting shows how to compare the given equation to the standard oe 
form to find a and b. 8 
2 2 2 2 
x y x y 
my a a Now Try Problem 17 
Since a” = 36, it t f | Since * = 9, it 


follows that a = 6. follows that b = 3. Vv 
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Teaching Example 1 Graph: The x-intercepts are (a, 0) and (—a, 0), or (6, 0) and (—6, 0). The y-intercepts are 
a (0, b) and (0, —b), or (0,3) and (0, —3). Using these four points as a guide, we 
16 49 draw an oval-shaped curve through them, as shown in figure (a). The result is a 
Answer: 


horizontal ellipse. 


To increase the accuracy of the graph, we can find additional ordered pairs 
that satisfy the equation and plot them. For example, if x = 2, we have 


ae a 
36 + a =1 Substitute 2 for x in the equation of the ellipse. 
4 y 
36 36 + 5 = 36(1) To clear the fractions, multiply both sides by the LCD, 36. 
4+ 4y? = 36 Distribute the multiplication by 36 and simplify. 
y=8 Subtract 4 from both sides and divide both sides by 4. 


y=+VvV8 Use the square root property. 
y= +2V2_— Simplify the radical. 
Since two values of y, 2V2 and yd. 2) yt 


correspond to the x-value 2, we have 


found two points on the ellipse: (2, 2V2) and x 

(2, -2V2). _ 2 +2V2 = (2,+2V2) 
In a similar way, we can find the «fs 

corresponding values of y for the x-value 4. In eee ~ 4 + V5) 


figure (b) we record these ordered pairs in a il 

table, plot them, use symmetry with respect to Approximate the 

the y-axis to plot four other points, and draw radicals to graph. 

the graph of the ellipse. B 


semcheck2 MSC Graph: 162 + = 16 


Graph: 9x* + y?=9 2. # 
Strategy We will write the equation in standard ‘3 + 73 = 1 form. 
y 
AA WHY When the equation is in standard form, we will be able to identify the 
center and the intercepts of the graph of the ellipse. 
he Solution 
ttt ¢ 7 4 The given equation is not in standard form. To write it in standard form with 1 on 
the right side, we divide both sides by 16. 
i 16x? + y? = 16 
ae ae 16x? | y" _ 16 Divide both sides by 16 
;: : 16 16 16 ivide both sides by 16. 
Now Try Problem 21 ry oe g ie 
a le Simplify: io =X = Tandig =. ¥ 


2 
Success Tip Although the term wa simplifies to x*, we write it as the fraction 
2 2 
7; so that it has the form *5. 


To determine a and b, we can write the equation in the form 


9 2 
x x 


Pp ar 7 = 1. Tofind a, write 1 as 1”. To find b, write 16 as 4”. 

Since a* (the denominator of x”) is 1’, it follows that 162+? = 16 
a = 1, and since b? (the denominator of y’) is 4’, it y or 
follows that b = 4. Thus, the x-intercepts of the graph 
are (1,0) and (—1,0) and the y-intercepts are (0, 4) 1 | 16 
and (0, —4). We use these four points as guides to Cl, 
sketch the graph of the ellipse, as shown. The result is 4334 
a vertical ellipse. 


EB Graph ellipses centered at (h, k). 


Not all ellipses are centered at the origin. As with the graphs of circles and 
parabolas, the graph of an ellipse can be translated horizontally and vertically. 


The Equation of an Ellipse Centered at (h, k) 


The standard form of the equation of a horizontal or vertical ellipse centered 
at (h, k) is 
(Kh? - bP 


2 2 
a b 


=1 wherea>Oandb>0 


For a horizontal ellipse, a is the distance from the center to a vertex. For a 
vertical ellipse, b is the distance from the center to a vertex. 


EXAMPLE 3 | G22 Vaal, | 


Graph: i6 75 


Strategy The equation is in standard @ = + ¥ wt =1 form. We will 
identify h, k, a, and b. 


WHY If we know A, k, a, and b, we can graph the ellipse. 


Solution 

To determine h, k, a, and b, we write the equation in the form 
G2 bor 

eo yo 


To find k, write y + 3as y — (—3). 
To find a, write 16 as 4”. To find b, write 25 as 5°. 


1 


We find the center of the ellipse in the same way we would find the center of a 
circle, by examining (x — 2) and (y + 3)*. Since h = 2 and k = —3, this is the 
equation of an ellipse centered at (h,k) = (2, —3). From the denominators, 
4° and 5°, we find that a = 4 and b = 5. Because b > a, it is a vertical ellipse. 

We first plot the center, as shown on the next page. Since b is the distance 
from the center to a vertex for a vertical ellipse, we can locate the vertices by 
counting 5 units above and 5 units below the center. The vertices are the points 


(2,2) and (2, —8). v 
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Teaching Example 2 Graph: 
25x* + 4y* = 100 
Answer: 


25° Ay? = 100 


Self Check 3 


Graph: 
(e= iy 


(y + 2° ; 
9 "16 


(x - 1)? 
9 16 


y+2) 
+2 ) =1 


Now Try Problem 25 
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Teaching Example 3 Graph: To locate two more points on the ellipse, we use the fact that a is 4 and count 
Stay  G- i 1 4 units to the left and to the right of the center. We see that the points (—2, —3) 
gs 16 and (6, —3) are also on the graph. 
saheiiiidl Using these four points as guides, we draw the graph shown below. 
i! 
ol+/3)? | (iy — 1)? 
re =1 J 
Aa 16 A (2; 2) 
t als 
4 3 2 $78 9 101 
(-2,-3) (6, -3) 
sbst2 2 
(«4 2) | Or 3) =1 
-8 16 25 
(2, -8) a 


Using Your CALCULATOR _ Graphing Ellipses 
To use a graphing calculator to graph the equation from Example 3, 


=F VAS 


16 25 : 
we clear the equation of fractions and solve for y. 
25(x — 2)? + 16(y + 3)? = 400 Multiply both sides 
by 400. 
16(y + 3)? = 400 — 25(x — 2)? Subtract 
25(x — 2)* from 
both sides. 
aya _ 400 — 25(x — 2)° Divide both sides 
& + 3y = 16 by 16. 
400 — 25(x — 2)? Use the square 
yt3=H 
4 root property. 
400 — 25(x — 2)? Subtract 3 from 
a 4 both sides. 


The previous equation represents two functions. On a calculator, we can graph 
them in a square window to get the ellipse shown below. 


V400 — 25(x — 2)? V400 — 25(x — 2)? 
y=-3+ Fi and y=-—3 a 


As we saw with circles, the two 
portions of the ellipse do not 
quite connect. This is because the 
graphs are nearly vertical there. 


Graph: 4(x — 2)* + %y — 1)? = 36 
Strategy We will write the equation in standard ea — 40 at 


Then we will identify h, k, a, and b. 


= 1 form. 


WHY If we know A, k, a, and b, we can graph the ellipse. 


Solution 
This equation is not in standard form. To write it in standard form with 1 on the 
right side, we divide both sides by 36. 


A(x — 2)° + %y — 1)? = 36 


A(x -—2) O%(y-1) 36 
( 36 ) t a ) = 36 Divide both sides by 36. 
x — 2) -— 1) 
( 5 sara 5 yay Simplify: 4; = 4.35 = 4. and se = 1, 
This is the standard form of the y 
equation of a horizontal ellipse, 4 
centered at (2,1), with a = 3 and : 


b = 2. The graph of the ellipse is 
shown on the right. 


3 
A(x — 2)? + %(y — 1)? = 36 
or ‘ a Se gel 


_ 92 412 Z 
ie a he i 


9 4 3 


IZ¥ Solve problems involving ellipses. 


Landscape Design A landscape architect is designing 
an elliptical pool that will fit in the center of a 20-by-30-foot rectangular garden, 
leaving 5 feet of clearance on all sides, as shown in the illustration below. Find the 
equation of the ellipse. 


Strategy We will establish a coordinate system with its origin at the center of 
the garden. Then we will determine the x- and y-intercepts of the edge of the 
pool. 


WHY If we know the x- and y-intercepts of the graph of the edge of the elliptical 
pool, we can use that information to write its equation. 


Solution 
We place the rectangular garden in the coordinate system shown below. To 
maintain 5 feet of clearance at the ends of the ellipse, the x-intercepts must be the 
points (10,0) and (—10, 0). Similarly, the y-intercepts are the points (0,5) and 
(0, —5). 

Since the ellipse is centered at the origin, its equation has the form 

2 2 
y 

a aes | 

a b 
with a= 10 and b=5S. Thus, the 
equation of the boundary of the 


pool is 
20 ft 
x 


oe 
100 9 25 


(0, -10) 


L< 30 ft >| 
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Self Check 4 


Graph: 
12(x — 1)? + 3(y + 1)° = 48 


G=1F Gay 
4 "16 


Now Try Problem 29 


Teaching Example 4 Graph: 
A(x + 2)? + 25(y — 1)* = 100 
Answer: 


Self Check 5 


An interior decorator is 
designing an elliptical-shaped 
mirror that will fit in the center 
of a 52-by-40 in. rectangular 
panel, leaving 2 in. of clearance 
on all sides. Find the equation 
of the ellipse. 4, + 2, =1 


Now Try Problem 53 


Teaching Example 5 A cabinetmaker 
is designing an elliptical-shaped pattern 
in the center of a 22-by-S0 in. 
rectangular coffee table, leaving 3 in. of 
clearance on all sides. If he establishes a 
coordinate system with the length of 
the table being along the x-axis, find the 
equation of the ellipse. 
Answer: 

2 2 
x + a = 1 
484 64 
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Ellipses, like parabolas, have reflective properties that are used in many 
practical applications. For example, any light or sound originating at one focus of an 
ellipse is reflected by the interior of the figure to the other focus. 


Whispering Galleries Elliptical billiards tables Treatment for kidney stones 
In an elliptical dome, even the When a ball is shot from one The patient is positioned in an 
slightest whisper made by a focus, it will rebound off the elliptical tank of water so that 
person standing at one focus side of the table into a the kidney stone is at one 
can be heard by a person pocket located at the focus. High-intensity sound 
standing at the other other focus. waves generated at another 
focus. focus are reflected to 


the stone to shatter it. 


c ~) 
ANSWERS TO SELF CHECKS 
1. y 2. 
= + 12(x- 1)? + 3(y + 1)? = 48 
or 
y -1)? +1)? 
y —iaee — ely 
3 4 16 
32 4 4 gee 
=i)" £0) 
a. % a ag “5 
— ) 


STUDY SET 


I VOCABULARY 
Fill in the blanks. 


1. The curve graphed below is an _cllipse_. 


p> 2. An_cllipse_is the set of all points in a plane for which 
the sum of the distances from two fixed points is a 
constant. 

p> 3. In the graph in Exercise 1, F, and Fy are the !°ci_ of 
the ellipse. Each one is called a _f0cus_ of the ellipse. 


p> 4. In the graph in Exercise 1, V, and V> are the _vettices_ of 


vy, | os V> the ellipse. Each one is called a _ver'ex_ of the ellipse. 
S| Be * p> 5. The line segment joining the vertices of an ellipse is 
called the _™ajor_ axis of the ellipse. 


P Selected exercises available online at 
www.webassign.net/brookscole 


p> 6. The midpoint of the major axis of an ellipse is the 
_center_ of the ellipse. 


I CONCEPTS 


7. Write the standard form of the equation of an ellipse 
centered at the origin and symmetric to both axes. 


8. Write the standard form of the equation of a 


horizontal or vertical ellipse centered at (h, k). 
@-hY , O- 
a 


9. Find the x- and the y-intercepts of the graph 

2 2 

ote = 1 

x-intercepts: (a, 0), (—a, 0); y-intercepts: (0, b), (0, —b) 

10. a. Find the center of the y 

ellipse graphed on the 4 
right. What are a and b? : 
(0, 0),a =3,b=2 

b. Is the ellipse horizontal or 


vertical? 
horizontal 


. Find the equation of the 
ellipse. 

ae dak 

Find the center of the 
ellipse graphed on the 
right. What are a and b? 
(-2,1),4=2,b =5 

b. Is the ellipse 

horizontal or vertical? 


11. a. 


5 


vertical 

p> c. Find the equation of 
the ellipse. 
eZ Ga 
—_ ae ee 


2 


> 12. Find two points on the graph of j¢ + = = | by letting 


x = 2 and finding the corresponding values of y. 
(2, V3). (2, -V3) 

13. Divide both sides of the equation by 64 and write the 
equation in standard form: 


A(x — 17 + 64(y + 5)? = 64 GUY OY Ly 


> 14. 


Determine whether the graph of each equation is a 

circle, a parabola, or an ellipse. 

a. x =y’—2y +10 

parabola 
2 2 

a 

49 64 

ellipse 

c (x — 3) 4 

circle 
d. 2(x — 1)? 4 


ellipse 


=1 


10.2 The Ellipse 


J NOTATION 
, (et By, y= 6F 
15. Find h, k, a, and b: 100 + “a 1 
h 8,k =6,a=10,b =12 


. . . . 2 2 
Write each denominator in the equation 3; + a =1 
as the square of a number. 


> 16. 


[| GUIDED PRACTICE 


Graph each equation. See Example 1. 


2. 2 2 2. 
x y x y 
P17. —+-—=1 . = 
25 4 16 9 


> 19. 


Graph each equation. See Example 2. 


p21. x7 + 9 =9 p> 22. 25x? + 9y* = 225 


> 23. > 24. 
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Graph each equation. See Example 3. 


(ae 


= 1 


Gao) Gal : 
; ' =i 
pease 4 
(r2}5- eee 
9 —3 
Gay .g=3) 
26. =1 
p26. —— 1 
G@+2y Gy =2) 
ic" io | 
“64 “T00 
(x- 6) (y+ 6) y 
ee ee a 4 


+10 
+12 
+14 
+16 


(x-6) (y+ 6) _ 
36 144° 7 
Graph each equation. See Example 4. 
p29. (x +1)? +4 +27 =4 y 
ib 29 A 
5 4 -3\2 -1 1 2 


@+1P +40 E27 54 


3. we -6 
eH, OeDF 
4 1 


p> 30. 25(x + 1)? + 9y* = 225 


25(x+ 1)? FOV =]225 


31. 16(x — 2)* + 4(y + 4)? = 256 


y 
A 
16(x — 2)° +4(y +4)2-= ian 8 


4)? = 144 


32. 4(x — 2)? + Wy 


A(x— 2) + Wy - aya i fe 
or 
(@w-2) 
36 


=6 


oar L 
16 


PS as 


Use a graphing calculator to graph each equation. See Using 
“= Your Calculator: Graphing Ellipses. 
2 2, 


Ce re ee | 34. x2 + 16y? = 16 

9 4 
get gO og «+I 0-2 _, 
“4 9 an: ae cae 


I TRY IT YOURSELF 


Write each equation in standard form, if it is not already so, and 
graph it. The problems include equations that describe circles, 
parabolas, and ellipses. 


37. (x + 1° + (y - 2° = 16 


(x- 3 +41)? =25 


2 2 2 2 


x 
.—+ 221 40. — + 
pee hae a lake 


10.2 The Ellipse 


> 43. x + y? -25=0 44, x° = 36 - y* 


47. y = —3x” — 24x — 43 48. y = 5x” — 60x + 173 


4753-7 a sso a 
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51. Wx — 1)? + 4(y + 2)? = 36 
y 
Getta | 
tap 
> 52. 16(x — 5)? + 25(y — 4)? = 400 
ba 
if (52-4)? 


> 54. 


> xX 
12345678910 


p> 53. FITNESS EQUIPMENT With elliptical 


cross-training equipment, the feet move through the 
natural elliptical pattern that one experiences when 
walking, jogging, or running. Write the equation of 
the elliptical pattern shown below. ce + . =1 


DESIGNING AN UNDERPASS The arch of an 
underpass is a part of an ellipse. Find the equation 
of the ellipse. 4, + 2, =1 


. CALCULATING CLEARANCE Find the height of 


the elliptical arch in Exercise 54 at a point 10 feet 
from the center of the roadway that passes under the 
arch. 5V3 ft ~ 8.7 ft 


> 56. POOL TABLES Find the equation of the pute edge 
of the elliptical pool table shown below. 45 + 25 = 1 


2 


x 40 in. 


kK 60 in. >| 


> 57. AREA OFAN ELLIPSE The area A bounded by 
the following ellipse is given by A = qab. 
2 2 
xy 

Find the area bounded by the ellipse described by 
9x? + 16y” = 144, 127 sq. units ~ 37.7 sq. units 

. AREA OFA TRACK The elliptical track shown in 
the figure is bounded by the ellipses 4x7 + 9y* = 576 
and 9x* + 25y? = 900. Find the area of the track. 
(See Exercise 57.) 367 sq. units ~ 113.1 sq. units 


Q 


BY 


9x? + 25y* = 900 


PWRITING 
59. What is an ellipse? 


60. Explain the difference between the focus of an ellipse 
and the vertex of an ellipse. 


x? y? 
land gq + 9 = 1. 


2 2 
61. Compare the graphs of $ + 4G = 
Do they have any similarities? 


> 62. What are the reflective properties of an ellipse? 
PREVIEW 
Find each product. 
63. 3x 7y?(4x? + 3y 7) 12y? +2 
> 64. (2a *—b *)\(2a?+b oe nee 
Simplify each expression. 
a 2) ee iT. 2x73 — 2y3 iP ena 
ei Ne EE 66. 2 + Ay FH) 
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SECTION 10.3 
The Hyperbola 


Objectives 


EB Define a hyperbola. 


The final conic section that we will discuss, the hyperbola, is a curve B ala hyperbolas centered at the 
that has two branches. In this section, we will learn how to graph { ; oe 
equations that represent hyperbolas. a B ae hyperbolas centered at 
EB Define a hyperbola. ZB Graph ee es of the form 

\ xy =k. 
Ellipses and hyperbolas have completely different shapes, but their 5 | Solve problems involving 
definitions are similar. Instead of the sum of distances, the definition of hyperbolas. 


a hyperbola involves a difference of distances. 


Definition of a Hyperbola 


A hyperbola is the set of all points in a plane for which the difference of the 
distances from two fixed points is a constant. 


The figure below illustrates that any point P on the hyperbola is a constant 
distance d, — d, from two fixed points, each of which is called a focus. Midway 
between the foci is the center of the hyperbola. 


Center 


3 Graph hyperbolas centered at the origin. 


The graph of the equation 
2 2 
voy, 
25: 9 


is a hyperbola. To graph the equation, we make a table of solutions that satisfy the 
equation, plot each point, and join them with a smooth curve. 


oe _ 3 are | 
ae — 


— (-7, £2.9) 
| | — (—6, #20) 
eee — (—5,0) 
ee —- (5,0) 
6/420 — (6, +20) 
7/229 | — (7, +29) 


Caution! Although the two branches of a hyperbola look like parabolas, they 


are not parabolas. 
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This graph is centered at the origin and intersects the x-axis at (5, 0) and (—5, 0). We 
also note that the graph does not intersect the y-axis. 

It is possible to draw a hyperbola without plotting points. For example, if we 
want to graph the hyperbola with an equation of 


for x: 
vr & 
=== 1 
a b 
vr=a 


x= +a _ Use the square root property. 


The hyperbola crosses the x-axis at the points V,(a,0) and V2(—a, 0), called the 
vertices of the hyperbola. 
To attempt to find the y-intercepts, we let x = 0 and solve for y: 


2 2 
= = a: =] _ seymplote A Asymptote 
a b 
Dts gD: 
y b PoP 4 


Since b* is always positive, V —b* is an 
imaginary number. This means that the 
hyperbola does not intersect the y-axis. 

If we construct a rectangle, called the 
central rectangle, whose sides pass 
horizontally through +b on the y-axis and vertically through +a on the x-axis, the 
extended diagonals of the rectangle will be asymptotes of the hyperbola. As the 
hyperbola gets farther away from the origin, its branches get closer and closer to the 
asymptotes. The asymptotes are not part of the hyperbola, but they serve as a guide 
when drawing its graph. Since the slopes of the diagonals are y and —2, the 
equations of the asymptotes are 


Central ~ 
rectangle 


y=-x and y=- 7x 


The Language of Algebra _ The central rectangle is also called the 
fundamental rectangle. 


Standard Form of the Equation of a Hyperbola Centered 
at the Origin and Intersecting the x-Axis 


Any equation that can be written in the form 


has a graph that is a hyperbola centered at the 
origin. The x-intercepts are the vertices V,(a, 0) 
and V>(—a, 0). There are no y-intercepts. 


The asymptotes of the hyperbola are the 
extended diagonals of the central rectangle, 


and their equations are y = by and y = — by, 
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The branches of the hyperbola in previous discussions open to the left and to 
the right. It is possible for hyperbolas to have different orientations with respect to 
the x- and y-axes. For example, the branches of a hyperbola can open upward and 
downward. In that case, the following equation applies. 


Standard Form of the Equation of a Hyperbola Centered 
at the Origin and Intersecting the y-Axis 


Any equation that can be written in the form 


has a graph that is a hyperbola 
centered at the origin. The 
y-intercepts are the vertices V,(0, a) 
and V,(0, —a). There are no 
x-intercepts. 


The asymptotes of the hyperbola are 
the extended diagonals of the central rectangle, and their equations are y = 7.x 


and y = —§x. 


Self Check 1 


Graph: 
2 .3 
2 x y 
Strategy This equation is in standard “> — - = 1 form. We will identify a and b. 5 4 i 


WHY We can use a and b to find the vertices of the graph of the hyperbola and 
the location of the central rectangle. 


Solution 
The color highlighting shows how to compare the given equation with the standard 
form to find a and b. 


ev y 4 vy i 
9 16 2 
sincea? =o, -—t f since = 16,16 mewn Problenv 17 
follows that a = 3. follows that b = 4. Teaching Exanpied Gragh: 
This is the standard form of the equation of a hyperbola, centered at the x y = 
origin, that opens left and right. The x-intercepts are (a, 0) and (—a, 0), or (3, 0) 25 9 


Answer: 


and (—3, 0). They are also the vertices of the hyperbola. 
To construct the central rectangle, we use the 

values of a = 3 and b = 4. The rectangle passes 

through (3, 0) and (—3, 0) on the x-axis, and (0, 4) 

and (0,—4) on the y-axis. We draw extended 

diagonal dashed lines through the rectangle to 

obtain the asymptotes and write their equations: Vol-B, 0) x oe 


y= $x and y = — 4x. Then we draw a smooth 


curve through each vertex that gets close to the 
asymptotes. 
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Self Check 2 


Graph: 16y” — x* = 16 


Now Try Problem 21 


Teaching Example 2 Graph: 
l6y? — 9x* = 144 
Answer: 


ry | 
y toe: yee an 
Ne vt tar 

*. a 
¢ ) FS Py 
+ + >|) 
rs fe 

i 

7 sS | | 

P3[(G, +3) 
x 

y Fa 
9 ~ 167! 


| EXAMPLE 2 | Graph: 9y* — 4x? = 36 


Strategy We will write the equation in standard y-fs= 1 form. 


eC Pb 
WHY When the equation is in standard form, we will be able to identify the 


center and the vertices of the graph of the hyperbola and the location of the 
central rectangle. 


Solution 

To write the equation in standard form, we divide both sides by 36. 
9y? — 4x? = 36 
9y" 4x” _ 36 To get a1 on the right side, divide both sides by 36 
= eS n ri 1deé, Alvi I . 
36 36 36 ogetalo é rig 51de. eé DO sides by 

2 2 
7 = = =1 Simplify each fraction. 


This is the standard form of the equation of a hyperbola, centered at the origin, 
that opens up and down. The color highlighting shows how we compare the 
resulting equation to the standard form to find a and b. 


ne seer a ee 
4 9 a’ b? 
Sine? = 4,i¢ | f f | Since b* = 9, it 
follows that a = 2. follows that b = 3. 


Success Tip The positive variable term in the standard form equation 
determines whether a hyperbola is vertical or horizontal. In this example, the 
positive variable term involves y, so the hyperbola is vertical. 


| 

2 2 
a see 

4 9 
The y-intercepts are (0, a) and (0, —a), or (0, 2) 
and (0, —2). They are also the vertices of the 
hyperbola. 

Since a=2 and b=3, the central 
rectangle passes through (0, 2) and (0, —2), and 
(3,0) and (—3,0). We draw its extended 
diagonals and sketch the hyperbola. 


We can determine whether an equation, when graphed, will be a circle, a 
parabola, an ellipse, or a hyperbola by examining its variable terms. 


x + y? = 16 With the variable terms on the same side of the equation, we 
see that the coefficients of the squared terms are the same. 
The graph is a circle. 


4x? + 9y? = 144 — With the variable terms on the same side of the equation, we 
see that the coefficients of the squared terms are different, 
but have the same sign. The graph is an ellipse. 


10.3 The Hyperbola 


4x? — 9y? = 144 — With the variable terms on the same side of the equation, we 
see that the coefficients of the squared terms have different 
signs. The graph is a hyperbola. 


= y? +y-— 16 Since one variable is squared and the other is not, the graph is 
a parabola. 


Using Your CALCULATOR Graphing Hyperbolas 


To graph 2 = ¥ = | from Example | using a graphing calculator, we follow 


the same procedure that we used for circles and ellipses. To write the equation 


V 16x? — 144 
3 


as two functions, we solve for y to get y = + . Then we graph the 


following two functions in a square window setting to get the graph of the 
hyperbola shown below. 


V 16x? — 144 V16x? — 144 \ / 


#1 


3 3 


IER Graph hyperbolas centered at (h, k). 


If a hyperbola is centered at a point with coordinates (h, k), the following equations 
apply. 


Standard Form of the Equation of a Hyperbola Centered at (h, k) 


Any equation that can be written in the form 


Gat? =k - 
b 


1 


is a hyperbola that has its center at (h, k) and opens left and right. 


Any equation of the form 


y= ke @-AP_ 
b 


1 


is a hyperbola that has its center at (h, k) and opens up and down. 


| EXAMPLE 3 | Graph: ) Self Check 3 


; : : : Graph: 
ee) = 2h @=1*_, 4&2 _ = 1 


1 b 
9 4 


16 4 , 9 9 


Strategy We will write each equation in a form that makes it easy to identify h, 
k,a, and b. 


WHY If we know A, k, a, and b, we can graph the hyperbola and the central 
rectangle. 


Solution 
a. We can write the given equation as 


(x — 3)° [y — (-1)/P 1 To find k, write y + 1as y — (—1). 
Ae 2 = To find a, write 16 as 4”. To find b, write 4 as 27. Vv 


(x+2)? (y-1)° a 


9 4 


(yvt1)P («+1) 
B 1 4 


=1 


+1? | tpt t, 
1 LT 


Now Try Problems 25 and 27 


Teaching Example 3 Graph 
@+2" _ @-iy 
a. 


25 9 
" G=3: G=i1F i 
“16 9 
Answers: 
a. . 
Ke t wa 7) 
(471) ii ae t (BAIT 
Pe ais ale 
+ alg T+ 
Dl py 
(x+2? (y-1) 1 
i 
b. 2 
ry 4) 
WO IGLD, 
* ue 
cy cal 
iz 
2,4 fated, 3) 
4 
£ + |X 
ra 
¥ 
7 NG 
NI 
Q=3" =I" _, 
6 9 ~ 


Self Check 4 


Graph: xy = 6 


Now Try Problem 33 


Conic Sections; More Graphing 


Because the term involving x is 
positive, the hyperbola opens left and 
right. We find the center by examining 
(x — 3)* and [y — (-1)*. Since h = 3 
and k = —1, the hyperbola is centered 
at (h, k) = (3, —1). From the 
denominators, 47 and oe we find that 

a = 4and b = 2. Thus, its vertices are 
located 4 units to the right and left of 
the center, at (7, —1) and (—1, —1). 
Since b = 2, we can count 2 units above and below the center to locate points 
(3, 1) and (3, —3). With these four points, we can draw the central rectangle 
along with its extended diagonals (the asymptotes). We can then sketch the 
hyperbola, as shown. 


(«=3" OF? _| 


b. We can write the given equation as 


=? Gai 
32 32 =a 
Because the term involving y is positive, the y 
hyperbola opens up and down. We find its center by J AdL,5) | 
examining (y — 2)* and (x — 1)”. Since k = 2 and ‘= a 
h = 1, the hyperbola is centered at (h, k) = (1, 2). | SI a 
From the denominators, 3” and 3”, we find that (2242 ee 4-2) “4, 2) 
a = 3 and b = 3, and we use that information to 4 | Bs t fp x 
draw the central rectangle and its extended Sore EXE 
diagonals (the asymptotes), as shown. AA TPIS 
G-a GIP _ j 
9 .. 


IZ¥ Graph equations of the form xy = k. 


There is a special type of hyperbola (also centered at the origin) that does not 
intersect either the x- or the y-axis. These hyperbolas have equations of the form 


xy = k, where k # 0. 


| EXAMPLE 4 | Graph: xy = —8 


Strategy We will make a table of solutions, plot the points, and connect the 
points with a smooth curve. 


WHY Since this equation cannot be written in standard form, we cannot use the 
methods used in the previous examples. 


Solution 
To make a table of solutions, we can solve the equation xy = —8 for y: 
2 
— 
Then we choose several values for x, find the corresponding values of y, and 
record the results in the table on the next page. We plot the ordered pairs and join 
them with a smooth curve to obtain the graph of the hyperbola. 


xy = -8 or y= = 
pe || 
1 -8 —> (1, -8) 
2| -4 — (2, -4) 
4| -2 —» (4,—2) 
8) =il — (8, -1) 
=i) 8 — (-1,8) 
=) a — (—2,4) 
=) 9 => (=4,2) 
=o —» (—8, 1) 


The Language of Algebra _ ‘The asymptotes of this hyperbola are the x- and 
y-axes. A hyperbola for which the asymptotes are perpendicular is called a 
rectangular hyperbola. 


The result in Example 4 illustrates the following general equation. 


Equations of Hyperbolas of the Form xy = k 


Any equation of the form xy = k, where k # 0, has a graph that is a 
hyperbola, which does not intersect either the x- or y-axis. 


EB Solve problems involving hyperbolas. 


| EXAMPLE 5 | Atomic Structure y 


In an experiment that led to the 
discovery of the atomic structure of 
matter, Lord Rutherford (1871-1937) 
shot high-energy alpha particles toward a 
thin sheet of gold. Many of them were 
reflected, and Rutherford showed the ; 
: The other branch & 

existence of the nucleus of a gold atom. of the hyperbola is s 
An alpha particle is repelled by the not shown. 

nucleus at the origin; it travels along the 

hyperbolic path given by 4x” — y* = 16. 

How close does the particle come to the 


nucleus? Vv 


10.3 The Hyperbola 


Teaching Example 4 Graph: xy = —6 
Answer: 


as 
roy 


xy = 


mil 


Self Check 5 


Some comets have a hyperbolic 
orbit, with the sun as one focus 
and Earth at the center. For one 
such comet, the equation of its 
x? y? = 1 
1x 108 = 2 x 1018 : 
How close does this comet come 
to Earth? 1 x 10° mi 


path is 


Now Try Problem 61 


908 


Teaching Example 5 An alpha particle 
is repelled by the nucleus at the origin 
and it travels along the hyperbolic path 
given by 9x* — y* = 81. How close 
does the particle come to the nucleus? 
Answer: 

3 units 


Chapter 10 Conic Sections; More Graphing 


Strategy We will write the equation in standard form and find the coordinates 


of point V. 


WHY The distance from the origin to point V is the closest the particle comes to 


the nucleus. 


Solution 


To find the distance from the nucleus at the origin, we must find the coordinates 
of the vertex V. To do so, we write the equation of the particle’s path in standard 


form: 
4x? — y? = 16 
4x? yt _ 16 Divide both sides by 16. 
16 16 16 ivide both sides by 16. 
i) 2. 
Z _ x =1 Simplify. 
vr y 
See 5 To determine a and b, write 4 as 2° and 16 as 4°. 
2 4 
This equation is in the form 
oy ae 
a ob 


with a = 2. Thus, the vertex of the path is (2, 0). The particle is never closer than 
2 units from the nucleus. 


ANSWERS TO SELF CHECKS 


1 4 


@+2" O-D _, 


9 4 

4. y 5. 1 x 10? mi 
A 
4 
3 
2: 
s. 

4 3 Pty 1 2 3 | 

2 
3 
| xy =6 


STUDY SET 


10.3 


The Hyperbola | 909 


— VOCABULARY 
Fill in the blanks. 


p> 1. The two-branch curve graphed below is a 
hyperbola . 


p> 2. A_hyperbola_js the set of all points in a plane for 
which the difference of the distances from two fixed 


points is a constant. 
. In the graph in Exercise 1, V, and V2 are the vertices _ 
of the hyperbola. 
4. In the graph in Exercise 1, the figure drawn using 
dashed black lines is called the _central__rectangle 
5. The extended ‘iagonals_ of the central rectangle are 
asymptotes of the hyperbola. 


6. To write 9x7 — 4y* = 36 in standard form, we divide 
both sides by 36. 


J CONCEPTS 


7. Write the standard form of the equation of a 
hyperbola centered at the origin that opens left and 
right. 


2-521 


eo ie 
8. Write the standard form of the equation of a 
hyperbola centered at (h, k) that opens up and down. 
ea a 4 
9. Write the standard form of the equation of a 
hyperbola centered at (h, k) that opens left and right. 
ee 6 
10. a. Find the center of the 
hyperbola graphed at the 
right. What are a and b? 
(0,0);a =2,b=4 
b. Find the x-intercepts of 
the graph. What are the 
y-intercepts of the graph? 
(2, 0), (—2, 0); none 


> c. Find the equation of the 


d. Find the equations of the asymptotes. 
y = 2x,y = —2x 


P Selected exercises available online at 
www.webassign.net/brookscole 


11. a. 


> b. 


Find the center of the 
hyperbola graphed on the 
right. What are a and b? 
(-1, -2);a =3,b=1 


Find the equation of the 


hyperbola. 
Q+2P?  @+1P 
eg 


. Fill in the blank: An equation of the form xy = k, 


where k # 0, has a graph that is a _byperbola_ that 
does not intersect either the x-axis or the y-axis. 


Complete the table of solutions 
for xy = 10. 


er 
S12 


13. Divide both sides of the equation by 100 and write 
the equation in standard form: 


100(x + 1)? — 25(y — 5)? = 100 


Gee Ga SY 4 
1 4 


. Determine whether the graph of the equation will be 


a circle, a parabola, an ellipse, or a hyperbola. 


a. x? + y? = 10 b. 9y* — 16x”? = 144 
circle hyperbola 
«cx =y*—3y+6 d. 4x? + 25y? = 100 
parabola ellipse 
| NOTATION 
(@- 5) (+1? 
15. Fi : =1 
5. Findh, k, a, and b 75 36 
h=5,k lla=5,b=6 


2 


2 
> 16. Write each denominator in the equation a = ar =1 
as the square of a number. & — = 1 


J GUIDED PRACTICE 
Graph each hyperbola. See Example 1. 
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ye yo Griy -@=2) 
a 4 


> 19. = =1 20. -—=1 > 27. =1 28. 


@+iP _ G@-2)7 _ 


Graph each hyperbola. See Example 2. I 4 1 
21. y? — 4x? = 16 > 22. 9y? — 25x? = 225 


(+1 ti) _ 


1 pao. 1 
9 9 p30. = 


16 16 


29. 


7122108 -6 4-2 
2 
de HyF 


5+ 


Graph each hyperbola. See Example 3. 


= yr, a wt _ O- 3 _ 
9 16 : 16 25 


1 


p> 25. 


Graph each equation. See Example 4. 
33. xy =8 34. xy = 4 


@+2)? _@-3) _ 


Veer a] 


16 25 


wp RTA oo 


10.3 The Hyperbola | 911 


p> 35. xy = —10 36. xy = —12 > 43. 9x° — 49y? = 441 

x? a 

y y ae take 

8 8 

6 6 

E xy ==10 : y= =12 

B23 ex wea Tae per] * 
th 4 
6 6 


44, 25y” — 16x” = 400 


ayy Use a graphing calculator to graph each equation. See Using 16 =45> 1 
= Your Calculator: Graphing Hyperbolas. 
2 2 
x y 2 2 
37. ——-—=1 38. — 16x" = 16 
9° 4 as 
PA Se 45. 4(x + 1)? + 9(y + 1) = 36 
@ + 1p (Cea) eae 
ae er | 
” e 0S 4 ga OF UG. 
“4 9 , 9 4 


/ \ > 46. 16x? + 25(y — 3)? = 400 


x G=3y — 
gt ag, = t 


J TRY IT YOURSELF 


Write each equation in standard form, if it is not already so, and 
graph it. The problems include equations that describe circles, 
parabolas, ellipses, and hyperbolas. 


41. (x + 1)° + (y - 2)? = 16 


p> 47, 4c + 37 -(y -1P =4 
£4.37 = iP = 4 
if 4 


(x+ 1)? + (y- 2) = 16 


42. (x — 3 + (y+ 4% =1 y 


> Xx 
ppt > 48. (x + 5)? — 16y? = 16 y 
(3,4) @+5e_ Y_y A 
3 16 = 
4 6 
4 
apueieasgt? 
=4 
Gee Bye EHH 
6 1 


> 49. xy = -—6 


Conic Sections; More Graphing 


> 50. xy = 10 


55. y= —-x° + 6x —4 


56. y=x°—-2x +5 


60. x7 + y° + 8x —2y -8 


ij S25 


> xX 


we 
is 


—12-10\8 -6 4 2 


Get 4)e+ (yrs ok 


I APPLICATIONS 


p> 61. ALPHA PARTICLES The particle in the 
illustration below approaches the nucleus at the 
origin along the path 9y* — x” = 81 in the coordinate 
system shown. How close does the particle come to 
the nucleus? 3 units 


™ 


The other branch 
of the hyperbola is 
not shown. 


> 62. LORAN By determining the difference of the 
distances between the ship in the illustration and two 
radio transmitters, the LORAN navigation system 
places the ship on the hyperbola x* — 4y* = 576 in 
the coordinate system shown. If the ship is 5 miles out 
to sea, find its coordinates. (26, 5) 


2. 2 2 2 
x y y y 
57. —+2—=1 58. — + =] 
1 36 16 
The other branch 
y y of the hyperbola is 
not shown. “im 
Xx wo 
(0, 0) 4338 
432 73 8) x 
x 2 
pa ioe gp aS 
1|_|36 ae eh Not to scale — 
4 16 * 
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p> 63. SONIC BOOM The position of a sonic boom caused B WRITII 
by the faster-than-sound aircraft is one branch of the 
hyperbola y* — x? = 25 in the coordinate system 3 2 2 2 
shown. How wide is the hyperbola 5 miles from its 66. Compare the graphs of 37 — ¢j = 1 and gy — Gj = 1. 
vertex? 10/3 miles Do they have any similarities? 


65. What is a hyperbola? 


67. Explain how to determine the dimensions of the 
central rectangle that is associated with the graph of 


2, 
xv oy 


36.25 | 


p> 68. Explain why the graph of the following hyperbola has 
no y-intercept. 


2 2 
ps 
a b 
p> 64. FLUIDS See the illustration below. Two glass plates ee — 
: REVIEW 
in contact at the left, and separated by about PREVIEW 
5 millimeters on the right, are dipped in beet juice, Find each value of x. 
which rises by capillary action to form a hyperbola. 1 
The hyperbola is modeled by an equation of the form 69. logs x = 2 64 p> 70. logos x = 2 5 
xy = k. If the curve passes through the point (12, 2), 1 
what is k? 24 71. logi2g =x3 72. logi.x =01 
9 3 
73. log. 7 =25 74. logs 216 = x 3 
75. log, 1,000 = 3 10 76. logy V2 =x} 


ECT 


Solving Nonlinear Systems of Equations 


In Chapter 3, we discussed how to solve systems of linear equations by the graphing, 
substitution, and addition (elimination) methods. In this section, we will use these 
methods to solve systems where at least one of the equations is nonlinear. 


EB Solve systems by graphing. 


A solution of a nonlinear system of equations is an ordered pair of real numbers 
that satisfies all of the equations in the system. The solution set of a nonlinear system 
is the set of all such ordered pairs. One way to solve a system of two equations in 
two variables is to graph the equations on the same rectangular coordinate system. 


+ 25 : 
Solve { ox + y = 10 by graphing. 


Strategy We will graph both equations on the same coordinate system. 


WHY If the equations are graphed on the same coordinate system, we can see 
whether they have any common solutions. 
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Self Check 1 


2 2 
Solve { i 
y=-2x—-—5 


graphing. (—4, 3), (0, —5) 


y=-2x-5 
Now Try Problem 15 


Teaching Example 1 Solve 
. + y? = 25 

xty=1 
Answer: 


y e+y=25 


Self Check 2 


a 2 
Solve {* y 0 
y=xt+2 


substitution. (1,3), (—3, -1) 


by 


Now Try Problem 23 


Solution 

The graph of x? + y* = 25 is a circle with center at 
the origin and radius of 5. The graph of 2x + y = 10 
is a line. Depending on whether the line is a secant 
(intersecting the circle at two points) or a tangent 
(intersecting the circle at one point) or does not 
intersect the circle at all, there are two, one, or no 
solutions to the system, respectively. 

After graphing the circle and the line, it appears 
that the points of intersection are (5, 0) and (3, 4). 
To verify that they are solutions of the system, we 
need to check each one. 


Check: For (5, 0) For (3, 4) 
aet+y=10 x+y? =25 axn+y=10 x+y? =25 
2(5)+0210 5*+0°225 | 273)+4210 3°+4 225 
10 = 10 = 25 10 = 10 25 = 25 
True True True True 


The ordered pair (5, 0) satisfies both equations of the system, and so does (3, 4). 
Thus, there are two solutions, (5,0) and (3,4), and the solution set is 
{(5, 0), (3, 4)}. a 


Using Your CALCULATOR Solving Systems of Equations 


To solve Example 1 with a graphing calculator, we graph the circle and the line 
on one set of coordinate axes. See figure (a). We then trace to find the 
coordinates of the intersection points of the graphs. See figures (b) and (c). 


We can zoom for better results. 


VISICEE-H23 VISICEE-H23 


HES.0G3HE9H W=3.88i32ze HE4.SPBPES4 W=.4607 7468 


(a) (b) (c) 


4 Solve systems by substitution. 


When solving a system by graphing, it is often difficult to determine the coordinates 
of the intersection points. A more precise algebraic method called the substitution 
method can be used to solve certain systems involving nonlinear equations. 


Sol . 7 ei eanaitat 
olve substitution. 
2x -—y=1 y 


Strategy We will solve the second equation for y and substitute the result for y 
in the first equation. 


WHY We can solve the resulting equation for x and then back substitute to find y. 


10.4. Solving Nonlinear Systems of Equations | 915 


Solution 
This system has one second-degree equation and one first-degree equation. We 
can solve this type of system by substitution. Solving the linear equation for y gives 


2x-y=1 
—y=-2x+1 Subtract 2x from both sides. 
y=2x-1 Multiply both sides by —1. We call this the substitution 


equation. 


Because y and 2x — 1 are equal, we can substitute 2x — 1 for y in the first 
equation of the system. 


y= P+y =2 
Then we solve the resulting quadratic equation for x. 
x? + y? =2 
x? + (2v-—1)? =2 Substitute 2x — 1 for y. 
x? + 4x*—4x+1=2  Usea special-product rule to find (2x — 1)*. 


5x? — 4x —1=0 To get O onthe right side, subtract 2 
from both sides and then combine like terms. 


(5x + 1)\(x -—1) =0 Factor. 


5x +1=0 or x—1=0 — Set each factor equal to 0. 


1 
5 x=1 


If we substitut -t for x in the equation y = 2x — 1, we 


get y = - If we substitute 1 for x in y = 2x — 1, we 


get y = 1. Thus, the system has two solutions, (-, -2) 


and (1,1). Verify that each ordered pair satisfies both 
equations of the original system. 

The graph on the right confirms that the system has 
two solutions, and that one of them is (1, 1). However, it 
would be virtually impossible to determine from the 
graph that the coordinates of the second point 


of intersection are (- i, ar 2), 


Strategy Since y = x’, we will substitute y for x* in the first equation. 


WHY This will give an equation in one variable that we can solve for y. We can 
then find x by back substitution. 


Solution 
We can solve this system by substitution. 


4x” + 9y? = 5 a 
When we substitute y for x° in the first equation, the result is a quadratic 
equation in y. 
4x? + 9y* = 5 
4y + 9y?=5 Substitute y for x”, 


Teaching Example 2 Solve 
a +y=2 

x-y=1 
Answer: 
(-3, —4), (4, 3) 


5 
by substitution. 


Self Check 3 
2 2 
+ y = 20 
Solve: {; : 
yur 

Now Try Problem 27 
Self Check 3 Answer 
(2, 4), (—2, 4) 


Teaching Example 3 Solve: 
fr + y? =25 

y= x? + 13 
Answer: 


(3, 4), (—3, 4), (W/10, 4), (— V10, 4) 


Self Check 4 
2 2 
x + 4y° = 16 
Ive: 
Solve e ayia 


Now Try Problem 31 
Self Check 4 Answer 


(2, V3), (2, --V3), (2, V3), 
(-2,-v3) 


Teaching Example 4 Solve: 
en + 2y?=5 
e+ yy = 25 
Answer: 
(3, 4), (—3, 4), (3, -4), (-3, -4) 


Chapter 10 Conic Sections; More Graphing 


Oy? + 4y —5 =0 To get O on the right side, subtract 5 from both sides. 
(9y —5)\(y +1) =0 Factor 9y? + 4y - 5. 
9yv-S=0 or y+1=0 Set each factor equal to O. 


= — = —]1 
y= 9 y 
Since y = x’, the values of x are found by solving the equations 
x= or x= -1 


Because x* = —1 has no real solutions, this possibility is discarded. The solutions 


of x7 = 3 are 


b-4-% te V5 V5 
PONG aig ge NG Fe 


Thus, the solutions of the system are 


(S35) me (F5) 


Caution! In this section, we are solving for only the real values of x and y. 


EB Solve systems by addition (elimination). 


Another method for solving nonlinear system of equations is the addition or 
elimination method. With this method, we combine the equations in a way that will 


eliminate the terms of one of the variables. 


| EXAMPLE 4 | ne + 2y? = 36 


Ive: 
Solve a 


Strategy We will multiply both sides of the second equation by 2 and add the 
result to the first equation. 


WHY This will eliminate the y?-terms and produce an equation that we can solve 
for x. 


Solution 

To solve this system of two second-degree equations, we can use either the 
substitution or the addition method. We will use the addition method because the 
y*-terms can be eliminated by multiplying the second equation by 2 and adding it 
to the first equation. 


Unch r| 
ee +2y? = aman + 2y* = 36 
2 2 _ 7 2 2s 
ae ae = Multiply by 2 a Say =e 


We add the two equations on the right to eliminate y” and solve the resulting 
equation for x: 


tig? = 44 
red 


x=2 or x=-—2 


10.4 Solving Nonlinear Systems of Equations 


To find y, we can substitute 2 for x and then —2 for x into any equation 
containing both variables. It appears that the computations will be simplest if we 
use 3x7 + 2y* = 36. 


Forx =2 Forx = —2 
3x? + 2y* = 36 3x? + 2y* = 36 
3(2)? + 2y? = 36 3(—2)? + 2y* = 36 
12 + 2y? = 36 12 + 2y” = 36 
oy = 24 dy? = 24 
y= 12 , = 
y= VR or y=-V12 7 = A718 or y=-V12 
ya2v3 | y=-2V3ya2rvassd| y= 23 


The four solutions of this system are 


(2,2V3), (2,-2V3),  (-2,2V3), and (-2, -2V3) 


Success Tip The addition method is generally better than the substitution 


method when both equations of the system are of the form Ax* + By” = C. 


f 


1. (—4,3), (0, -5) ‘ 2. (1,3),(-3,-1) 3. (2,4), (-2, 4) 
2, V3), (2, -V3), (-2, V3), 
-2,-V3) 


4. 
gy S05 


y=-2x-5 


STUDY SET 


I VOCABULARY I CONCEPTS 
Fillin the blanks. 7. a. A line can intersect an ellipse in at most ‘Wo _ 
4x? + 6y? = 24, ane points. 
-y=9 is a_SySem _ of two nonlinear b. An ellipse can intersect a parabola in at most _four_ 
equations. points. 
2. The graph of 2x + y = 10 isa _line_and the graph of p> c. Anellipse can intersect a circle in at most four 
x? + y? = 25isa_circle points. 
3. When solving a system by graphing, it is often difficult > d. A hyperbola can intersect a circle in at most four 
to determine the coordinates of the points of points. 
_intersection_ of the graphs. > 8. Determine whether (1, —1) is a solution of the system: 
4. Two algebraic methods for solving systems of 2 y= 1S) 
nonlinear equations are the _substitution method and ~-y=3 ™ 


the addition method. 
p> 5. A_ secant js a line that intersects a circle at two points. 


p> 6. A _‘angent js a line that intersects a circle at one point. 


P Selected exercises available online at 
www.webassign.net/brookscole 
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> 9. Find the solutions of the 
F e + dy? = 25 

System) 9 ay? =1 
is graphed on the right. 
(—3, 2), G; 2), (-3, —2), 3, —2) 


»: 
A 
that : 


SRD 


3 
4 


10. Find a substitution equation that can be used to solve 


24 42 — 
the system: { - y=2x-3 
2x-y= 
6. 2. 4. a2 = 
11. Consider the system: 7 ay? io 


a. If the y7-terms are to be eliminated, by what 
should the first equation be multiplied? —4 


b. If the x°-terms are to be eliminated, by what 
should the second equation be multiplied? —2 


> 12. Suppose you begin to solve the system 
Me + y? = 10 

4x? + y? = 13 
equation to find the corresponding y-values for x = 1 
and x = —1. State the solutions as ordered 


pairs. (1,3), (1, -3), (-1, 3), (-1, -3) 


and find that x is +1. Use the first 


I NOTATION 
Complete each solution to solve the system. 
2 2 
x+y =5 
13. Solve: { d 
y = 2x 
x°+y?=5 This is the first equation. 
2 2 
x? + (2x) = 
x7 + 4x? = 5 
Bx? = 
x; =f 


x=1 or x 
Ifx = 1, then y = (|i) = 2. 
Ifx = —1, then y = 2(-1) = -2. 
The solutions are (1, 2) and (-1, —2 i: 


=x? +2 
14. Solve: : ‘ 2 
ye-x +4 


Use the second equation. 


2y = 6 Add the equations. 
y=6 
If y = 3, then 
3 =x? +2 © Thisisthe first equation. 
l= 
cal = x 


The solutions are 


(1,81) and (i, 3) 


[| GUIDED PRACTICE 


Solve each system of equations by graphing. See Example 1. 


a + y’ = 16 

16. 

y-x=-4 
(0, —4), (4, 0) 


PRN. ois (F177 


yr-x=3 
(0;.3),.4=3;,0) 


9x? + l6y? = 144 


ve ee — 16y* = 144 
(—4, 0), (4, 0) 


19. 


a + 4y* = 4 

21. i 

x=2y°—2 
(=2,0),(0;=1), 0:1) 


y 
hxe Dyt 12 


Oy? — x7 =9 


oo {e +y=4 
‘ y= 2x? — 2 
(GQ =2), (1,0), (—1,.0) 


Solve each system of equations by substitution for real values of 
x and y. See Examples 2 and 3. 


> 23 — p24 {i x-y= 
“lat y=3 * (4x - 3y = 
(1, 2), (2, 1) (-3, -8), 3,4) 
ee oe 
5. 6." 5 
2x +y=—5 x+y= 
(—6, 7), (—2, -1) (-1, 3), (3, -5) 
x+y? = 13 7+ y? = 10 
27 28. 
> . = x7-1 = 3x" 
(—2, 3), (2, 3) (-1, 3), (1, 3) 
2+ y* = 30 a+ y? = 20 
pre. {* 2 30. {7 
yx yx 
(V5,5),(-V5,5) (2, 4), (-2, 4) 


Solve each system of equations by addition (elimination) for real 
values of x and y. See Example 4. 


ty = 

ae a3 3g 4s 2, —4)y(-2,4), (-2, A) 
eae 

> 32. 3 3,9), (3, -2), (-3.2), (-3,-2) 
ya-ys= 

33. ee 3,0), (—3,0 
ety=9 (3,,0),4=3, 0) 

> 34. + y= 25 4,3), (4,9), (4 9), (=4, 3 
dx? — gy? a 5 34D 3-4-3) 
2x7 + y ) 

> 35. ee 4 (v3 0), (=V3, 0) 

> 36. oe oy 2 6,0), (—6, 0 
49x? + 36y? = 1,764 9 6.9) 

37. ee ms 3.3), 0: 3).(—2, 35,12, <4 
cs 9 | 9) (2,3) (—2, —3) (2, =3) 

3 i flee 3 4), (=3, 4), (3, 4 
Bx? — 3y2 = 24 FG —9O3.9. 3,4) 


%] Solve each system. See Using Your Calculator: Solving Systems 
= of Equations. 


26 ae a nee 
* |x? - 6x + y =—-5 * (3x? + 2y? = 30 
(1, 0), (5, 0) (=2,.3)12, 30 =2,.=Se. =3) 
J TRY IT YOURSELF 


Solve each system of equations for real values of x and y. 


41 pea =2 2,1 2,1), 41 21 
 \3y? + dy? = 16 2 DO2 D2 -D.E2 


2x7 —y? +2=0 
3x? — 2y7 +5=0 


2 
y=x —-4 
43. 
eae 


2), (1, =2) 


> 42. { (1,2) (1D, (4, 


(G, =4),,(=3, 5),.(3;.5) 
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y-x=0 : 
44. i Fee 19 (CV2-VAV2V2) 
> 45. ee = (6,2), (-6, -2), (--V22, 0), (42, 0) 
2? + xy - 84-0 
ne a +y=10 (V7, V3),(V7,-V3), 
* (2x? - 3y? = 5 (-V7, V3), (-V7,-V3) 
= as 
> 47. 2 * (EVES) (V5) 2, —6), (2, -6) 
y = x? 
xg fa +9 + 9y? = 225 4 0),t0:5 
* [Sx + 3y = 15 @0).009) 
3x —-y=- x—2y=2 
_ ts SOP ar * a oe 
(0,3),(-73,- 9) (2,0), (3, -4) 
Ds. sel) ee a= 
51. 2 ee a 
a i 3x + 2y = 
(0, 0), (2, 4) (-1,3), (3, -3) 
ao) 2=6 2 fe — 
ws. {2-2 [tm 
x” + 2y° =2 x — 9y* = 3 
no solution, @ no solution, @ 
2 
fs 6. 
as ears ° eee 
(3,5) (=1,0) 
> 57 fr + 7 =4 
" (9x? + y? =9 
ea ayy ays) ( V10 ave) ( V10 ays) 
4° 4N4° 4) FTN es 
earn 
58. 
4x? Bie =4 
Seu gee 1 sae) mes 
eg P.ee- 2k ate 
1 1 
= Sy 
59.4 6 peo.” 12 
vay yrtx = Txy 
G-3).( ae (4,4), (3.3) 
293) 473) \394 
= a = 3x + 2y = 
61. fr . 62. ,-" 2y = 
y=x°+2 y=x-5 
(=1,3): a, 3) (3,3), (-4, 11) 
-y= a -y=-1 
63. ~ - 64. ce - 
yO yo — 4x = 


G3 (1,2) 
I APPLICATIONS 


Use a nonlinear system of equations to solve each problem. 
p 65. INTEGER PROBLEM The product of two integers 
is 32, and their sum is 12. Find the integers. 4,8 


p> 66. NUMBER PROBLEM The sum of the squares of 
two numbers is 221, and the sum of the numbers is 9. 
Find the numbers. 14, —5 
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» 67. ARCHERY See the illustration. An arrow shot 
from the base of a hill follows the parabolic path 


y= ex? + 2x, with distances measured in meters. 
The inclined hill has a slope of § and can therefore 


be modeled by the equation y = hx. Find the 


coordinates of the point of impact of the arrow and 


then its distance from the archer. (10, 10). i 10m 


y 
A 


> 68. GEOMETRY The area of a rectangle is 63 square 
centimeters, and its perimeter is 32 centimeters. Find 
the dimensions of the rectangle. 7 cm by 9 cm 


p> 69. FENCING PASTURES The rectangular pasture 
shown here is to be fenced in along a riverbank. If 
260 feet of fencing is to enclose an area of 
8,000 square feet, find the dimensions of the 
pasture. 80 ft by 100 ft or 50 ft by 160 ft 


> 70. DRIVING RATES Jim drove 306 miles. Jim’s 
brother made the same trip at a speed 17 mph slower 
than Jim did and required an extra 15 hours. What 
was Jim’s rate and time? 68 mph, 4.5 hr 

> 71. INVESTING Grant receives $225 annual income 
from one investment. Jeff invested $500 more than 
Grant, but at an annual rate of 1% less. Jeff’s annual 
income is $240. What are the amount and rate of 
Grant’s investment? $2,500 at 9% 


> 72. INVESTING Carol receives $67.50 annual income 
from one investment. John invested $150 more than 
Carol at an annual rate of 1 5 % more. John’s annual 


income is $94.50. What are the amount and rate 
of Carol’s investment? (Hint: There are two 
answers.) Hither $750 at 9% or $900 at 7.5% 


I WRITING 


p> 73. a. Describe the benefits of the graphical method for 
solving a system of equations. 


b. Describe the drawbacks of the graphical method. 


p> 74. Explain why the elimination method, not the 
substitution method, is the better method to solve the 


system 
i + 9y* = 52 
9x? + 4y* = 52 

J REVIEW 


Solve each equation. 
75. log 5x = 4 2,000 
log (8x — 7 
gy 
log x 


p> 76. log 3x = log 9 3 


27 78. logx + log (x +9) =1 1 


STUOY SRILES CHECKLIST 


Preparing for the Chapter 10 Test 


10.4 Solving Nonlinear Systems of Equations 


The material in Chapter 10 on conic sections is very closely related and can be easily confused. 
It is important to compare and contrast the forms of the equations to be successful with this 
material. As you prepare for the exam over this material, make sure you also review the 


following checklist. 


The equation of a circle contains both x? and y” 
terms on the same side of the equation with equal 
coefficients. 


3x° + 3y* — 12x + 24y = 6 is the equation 
of a circle 
5x* — S5y* + 10x + 20y = 5 is not the 
equation of a circle 


_] The equation of a parabola contains only one 
variable squared term. 


2x? + y = 12x — 15 is the equation of a 
parabola 


x—y+x* =2- y’ is not the equation of a 
parabola 


1 The equation of an ellipse contains both x* and y” 
on the same side of the equation with coefficients 
that have the same sign. 


3x? + 4y? — 12x + 24y = 6 is the equation of 
an ellipse 


5x? — y* + 10x + 20y = 5is not the equation 
of an ellipse 


The equation of a hyperbola contains both x* and 
y’ on the same side of the equation with 
coefficients that have opposite signs. 


5x* — y? + 10x + 20y = Sis the equation 
of a hyperbola 

—5x* — y* + 10x + 20y = —5 is not the 
equation of a hyperbola 


To find the standard form of the equation of an 
ellipse, complete the square on each of the 
variables. 


Find the standard form of: 
4x? + 8x + Sy? — 18y = 23 
A(x? + 2x )+9(y?-2y )=23 
A(x? + 2x + 1) + 9(y* — 2y + 1) = 23 +449 
A(x + 1)? + 9(y — 1)” = 36 
Cr war 
en ea 


1 


L] With a hyperbola, the positive variable term in the 
standard-form equation determines whether a 
hyperbola is vertical or horizontal. In this example, 
the positive variable term involves y, so the 
hyperbola is vertical. 


[] When solving a system of equations that involves a 
nonlinear equation and a linear equation, use the 
linear equation as the substitution equation. 


[] When solving a system of equations that involves 
two equations of the form Ax* + By” = C, the 
addition method is generally better to use than the 
substitution method. 


Teaching Guide: Refer to the Instructor’s Resource Binder to find activities, worksheets 
on key concepts, more examples, instruction tips, overheads, and assessments. 
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SUMMARY AND REVIEW 


CHAPTER 10 


TION 10.1. The Circle and the Parabola 


EXAMPLES 


The graph of the equation x* + y? = 16, which can be written 
x° + y? = 4’, is a circle with center at (0, 0) and a radius of 4. 


| DEFINITIONS AND CONCEPTS 


A circle is the set of all points in a plane that 
are a fixed distance from a fixed point called 
its center. The fixed distance is called the 
radius of the circle. 


i (KEIR (Y- 1? =9 


Standard forms of the equation of a circle: 
2 


x°+y? =r? Center (0, 0), radius r 
(= iy + (y - ky? =r Center (h, k), 
radius r 


| x 


The graph of the equation (x — 2)” + (y — 1)* = 9, which can be 
written (x — 2)* + (y — 1)? = 3’, is a circle with center at (2, 1) anda 
radius of 3. 


Because a circle is determined by its center 
and radius, that information is all we need to 
know to write its equation. 


Write the equation of a circle centered at (4, —3) and with a radius 
of 5. 


In this problem, i = 4, k = —3, andr = 5. We substitute these values 
into the standard form of the equation of a circle and simplify. 
(x -hP + (y-kP =r’ 
@-4"+p-Capae 
(x — 4)? + (y + 3)° = 25 


The equation x = 2y* — 4y + 5 is the equation of a parabola that 
opens to the right. To find its vertex and axis of symmetry, we 
complete the square on y and write the equation in standard form. 


A parabola is the set of all points in a plane 
that are equidistant from a fixed point, called 
the focus, and a fixed line, called the directrix. 
x= aye —4y+5 

x= Ir — 2y y+5 

x =2(? -2y4+1+5-2 
x =2y- 1) +3 


General forms of the equation 


of a parabola: Factor out 2. 


c a> O:up; a < 0:down 
c a> O:right; a < 0: left 


2 
y=ax’ + bx Complete the square. 


2 
w= ay by Factor and simplify. 


Standard forms of the equation 
of a parabola: 


y =a(x —h)? +k a> 0:up; a < 0:down 


Vertex at (h, k) Axis of symmetry is x = h 


x =a(y —k)? +h a> O:right; a < O:left 


Vertex at (h, k) Axis of symmetry is y = k 


From the standard form, we see that h = 3 and k = 1. Thus, the 
vertex is at (3,1) and the axis of symmetry is y = 1. To construct a 
table of solutions, we choose values of y and find their corresponding 
values of x. 


x= 2%y-1)7? +3 


xy 
me + (5,2) 
11/3 —» (11,3) 


or 
x= Ay 17 +3 


J REVIEW EXERCISES 


Graph each equation. 
1.x? +y? = 16 2.(¢-47 +(y+3yP =4 
y y 


(3 ahs x 2 
] 3 

4 

5 


a 4744 3)? a4 


3. Write the equation in standard form and graph it. 


2y=4 


x+y? + 4x 


Git 2 HO=[p?= 
4. ART HISTORY Leonardo da Vinci's Vitruvian Man 
(1492) is one of the most famous pen-and-ink 
drawings of all time. Use the coordinate system that 
is superimposed on the drawing to write the equation 


of the circle in standard form. 
(x — 9)? + (y — 9 = W or (x — 9)? + (y — 9) = 81 


5. Find the center and the radius of the circle whose 

equation is (x + 6)* + y” = 24. (-6,0),r =2V6 

Fill in the blanks: A circle is the set of all points in a 

plane that are a fixed distance from a point called its 
center_, The fixed distance is called the _t@dius_ of the 

circle. 


6 


(x +2? +(y-1?=9 
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Graph each parabola and give the coordinates of the vertex. 


7 aa 8. x = 2(y + 1)? -2 


(0, 0) (2, -1) 


Write each equation in standard form and graph it. 


9. x= —-3y°+12y-7 10. y=x7+8x4+11 
FSB = DP es yo @+ 4 =5 


TEESE 2+ 5 


11. The axis of symmetry, the vertex, and two additional 
points on the graph of a parabola are shown. Find 


the coordinates of two other points on the parabola. 
(2, —2), (8, —3) 


12. LONG JUMP The equation describing the flight 
11)? + 5. 
Show that she will land at a point 22 feet away from 
the take-off board. 

When x = 22, y = 0: —37(22 — 11)? +5 =0 


| Sabie, 


Take-off < 22 ft 
board 


path of the long jumper is y = ai (x 


> Landing 
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The Ellipse 


| DEFINITIONS AND CONCEPTS EXAMPLES 


2 2 2 2 
An ellipse is the set of all points ina plane for | The equation ‘> + m7 = 1, which can be written = + - = 1, 
which the sum of the distances from two fixed represents an ellipse that is centered at the origin. Here, a = 3 and 


points is a constant. b =2. 
Standard forms of the equation y y 
of an ellipse: Zr 
x2 y’ 3 2 
3 tap =a Center (0, O) ‘ 
b 4 3-2 - Bo4 | 
x — hy — ky 
( e ) 0 Py ) =1 Center (h, k) 


(a IF 82)? . 4 
4 16 


= 2 2 
ea a + yy 7) =1, which can be written 


The equation 
(@=1P , @ + 2p 
nn 


= 1, represents an ellipse that is centered at (1, —2). 
Here, a = 2 and b = 4, 
To write the equation 25x? + 16y* = 400 in standard form, divide 
both sides by 400 and simplify. 
25x* + 16y* = 400 
25x 16y> 400 
400 — 400 400 


To get 1 on the right side, divide both sides by 400. 


2 2 
x y 
a ' . ion 
16° 25 1 Simplify each fraction 
This result represents an ellipse that is centered at (0,0), with a = 4 
and b = 5. 
| REVIEW EXERCISES 
Graph each ellipse. 15. 4(x + 1)° + %y — 1)? = 36 
2 2 _ 9/2 —1/ 
13, +2 =1 a iced =i ul 
16 9 4 25 4 


2 2 
16. Consider the equation jj + s = 1. Write each term 


on the left side with a denominator that is the 


A ie Be 
square of a number. a el 
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17. Determine whether the graph of each equation is a 19. Fill in the blanks: An ellipse js the set of all points 
circle, a parabola, or an ellipse. in a plane for which the sum of the distances from 
a. (x 1) t(y 4 9)? = 100 circle two fixed points is a constant. Each of the fixed 
ey points is called a _focus_, 
39° (1 20. CONSTRUCTION Sketch the path of the sound 


when a person, standing at one focus, whispers 

something in the whispering gallery dome shown 
d. 16(x — 4)? + 4(y + 8)* = 16 ellipse below. Answers may vary. 

18. SALAMI Whena 
delicatessen slices a 
cylindrical salami at 
an angle, the results 
are elliptical pieces 


ES 6cm 
that are larger than 
circular pieces. Write 


10cm 
; Focus | 
the equation of the 


shape of the slice of salami shown if it was centered 
at the origin of a coordinate system. 5; + “ | 


c. x = y? — 2y + 6 parabola 


The Hyperbola 
| DEFINITIONS AND CONCEPTS EXAMPLES 
A hyperbola is the set of all points ina plane The equation = = x = 1, which can be written . = = 1, 


for which the difference of the distances from _ represents a hyperbola, centered at (0,0), that opens left and right. 
two fixed points is a constant. Here,a = 2 and b = 3. 


Standard forms of the equation of a 


y 
hyperbola: ¥ Y, 
a 
es y’ _ Center (0, 0), opens i 4 4 =)? ip coal 3) a3 
a ~ be ~ left and right {) : 
fy te 
y x - Center (0, O), opens i 
oe FP up and down 
—~ hy — ky Center (h, k), 
Si ; ) eu ) = 1 opens left and 
a b right 
= 2 2 
(yv—k? (x-hy 1 mente The equation Y a +?) =1, which can be written 
—_ pan 2 2 
a be down 0 = ee = 1, represents a hyperbola, centered at (—3, 1), 


that opens up and down. Here, a = 4 and b = 2. 


To write the equation 25y” — 9x? = 225 in standard form, divide both 
sides by 225 and simplify. 


25y? — 9x? = 225 
25y? Ox? 25 
225 225 «225 


a _ x =1 Simpli h fracti 
9 75 implify each fraction. 


To get 1 on the right side, divide both sides by 225. 


This result represents a hyperbola centered at the origin that opens 
up and down. Here,a = 3 andb = 5. 
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J REVIEW EXERCISES 


Graph each hyperbola. 
2 2 
yo x y 
21, —-—=1 WA OY 
9 1 2) 12 \l7 
yo | x \ 
ral al A 
9 1 ret 
a 
6 5 4-3 a A i eat 
eet 
(2 \ 
\ 
If, \. 


22. 9x — 1)? — 4(y + 1) = 36 


=9/ +1) 
eg 
25 25 


24. xy =9 


x 


24681012 
xy=9 


25. ELECTROSTATIC REPULSION Two similarly 
charged particles are shot together for an almost 
head-on collision, as in the illustration. They repel 
each other and travel the two branches of the 
hyperbola given by x? — 4y* = 4 on the given 
coordinate system. How close do they get? 4 units 


y 
x? —4y2=4 2® 


~~ 


26. Determine whether the graph of each equation will 
be a circle, parabola, ellipse, or hyperbola. 


@-4y y 
ot 1 li 
a 16 49 1 ellipse 
b. 16(x + 3)? — 4(y — 1)? = 64 hyperbola 
c. x = —4y? — y + 1 parabola 


d. x? + 2x + y* — 4y = 40 circle 
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Solving Nonlinear Systems of Equations 


| DEFINITIONS AND CONCEPTS EXAMPLES 


A nonlinear system of equations is a system 


x’ + y? = 20 
that contains at least one nonlinear equation. = x 


To solve the nonlinear system { by graphing, we graph 
y 


Systems of nonlinear equations are solved by the equations on the same rectangular coordinate system, and 
graphing, by substitution, or by addition determine the coordinates of the points of intersection of the graphs. 


(elimination). 


Since the points of intersection of the graphs are (—2, 4) and (2, 4), 
the solutions of the system are (—2, 4) and (2, 4). 


With the addition (elimination), the objective cats : y=3x-5 
ig46 ae Gaeaporapedie sibsilation te cbt To use substitution to solve the nonlinear system ie 5? =5? we 
one equation in one variable. substitute 3x — 5 for y in the second equation and solve for x. 
r+y=5 
x? + (x - 5) =5 This is a quadratic equation in x. 
x? + 9x* — 30x + 25 = 5 
10x* — 30x + 20 =0 Combine terms and subtract 5 
from both sides. 
x*-3x+2=0 Divide both sides by 10. 
(x — 2)(x — 1) = 0 Factor. 
x—-2=0 or x—1=0 Set each factor equal to 0. 
x=2 | x=1 


Ifx = 2, then y = 3x —5 = 3(2) -S5=1. 
Ifx = 1, then y = 3x — 5 = 3(1) — 5 = —2. 


The two solutions of the system are (2, 1) and (1, —2). 


With the addition (elimination) method, we L . x*>-y=0 
: ( : ) aoe To use addition to solve the nonlinear system y , we add 

combine the equations in a way that will x+y=0 
eliminate the terms of one of the variables. the equations to get x7 + x = 0. Then we factor this result to get 
x = 0 or x = —1. We can substitute these values into the second 


equation to find y. 


Ifx =0:x+y=0  Thisis the second equation. 


0+ y=0 — Substitute O for x. 
y= 0 
If x 


-lxt+y=0 This is the second equation. 
-1+y=0 Substitute —1 for x. 
Ped 
The two solutions of the system are (0, 0) and (1, 1). 


Chapter 10 Conic Sections; More Graphing 


J REVIEW EXERCISES 


27. Determine whether (- V11, -3) is a solution of the 32. Find a substitution equation that can be used to 
2 2 2 2 
x? + y* = 20 +y = 16 
system: i. 7 . 5% 3 solve nA =a . Do not solve the system. 
28. The graphs of he ia 
y? — x* = 9and 
x? + y? = Yare shown. Solve each system for real values of x and y. 
Estimate the solutions of 33 y — x? = 16 ee eT 
the system ‘ly+4er (0,4), 3, 5), (8; 3) 
2 2_ 2 
y-x =9 ie ee 
ee 34. 99 (V2, 0), (—V2, 0) 
(0, 3), (0, —3) note 
29. Solve the system 35. 4 y 3 Q 2), (-2 _22) 
= x-y= 
xy=4 ; 
b hing. 
ae ee 3x? + y? = 52 
(2.2), (=1=4) 36. P=-~P=2 (4,2), (4, =2), (=42), (=4,=2) 


30. Determine the maximum number of solutions there 
could be for a system of equations consisting of the 
given curves. 38. 


4 
y 9 (2V2. V2), (-2V2, - V2), (1, 4), (-1, -4) 
a. A line and an ellipse 2 ~ 


b. Two hyperbolas 4 


c. Anellipse and a circle 4 an 


d. A parabola and a circle 4 
40. 


2 2 
: +i =1 
16 12 
37. ~ 2 (23h 02, 3) (23,3). (9, = 35 


31. Suppose the x-coordinate of both points of 
intersection of the circle, represented by 
x? + y* = 1, and the hyperbola, defined by 
4y? — x? = 4, is 0. Without graphing, determine the 
y-coordinates of both points of intersection. 


Express the answers as ordered-pair solutions. 
(0: 1),.(0, =1) 


1. Fill in the blanks. 


a. The curves formed by the intersection of a plane 
with an infinite right-circular cone are called _conic 


sections. 


b. A circle is the set of all points in a plane that are a 
fixed distance from a point called its _centcr_,The 
fixed distance is called the _t2dius_ of the circle. 


c. The standard form for the equation of a(n) 
hyperbola centered at the origin that opens left and 


right is = e =1. 

2 =x+x-4 
* Lx? + y? = 36 

equations. 


is a(n) nonlinear system of 


e. The standard form for the equation of a(n) _ellipse 


. . . 2 
centered at the origin is 


2. Find the center and the radius 
of the circle represented by the 
equation x* + y? = 100 and 
graph it. (0, 0),r = 10 


2. 
+5=1 


x + y*= 100 


3. Find the center and the radius of the circle 


represented by the equation 


x? + y? + 4x — 6y =5. (-2,3),r =3V2 


4. TV HISTORY In the 
early days of television, 
stations broadcast a 
black-and-white test 
pattern like that shown 
here during the early 


morning hours. Use the 
given coordinate system 
to write an equation of 


the large, bold circle in the center of the 


pattern. (x — 4)’ + (y -— 3)? =9 


Graph each equation. 
5. (x +2) +(y-1P% =9 B&B x=y?-2y4+3 


y 


5 


= ie 


@i+2)t HO |DP=9 


7. y= —2x* — 4x + 5 8. xy = —4 
y y 
(<1) fat 
ile ye 
+ 
a ie Tee: ee 
= a > x 2 
y=—2(x+ 1° +7 
x-2) y? 
9. 9x* + 4y” = 36 re ) =e | 
9 1 
y 
ie 9 hs 
cae 
a tert 


11. 


Write the equation in 
standard form of the ellipse 
rye here. 


= 1 (got yt 2)? 
a 


12. 


13. 


14. 


15. 


16. 


Chapter 10 Test 


LIGHT The cross section of 
a parabolic mirror is given 


>< 


by the equation x = iti y’, 
with distances measured in 
inches. If the dish is 10 
inches wide, how deep is it? 
2.5 in. 


Give an example of the reflective properties of an 
ellipse. Include a drawing and label it completely. 
answers may vary. 


Find the center and the length and width of the 
central rectangle of the graph of 
@+1yP-@-17 =4 

(—1, 1); length: 4 units, width: 4 units 


Find the equation in 
standard form of the 
hyperbola graphed here. 


y2 2 


a 
ip oe = 


Determine whether the graph of each equation will 
be a circle, a parabola, an ellipse, or a hyperbola. 


a. 25x? + 100y* = 400 ellipse 

b. 9x? — y* = 9 hyperbola 

cx? + 8x + y* — l6y — 1 = 0 circle 
d. x = 8y* — 9y + 4 parabola 


Solve each system graphically. 


{" + y? = 25 

17. 

y-x=1 
(-4, —3), (3, 4) 


Solve each system for real values of x and y. 


18 ene 2, 6), (—2, -2 
{24 ya 16 + ay COCR —D 


- te +2y=5 (-1,V2),(-1,-v2) 


20. 2 (-1,3,6,-3) 


=x+1 
21. 2 as (-1,0) 


22. 


no solution; @ 


oe 
rty=8 


CHAPTERS 1-10 


Consider the set { - 4 5 77, 5.6, V2, 0, —23, e, Le List the 
elements in the set that are [Section 1.2] 


1. 


u fF WN 


whole numbers 0 


. rational numbers -4.56, 0; =23 

. irrational numbers =, \/2,¢ 

. real numbers —4, 7, 5.6, V2, 0, —23,e 

. FINANCIAL PLANNING Ana has some money to 


invest. Her financial planner tells her that if she can 
come up with $3,000 more, she will qualify for an 
11% annual interest rate. Otherwise, she will have to 
invest the money at 7.5% annual interest. The 
financial planner urges her to invest the larger 
amount, because the 11% investment would yield 


twice as much annual income as the 7.5% investment. 


How much does she originally have on hand to 
invest? [Section 1.8] $8,250 


. BOATING Use the graph below to determine the 


average rate of change in the sound level of the 
engine of a boat in relation to rpm of the engine. 
[Section 2.1] ;45 db/rpm 


Sound vs RPM 

805 ; 
e | | 
= 70 4 —_ 
3 TI 
5 3 | 
2 607 7 
5 q 
gi | 

50 ret | + | + |— + 

1,600 | 2,000 2,400 2,800 
RPM 


Determine whether the graphs of the equations are parallel or 
perpendicular. [Section 2.3] 


3 
7. 3x —4y =12,y = a* — 5 parallel 


8 y = 3x + 4,x = —3y + 4 perpendicular 


Write an equation of the line with the given properties in 
slope-intercept form. [Section 2.4] 


9. m = —2, passing through (0,5) y = —2x + 5 
10. Passing through (8, —5) and (—5,4) y=-—)x+ 3 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


CUMULATIVE REVIEW 


The graphs of 

y = 4(x — 5) —x — 2and 
y = —(2x + 6) — Lare 
shown. Use the information 
in the display to solve 
4(x-—5)-x-2= 

—(2x + 6) — 1 graphically. 
[Section 2.6] 3 


Intersection 
Hes OWE 


ee ey 


3x + y=4 
Use substitution to solve: { wees 

2x —3y=—-1 
[Section 3.2] (1, 1) 

+2y = -2 
Use addition to solve: {3 y 
2x —-y=6 

[Section 3.2] (2, —2) 


b+2c=7-a 


Solve: (a + c = 8 — 2b [Section 3.4] (3, 2,1) 
2at+b+c=9 
MARTIAL ARTS Find the measure of each angle of 


the triangle shown. [Section 3.5] 85°, 80°, 15° 


B 


This angle is 5° 


~ more than 5 
A times ZC. 
This angle is 5° 
mS 


larger than ZB. 


4x —3y = -1 


Solve using Cramer’s rule: { ae t dy = =F 


[Section 3.7] (—1, —1) 


Evaluate: [Section 3.7] —1 


=2 
=1 
Solve: 4.5x — 1 < —100r6 — 2x = 12 
[Section 4.2] (—~, —2) —_——_- 

= 


Give the solution set in interval notation and then graph it. 


19. 


Solve:|5 — 3x| = 14 


[Section 4.3] [—3, ‘?] <-> 
3 193 


20. Solve: { 


21. 


Chapter 10 Cumulative Review 


3x — 2y =6 
y= =D 
[Section 4.5] 


Complete the table of values for f(x) = —x? — x* + 6x 
and then graph the function. What are the x- and 


y-intercepts of the graph? [Section 5.3] 
(—3, 0), (0, 0), (2, 0); (0, 0) 


x f@) 
-4) 24 
-3) 0 
-2) -8 
=) 5 
0| 0 
il 4 
Dh) 20 
3| —18 foc) = 4x3 =x? + 6x 


22. TIRE WEAR See the illustration below. [Section 5.3] 


a. What type of function does it appear would model 
the relationship between the inflation of a tire and 
the percent of service it gives? 

a quadratic function 
b. At what percent(s) of inflation will a tire offer 


only 90% of its possible service? 
at about 85% and 120% of the suggested inflation 


Effect of inflation on tire service 
100 


Loss of service due 
to overinflation 


\ 


Percent of service 
Nn 
iS 


40 Loss of service due 
30 to underinflation 
20+ 

10+ 


40 60 80 100 120 140 
Percent of recommended inflation 


Perform the operations. [Section 5.4] 


23. (4x — 3y)(3x + y) 


24. (—2x’y? + 6xy + Sy’) 


12x* — Sxy — 3y” 
(—4x?y? — Txy + 2y’) 


2x7y? + 13xy + 3y? 


25. (a — 2b)* a’ — 4ab + 4b? 
26. (a + 2)(3a + 4a — 2) 30° + 100? + 6a — 4 


Factor the expression completely. [Section 5.8] 
27. 3x°y = 4x7y? - 6x7y + 8xy” xy(3x — 4y)(x — 2) 
28. 256x*y* — 2° (16x?y? + z4)(4xy + 2)(4xy — 2) 


Agia S 


And 
29. Solve for A: = + 1 = 2d + 3A. [Section 5.9] \ = 7—% 


Simplify. 
dab? ; 
30. (<) [Section 6.1] sap 
" - Us [s ti 6.2] Sy 2 
. > 9 [Section 6.2] -—3—, 
6 — 5x — 6x? wt 
3 ie ' 
7 + 
32. a = . 3 q 2 Pq 5) [Section 6.2] 4 
i ie a | 
; _ i 4a -1 
33. a-2 - a+2 q@-4 [Section 6.3] gu, 
34. Solve: = 4 x aoe 
ee 
[Section 6.5] 5; 3 is extraneous 
1 1 1 ; 
35. Solve ' | oe 


RR, - RO RR 


_ RiRoRs 
[Section 6.5] R = Rass Riks + Rik 


36. Use the long division method to find 
(2x? + 4x — x° + 3) + (x - 1) 
[Section 6.6] —x°>+x+54 sy 

37. The graph of f(x) = V2x + 5+ Vx +2 -—Sis 
shown. Use the information in the display to 


determine the solution of V2x + 5 = 
[Section 7.1] 2 


Simplify each expression. [Section 7.2] 


38. 98 + V/8 — V/32 5V2 


39. 12W/648x7 + 3W81x7 8ixv/3x 
3¢-1 
VSI 1 


40. Rationalize the denominator: 


[Section 7.3] V3t— 1 


Solve each equation. 


41. V3a+1=a-—1 [Section 7.4] 5,0 is extraneous 
42. Vx + 3 — V3 = VX [Section 7.4] 0 


343 


—3/2 
43. Evaluate: (3) [Section 7.5] 125 


49 


Vx+2+4+ 5. 


Chapter 10 Cumulative Review 


44. CHANGING DIAPERS The illustration shows how _ {sj Letlog 7 = 0.8451 and log 14 = 1.1461. Evaluate each 
to put a diaper on a baby. If the diaper is a square “ expression without using a calculator or tables. [Section 9.7] 
with sides 16 inches long, what is the largest waist size 59. log 98 1.9912 60. log 2 0.301 
that this diaper can wrap around, assuming an overlap 


; : : 61. Find: 1 8 ti 7] 1.16056 
of 1 inch to pin the diaper? [Section 7.6] about 214 in. ind: lof? Learn a7) 


Find x. [Section 9.8] 
62. log, 25 =2 5 63. logs 125 = x 3 
64. log3x = -3% 65. Ine=x 1 


Solve each equation. Round to four decimal places when 
necessary. [Section 9.8] 


66. 2**? = 3* 3.4190 


67. logx + log(x + 9) = 1 1, —10is extraneous 


Simplify: Write the result in the forma + bi. [Section 7.7] ; 1 3 

45. (-7 + V-81) — (-2 — V—64) 5 + 171 CB pe 4 

46. aa -3h = i 69. logsx = toas(+) +49 

47. 6a° + Sa — 6 = 0 [Section 8.3] 5, —3 70. BOAT DEPRECIATION How much will a 

48. 4w7 + 6w +1=0 [Section 8.3] ae $9,000 boat be worth after 9 years if it depreciates 
49. 3x2 — 4x = —2 [Section 8.3] 22 ive 12% per year? [Section 9.8] $2,848.31 

50. 2(2x + 1)? — 7(2x + 1) + 6 =0 [Section 8.5] i 71. Write the equation of the circle that has its center at 


(1, 3) and passes through (—2, —1). 


[Section 10.1] x* + y? — 2x — by —15 =0 
72. Graph: y* + 4x — 6y = —-1 
[Section 10.1] 


51. If f(x) = x* — 2and g(x) = 2x + 1, find (f © g)(x). 
[Section 9.1] (f° g)(x) = 4x7 + 4x -1 

52. Find the inverse function of f(x) = 2x° — 1. 
[Section 9.2] f '(x) = \/54 


53. Graph: f(x) = (3) 


[Section 9.3] 


73. Graph: y 


: @=17 = 3) 4 A 


9 4 
54. Graph y = e* and its inverse y [Section 10.2] 
on the same coordinate 


system. Label the axis of 


t [Ss 9.4] Hat, i ae Same ae | 3] 
symmetry. [Section 9. a5 r 
Sa 2 © 
a ee 
74. Write the equation in standard y 
form and then graph it. oh 
. : . [Section 10.3] CHO = | 
55. Write y = log, x as an exponential equation. RI 94 -AT TS 
[Section 9.5] 2” = x x? — Oy? + 2x + 36y = 44 paar a C | 
56. Find the inverse of f(x) = log» x. Pers, 
[Section 9.5] f '(x) = 2° ds is 2 | 
57. Apply properties of logarithms to simplify log, 3¢. - 


[Section 9.7] (logs x) — 2 


58. If logig 10° = y, then y equals what quantity? 
[Section 9.7] x 
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APPENDIX 


Roots and Powers 


rivn| w® | Wnin| nv | Vn n Wn 


n 
1 1.000 1/ 1.000} 51) 2,601 | 7.141 132,651 | 3.708 
1.414 teh || tleeAefO) |) yes | A TAOHE || TEL th 140,608 | 3.733 
Q) || irae 27 | 1.442 | 53 | 2,809 | 7.280 148,877 | 3.756 
16 2.000 64 1.587 54 2,916 7.348 157,464 | 3.780 


2.236 125 | 1.710 | 55) 3,025 | 7.416 166,375 | 3.803 
36 2.449 216 | 1.817 | 56} 3,136 | 7.483 175,616 | 3.826 
49 2.646 343 | 1.913 | 57] 3,249 | 7.550 185,193 | 3.849 
64 2.828 512 2.000 58 3,364 7.616 NOS Aes Sil 
81 | 3.000 729 | 2.080 59 3,481 7.681 205,379 | 3.893 


C©OmMAAI DANA WN EH 
N 
Nn 


10 100 | 3.162 1,000 2.154 60 3,600 7.746 216,000 3.915 
11 AIL |) sheen 7 1,331 | 2.224 | 61) 3,721] 7.810 | 226,981 | 3.936 
12 144 3.464 1,728 | 2.289 62 3,844 7.874 | 238,328 3.958 
ik) 169 3.606 2972 3o1 O31 35969 97.9377, 250,047 3.979 
14 196 3.742 2,744 2410 64 4,096 8.000 262,144 4.000 
15) 225 | 3.873 3,375 | 2.466 65 | 4,225 8.062 274,625 4.021 
16 256 4.000 4,096 2.520 66 4356 8.124 287,496 4.041 
17 289 | 4.123 4913 2.571 67 4,489 8.185 300,763 4.062 
18 324 4.243 5,832 2.621 68 4,624 8.246 314,432 4.082 
19 361 4.359 6,859 2.668 69) 4,761 8.307 328,509 4.102 
20 400 4.472 8,000 2.714 70) 4,900 8.367 343,000 4.121 
ol 441 4.583 9,261 | 2.759 71) 5,041 | 8.426 357,911 4.141 
22 484 4.690 10,648 2.802 72 5,184 8.485 373,248 4.160 
3) 529 4.796 12,167 2.844 73 5,329 8544 389,017 4.179 
24 576 4.899 13,824 2.884 74) 5,476 8.602 405,224 4.198 
2S) 625 | 5.000 | 15,625 | 2.924 | 75 | 5,625 | 8.660 421,875 | 4.217 
26 (6s) || SOI) || UTS wey || PAK | Mey | STAD || tensile) 438,976 4.236 
Qi C29 SAO GH LS GSS RS: COON 755929 9 eS >) 456,533 4.254 
28 784 | 5.292 | 21,952 | 3.037 | 78) 6,084 8.832 474,552 4.273 
209) 841 | 5.385 24,389 3.072 79) 6,241 8.888 493,039 | 4.291 
30 900 5.477. 27,000 3.107. 80) 6400 8.944 512,000 | 4.309 
31 961 5.568 29,791 3.141 81) 6561 9.000 531,441 | 4.327 
32 | 1,024 | 5.657 | 32,768 | 3.175 | 82) 6,724} 9.055 551,368 4.344 
33 | 1,089 | 5.745 | 35,937 | 3.208 | 83) 6,889] 9.110 | 571,787 | 4.362 
34 1,156 5.831 | 39,304 3.240 84 7,056 9.165 592,704 4.380 
35 | 1,225 | 5.916 | 42,875 | 3.271 | 85 | 7,225 | 9.220 | 614,125 | 4.397 
36 1,296 6.000 46,656 3.302 86 7,396 9.274 636,056 4.414 
37 | 1,369 | 6.083 | 50653 | 3:332'| 87 | 7/569 || 91327 658,503 4.431 
38 1,444 6.164 54,872 3.362 88 7,744 9.381 681,472 4.448 
39 | 1,521 | 6.245 | 59,319 | 3.391 | 89) 7,921 | 9.434 | 704,969 | 4.465 
40 1,600 6.325 64,000 3.420 90) 8100 9.487 729,000 4.481 
41 1,681 6403 68,921 3.448 91) 8281 9.539 753,571 4.498 
42 1,764 6481 74,088 3.476 92) 8,464 9.592 778,688 4.514 
43 1,849 6557 79,507 3.503 93) 8,649 9.644 804,357 | 4.531 
44 1,936 6.633 85,184 3.530 94) 8836 9.695 830,584 4.547 
45 | 2,025 | 6.708 | 91,125 | 3.557 | 95 9,025 | 9.747 857,375 | 4.563 
46 | 2,116 | 6.782 | 97,336 | 3.583 | 96] 9,216 | 9.798 884,736 4.579 
47 2,209 6.856 103,823 3.609 97) 9,409 9.849 912,673 4.595 
48 2,304 6.928 110,592 3.634 98) 9,604 9.899 941,192 4.610 
49 2,401 7.000 117,649 3.659 99) 9,801 9.950 970,299 | 4.626 


wn 
Ss) 


2,500 7.071 125,000 3.684 100 10,000 10.000 | 1,000,000 4.642 
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APPENDIX 


Answers to Selected Exercises 


J] Study Set Section 1.1 (page 7) 


1. variable 3. equation 5. addition 7. a. expression 

b. equation c. expression d. expression 9. b = t — 10; 

the height of the base is 10 ft less than the height of the tower 

lw a. 7d =h bt =2,500—-d 13. c = 13u + 24 

15. w=-2 17.A=¢+15 19.c=12b 21. The 

amount (in dollars) that the husband will keep is the quotient 

of the amount of the couple’s refund and 2, decreased by 75. 

t 

h= - 75 (answers may vary) 23. The number of bottles 

of water left on his truck is the difference of 300 and the 

product of 6 and the number of stops that he has made. 

b = 300 — 6s (answers may vary) 25. 2,6,15 

27. 22.44,21.43,0 29. a. abar graph b. 1 year; $100 

c. 2000, $700; 2005,$860 31. 7,2,r,4 33. a. The rental 

cost is the product of 10 and the number of hours it is rented, 

increased by 20. b. C = 10h + 20 

c. 30, 40, 50, 60, 100 A 
120+ 


100 + 
80 


60 


Rental cost ($) 


40 - 


20 F 


12345678 
Hours rented 


J] Study Set Section 1.2 (page 20) 


1. whole, natural, integers 3. prime, composite 
5. irrational 7. inequality 9. —8,4 11. nonrepeating, 
irrational 13. repeating, rational 


15. Real numbers 


Trrational numbers Rational numbers 


Integers 


Whole numbers 


Natural 
numbers 


17.a.12<19 b. -5=-—6_ 19. is less than; is greater 
than or equalto 21. braces 


23. \f |a and b are integers, with b # o,f 


25. a. rational numbers b. irrational numbers 

c. realnumbers 27. true 29. false 31. false 

33. true 35. 0.6,terminating 37. —0.73, repeating 
39. 1.227, repeating 41. 0.016, terminating 43. 1,2,9 


45. —3,0,1,2,9 47. V3,7 49.2 51.2 53.9 


55. 2.142765... 
_5 us 
Vil 2 aot <3 2N3 
< |_ 91 ¢ 1 | __a lp __lg _1_¢ > 
4 3 2 -1 0 1 2. i. A 
57. 90) Jee 
qi nm 3.15 10 
—* e as ye > 
3.1 3.15 3.2 


!—_1___!—__l|__. 
10 11 12 13 14 15 16 17 #18 


63. 
0 1 2 4 5 6 7 8 9 10 I 12 
65. «4141 _4 1 4 1 4 1 4 1 4 _, 
5 43 2-1 01 2 3 4 5 6 
67.< 6% > 71. > 73. < 75.20 77.5.9 79. —6 
9 2 77 15 
81 83. 3— = 3.0800 = 1.5400 = 0.9375 
4 25 50 16 , 


5 

a = 2.6250, 2 ~ 0.7854, V8 ~ 2.8284 85. min. 
(3.141592654...in.);3.14in. 91. expression 

93. 2.2,8.5,29.1 


J] Study Set Section 1.3 (page 34) 


1. sum, difference 3. reciprocal 5. squared, cubed 
7. parentheses, outermost 9. a. multiplication 
b. opposite c. negative, positive 11. a. addition first or 
multiplication first b. 12; multiplication is performed before 
addition 13. a. (—4)*>=16 b. —47=—-16 15. —8 

11 


1 
17. —43 19. -13 21. — 23. —-7 25.0 27. — 
6 10 


29. —2 31. —-12 33. -15 35. 60 37. 3 39. —2 
24 
41. —-14 43.9 45. 35 47. 1,296 49. 62.41 51. —25 


5) 
53. ——~ 55.8 57. -9 59. =] 61. 0.2 63. —17 
65. 32 67. —8 69. —32 71. 10,000 73. 64 75. —8 
77. 13 79. —114 81. —32 83. = 85. - 87. 5 


89. = 91. —24 93. —2 95.61 97.1 99. 10 


101. 4 103. There was a net inflow of $390 billion. 
105. New York, Atlanta, Boise, Omaha, Helena 107. 9 
111. —7and3 113. {...,—2,—1,0,1,2,...} 

115. true 


a | Appendix Il Answers to Selected Exercises 


J] Study Set Section 1.4 (page 46) 


1. term 3. constant 5. commutative, associative 

7. Like 9a (x+y)+z=x+(y+z) b xy = yx 
c r(s +t) =rs+rt 11. a. a, commutative property of 
multiplication b. a(bc), associative property of 
multiplication c. 0, multiplicative property of 0 


d. a, identity property of multiplication e. 1, multiplicative 


inverse property 13.a.0 bl « —x 
il 1 

d.— 15.a.5 b. 5 17. multiplication by —1 
x 


19. 3x7, 11x’, —x, 9; 3, 11, -1,9 
hg Foe wag 11 

21. —a’, x? , 25b; ae 4 

27.c 29.1 31.(8+7)+a 33. 2(x+y) 35. 72m 

37. —45q 39. —49x 41. 64ry 43. 81x + 18 

45. 12t-12 47. -24+d ord—24 49. 2s*-6 

51. 0.7m + 1.4n 53. 9x +2y 55. 4507 — 60r — 15 

57.4x —Sy +1 59. 2t+3 61. —3y+6 63. 18x 

65. —3.1h 67. 0.8x* 69. —2x 71. ant 73. wt 

75. 12ad — 44a 77. 6m + 2t 79. —2x? + 15x 

81. —6p +17 83. 8x —9 85. 17y—27 87. —4x + 87 

89. 56b +6 91. —2a-A-—3 93. 14cd + 62c 


1 
95. 6.4a7 + 2.6a+5.7 97. -Sy 99. 14z —5 


101. 18h? — 8h 103. —3.8y + 38.7 105. 0 
107. a. 20(x + 6) m? b. (20x + 120) m? 


7 
c. 20(x + 6) = 20x + 120; distributive property 113. 3 
115. 988 


J] Study Set Section 1.5 (page 58) 


1. equation 3. satisfies 5. identity 7. c,c, adding, both 
9a.3 b 9 « 2 d.18 11. a. all real numbers, R 
b. nosolution,@ 13. —2x, 14,14,-2, -2,-17,-10, 4, 


15 
20,-17 15. yes 17.no 19.6 21. ca 23. 28 
25. —30 27. 2.52 29. —0.25 31.29 33.7 35. 15 
37. -: 39. —16 41.18 43. -—11 45.1 47. 1.7 


iT 2. 2 


49. 4 ar 53.0 55. —-8 57. —-11 59.4 61. 2 


1 21 
63. 30 65. a) 67. 63 69. 24 71.0 73. 19 75. 3 


77. 24 79. allreal numbers, R: identity 81. no solution, 
©; contradiction 83. all real numbers, R: identity 85. no 
solution, @; contradiction 87. 13 89.6 91. —15 


9 F ae 
93. 1,000 95. B 97. no solution, @; contradiction 


28 5 
99. —1.2 101. —5 103. 37 105. oy 
111,.a,.a+b=b+a b. (ab)c = a(bc) 


c a(b+c)=abt+ac 113,.a.0+a=a b1l:a=a 


3 
,25 23.7+3 25.3-2+ 3d 


J] Study Set Section 1.6 (page 68) 


1. formula 3. volume 5. a. area, ft? b. volume, ft® 
c. circumference, ft d. perimeter,ft 7. t,t,a 


= ad 
9. ad, ad, be, b, b, ee 11. 8yd 13. 37 in. 


15. 10.2 ft? 17. 295.84 mi? 19. 23.56in. 21. 15.71 ft 
23. 102.1in.2 25. 86.6 ft? 27. 95.08 ft? 29. 808.86 m? 


d 3 
31. f=— ee 35. hh = 2 37. W=T-ma 
r lw ar 
2h — 96t 2(h — 48r) 
39.a = 5 or a= 5 
t t 
2A — bh 2A 
41. by = i é or by = h b, 
a3 [ard .. PO 4 
:h= n= T 
d d 
a P-2h-2l P h-1 
we orw = 
ms 2 9 
Xr Ty l-a 
47. A= 49. 7, = 51.d= 
x+B “ 1-F n-1 
d,—d 2 4 
53.t=———_ 55. y==x-4 57. y=-—x-4 
v 5 3 
ey _y—b re gif = ed = ser 
en — 3.25 
2(s — vt — y, + mx 
= ( : ) yy 1 
t m 
U+pV-G 
67. S= a ae © 
T nt 
E-TIr E 
71. R= 7 eae r 73. s3 = 3A — 81 — So 
28 — 2 3d 
75. d= = oO Mh= 79. perimeter, 216 in. 
n(n — 1) 4a 


81. Ist term: area of bottom flap; 2nd term: area of left and 
right flaps; 3rd term: area of top flap; 4th term: area of face; 
42.5 in? 


5 5(F — 32) 
a4, CS (P= 22) or OS Ae, 170,58) 80; 
17,66 85. a= aul 140, 160 
T(r} = 13) 
87. n - ——Y 0,008, 0.090 
Pe Ree 
— 6.50 
89. n = ae 621, 1,000, about 1,692.9 kwh 
= 2 
91. h = coe 97. 26r + 132t+1 99. —12a + 101 
Tr 


101. —0.6pt + 11p 


J] Study Set Section 1.7 (page 79) 
1. acute 3. complementary 5. right 7. angles 
9. d+ 15,2d — 10, 2d 4 20, $ 10, 2d 


11. a. 5x, 6x, 10(x — 2),5x b. Sx + 6x + 10(x — 2) + Sx 
c. 5x + 6x + 10(x — 2) + 5x = 110 13. Cheerios: $689 
million, Frosted Flakes: $250 million 15. pedestal: 154 ft; 
statue: 151 ft 17. 42min 19. 6in. 21. 20 23. 310 mi 
25. 5,000 shares of stock funds, 7,000 shares of bond funds 
27. 35 $12 calculators, 50 $99 calculators 29. 30°, 150° 


31. a. 5.6° b. 1.4° 33. 21:50°; 22: 60°; 23: 70° 35. 50° 
37. 10° 39. 10ft 41. 156 ft by 312 ft 43. 8 ft, 11 ft 
47. repeating 49. {...,—2,—-1,0,1,2,...} 51.0 


J Thinkit Through (page 86) 


medical assistant, about 59% 


IJ Study Set Section 1.8 (page 92) 


1. amount, base 3. mean,mode,median 5. is Hj % 
of ? 7. a. 51,824 b. 51,824, what, 3,734,536 

9. a. 0.055x, 0.07(10,850 — x) 

b. 0.055x + 0.07(10,850 — x) = 1,205 

11. a. 1,0.15x,x,1,0.18% b. 0.15x + 0.18x = 3,300 
13. a. 7.45p, 50 — p, 8.25(50 — p), 7.75(50) 

b. 7.45p + 8.25(50 — p) = 7.75(50) 

15. a. 0.025 b. 6% 17. x = 0.05 + 10.56 

19. 32.5 = 0.74x 21. 448 quadrillion Btu § 23. 597 

25. 20% 27. $50 29. 9.3% 31. —0.7%,4.1% 

33. city: mean 37.2, median 32.5, mode 32; hwy: mean 41, 
median 40,mode 40 35. 94 37. CD: $10,000; money 
market: $2,000 39. a. $15,000 at 7%, $30,000 at 10% 


1 2 
b. $45,000 41. $100,000 43. qin =15min 45. 3 hr 


47. 3:30PM. 49. ihr 51. 10lb 53. 1.8 lb of each 


55. 4,000 ft? of the premium mix, 2,000 ft? of sawdust 
57. 28lb 59. 2gal 61. 100z 67.0 69. 8 


J Chapter 1 Review (page 98) 


loa. C =2t+15 ae «c P=u-3 
w 


2. 180, 195, 210, 225, 240 
3. a. A 


250 + 


200 F 
150 - 
100 - 
50 - 
oyAU | | | | 
6.0 7.0 8.0 


Weight of prime rib (Ib) 


Cooking time (min) 


b. A 


200 - a 


Cooking time (min) 


0 ! ! i 
w 6.0 7.0 8.0 
Weight of prime rib (Ib) 


Appendix Il__ Answers to Selected Exercises PAS 


4. An equation such as 2x + 3 = 1 contains an equal symbol. 
An expression such as 2x + 3 doesnot. 5.a.7 b. 0,7 
2 — 15 

6. a. —5,0,7 b. —5, 0, 2.4, 7, —3 —3.6, 7 
7. a. —V3, 7, 0.13242368... b. all 

2 = 15 
8. a. —5, —V3, 3 —3.6 b. 2.4, 7, 7, re 0.13242368... 
9. a.7 b. none 10.a.0 b. —5,7 
1, <1 1 gb 
20 21 22 23 24 25 26 27 2 
12. 8 


en ee 
8 29 30 


2 2.5 3 


13. a. false b. true 14. a. false b. true 15. a. > 
b. < 16. a. false b. true 17.18 18. —6.26 19. —27 


3 1 
20. 10.1 21. —-— 22.2 23.12.66 24. —— 25. 0.2 
4 32 


26. = 27. —33 28. —5.7 29. —40 30. 1 


31. —243 32. = 33. 0.064 34. —25 35.2 36. —10 


37. 38.0.8 39.44 40.1 41. -12 42.58 43. 8 


= 
5 
3 


44. 45. 3,000 46. —16 47.56 48. 5 49. 3x + 21 


50. 5¢ 51.0 52.27+(14+99) 53.1 54m 55. 1 
56.0 57. —3(5-2) 58 (z+?t)+t 59% a.1 b. —25 
60. a. 0 b. undefined 61. 72x +48 62. —6y + 2 
3 

63. 3.6x —24y 64. 6c? — 3c + 7 48k 66. 75xy 
67. —189p 68. 45a +16 69.0 70. 3m — 40n 

13 1 
71.55% 72. —24.541 73. 40a7 — 16a? 74. qh +8 
75. yes 76.no 77. —225 78.7.9 79. 0.014 80. —4 

12 11 88 
81. 82. —9 83. —6 84. 85. 86. 12 

5 7 17 
87. 0.06 88. —8 89.0 90.3 91. no solution, 2; 
contradiction 92. all real numbers, R: identity 93. 31 ft 
94. 53.41 cm; 226.98 cm? 95. 1,767.15m* 96. a. 100 in.” 

3 2K — Iw” 

ib tees eRe on ee 


ar vo 


l= 9 
99. d= ai 100. y = 5 — 7 101. O’Hare: 76.2 million; 
aS 


Atlanta: 84.8 million 102. 245 — 5c 103. 600 104. 42 ft, 
45 ft, 48 ft,51 ft 105. 50°, 130° 106. 27 in. by 40 in. 

107. 120 108. 32% 109. a. 3.4% b. 4.0% 

110. 2,1.5,0 111. $18,000 at 10%; $7,000 at 9% 


2 
112. 2 min after the photographer leaves 113. 65 gal 
114. mild: 50 Ib, robust: 40 lb 


J Chapter 1Test (page 112) 
1. a. undefined b. inequality c. like terms d. solve 


uF 
e. addition, equality 2,.as=7T+10 b A= oh 


1 
3. a. 200 calories b. 1,200 «. 35 4. a. —2,0,5 


A | Appendix Il Answers to Selected Exercises 


3 14 25. 
b. —2, 0, 37 9.2, 5 ,> G 7, —-V7 d. all 5. a. true 
3 
b. false . true d. true 2 
6. 7 r 1.8234503... 
6 2 3 1.91 
1 1 2.0 
Pig eg gt he “=n 
0 1 2 5 4 5 6 #7 8 9 10 11 12 


8. a. false b. false 9. z 10. s 11. —209 12. —3 
15 9 


13. 100mg 14. a. commutative property of addition 

b. associative property of multiplication c. additive inverse 
property d. multiplicative identity property 

15. 11.1n* — 7.8n —9.8 16. 90st 17. —12c + 108 


Bxi+y= 2) 


1 
18. 367 + 16x 19.15 20.6 21. no solution, ©; 


ae __ f(P—L) 
contradiction 22. 12 23. yes 24. i = ————— 31. y 
5 ) 
yi tmx—y 2 sf 
25. x, = ——————.__ 26. 1,018 m~ _ 27. 8 28. 25 4 
m : 


ax + 4y = 1/2 
29. 85°, 85°, 10° 30. 4cmby9cm 31. 28% 32. a. 2.2 r 


b. 2 c. 2 33. $4,000 34. 400mi 35. 100z 
36. Skin Soother: 3 oz, Cool Sport: 5 oz = 


J] Study Set Section 2.1 (page 123) ge : 
1. ordered 3. rectangular 5. origin 7. midpoint R 
9. origin, right,down 11. HT 13. —3,—1,1,3 15. one 3\ hea 
17. ¢ 19. xsubl i 
21-27. y 29. (2,4) a SS a rae eal 
31. (—2.5, —1.5) i 
5 =2 
4 (4, 3) 33. (3, 0) =3 
710,32) ¢ 35. (0,0) 4 
an ao ve (5.0) 37: a. on the surface 
e—»ex b. diving c. 1,000 ft 
i —2 -1 1,2 3 4 
é ter d. 500 ft 39. a. 1993 
Sia i 5,2)  b. Imports exceeded 
production by about 3.5 
million barrels per day. 
41. a. $2 b. $9 ¢. 3days 43. (3,4) 45. (9,12) 
7 1 35 
47. (Zs) 49. (5. -2) 51. (—4,0) 53. (-3.3) 
2 2 2 2 


55. (4,1) 57. (—20,—-3) 59. Jonesville (5, B), Easley : j : 
(1, B), Hodges (2,E), Union (6,C) 61. a. (2,—1) b. no A r 
c. yes 63. a. 6strokes b. 7strokes c. 16th d. 18th 
65. 4,3,1,5,2 67. tip of tail, front of engine, tip of wing 


71. 20 73. ‘ 75.5 77. 0.7 


I] Study Set Section2.2 (page 138) 


1. ordered pair 3. linear 5. vertical 7. a. yes b. no 
9. x-intercept: (—6, 0); y-intercept: (0, 3) 

11. a. (—3,0), (0,4) b. false 13. y= —4x — 1 

15. —3,—-2 17. the y-axis 19. 5,4,2 21. 0, —1, —2 


51. 1.22 53. 4.67 55. $60 57. a. In 1990, there were 
65.5 million swimmers. b. about 58.2 million 

59. $162,500 61. 12.5 yr 63. a c=10t+2 

b. c c. $62; 12, 22, 32, 42 

67. 11, 13,17, 23,29 

69. III 71. 80s 73. 3x +8 


Cost ($) 


12345 6 


Number of tickets 


J Think It Through (page 148) 


1960-1970, an increase of about 50 community colleges per yr 


I] Study Set Section 2.3 (page 151) 


1. Slope 3. change 5. reciprocals 7. a. 13,0 
b. 15, undefined «1,2 d.l4,—-3 9. a. an increase of 
73 million units/yr_b. a decrease of 35 million units/yr 


4 2 a 
ll.a-> b- > 13.m= a 15.a.6 b. 8 
3 3 Xq— X1 
3 6 8 
c 17. 19 21. -—3 23 25.3 27. —-1 
4 7 3 
1 


29. 3 31. 0 33. undefined 35. —1 37. parallel 
39. neither 41. perpendicular 43. neither 45. parallel 
47. perpendicular 49. neither 51. parallel 53. a 


2 4 4 2 


59.0 61. 140’ 15°20’ Part? 63. 10° 


55. — 57. 


Ble 


1 1 
65. 5° 4% 67. brace: >? support 1: —2; support 2: —1; yes, 


to support 1 73. 40 lb licorice, 20 1b gumdrops 75. 4 hr 


I] Study Set Section 2.4 (page 165) 
1. y—y =m(x—x,) 3. perpendicular 5. no 


2 2 2 
7.m 3°) 4 3 3 + 2) 9.m=—>, (0,1) 
11. yes 13. a. (0,0) b. none 15. No; the slopes are not 


negative reciprocals. Their product is not —1:1(—0.9) = —0.9. 


1 1 
17. 3 221,3,—1 19. y=5x+7 21. y= —3x+6 


a 3 
23. y=x 25. y=4x— 3 ayo e 3 


2 11 
i el a 31. y=3x4+17 33. y= —7x + 54 


1 3 
35.y=—-4 372y= —3* +11 39. 57 0, —4) 


5 2 
41. —~,|0,-=] 43. 1,(0,-1) 45. =, (0,2 
+.(0.-2) 43. 1@-1) 48.202 
47. parallel 49. perpendicular 51. neither 

53. perpendicular 55. y= 4x 57. y=4x—3 


Appendix Il Answers to Selected Exercises 


4 26 2 13 1 
scat a ao a ae ea ee amet 
65. y= ax +5 67. y= 2x43 69. y= —-3x +1 
jie Pe eye gk 

3 3 3 4 2 

1 17 4 
77. y=x 79. y = 4x i By gsr 4 
950 

85. y= a + 1,750 87. y = —1,811,250x + 36,225,000 


1 
89. a. B= 00? — 195 b. 905 91. a. c = 514t + 8,850 


1 
b. $44,830 93. a. c = 7.8m + 220 b. About 107 min 


95. not quite 101. $29,100 103. 0 


J Thinkit Through (page 177) 
$28,000, $61,250 


IJ Study Set Section 2.5 (page 182) 


1. relations 3. range 5. domain,range 7. function, 
equals 9. identity function 11. horizontal, vertical 

13. f(-1) 15. D:all real numbers greater than or equal to 
0, R: all real numbers greater than or equalto2 17. —5,25 
19. of 21. D:{—2,0,2},R:{1,4,5} 23. D:{—23, 0,7}, 

R: {1,35} 25. yes 27. no; (4,2), (4,4), (4,6) 

29. no; (3, 4), (3, —4) or (4,3), (4, -3) 31. yes 33. yes 
35. no;(—1,0),(—1,2) 37. yes 39. yes 

41. no;(1,1),(1,-1) 43. no;(1,1),(1,-1) 45. 9, -3 
47. 3,-5 49. 22,2 51. 3,11 

53. 2(w) = 2w,g(w + 1) = 2w +2 


1 
55. 2(w) = 3w — 5,2e(w+ 1) =3w—2 57. —, 0.09 


4 
7 9 
59. 73 —0.973 61. 2 1.69 63. 0, —0.12 
65. y 
4 
3 
1 
=f ah hal laid 
fO)EREL 
3 
aa 


69. D: {—2, 4, 6}, R: {3,5,7} 71. D; the set of all real 
numbers except 4, R: the set of all real numbers except 0 
73. notafunction 75. afunction 77. a function 

: =27 1. 125 
79. afunction 81. 3.7,1.1,3.4 83. 64216’ 8 
85. D: the set of all real numbers except 6 87. D: the set of 
allrealnumbers 89. D: the set of all real numbers 


91. D:the set of allrealnumbers 93. no 95. yes 97. 4,4 
1 2 

99. 2,2 101. =—,1 103. —2,=— 
5 5 


105. between 20°C and 25°C 107. a. [(b) = 1.75b — 50 
b. $142.50 109. a. (200, 25), (200, 90), (200, 105) 
b. It doesn’t pass the vertical line test. 


A | Appendix Il_ Answers to Selected Exercises 


111. a. 3,400; the tax on an income of $25,000 is $3,400. 


b. T(a) = 3,910 + 0.25(a — 28,400) 

113. a. 624 ft b. 0; the rocket strikes the ground 16 seconds 
15 1 

after being shot 117. — 7 119. 3 


J] Study Set Section 2.6 (page 196) 


1. nonlinear 3. cubing 5. vertical,translation 7. 4, left 
9.5,up 11.a.2 b.0 13. -6 15. —3,1,2 17. a. 3 
b. 0 «1.5 19. D;the set of real numbers, R: all real 
numbers greater than or equalto —3 21. D; the set of real 
numbers, R: the set of realnumbers 23. D; the set of real 
numbers, R: the set of all real numbers greater than or equal 
to —2 25. D: the set of real numbers, R: the set of real 
numbers greater than or equal to 0 


123 4 § 


e@=l@E DF 


g(x) =x7=/5 


31. 


35. 


39.4 41. -3 43. WY 
} 
k 


47. \ } 49. 


2(s — vt) 


53. aparabola 59. W=T-ma 61. g= z 


63. $5.4 million 


| Chapter 2 Review Exercises (page 201) 


1-6. y 
A 
4 
(-315.2.5) | oly 
e 
2 
(0, (0) (2)5, 0) 
a ae ae a | 1 Paar yr] x 
Che 
5, —-1.75 
Czy G ) 
e 4 
7. —5, —5, 0,0, —1, -1,4,4,3,3,2,2,3,3 8. 1 ft below its 
normal level 9. decreased by3 ft 10. from day 3 to the 
beginning of day 4 11. $10 increments 12. $800 
13. (2,2) 14. (2, —6) 
15. 16. y 
A 
4 
3 
\ 
—-4 -3 = ~ ¥ 2 3 7% 
yetaN+ 1 
17. 18. 
19. y 20. y 
A 
6 4 
5 y=4 3 
thf 2 
3 xeo2| | y 
i S4344 ),123°~* 
1 = 
4-43 --] ie er ala re 
-1 ~3 
2 —4 
5 
21. 9,0,-9 22. —4, > 1 
4 8 
23. Slope of J; = 5° slope of 1, = —5 24. 1.37% per yr 
14 2 
25. 1 26. i: 27. 0 28. undefined 29. 3 
30. —2 31. undefined 32.0 33. perpendicular 
13 3 
34. parallel 35. y=3x +29 36. y= —_* + 4 
37. 3x —2y=1 38. 2x + 3y = —-21 
3 3 
39. y= 4° 33m = 470; 3) 
40. y = —1,720x + 8,700 41. yes 42. yes 43. no 
44.no 45. —-7 46.18 47.8 48. 3r+2 


49. 


D: the set of real numbers, R: the set of real numbers 


50. D: the set of real numbers, R: the set of all real numbers 
greater than or equal tol 51. D: the set of all real numbers 
except 2, R: the set of all real numbers except 0 52. D; the 
set of real numbers, R: the set of nonpositive real numbers 
53. function 54. notafunction 55. c(x) = 105x + 175 
56. $805 57. yes 58. no 


62. a. —-4 b.3 63. 4 
64. —-1 65. 2 


J Chapter 2 Test (page 211) 
1. 240 ft 2. 1secand7sec 3. about 260ft 4. 8sec 
53 
5.(=,=] 6. 7. (5,0), (0, —2 
( ’ 3) ( > ), ( > ) 


8. y 9.3 10. —1.5 degree/hr 
ai 11 . 12 2 13. undefined 
5 3 - 
1 
: 2 23 
43375, aoa 14.0 15. y= Pi = zs 
2 16. 8x — y = —22 
4 1 3 
17. m = —=,( 0, -= 
: i) 


3 
18. neither 19. y= 3% 20. a. v = —600x + 4,000 


b. (0, 4,000): it gives the value of the copier when new: $4,000 
21. no 22. yes 23. D: the set of real numbers, R: the set 
of nonnegative realnumbers 24. D: the set of real numbers, 
R: the set ofrealnumbers 25. 10 26. —1 27.3 

28. r> — 2r—1 29. function 30. nota function 

31. 


Appendix Il Answers to Selected Exercises fA 


33. a. Find the x-coordinate of the x-intercept of the graph 
of y = 3(x — 2) — 2(-2 + x);2._b. Find the x-coordinate 
of the point of intersection of the graph of 

y = 3(x — 2) — 2(-2 + x) andy =1;3 34. answers vary 
35. answers vary 36. answers vary 


] Chapters 1-2 Cumulative Review (page 213) 


13 
1. 1,2,6,7 2.0,1,2,6,7 3. 2, 0,1, 2, 55567 


13 
4.V5,7 5. —2 6. 2,012,556; 1, V5,0 7. 2,7 
86 9. —2,0,2,6 10.1,7 11. -2 12. —2 13. 22 
24 
14. -—2 15. — 16.2 17.4 18. —5 
25 


19. associative property of addition 20. distributive 
property 21. commutative property of addition 

22. associative property of multiplication 23. —Sy 

24. —28st 25.0 26.z—-—4 27.8 28. —27 29. -1 


0.6 St. > S808 Shoe" = ee 
3 n n 
2A 
34.h = 35. $14,000 
b, + by ee 


36. 39 mph going, 65 mph returning 

5 7 11 
38. — 39. 5 io a + 5 
40. y= -3x-3 41.5 
42. —-1 43.3 44. 377° +2 
45. a function; D: the set of real 
numbers, R: the set of all real 
numbers less than or equal to | 
46. a function; D: the set of real 
numbers, R: the set of 
nonnegative real numbers 
47. The points (2, 20), (3, 40), and (6, 60) do not lie on a 
straight line. 48. a. Find the x-coordinate of the x-intercept 
of the graph of y = —7 — 5(x — 1) + 4x; —2. b. Find the 
x-coordinate of the point of intersection of the graph of 
y= —-7- S5(x — 1) + 4x and y = —4;2 


37. 


J Think it Through (page 220) 


(1981, 50); in 1981, 50% of the bachelor’s degrees that were 
awarded went to men and 50% went to women 


IJ Study Set Section 3.1 (page 223) 


1. system 3. inconsistent 5. dependent 7. a. true 
b. false c. true d. true 9. a. —4, (—4,0), 2, (0, 2), 3, (2, 3) 
+y=5 
. (-4,0), (0,2) 11. a a 4 
a 
b {i +y=5 
* [2x + 2y = 10 


io” 


1 (answers may vary) 


(answers may vary) 


c {i a ~ ansmeneia vary) 13. brace 15. yes 
tee yu y vary , .y 


17. no 


23. 
25. 


29. 


Appendix II 


4 -3 -2 -l 1 2 
infinitely 
many 
solutions, > 
dependent~* 


equations 


72. 
no solution, 
inconsiktent 
system 


Answers to Selected Exercises 


47. infinitely many solutions, 
dependent equations 

49. (—0.37, —2.69) 

51. (—7.64, —7.04) 

53. Gallup, Grants, 
Albuquerque, Tucumcari; 
Las Vegas, Santa Fe, 
Albuquerque, Socorro, Las 
Cruces; Albuquerque 
55. (2,000, 50) 


57. a. y b. $140 
600 t c. Supply 
increases and 
a 500 demand decreases 
E 400 + 59. a. yes 
5) b. (3.75, —0.5) 
S 3004 Demand eno 
2 sna function 63. —3 
3 65. 0 


77 lee se | Ps Tg 
100 120 140 160 180 200 
Price per camera ($) 


67. D: the set of real numbers, R: the set of all real numbers 
greater than or equalto —2 69. 40.5 cm? 


I] Study Set Section 3.2 (page 234) 


1. standard (general) 3. eliminated 5. y, second equation 
7. addition method 9. a. ii b. iii ci 11. (2,2) 
13. (—1,—-3) 15. (5,3) 17. (—2,4) 19. (3,0) 


21. (4,-7) 23. (5,2) 25. (—4,-2) 27. (s : 


“9. 
12 3 
29. GB, —2) 31. (3.2) 33. (-2, >) 


35. no solution, inconsistent system 37. infinitely many 
solutions, dependent equations 39. (1,2) 41. (0,5) 


7 
43. (o.-2) 45. (—2,-3) 47. (—2,9) 49. (—6, 16) 
51. infinitely many solutions, dependent equations 


5 
53. (3.2) 55. (4,7) 57. no solution, inconsistent 
4 3 
system 59. 34 61. (2,—3) 63. (9,—-1) 65. (2,3) 


67 (-3 1) 75 2 77 a 79 : 
7 3° a : . 


J] Study Set Section 3.3 (page 247) 


1. parallel 3. a. 70°, 75°, b. alternate interior 
5.a.xtec bx-c 7. a. 0.06 b. 0.048 «. 0.135 


x + y = 25,000 
9. 0.05x, 0.04y, 25,000, 1,050 
i a a al ne + 0.04y = 1,050 
x+y=6 


11. 13.90x, 5.10y, 61.50, 
mentee ee + 5.10y = 61.50 


13. 750 ohms, 625 ohms. 15. Montana: 406, Idaho: 208 
17. Canada: 8, United States:24 19. 75°,25° 21. 150°, 30° 
23. 16mby20m_ 25. 15 sec: $475, 30 sec: $800 


27. 85 racing bikes, 120 mountain bikes 
29. Rolling Stones: $264; Jimmy Buffet: $132 
31. a. 400 tires 


b. Cc c. the second 
mold 
9 
- 8 
27 
S 6 (400, 7,000) 
3 3 
Z 3 
02 
1 


> t 


1 2 3 4 5 6 7 
Tires (100s) 


2 
33. a. 4,666, books b. the newer press 35. 4,031 


37. a. 590 units per month b. 620 units per month 

c. A (smaller loss) 39. $3,000 at 10%, $5,000 at 12% 
41. credit union: $8,000, money market: $24,000 

43. VISA: $11,800, Robinsons-May: $4,700 

45. 525 mph,75 mph 47. walking: 6 ft per sec, moving 
walkway:2 ft persec 49. 25mph,5mph 51. gummy 


2 1 
bears: 45 Ib, jelly beans: 15 1b 53. regular: 14, Ib, Kona: 57 Ib 


55. small flake: 900 Ib, mylar: 1,100 1b 57. 10%:8 pints, 
40%:16 pints 59. 148 g of the 0.2%, 37 g of the 0.7% 
67. rational 69. identity 71. isosceles 


J] Study Set Section 3.4 (page 260) 


1. system 3. three 5. dependent 7. a. no solution 
b. nosolution 9. x + 2y —3z=—6 11. yes 13. no 
15. (1,1,2) 17. (-1,3,0) 19. (0,2,2) 21. (—3,0,5) 


1 ; : ‘ 
23. (7,—-6,3) 25. ka —1)] 27. no solution, inconsistent 


system 29. infinitely many solutions, dependent equations 
31. (8,4,5) 33. (60,30,90) 35. (2,4,8) 37. (2,6,9) 
39. no solution, inconsistent system 41. infinitely many 
solutions, dependent equations 43. (3,2, 1) 

47. y 


J] Study Set Section 3.5 (page 266) 


x+y+z=50 
1. satisfy 3. (5x + 6y +7z=295 5. —3=4a+2b+¢ 
2x + 3y + 4z = 145 
7. 30 large, 50 medium, 100 small 9. Food A: 2, Food B:3, 
Food C:1 11. 120 coats, 200 shirts, 150 slacks 13. Young: 
85, Montana: 55,Gannon:16 15. nitrogen: 78%, oxygen: 
21%, other gases:1% 17. ZA = 40°, 2B = 60°, ZC = 80° 
19. X-Files: 201, Will & Grace: 194, Seinfeld: 180 
21. 6 lb rose petals, 3 Ib lavender, 1 Ib buckwheat hulls 


il 
23. nickels: 20, dimes: 40, quarters:4 25. y = ae =e 1. 
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27. x + y* —2x —2y -2=0 31. yes 33. yes 
35. no; (1,2), (1, -2) 37. no; (4, 2), (4, -2) 


J] Study Set Section3.6 (page 277) 

1. matrix 3. rows,columns 5. augmented 7. 2 x3 
9. . 7 f ~ = (—4,6) 11. It has no solution. The 
ee is inconsistent. 


3: 0 
13. a. multiply row 1 by 5 1 be 42 1 
a 
2 30 
b. add —1 times row 1 to row 2, 0 3 1: 
22021 
12: 6 
15. —1,1,—-5,2,y,4 17 E 41) sal 
_ | 1 =4 | ‘| 
19 21 1 
y=4 3 1: -6 
rot ty 36 -9 | 0 
23. a 25. | -2 2 -2: 5 
1-41 4 15 -2: 1 
3 6 -9 ' 0 
27.|-2 -1 7: 1] 29. (1,1) 31. (2,-3) 
=). 2:22 S 


33. (1,2,3) 35. (4,5,4) 37. no solution, inconsistent 
system 39. infinitely many solutions, dependent equations 
41. no solution, inconsistent system 43. infinitely many 
solutions, dependent equations 45. (—1,—-1) 47. (0, —3) 
49. (2,1,0) 51. (—1,-1,2) 53. (0,1,3) 55. (—4,8,5) 
57. no solution, inconsistent system 59. 22,68 

y2 ~ Vi 

Xp — Xy 


61. 40,65,75 63. 76,104 67. m= (x2 # X1) 


69. y—y, = mx — x1) 


I] Study Set Section 3.7 (page 287) 


1. determinant 3. minor 5. rows, columns 
3 4 | 


7. dependent, inconsistent 9. ad —bc 11. | > 3 


13. (Z -=) 15. 6,30 17.8 19. —2 21. 200 23. 6 


25.1 27.26 29.0 31. —79 33. (4,2) 35. (-3.5) 
37. no solution, inconsistent system 39. infinitely many 
solutions, dependent equations 41. (1,1,2) 43. (3,2,1) 
1 1 
45. (2,-1) 47. (3,—2,1) 49. (-3. -1, -3) 
51. infinitely many solutions, dependent equations 
53. (—2,3,1) 55. no solutions, inconsistent system 
57. 200 of the $67 phones, 160 of the $100 phones 
59. $5,000 in HiTech, $8,000 in SaveTel, $7,000 in OilCo 
61. —23 63. 26 67. no 69. yes 71. x 73. y-intercept 
75. X,y 
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J Chapter 3 Review Exercises (page 291) J Chapter3 Test (page 301) 


. (7,0) 3. (2, -3) 
. dependent 5. no 


1. yes 2. no 3. (1,3), (2,1), (4, -3) (answers may vary) 1. 2 
4 
6. 3,2,-1) 7. 55,70 
8 
9 


4. (0, —4), (2, —2), (4, 0) (answers may vary) 5. (3, -1) 

6. President Clinton’s job approval and disapproval ratings 
were the same: approximately 47% in 5/94 and 
approximately 48% in 5/95. 


. 15 gal 40%, 5 gal 80% 
. (2,2) 10. (1,0,-1) 11. 22 


7. 8. y -6 -1 
12.4 13. 
5 
4], . | 15-3 163 
“}3 1 
17. —1 18. C:60,GA:30,S:10 19. 25 lb peanuts, 10 Ib 
x cashews, 15 lb Brazil nuts 20. Substitution, the second 
Dex By IIe: equation is solved for y. 21. The system has no solution. 
aes ie 23. (2035, 25) 
, into 
: 2 
9% y 10. y 
4 infinitely many A | Chapters 1-3 Cumulative Review (page 303) 
solutions, dependent no solution, 6x 9y=3 
: equations inconsistent, 1. Real numbers 
; system ‘ 
3 tyh Ey ae Irrational numbers Rational numbers 
é 4 3 
1 y= 6|— at yty Integers 
al 67 \* Whole numbers 
= 


| 
11. (1,3) 12. (-3,-1) 13. (3,4) 14. infinitely many numbers 


solutions, dependent equations 15. (—3, 1) 
16. no solution, inconsistent system 17. (9, —4) 


1 
18. (4 *) 19. Using the addition method, the 2. $504,000,000,000 3.70 4.2 5. —12.1x7 + 12.7x 


computations are easier. 20. (—1, 0.7), (answers may vary); Soe de: Sealbogply iites abbr 


1 
2 2 Pi := é i i 
(= 3) 21. 162 mi,83mi 22, 8 mph,2mph 9. —28 10 3 11 2 12. all real numbers, identity 


23. 500 oz of 6%, 250 0z of 18% 24. $4,000 at 6%, $6,000 : es orn = 1 
at12% 25. teaspoon:5 ml, tablespoon: 15 ml 26. 17,500 d 
bottles 27. no 28. yes, infinitely many solutions 


1 
29. (2,0,—3) 30. (2,-1,3) 31. (Fa -6) 


32. no solution, inconsistent system 33. (—1, 1,3) 
34. infinitely many solutions, dependent equations 
35. 2 cups mix A, 1 cup mix B, 1 cup mix C 

36. 50 small bears, 60 medium bears, 40 large bears 
37. $5,000 at 5%, $7,000 at 6%, and $10,000 at 7% 


| 3 4 
i Ey 17. “5 18. y= —3x +17 19. —105 20. —95 


1 5 

38. y=—-—x7 +20 39. 3 7 
i 6 21. f(x) =x° (answer may vary) 22. no 23. no 
4o.|1 -3 -1 ' 4] 41.(1,-3) 42. (5,-3,-2) 24. v =17.5x +300 25. (2,-1) 26. (—1,0,2) 27. 26 

6 1 2 a4 28. 26 
43. infinitely many solutions, dependent equations 44. no 
solution, inconsistent system 45.18 46. 38 47. —3 Thi 

ink It Through 

48. 28 49. (2,1) 50. no solution, inconsistent system ll SThroughy s(oaees0) 
51. (1, -2,3) 52. (—3, 2,2) from 1979 to 2003 


J] Study Set Section 4.1 (page 314) 


1. inequality 3. parenthesis 5. linear 7. is less than, is 
greater than or equalto 9. equation 11. inequality 

13. inequality 15. true 17. false 19. true 21. yes 
23. yes 25. yes 27. yes 29. false 31. true 


7 

33. <,7x,14,>,-2 35. x> re 

37. (4, %); {x| x > 4] <C> 
4 


4 


41. (-%, 1) ——" 43. (=3, 00) << — 
a 


39. (—~, 4]; {x|x< 


45. [—11, ©) Pap 47. (— ©, 2] <> 
=i 


2 
49. (—~, — 51. [2, ©) <p 
i} 


53. [20, as 55. |-2,-) po 


-2/5 


57. [—2, ©) <——fommmp> = 59. (— 0, 7] <eef —> 
2 ij 
61. (—%, 10) ~<——}—> 63. [—36, ©) ~——fomemp 
10 -36 
65. no solution, J 67. (— ©, 0) qb 
0 


69. the number of seriously injured = 16 
71. the age of the car = 25 


73. [60, %°) <—_fop 75. (-2. ~) Se 
60 -10/3 

77. (6, %) fae 79. (—, 1.5] a > 
6 


3 


81. (—, 20] 4 _- 83. no solution, © 
20 


45 
85. (-=.4| —<——|——- __ 87. Midwest, South 


45/7 
89.6+45>52 91. 8hr 93. 88orhigher 95. 13 hr 
97. 7hr 99.x<1 101.x=-4 107. 4,5,3 
109. 6, —6 


| Think It Through (page 326) 
1. 2001,2002 2. 1999,2001,2002 3. 1999, 2000 


IJ Study Set Section 4.2 (page 327) 


1. intersection, union 3. double 5. closed 7. both 
9. reversed 11. a. no b. yes 13. a. no solution 
b. (—%,%) 15. a. ii b. iii «i 


17. (2,3) UG, &) $f 
19, [=3, oe 21.ANB 
23. a 25. — 


27. ees as open 31. {4, 6) 33. - 3,1, 2} 
35. {-3, —1,0, 1,2, 4, 6,8, 10} 37. {—3,0,1,2,3,4 


39. (— 2,5] 4 — 
41. a 43. [2, 20) <—fomep 


»5, 6, 8} 
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45. [S,~)~__-» 47.0 49. © 
5 
51. [1, 4] —— foc} —_> 
1 4 
53. [-21, i 
55. (—%, —2] U (6, ——= 
57. (—%, —1) U (2, ©) ~}p—_ fom 
=] 2 
59. (—~,1) <j» 1 61. == 
1 
63. (—10, —9) <— (gp —_ > 
-10 ~9 
65. (—3, 1) <— (es 67. (— 2, 5) <${cs} > 
=3 1 —2 5 
69. [—4, 6) <— fees —> 971. [2,2] SO 
-4 6 
73. (—0.7, 0.2] <—(_—> 


7° G2 
1 

75. [3.3] ———— 

77. (—% -2)U 2, = —— 

79. (— = 81. a. 128, 192 


b. 32 =s = 48 83. See doctor today. 85. a. 1999 
b. 1998-2001 c. 1999,2000 d. 1998-2000 91. 85.7, 86, 86 
93. 13.3 pts/game 


J] Study Set Section 4.3 (page 339) 


1. equation 3. isolate 5.0 7. morethan 9. less than 5 
11. yes 13. yes 15. x =8o0rx=-8 17. -8=x=8 
19. aii b. iii «i 21. |x| <4 23. |x+3|>6 25.8 


27. —0.02 29. - 31. 7 33.25 35. —2 


14 5 
37. 23,23 39. 41. —,-6 43. 45. ——,— 
; a) 3° a) re 

47.4 49. 0,-6 51. —4,-28 53. -21 55. —8 


57. ieee 59. 0,-2 61.0 63. 2 
5 3 


65. (—4,4) < {men} —> 67. [—21, 3] «fee > 
4 4 


21 3 


69. (-$.4) —__4— 71.0 
-8/3 


4 
73. (—%, —3) U (3, ©) <_<} 
4a 3 
75. (—%, —12) U (36, ©) ~<_}—_§_— foe 
ee 36 
16 
n.(-— ume 
3 -16/3 4 
79. (—%, ~) ——— 81. 9.1, —2.9 


10 
83. 40,-20 85. (—~%, —2] U [2 «) 
3 3 10/3 
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87. (—~, —2) U (5, ») <———}—___(——» 89. 40, —20 
—2 5 


3 
91. [10,14] ~~~ 93. -3, -7 
-10 14 


95. (—~%, —24) U (—18, ©) <j} —_——_fomem> 97. 


24 = -18 

99.2 101. 70°<1=<86° 103. a. |c — 0.6°| <0.5° 

b. [0.1°,1.1°] 105. a. 26.45%, 24.76%  b. It is less than or 
equal to1%. 113. 50°, 130° 


I] Study Set Section 4.4 (page 347) 


1. linear,two 3. edge 5. yes 7. yes 9. yes 11. yes 
13. m = 3,(0,—-1) 15. no 
17, <—[e—» 19. no,dashed 21. yes, solid 

2 


23. y 25. y 
A A 


3x 2\=y 43 


— 
i ee 2 3 4 5 


= 
3x = y +/3, 


4 
: x<4 | 
eed ig xa 
=a 
3} 4 
4 
5 I 
d 
39. y 41. 
L 
\[bxty>2+x 
8 
N 
x 
3 2-1 12 3° 4 5 
‘ 
2 i. 
Ditly $2 
x ty \ Ee it 
4 ax+12b(y- 3 


43. y 45.3x+2y>6 47.x<3 


-3 2-1 
-l 


x el 
27285 


53. a. the Mississippi River b. the area of the U.S. west of 
the Mississippi River 55. (5,15), (15, 10), (20,5); answers 
may vary 57. (40,80), (80, 80), (120, 40); answers may vary 
61. yes 63. (3,1) 


J] Study Set Section 4.5 (page 356) 


1. inequalities 3. intersect 5. yes 7. no 9%. yes 
11. false 13. true 15. true 17. ili 19. i 
21. 


45. 


ae 
See 


51. 1 $10 CD and 2 $15 CDs, 4 $10 CDs and 1 $15 CD 
53. 2 desk chairs and 4 side chairs, 1 desk chair and 5 side 
chairs 57. IV 59. II 


= 


- ano b. yes 
G [-S, 0), {x | x = —5} _—__—» 
= 
i (Se) t t=) = 
4. [4, »), {x|x = 4} —_pay 
4 


. (—%, 20), {t| t < 20} <—3j——> 
20 


on oe 
° es aan | (eae 
1 ll Sst ot 


N 


w 


ul 


8. no solution,@ 9. $20,000 ormore 10. She needs to 
receive a score that is greater than 5.2. 11. 5hr 13. {—3, 3} 
14. {—6, —5, —3, 0,3, 6,8} 15. yes 16. no 
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i oe 


-3 6 if 2 


19. [-10, —4) poy , 
-10 —-4 

20. (—%, —11) <> 21. no solution, © 
-11 


1 
22. [0, ar ae er ta 23. (-4.2) + 4 — 


-1/3 2 


24. [1,9] <—_-—_—_f —_> 25. yes 26. no 
1 9 
27. (—%, —5) U (4, 2) gems fp 
= O 4 
7 —— 
28. (—%, 0) ; 
29. 17 < 4x < 25, 4.25 ft < x < 6.25 ft, [4.25, 6.25] 


30 ot Rae Bye =e Sa. 3 11 55 26 8610 

. a. iijiv b. i, iii ead, 23.75 ais 

: 1 19 1 13 
34. nosolution,@ 35.3 36. 3 8 37. 5° 5 38. 7) 
39. [—3, 3] <> 
3 3 
40. (—5, —2) <n > 
5 “a 
1 

41. [3.2 42. no solution, @ 


-3 19/3 


43. (—00, —1) U (1, ©) em —_1 foe 
ee 


22. 
44, (-®, —4] U 2, ~) 
-4 22/5 


45. (-=.4) U (4, 20) es} $f 
4/3 4 
46. (—~, 0), R — 


47. Since |0.04x — 8.8|is always greater than or equal to 0 for 


any real number x, this absolute value inequality has no 
3x 1 

aes. + — 
50. 45 
equal to 0 for any real number x, this absolute value 
inequality is true for all real numbers. 49. a. 8,2 


b. [6,10] 50. 3,—-3 51. no 52. yes 


solution. 48. Since is always greater than or 


5 Deel 
Zales: 1 
ye =|) 3 | 2 
aa 2 Scam 7 —3. 
4 4 
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57. 6x + 4y = 10,200; (1,800, 0), (1,000, 1,500), (2,000, 2,000) 
58. 3x —4y >12 59. yes 60. a. true b. false c. true 
d. false e. true f. true 


61. 62. 


63. y 64. 
t { 
i a i 
3 i 
ies i 
I i 
ie i 
1 1 > xX 
> ae hay ee | i] 
in —3 1s 
1 ED reel 
jt 4 i 
¥ Y 


65. 5 $20 shirts and 15 $30 shirts, 15 $20 shirts and 
10 $30 shirts 66. =,<,=,< 


J Chapter 4 Test (page 369) 


1. a. inequality b. infinity ¢. compound d. union, 
intersection e. system,two 2. yes 


3. (12,0), 4 po. 4 (—, | 
12 = 


5. (—~, —14), 6. (—00, 00), ges 
( re 8 CE 

7. more than78 8. 11hr 9. no 10. {—4,0,11} 

11. {—5, —4, 0, 7, 8, 9, 10, 11} 


12. a. ——— b. —__——)}__> 
= 2 1 


of] 


9/4 


14. (—%, =) U (8, 00) $e 
-3 8 


15. (—2, 16) <«—_(——j_» 16. no solution, @ 
—2 16 


8 8 
17. —5,— 18. 4,-4 19. —,—— 
> 3 9 9 


21. 10 22. |x — 0.0625] < 0.0015; [0.0610, 0.0640] 
or 


-7 i 
24. (-%, —9) U (13; oo) — 
-9 13 
25, (—~, 1) U (3, %) ye 
1 3 


20. no solution, @ 


E | 

26. | 5.3 | +} _ 

33 

27. (-%, 2 28. (—6, —3) 


29. y 30. y 
A , ar. 
MB EEF 
v 
oe 
Ae, 
7 
D2 
Trey yal aN tb bia Buea * 
=I: sil 
fr = 
2 KA vox 
5x+3y<10 | = 
4 7 4 
sf 


x=-3 x=4 


34. (1,1), (2,1), (2,2); answers may vary 
y 


| of 
2 
= 8 
is} 
= 4 
ay 
E2° 
6B¢E 
o 8 5 
3 
Se 
a 4 x|+ Byl<|9 
5 cae) r 
re} 2 < 
8 1 Tae 
= 
a ‘s x 


123 45 6 7 8 9 
Number of simple returns 
35. a. (3, —4) is a solution of inequality 2. b. No, it does 
not lie in the doubly shaded region. 36. =,=,=,= 


] Chapters 1-4 Cumulative Review (page 371) 


1. rational numbers: terminating and repeating decimals; 
irrational numbers: nonterminating, nonrepeating decimals 
2. 0.125, 0.0625, 0.03125, 0.054125 3.10 4. —6 

5. —-2a+b-2 6 8-9 7.3 8.6 9. nosolution, © 


= 1 
10.—-2 11.d= ai 12. 201 ft? 13. $20,000 14. ra 
= 


8 
15. — = 16. a. 26,000 prisoners/yr b. 1990-1995, 67,200 


5 
: 1 11 
prisoners/yr 17. parallel 18. y = 3% So ca 
19. a. y = —0.06x + 8.2 b. 2.8 L/min 


20. D:{—12, —6, 5, 8}, R:{-6,4,6} 21.14 22. 3° -+¢ 


23. D: the set of real numbers, R: the set of all real numbers 
greater than or equal to —2 


{fod = kl +2 


24. yes 25. (2,1) 26. (7,23), in 1907 the percent of U.S. 
workers in white-collar and farming jobs was the same 
(23%): (45, 42), in 1945 the percent of U.S. workers in white- 
collar and blue-collar jobs was the same (42%). 27. (3,1) 
28. (1,1) 29. 750 30. (—1,—1,3) 31. 250 $5 tickets, 
375 $3 tickets, 125 $2 tickets 32. (—1,—1) 33. —10 


34, (3,-2) 35. (—%, 11], {x|x = 11} ——y_~ 
il 
36. (—3, 3), {x| -3 < x <3} a 


-3 3 
37. (-®, 2) U (7; oo) —}_$> > 
2 7 
9 
38. [1.3] «—_-—}_- 
1 9/4 


3 3 2 
39. 3,— 40. 5, - a. | 2,2] 


42. (—%, -4) U (1, ©) qj ae 
—4 1 


43. y 


—2/3 2 


2x + 3y = 12 


I] Study Set Section 5.1 (page 385) 


1 
1. power 3. product, quotient 5.9 7. 16 9. =9 


11.9 13.77" 15. x”y" 17,10 19. x77" 
21. 2x =2+x;x7 =x-x 23. a. add b. subtract 
c. multiply 25. 9,—(—2),11 27. 5;3 29. x;5 31. b;6 


33. 8 35. x° 37. x! 39. 2atb? 41. —S5y’ 43. 64 


9 il 
45. 2° 47. a°° 49. b’? 51. 27x°y'* 53. ——m*n'? 
729 
15 4 
a 1. 
55. — 57. 59.1 61.1 63.3 65. —6b 67. — 
pio 9p° 25 
3 1 5 8 b 
69. =-5 71. 73.9° 75. 20° 77.— 79. == 
Dp y 9 4a” 
33 12 
P A 3 4 64b 
81. — 83. 85. —— 87. 89.1 91. 
5 ‘ oe 270° 
93 95.) 97 . 99." 101 a 
bh? 4 12 % 9a*h® : 9q° 
1 1 
103. 105. 107. —32x° 109. k’ 111. p'° 


Appendix Il_ Answers to Selected Exercises 


54 1 s 1 a° 
113. x°y* 115 BP 117 3 119 P 121 ” 
1 27 
1233.@ 125.0 127.4 129, —3 131. 1 133. =— 
8y3 8x°y'4 9x 8a 
135. ox! 137. 139. 3.462825992 
IX 


141. —244.140625 149. 10°7,10-7,10°4,10 °°, 10°, 10°’, 
10°°,10°° 151. 10° - 26°; 17,576,000 153. a. x° ft? 


b. x? ft? 159. (—00, 1) —q_y—_> 
1 
161. (—, 20] > 


20 


| ThinkIt Through (page 390) 
5.36 X 10’, 1.56 X 107, 7.45 x 10 


IJ Study Set Section 5.2 (page 393) 


1. scientific,standard 3. 10”,integer 5. left 7. 60.22 is 
not between 1 and10. 9. 3.9 10° 11. 7.8 x 103 

13. 1.73 x 10!4 15.9.6 x10° 17. 3.23 x 10’ 

19.6.0 X10 7 21. 5.27 10° 23. 3.17 x 107+ 

25. 270 27. 0.00323 29. 796,000 31. 0.00037 

33. 5.23 35. 23,650,000 37. 1.817 x 10! 

39. 5.005 x 10° 41.5x10° 43.1.9 x 10° 

45. 4.005 X 107°; 400,500,000,000,000,000,000 

47. 4.3 X 10-7; 0.0043 49. 6 X 10°: 6,000 

51. 3.6 X 10 >; 0.000036 53. 2,600,000 to 1 

55. $1.7 X 107, $3.9 x 10°, $2.75 x 10°, $3.12 x 108 
57.8.5 10g 59. about 9.5 x 10° m 

61. a. 2.5 X 10° sec = 2,500,000,000 sec b. about 79 years 
63. 1.209 X 10° mi 65. 1.0 x 107! 


71. [1.3] —— a 


9/4 


73. (—c, 2) U (7, ©) ——m}—____(ee 
2 7 


I] Study Set Section 5.3 (page 406) 


1. polynomial 3. binomial 5. degree 7. cubic 9. like 
11. —2x* — 5x7 + 3x +7 13. Jy + 4y* — Sy? — 2y° 
15. 9x7 + 3x -—2 17. -1,-1,1,3 19. monomial,2 
21. trinomial,3 23. binomial,2 25. monomial, 0 

27. none of these,10 29. binomial,9 31. —4 33. —2 
35. D:(—%, ©) R:[0, ©); 8,2,0,2,8 37. D:(—%, ~) 

R: (—~, ~); —42, 0, 12, 6, —6, —12, 0, 42 


39. 41. 10x 43. 2x7 + 4x 45. —3r°A 
ia 1 1 
— 47. —x’y? + —x’y? 49. x? — 5x + 6 
3 4 


51. 5a°7 + 3a —9 53. 5x7 +x—1 55. 7x7 + 6x +10 
57. 2a’ 59. 13a*b 61. —Sa°> + 4a+4 

63. 4x° — 3x7 + 3x —7 65. x* — 8x + 22 

67. —3y° + 18y* — 28y + 35 69. 2pq — 2q 

71. 2x°y? + 13xy + 3y? 73. 4x7 - 11 

75. 6x° — 6x7 + 14x —17 77. 2x 79. 12x7 + 9x — 14 
81. 20ft 83. 872 ft? 85. 2,160in* 

87. a. V(x) = 2,500x + 275,000 b. $325,000 


a8 | Appendix Il_ Answers to Selected Exercises 


1 

89. a. 4 b. ascending « — = d. fourth e. sixth 
720 

97. [-5,5] 99. (-1,9) 


J] Study Set Section 5.4 (page 418) 


1. product 3. terms 5. factors 7. term 
9x7 +2xy+y* 11x? -y? 13. square, square 


il 3 
15. mul + 3? —5 17. 4a27-—9 19. 2x,-3 21. 4,-3 


23. 8b> — 6b +1 25. —6a°b 27. —15a*b’c? 

29. —120a°b? 31. —405x’y* 33. 3x +6 35. 3x° + 9x? 
37. —6x° + 6x7 — 4x 39. 7rest + Trs*t — Trst? 

Al x? + 5x +6 43. 6 +5t-6 45. 6y* — S5yz + 2° 
47.b'+b>-—b-1 49.x°-y% 

51. 6y' + lly? + 9y +2 53. 4a? + 4a — 3 

55. 12x° — 2x7 -—7Iv +2 52.x° +2xz-yr tr 

59. 2a* — ab — az —b* —2bz —2 
61. 18p* + 30p? — 72p* 63. —10men + 15nen? + 45mn? 
65.x° + 4x +4 67. a> —8a+16 69. 4a’ + 4ab + Db” 
71. 25r* + 607? + 36 73. x7 -4 75. y°—4 

77. 3x° + 12x 79, 3x7 +3x—11 81. 2b* + 35b + 48 
83. 0.2 —2.7t+9 85. —6fu? + 11t — 3 

87. 27b° — 9b°c — 3b*c + c? 

89. 55m? + 22m?n* + 15mn? + 6n? 

91. 24m°y — 20m’y? + 4my*? 93. —18a°b* — 6a7b° 


1 
95. 8la’b* — 72ab +16 97. aee +b+4 


1 
99. 16k? — 10.4k + 1.69 101. x*y? — 36 103. ros — 256 


105. 5.76 — y* 107. 8a° — b° 
109. a° — 3a°b — ab* + 3b° 
111. 2a? + ab — b* — 3bc — 2c?_-113. r* — 2r?s? + 54 
115. —p° + 4pq 117. —b* — 4b -1 

119. 9.2127x* — 7.7956x — 36.0315 

121. 299.29y* — 150.51ly + 18.9225 

123. a. (x + y)(x—y) b. x(x — y); x7 — xy 

c. y(x — y);xy — y* d. They represent the same area. 
(x + ye —y) =x? -y? 

125. x(12 — 2x)(12 — 2x) in? = (144x — 48x* + 4x4) in? 
131. 133. 


J] Study Set Section 5.5 (page 426) 


1. factored 3. factor 5. greatestcommon factor 7. 6xy 


9. a. The terms within the parentheses have a common 
factor 2. b. The terms within the parentheses have a 
common factort. 11.4 13. x7,2 15.2:°3 17. 3°+5 
19. 2’ 21. 57-13 23.12 25.2 27. 4a 29. 6xy?z* 
31. 2(x +4) 33. 2x(x — 3) 35. 5x7y(3 — 2y) 

37. Tab(4a* — 3b”) 39. 9x’y*(5x° — Ty* + 1) 

41. 2a°b*(6a°b* + 4a — 3b”) 43. prime 45. prime 


47. —3(a +2) 49. —x(3x +1) 51. —3x(2x + y) 
53. —6ab(3a + 2b) 55. (x + y)(4 + 2) 

57. (m+nt+p)\3+x) 59 (x + y)(at b) 

61. (x + 2)(x + y) 63. (v — u)(v — 7) 

65. (x + y)(x+y+z) 67. x(m+n)(p + q) 


69. yx +y\(x+y+2z) 71.4 = = 
nT 
dids 4 bx S-a 
73. f= 75. = 77.r= 
Ca Oe ee ey 


79. 7x(x +2) 81. 5¢°(St* — 2t + 1) 

83. —Tuvz*(9uvez’ — 4v4 + 3uz*) 85. —(x + y)(a — b) 
87. (ut v)\(u+v—1) 89. —6xy(x* + 2xy + 3y’) 

91. (3 —c)\(e +d) 93. n(2n — p + 2m)(n*p — 1) 

95. (a— b)\(r—s) 97. (x — y)(x — 4) 


1 1 1 
99. a. bik b. beh c. ahh: + by); the formula for the 


area ofa trapezoid 101. r°(4— 7) 107. aline 
109. (—%, —3) 111. They are the same. 


J] Study Set Section 5.6 (page 435) 


1. squares 3. 1,4, 9, 16, 25, 36, 49, 64, 81, 100 

5. (x + 5)(x + 5) =x* + 10x +25 7. A common factor of 
2 can be factored out of each binomial. 9. p* — pq + q° 
11. p—q_ 13. 6y,6y,6y 15. (x + 2)(x — 2) 

17. (3y + 8)(3y — 8) 19. (4x? + 9y)(4x? — 9y) 

21. (25a + 13b*)(25a — 13b) 23. (s* + 4)(s + 2)(s — 2) 
25. (m* + 9)(m + 3)\(m — 3) 27. (x ty t+ z\(x ty —2z) 
29. [(m +n)? + p?|(m + n+ p)\mt+n-—p) 

31. 2x(x + 4)(x — 4) 33. 2(4a* + 9b*)(2a + 3b)(2a — 3b) 
35. (a+ b\(a—b+1) 37. (a—b)a+b+2) 

39. (t+ 3)(t? — 3t+9) 41. (r +s)(r? — rs +87) 

43. (r — 5)(r* + 5r +25) 45. (2a — 3b)(4a” + 6ab + 9b?) 
47. (3 —x — y)\9 + 3x + 3y +x? + 2xy + y’) 

49. (t+ 1)? —¢ 4+ 1)(t- 1)? ++ 1) 

51. 5(x + 5)(x* — Sx + 25) 53. 2(x — 4)(x* + 4x + 16) 
55. 5(p> + 4) 57. 5(p? +4) 59. prime 

61. (9a + 7b)(9a — 7b) 

63. (2ab*c? + 3d*)(2ab*c* — 3d*) 

65. (x° + y)(x + y)(x - y) 

67. (15a* + 4b*c°)(15a* — 4b*c®) 69. 8(x + 3)(x — 3) 

71. 6x*(x + 6)(x — 6) 73. 16a*bc*(ab + 2c)(ab — 2c) 

75. (m — 2n)\(1+m+2n) 77. (3a + b)(9a" — 3ab + b’) 
79. (Sxy? + 62°)(25x’y* — 30xy*z? + 362°) 

81. (x? + y*)(x* — x*y* + y*) 

83. 2u°(4v — t)(16v* + 4tv + £°) 

85. (a + b)(x + 3)(x? — 3x + 9) 


4 
87. Pea bn? + rr + 1) 


91. y 93. y 


I] Study Set Section 5.7 (page 446) 


1. trinomial 3. leading 5. positive 7. positive 

9. 2xy + y* 11.x7—y? 13. 4,-4,1 15. (x + 2) 
17. (x —3) 19. (Qa+1) 21. (x +1)? 23. (a — 9) 
25. (2y + z)> 27. (3a — 2b)* 29. (x + 5)(x — 4) 
31. (p — 9\(p — 8) 33. (a+3)(a—4) 35. (p+ 7)\(p — 6) 
37. x(3x — 1)(x — 3) 39. —3a(b + 5)(b — 1) 

41. (x — 3)(x— 2) 43. (y+ 2)(2y +1) 45. prime 

47. prime 49. x°(7x — 8)(3x + 2) 
51. —2(4x + 3y)(x + 3y) 53. —2(p + 2q)(p — g) 

55. x°(b — 7)(b —5) 57. (x +2+y)(x +2-y) 

59. (x + 1 + 3z)((x +1 —3z) 61. (x +a+ 1) 

63. (3a + 3b+ 4)(a+b—6) 65. (a+ 9)(a — 5) 
67. (2z + 3)(3z +4) 69. 3(x + 7)(x — 3) 

71. (x — 2)(x — 5) 73. —(x + 5)(x — 3) 

75. —2(y + 10)(y — 2) 77. (x + 3y)(x — Ty) 

79. (4a — 3)(2a +3) 81. (5b — 2)(3b + 2) 

83. (6y — 5z)(3y + 2z) 85. (a + b)(a — 4b) 

87. —(3a + 2b)(a — b) 89. 5(a — 3b)* 

91. (x? + 5)(x7 + 3) 93. (y* — 10)(y* — 3) 

95. (a+ 5)(a— 5)(a+2)(a—2) 97. (a — 16)(2a — 1) 
99. (2u + 3)(u+1) 101. (Sr + 2s)(4r — 3s) 

103. (c + 2a — b)(c— 2a + b) 105.x +3 109. 5 


8 
1.5 113. —26p* — 6p 


I] Study Set Section 5.8 (page 450) 


1. factoring 3. cubes 5. common 7. trinomial 

9. Multiply the factors of y*z*(x + 6)(x + 1) tosee if the 
product is x*y?z* + 7xy*z* + 6x7z? 11. 3ab, 2b, 2a 

13. (x +4)* 15. (2xy — 3)(4x7y? + Oxy + 9) 

17. (x —D(y +s) 19. (5x + 4y)(S5x — 4y) 

21. (6x + 5)(2x + 7) 23. 2(3x — 4)(x — 1) 

25. y(2x + 1)* 27. (x + a’y)(x” — a’xy + a’y’) 

29. 2(x — 3)(x7 + 3x +9) 31. (a+ b\(f +e) 

33. (2x + 2y + 3)\(x +y — 1) 

35. (25x* + loy”)(5x + 4y)(5x — 4y) 

37. 36(x* + 1)(x + 1)(x — 1) 

39. (a + 3)(a — 3)(a + 2)(a — 2) 

41. (x +3+y)\(x+3—-y) 

43. (2x + 1 + 2y)(2x + 1 — 2y) 

45. (xty+1)(x-y-1) 47. (p+2)(pt+4)x+t+y) 
51. perpendicular 53. —225 


IJ Study Set Section 5.9 (page 457) 


1. quadratic 3. Atleastoneis0. 5. yes 7. yes 
9. If the product of two numbers is 8, neither number need 
be8. 11. y+6,y —9,-6 13. 0,-2 15. 4,-4 


1 1 
17. 0,-1 19. 0,5 21, -3,-5 23. 5,2 25.5, -1 


27. 25 29: 0,0, =1. 31. 0,7; =3: °33.:3;—3;2,=2 


35. 2,-2,4,-4 37. —2,-4 39. > 3 41. L-5 


wo] n 


43. 0,7,—-7 45. 3,3 apo" 49,92 1.2 
Mg) eg say “A? 2 “6 "5? 


Appendix Il Answers to Selected Exercises | A199 


53. 0,-2,—-3 55. 0, > —7 57. 16,18 or —18, —16 


59. 2.78,0.72 61.1 63. 10in.,16in. 65. 3 ft 
67. 20 ft by 40 ft 69. 11 secand19sec 71. 2sec 
73. 6m/sec 75.4 83. 25 ft 


J Chapter 5 Review Exercises (page 462) 


1. 243 2. -32 3. -64 4. 5.x 6. 


33 


b 
20. 64 21.5% 22. a 23. 1.93 x 10° 
8a 


24. 2.735 X 10° 25. 72,770,000 26. 0.0000000083 
27. 7.6 X 10? sec 28. 1.67248 x 10°" g 29. 8.4 x 10° 
30. 1.875 xX 10° *) 31. no 32. yes 33. yes 34. no 
35. binomial,2 36. monomial,4 37. none of these, 4 
38. trinomial,8 39. 134in.2> 40. —29 


fe) = -3x° +4 


43. 20° — 21° —5t 44. abc = > abe 


45. 3x°y* — 8x°y + 8y 46. 19m? — 13m — 9 
1 5 
47. —s° — —s* 48. 6k* — 6k7 + 9k? —2 49. 4c7d? + 4cd? 


50. a. -1 b. —2,—-1,1 « D:(—~,~), R:[-1, ~) 

51. —4a° 52. 6x°y?z> 53. 2x4y* — 8x7y" 

54. ab + 2a°b’ — ab? 55. 6x° — 12x” + 4x — 8 

56. 25a°t? — 60at + 36 57. 49c8d®° — d* 

58. 15x* — 22x37 + 58x7 — 40x 59. °° — 3r’s — rs? + 35° 


60. (2s oa 61. 25 — 10a + 10b + a® — 2ab +b” 


62. 2x7 + xy — y? — 3yz — 2z* 63. 41a” — 12a +5 
64. b> —b—7 65. a. (12x — 2)in. b. (8x* — 2x) in? 
c. (16x? + 12x* — 4x)in? 66. a. f(x) = x° + 3x? + 2x 
b. 210in.* 67.6 68. 3xy° 69. 4(x* + 2) 


70. ACs —6x +1) 71. prime 72. 7a*b(ab + 7) 


73. 5x°(x + y)(1 — 3x) 74. 9x7y3z?(3xz + 9x?y? — 10z° 
75. —(x +9) 76. —(—4r + 7) or —(7 — 4r) 
77. —7(b° — 2c) 78. —7a’b’(a — b)*(7a* — Tab — 9b?) 
79. (x + 2)(yv+ 4) 80. (ry —a+1)(r-1) 
81. (7 +1)(t-9) 82. (1 — x)(1 — 3z) 

MM 


83. m, = 84. A = 2ar(r + h) 


mz —m 
85. (¢ + 4)(z — 4) 86. (xy* + 82°)(xy? — 82°) 87. prime 
88. (c + a+ b)(c—a-—b) 

89. 10m?(m + 4)(m + 2)(m — 2) 


A200 | Appendix Il Answers to Selected Exercises 


90. 
91. 
92. 
94. 
95. 
96. 
97. 
100. (z — 5)(z — 6) 

102. (a — 8b)(a + 3b) 


(m+ n)(m—n +1) 

2c(4a? + 9b*)(2a + 3b)(2a — 3b) 

(k+1+3m)(k+1—3m) 93. (t+ 4)(t? — 4t + 16) 

(2a — 5b*)(4a* + 10ab* + 25b°) 

4d*(d + 1)(d? — d +1) 

3)(b° + 2be + c? — 3b — 3c +: 9) 

98. (7a° + 6b’)? 99. (y — 20)(y — 1) 

101. —(x + 7)(x — 4) 
103. (4a — 1)(a — 1) 


(x + sy 


104. prime 


105. yy + 2)(y — 1) 106. 9st(3r — 2)(r + 4) 
107. (r + s)(6t — 5)(t +3) 108. (v* — 7)(v? — 6) 
109. (w* — 10)(w* + 9) 110. (s +¢- 1) 


111. 4rs(q — 5t)(q + 6t) 
113. (z — 2)(z + x + 2) 
115. (x +2 


112. (2m + 2n + 3)(m +n — 1) 
114. prime 
2p?) 116. (y + 2)(y+1+4+-x) 


2p?\(x + 2 


117. 4c?(ab + 4)(a°b” — 4ab + 16) 


118. (a 


3)(a — 3)(a + 2)(a — 2) 


119. (2x + 3)(2x7 + 3x7 +1) 120. shlny + r)(r, — 1) 


121. Ne 122. 6,-6 123. a = 124. 3, —3,1,-1 
4 2 6 
0 24 2 70 
125. 0,-3,= 126. —3,7, 
127. arepeated solution of -8 128. —7, —-1,1 
129. 1,3 130. 7mby1l0m 131. 5ft 132. 51 


J Chapter5 Test (page 473) 


o—_ 


b 
7. 
9 


11. 


19. 
21. 
23. 
25. 
27. 
29. 
31. 
32. 
33. 


.xP tt 3 


a. perfect b. product c. binomials d. quadratic 

difference, cubes f. greatestcommon 2. a. x'° ft? 
a 8x°y? 64 m* 

er 4. Ds 5. BS 6. onl 

2.9 x 10° = 2,900,000 8. 1.116 x 10’ mi 


. a. 3, —4, -3, 2, 5 b. 8,—-1,1, -6,4;13 10. 110 ft 


b. D:(—%, %), R:(—%, %) 
c —2,0 12. a.0 b. 2,6 
c. D:(—%, ©), R:(—%, 2] 
13. 2x°y* + 13xy + 3y? 


a. y 


2 
14, 2x° + x? 
x is* 
15. —12aty!?z"7 


16. —15a°b* + 10a°b° 
17. 6y? + Illy? + 9y +2 
18. 0.06d? + 1.6d — 6 


2mn +n? 20. 3257 — 50st? 
22. c?7-—c+4 


12n + m? 
15¢? — 21 + 13 
3abc(4a*b — abc + 2c?) 24, (k + z)(h + bd) 
(x — 6)(x +5) 26. (y+ (y + 3) — 3) 


36 + 12m 


(5m — 6n)? 28. (s + 3)(s — 3)(s + 2)(s — 2) 
—x°(7x — 8)(3x +2) 30. prime 

5(x + 5)(x? — 5x + 25) 

(4a — 5b*)(16a” + 20ab” + 25") 
(x-—yt5)(x-—y-—2) 34. (3b + 2c)(2b — c) 


35. (a+ b)\a—b+1) 36. v=—22— 37. 0,5 
v3 + Vy 
5 i 28 1,0, -9 1, —4,4 
38. —5,5 39. 5,-> 40. 1,0, ai. —1,—-4, 
42. 1.5 ft 


| Chapters 1-5 Cumulative Review (page 475) 

1. true 2. false 3. false 4. true 5. true 6 —27 7.1 
5 

8. C= ae — 32) 9. 1,687.22cm* 10. 12 0z 


10 2 

~y=8&r+ ~y=-oxts 

11. y=8x4+21 12. y 13” B 
13. —1.2% per year 14. —3 15. f(x) = 0.025x + 95 


16. y D: the set of real numbers, R: the 
A set of all real numbers greater 
than or equal to 2 


1 
Y ) 19. (—2, 0,2) 


21. eee , , 
5 271 3 
23. 2, ©) —_—f+-—_$_-—- 
24. 
: 9a? 
ae y 27. = 28. 0.000000090895 
29. 8a — b° 


30. 13k* — 10k + 17 


31. (x — y)(x — 4) 
32. 6s°(s + 6)(s — 6) 


33. (2x* + Sy)(4x* — 10x?y + 25y’) 


1 
34. —(3a + 2b)\(a — b) 35. 1, => 36. m, = 


Mz — & 


J Think it Through (page 481) 


1. about 25% 2. about 88% 3. about10% 4. yes 


J] Study Set Section6.1 (page 487) 


7a. 1 b. 0.5 


3y x-3 
c. 0.25 d. D:(0,%),R:(0,%) 9% a. ae geo 


1. rational 3. simplify 5. opposites 


3 
a 


Il. a iii bi «iv dil 


at+9 
13. yes, yes, yes, yes, yes 
15. 6,3, 1.5, 1, 0.75, 0.6,0.5 fix) 


19. all real numbers except 0, (—~, 0) U (0, %) 

21. all real numbers except —2, (—%, —2) U (—2, *) 

23. all real numbers except 0 and 1, (—~, 0) U (0, 1) U (1, ©) 
25. all real numbers except —7 and 8, 


2a" 3 3 
—o, —7) U(-7,8) U(8,~) 27. 29. 31. 
(-=,-NU(-7,8)UG%) 37 29. <5 31.7 
33 ay! 35 2 37 an 39. 2 41 ae 9 
* 3x “x -6 “In +3 “x -9 “10 
45 5x ae 5 ae oa a d+4 46 h+5 
“x-2 “x 4+3 “d+2 “wh -1 
Pr -—3r+9 6 
51. 5 53. 5 
t+4 so—-st+1 
38m + —(3m +n 
55. i ” or ( Dy: b-a 
m m 
= x+2. -@+%) 20x 
“xy +1 Beal “xy - 1 


63. D: (—, 2) U (2, ©), R:(—~, 1) U (1, ©) 

65. D: (—», —2) U (—2, 2) U (2, ~), R: (—%, ) 
x+6 a+2 mt+n 

“@+2a+4 n+2m n+ Im 


—m—n 


75. Does not simplify. 77. 3 


- ae a 2 - Xx+1 w+ 

“x-3 “x +2 . e202 aR 

x=3 x= 3 
or 
(9 + x*)(3 + x) (x? + 9)(x + 3) 

2p” t-—2 1-2 
7 89. or 

3q° 3+t t+3 
b. $200,000 93. a. c(n) = 0.09n + 7.50 
0.09n + 7.50 

n 


87 


91. a. $50,000 
b. c(n) = c. about 10¢ 95. a. about 2.5 hr 


b. about 4.6hr 99. a — 6a7 + 5a +6 
101. —3m'n? + 21m?n? + 6m? 


Appendix Il Answers to Selected Exercises P A-21 


J] Study Set Section6.2 (page 498) 


. F . AC 
1. rational 3. invert 5. numerators, denominators, —— 


BD 
11 2 
7. (x — 5), (x + 3),x,5,x 9. yes,no,yes 11. 7 13. 5 
1 3x4 +3 x — 2) 
15. zi 17. < 19. yy ) 21. ( ) 
25a” 14y 10 x 
23,27! 95 oy 27.1 29+ 31,3 
Ox? “@-3)t+2) “t+1 ” 2x 
33, 9-35. x +1 37. 2y + 16or Ay + 8) 
a 
oa at (x + 1)?(x + 2) 
“Aa +3) ° x + 2c 
2 4 3 2, 
x — 6x +9 4m 4m 11m? + 6m + 9 
43. ———.——_ 45. a 
x" + 8x° + 16 = Dee se 1 
5 9 2y° 3 
47. 49. 51. r; 53. A 55. 5 
6 2 3x 10p xo + 2x +4 
2x(x — 4) n+2 ctd 
57. 59. 61. 5 7 
w+5 n+l d(25c* — 5cd + d*) 
yy + 3) 2 a+1 3x 
63. . 67. 69. 
yt2 x+1 a-1 2 
x — 3\(x —6 2x +1 2 
71. ( M ) 73. ( ) 75. 2 77. cs 
(x + 2)(x + 3) x(x + 3) Pp 2s? 
x+y x+2 
79. —10h + 300r —10(4 — 3) 81. 83. 
x-y x+1 
2x(x = 5) m+n nln 
85. aS 87. ki(ky So 2), ky +6 93. x 95. xy 
y" 


97.1 99. x" " 101. Pa 


J] Study Set Section 6.3 (page 509) 


1. denominator 3. build 5. numerators, denominator, 
A+B,A-—B 7. factor,greatest 9. a. ii b. adding or 
subtracting rational expressions c¢. simplifying a rational 
expression 11. a. twice b. once 13. a. 2°2-°2-S+x-x 
b. 2x(x — 3) « (mn + 8)(m — 8) 15. 3x — 2,3,3x — 1,3 

13 t 3 15q + 2p 
17. — 19. 21.4 23. 25. 
3x 2r x+3 Pq 
21a — 22b 4 8x — 2 j 

6ab “(x + 2)(x - 4) “(x + 3)(x - 3) 

x 9m + 2 4x — 7 Ter +x 
35. 37. E 

X=3 mn Deer D3 
41. 36x’y 43. x(x + 3)(x — 3) 45. (x + 3)°(x? — 3x + 9) 
41 3a — 10b 1 
30m a 4a*b? ” xt+1 
m—5 a Qx* +x 

(m + 3)(m + 5) “(x + 3)(x + 2)(x - 2) 
se gi, 
* 30(x — 7) : 
Ay? + 14x +54 —2(2x? — Tx — 27) 
x(x + 3)(x —3) x(x + 3)(x — 3) 
i See 3 14s + 58 


65. (x — DGx + 2) 67.0 69. G+36+) 


27. 


33. 


47. (2x + 3/°(x + 1)? 49. 


55. 


63. 
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Sx —y 6 1 2x? + 5x + 4 
71. 6 73. rere 75. a= 5 77. rer] 
—x? + 11x +8 rf) l6y? + 3 
ls 81. 83. 
(3x + 2)(x + 1)(x — 3) x+1 18y4 
3 a a—a 
“(b+2)(b-3) ° a-5 
3(a-1) 3a-3 2x , m—3 
Boo tas eet. Ge ine Oo 
s gp SE gy He 
ane *5d(d-1) ~~" t(2s + 30) 


10r + 20 3t+ 9 . 
01. ————_;; ; 107. arepeated solution of 3 


85 


109. a repeated solution of 0, —1 


IJ Study Set Section6.4 (page 519) 


2 


: t 3 
1. rational, complex 3. +,=—,m, 3,3, m, 10 
t 


25m : 
5 2a° Sy 2Ty 
7 b. 6—k ike 9 11 13 
a k a eG 9 ae 
20 3 — 2a p= 
balk 5 21. y—x 
49c°d a — 3a 3p: = 1 
a3 1 2+a4a b-1 yx 
“a+b 2a +1 b+2 xy 
24 ab — a és a’(ab” — 1) 5z — 12 
“Pb -b b(ab-1) Sz 
x—-9 yrx 2x +4 x2, 1 
35. 37. 39. 41. 43. 
3 y-x 3-—x x= 3 cd 
-1 3a +7 xy? 
45 aa 47. 125b 49. -1 51. e 53. as 
at+1 2a yrox 
— 2x 5x7" 1 1 
55. = 57. cd 59. 61. 
2y+x xy +1 2y xy 
63. —— 6s. 2 67, 44-1 ag g 
“c+d ko tk, "3d -1 ° 
75. 2, —2,3, —3 


J Study Set Section6.5 (page 529) 


1. monomial, polynomial, binomial 3. Divisor, Quotient, 
Dividend, Remainder 5. a. term b. 9,9 c. 6,6,6 
7. (2x — 1)(x* + 3x — 4) = 2° + Sx? -— Lv + 4 


9. x7, 7x,28 11. 3a7 +54 


3a — 2 
2 
=e = 12 
13. == ,x — 4x? — x — 12; 
x—4 
2 : y 3 4 
(x —x—12)+(- 4) eee ee 19. 2x + 3x 
% x2 2a2y xtyt xy? 3 
21. — => 23.2 25, t 
ce] 6 . 3 2 4 4xy? 
27.x+2 29.x-3 31.4x—-5 33. 3x°+ 4x +3 


3 -8 
35.70 +2t+1+—— 37. 2x7 +5x-34 
t+6 . ) 


39.a+1 41.2y+2 43. 3x°-x+2 
45. 4x° — 3x7 + 3x +1 47. 4a? -2a4+1 
49. 5a’? — 3a —4 51.x74+3x4+4 


20x — 13 
53, 2x +3+—— 55. 6y — 12 
3x° — 7x +4 
a 2 
57. 4a” — 3a + 59. x +3°+4 61. , 
atl 5 5a 
fees uid 67 js 
ST T . e mM — 
2s + 3 Tn m +1 
69. y+ 4y +16 71. a4*-a* +1 
1 —x*+%+4 
73. 10x?z — 2x —— 75. x2-2+————* 
x . x +2x+1 
5 
77. 2x7 -x+1 79. 7 es 81. xt — x? —3 


83.x°—5x +6 85.3x—-2,x+5 89. 87° +2444 
91. —2y° — y? + 10y — 14 


J Study Set Section6.6 (page 538) 
1. synthetic 3. divisor 5. theorem 


7. a. (5x7 +x —3) +(x +2) b. 5x? — 10x + 214 


x+2 
9. 6x9 — x7 — 17x + 9.x —8 11. 2,1,2, 12, 26, 6,8 
13. 2x +3 15.5x-—2 17. 3x -—4 19. 5x +6 
21.a—a—2 23. 3a*7+ 12a +1 


il 12 
25. 3b° + 9b — 4 + > a7. 41° + 8 + 15 + 


—10 
29. x7 —5x +6 31. 3x7 - 4x —44 
x+8 
—52 —3 
33. 2x7 —3x +124 35. x7 -2x +34 
. x+5 : x + 10 
0.368 
37. 7.2x — 0.66 + 
x—- 02 
2 1,666,762 
39. 9x" — 513x + 29,241 41. —1 43. —37 
x+ 57 


45.23 47. -1 49.2 51. —-1 53.18 55.174 57. —8 


2 
59. 59 61. 44 63. : 65. yes 67. no 


28 
71. x —7+ 
x+1 x+2 


73.a¢°+ a +a +a4+1 75. —6c* — 10c? — 2c? — 4c + 9 


69. 6x7 —x + 1+ 


77. 9a*7— 21 79. 4x7 -—x +24 81. 3x7 -—x +2 


x + 
—13 
x+2 


83. 2x7 + 4x +5 85. 4x7 - 3x + 64+ 


87. 8a° — 16a — 20 93.0 95. 2 


I] Study Set Section6.7 (page 547) 
1. rational 3. a. yes b. no 5. the LCD, 10(y — 5) 
9 5) 
7. 30y, =, 30y, 30y, 30y,7y,35 912 11.5 134 15.5 
y 


17.5 19. -; 21.1 23.7 25.4,-1 27. 2,-3 


1 1 
29. —5,7 31. —-=,6 33. —8 35. 6 
ge! 2? 


37. no solution; 9 is extraneous. 39. no solution; —3 is 
E-IR, 


extraneous. 41. A =LO+I/] 43. r= 7 


2 


2hr — Ny — ny PQ, 
45. = —WH—— 47, = 
i nh Q- Typ 
R,R2R R 
49. R= 8 51.r=— 
R>R3 + RiR; + RiR> E-e 


1 : : 
53.2 55. 3 57. no solution; 0 is extraneous. 59. 1, —11 


1 
61. 1,6 63. arepeated solution of2 65. 7 67. 0 


69.5 71. 5;3isextraneous. 73.1 75.6 77.1 79. 2 


ce 28 Ba OB 
<o care 1a : 
2 

- + 

87. a. a aE b. 4 89. a. ja b. i” ig 
(m — 2)(m — 3) 51 + So 13 

SN — CN 

91. a. L = ———__ b. 8yr_ 97. 9.0 X 10” 
a V—-C YE 
99. 44 x 10” 
I] Study Set Section6.8 (page 557) 
12 12 5) 

1. work,motion 3.x 5. aie 7. ae 8 9. aot 


6 7 
11. ar days 13. a. 13 days b. Santos: $412.50, 


2 8 4 
Mays: $375 15. 56 min 17. “3 sec 19. 233 weeks 


21. waiter: 10 min, busboy: 15 min 23. faster worker: 6 hr, 
slower worker: 12 hr 25. experienced plumber: 6 days, 


1 
apprentice: 12 days 27. 1, hours 29. about 110 sec 


31. going: 40 mph, returning: 30 mph 33. going: 60 mph, 
returning: 40 mph 35. 35mphand45 mph 37. 150 mph 
80 


49. —4 


39. 2mph 41. 3mph 45. 47. 


8 
n 


51. —x8yl0 


I] Study Set Section6.9 (page 570) 


1. ratio 3. extremes, means, extremes,means 5. similar 
7. inverse, decreases 9. Direct 11. Inverse 


21 
13. 7,6,18,66,11 15.3 17.5 19. = 21. -4 


23. 2,-2 25.4,-1 27. -3,-1 29. 0, -3 


k ka? 
a pee = = = 
31. A=kp? 33. z= 5 35. C=kxyz 37. ae 
39. r varies directly ast. 41. b varies inversely as h. 
43. U varies jointly as r, the square of s, and ¢. 
45. P varies directly as m and inversely as n. 
ei 


47. > 49. —5,2 51. nosolution 53. -5.0,5 55. 6 


5 
57. ~y hl 59. —0.1 61. —10,10 63. 202 mg, 139 mg, 
125mg 65. about2 gal 67. eye: 49.9 in., seat: 17.6 in., 
7 
elbow: 27.8in. 69. 12.5in. 71. 25ft 73. 465 ft 


75. 4cm 77. a. false b. false c. true 79. 1,600 ft 
81. 25 days 83. 12in. 85. $9,000 87. 3 ohms 
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1 
pee 
5) 


13 
89. 0.275 in. 91. 12.8lb 95. ae —— 
97. 6y? + Ily? + 9y +2 


J Chapter 6 Review Exercises (page 576) 
1. 8, 4, 2, 1.33, 1, 0.8, 0.67, 0.57, 0.5 f(x) 
A 


2,a.1 b.2 oe D:(0,%),R:(0,%) 3. The domain is the 
set of all real numbers except —6 and 4: 
(—%, —6) U(-6,4) U(4,%). 4 y =3,x =0; 


12x ST 
D: (~~, 0) U (0, ©), R:(—™, 3) U (3, 5. 
(-#,0) U@,%),R:(-%,3)UB%) 55 6. 
i 1 % 1 —-a-—b m + 2n 
“2x(x+2) “x4Qx-6) " ct+d 2m +n 
+1 : ; 
11. Ee 12. —2 13. does not simplify 
3m —-4 4-—3m 2 20 -= "1 
14. or 15. 16. —x 17. 
mt+3 mt+3 49x? 4a(a + 2) 
‘eo 46 W —4h+4 me at+6 
a : “7& +82 4+16 ~ ° (m+ 4m - 3) 
Im -— nN 3x(x — 1) Sy -3 1 
21. 22. 7 24. 
mtn (x — 3) + 1) x-y c-—d 
2 1 
25. 26. 27. 60a*h? 28. ab*(b — 1) 
f=3 p+i2 


29. (x — 5)(x + 5)(x +1) 30. (m? + 2m + 4)(m — 27° 


ee 5, 40x + Ty’z : Ax? + 9x + 12 
“atl “4122? "(x — 4x + 3) 
2a” + 8a — 19 14y + 58 12y + 20 
34, ————_—_. 35. 6. 
3(a + 2) (y + 3)(y + 7) 15y(x — 2) 
37 : 5, 2 —= 39 2be* Oe aa 
"(a + 3)(a + 2) “2a “7 * 2(p + 2) 
a go = ie ze 
2b -a "+3" yO? — 27) 
a 1+bt+d “a 2b? — 3b + 3 “ 4r —8 5 Sh? 
“1-b-d ~~" 3b-2 “Oar+5 " 11k? 
1 16 > 3x 
48. ——— 49. 6a 4 50. —3x°y 4 51.b4+4 
2y%z'° 3 y 2 y 
—4 
52.7 —-3v—10 53.x7-2x +4 54 2m—54+ 
4m +1 
—15a +2 2: 
55, 3a -2+ 56. m'—m+1+— 4 5 
a+5 m' + 2m — 3 
57.x—7 58m? —3m+2 
59. —3n*t —2n — n?—2n+1 
60. 4x2 — 3x +6 + — 61.30 =a 444 
x+2 at+1 
4 4 82 
62. x° + 3x? + 9x + 274 3 83. 54 64. —227 
= 
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77 
65. yes 66. no 67.5 68. 5 69. —2,3 70. —1, -2 
3 P ; 
71. 3 72. 0 73. No solution; 3 is extraneous. 
x + 26 26 Ha 
74. a. b. — 75. b= 
x(x — 4) 9 2a — H 
- fe) ’ BaR, k 


1 : x er 
79. a. 0 of the job per hour b. 10 of the job is 


2 
completed 80. 145 hr 81. experienced electrician: 10 


days, apprentice: 15 days 82. 6min 83. 5 mph 

84. 50mph 85.5 86. —4,—-12 87. 0,—-1 88. —2,3 
89. 70.4 ft 90. 20 91. 66in. 92. $5,460 93. 1.25 amps 
94. 0.2 95. 126.721b 96. inverse variation 


J Chapter 6 Test (page 589) 


1. a. rational c. complex d. extraneous 


e. proportion 3 Z 4. az 5 ag 
* Prop “3xy “xy-2 7 4y 
8.(—~, 0) U (0,1) U (1, ») 
9. “< 10. 1 11. = 
y Xr iL 
(x + yy 
° 2% 
2x — 3) 2 
14, ¢ é ) 15. 16. 2 
x t—4 
24b7 — 2b — 1 
3b +1 
ur 3k* + 4k +4 
20. 


@+D@-2@—3) dw 7 3-0-9 


b. reciprocal 


12 13. —1 


18. 


a a 3 56 
y= 2 Se. Baty da = = 29-41 
y i yt? 
24. x + 3isa factor of P(x). 25. 40 26. 5;3 is extraneous. 
rr. 2p? 
27. 6,-1 28.26 29,,=—"— 30,@=—— | 
‘Ge be - y 


5 
31. no, — of an hour 
11 


90min 33. 3mph 34. 2mph 35. 80ft 36. $77.32 
37. 25 decibels 38. 


32. supervisor: 45 min, technician: 


Weekly earnings ($) 


Number of hours 
worked 


] Chapters 1-6 Cumulative Review (page 591) 


_l-at+d 

d 
5. 490.9in.2 6. 24 7. Life expectancy will increase 0.1 year 
each year during this period. 8 y = —7x + 54 


1. —372 2. 22a°+20a 3. -2 4n 


d. y=-—zx-7 e yes 


13. 


14. 


16. 
19. 


21. 


22. 


23. 


32. 


33. 


36. 
38. 
40. 
42. 
44. 
45. 
47. 


49. 


7 
10. a. (—3,0), (0, -7)  b. —3 & I 


3 11. 18 12. no;(1,1), (1, -1) 


D: (—%, ~), R: [0, 0) y 


wow 


> xX 


54524) 4 
fi = |x +4|_, 

3 

4 


wv 
w 


(=2,=5) 15. T; = 80, T> = 60 


12 oz 50% alloy, 8 oz 25% alloy 17. (2,—3,5) 18. 8 
4 
(-=.5] Th 20. (-&, 11) ——— 
-11 


3 11/3 


y 24. yes 25. 81b™ 26. 81d’® 
» wi 21.3 


\_5. 

‘R000 27.559 28 
>! 29. penny: $10 7, dime: 
DS $10 1, one-dollar bill: $10°, 
3 one-hundred-thousand-dollar 
5 ‘bill: $10° 
30. 2.05 x 10” 
b. about 17 
D: (—%, oo), R: [-3, oo) y 


31. a. yes 
c. about 14 d. 4 


a 5 
7 34.-C— =c 35. 2° +274 12 


+ 6 

4m?n? + 4m — 2n 37. 2r''s*° 

12a" — 9a" + 12a 39, 4x°— 4 41 
2a” + ab — b? — 3bc — 2c? 41. 3rs*(r — 2s) 
(x—y)(5—a) 43. (x+y) + v) 
(9x* + 4y?)(3x + 2y)(3x — 2y) 
(2x — 3y”)(4x? + 6xy* + 9y*) 46. (4x? — 3)(2x? — 1) 
(x-y+5)\(x-—y—2) 48 +54 4z*\(x +5 —- 4’) 

» «vy? i 
b Bago as 5 


51. 0;2,=2 


2x — 3 
52. Jin. by 12in. 53. 3 1 54. all real numbers except 
—= 
n° q 
0 and 2:(—~,0) U (0,2) U (2,%) 55. 29 56. 
n— P 
4 c+9 y? 2 
57. 58. 59. + 3y 60. 4x° —x-1 
x-y c=5 3 


61. —17 62.0 63. It willrise sharply. 64. It has 
dropped. 65. 13cups 66. 1 day 


I] Study Set Section 7.1 (page 607) 


1. square root 3. radical 5. odd 7. simplified 9. a 
11. two, positive 13. x 15. 3,up 17. Ves |x| 


19. f(x) = Vx —5 21.9,-9 23. 16,-16 25.11 27. —8 


1 


29. = 31. —0.5 33. 2|x| 35.|t+5| 37. 5|b| 39. |a+ 3| 


3 
41. 0, —1, —2, —3, —4;D:[0, ©), R:(—», 0)» 


43. —1,0,1,2,3;D:[0,%),R:[-1,%) » 


45. D:[—4, ©), R: [0, 2) 


47. D:[-2, ©), R:[-1, ~) y 


fOHNe4+2—1 


2, 2 
49.1 51. —Sa 53. a 55. 0.4ab* 


57. 2,1,0, —1, —2;D: (-~, oo), R: (-~, >) 
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59. —5, —4, -3, -2,-1; 
D: (—%, %), R: (—%, %) 61.3 63. —3 


65. not real 
67. — 69. 


71.10 73. 2a 
75. 2\a| 77. |k*| 


1 
79. 5|m| 81. |x +2) 83. x +2 85. notreal 87. 4 


1 
89. 2a 91. -10pq 93. ~ in 95. —0.4s°t? 97. 3.4641 


99. 26.0624 
101. D: (—%, ©), R: (—%, 2%) 


103. D:(—~, 2%), R: (—2, ~) y 


enesearese| 


105. 7.0in. 107. about 61.3 beats/min 109. 13.4 ft 
3(m> + 2m — 1) 

111. 3.5% 117. 1 119, —————— 

(m + 1)(m — 1) 


I] Study Set Section 7.2 (page 618) 


1. like 3. factor 5. VaWb 7a V4-°5 be V4V5 
« V4-5= V4V5_ 9. a. V5,W/5 (answers may vary); no 
b. V5, V6 (answers vary);no 11. 8k°,8k*,4k 13. 2V5 
15. -10V2 17.20/10 19. -2W/2 21. aVa 
PW 
23. 5xV2 25. 4\V/2b 27. —3x7V/2_ 29. 5 
31. 5abV7b 33. 6/535. 2y\/2y 37. —10V/3xy 
3 

2x3yW2y 41. vi 43. <a a5. az: W5x 

3 4 4x 2z 
49. 7x 51. 6b 53. 2a\/2a 55. 3aW/3 57. 2/2 
59.9V6 61.35 63.V7+6V2 65. —W/4 
67. -10 69. V2 71. —5W3 73. 10V/2x 
75. 3V/2t+ V3t_ 77. 3\/3x 79. 29aV/2. 81. mm? 
83. ab’ W/aeb 85. S\/2_ 87. 10 89. —3\/3 91. 2W/3 


39. 


4 
3 
93. “ 95. —4daV7a 97. 10\/2x 99. W/7a? 


101. —V2 103. -17/2 105. 16/2 107. yVz 

109. 13yVx 111. 12a 113. —7y?Vy_ 115. —3x Wx” 

117. 3V/2t + V3t 119. 87 V5 ft?; 56.2 ft? 

121. 53 amps; 8.7 amps 123. (265 a 10V3 ) in; 75.5 in. 
15x° 


129. 131. 3p +4 —- 


2p —5 
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J] Study Set Section 7.3 (page 629) 


1. multiply 3. irrational 5. rationalize 7. 6V6 

9. can’t be simplified 11. can’t be simplified 13. 6V/15 
15. When the numerator and the denominator of a fraction 
are multiplied by the same nonzero number, the value of the 
fraction is not changed. 17. A radical appears in the 


denominator. 19. V6, 48, 16,4 21. 5V2 23. 24aV/10 
25. 6V/3 27. 18a 29. 12/5 — 15 31. 243+ 6V/14 
33, 122 35, 1 V5 37. 52 4 OV 15 +9 
39. bV/10 + V30b — V6b —3V2 41.7 43. 18x 


7 30 
45. 135x7 47.x+6Vx—-24+7 49. v7 51. = 
3 3 4 
4 6 2 2V 2x 
53. Na 55. V3 57. Wo 59. v2 ud 
2 3 2 xy 
a V5y ‘. V14a V65p Wab* 
“ y da? 5p" “ob 
Z 
v 14 3V2 —- V10 
71. P73. V241 = 75. V2 — V10 77. 2G 
2p 4 
x—2Vxyt+y a-4 9-—b 
79. 81. 83. 
x= y at+2Va 3Vb —b 


85. 11 87.4 89.6V2 91.5 93.8 95. ab’ 
97. 5aVb 99. —20rW/10s 101. x(x + 3) 
103. —8xV/10 + 6V/15x 105. 3x — 2y 
107. 6a + 5V3ab — 3b 109. 18r — 12/27 + 4 
V'10 W2 


111. —6x — 12Vx —6 113. 2 17. 
2(Vx -1 
121. = 123. V2z +1 
ee 


awV2L 
4 


119 


1 
125. ——_ 127. 55 129. f(L) = 133. 1 135. 3 


J Study Set Section 7.4 (page 639) 


1. radical 3. extraneous 5. Square bothsides. 7. x 
9. 32x 11. x 13. —2x 15. x 17. 6 


19. 2Vx — 2,4,16,8,24 21.2 23.4 25.1 27. 64 
29. 14,6 31.2,7 33.2,-1 35.4,-1 37. —7 39. 85 
2 2 
8T 
51. 1=— 
T 


41.16 43.0 45.9 47.1 49. h => 


L? 
53. A=P(r+1) 55. = (1 - ss) 57.4 59.8 
E 
B 
cae 
2°2 
73. 0,4 75. —32 77.1,9 79. 4,0 81. 2,142 83. 6 
85. 178 ft 87. about 488 watts 89. 10lb 91. $5 
97. 2.5 foot-candles 99. 0.41511 in. 


61. 63.1 65.4,3 67. -1,% 69. % 71. 4 


I] Study Set Section7.5 (page 651) 


1. rational (or fractional) 3. index, radicand 


5. 2519, (=a), 16°, (val), -(2) 


7. (-125)"3 91002 -16-/4 2/3 432 
«hb — 1g! 1 gel 1 1 ee 1 a coven 
-5 -4 3 2 -1 0 1 2 3 4 5 6 7 8 
9.x" ad x" 1B. Wx 
15. 0,1,2,3,4 y 17. V/100a", 10a 19. 2 
1 
21. — 23. -3 25.3 
4 
: i: 
27. z 29.2 31.0 


33. —V/3p* 35. m/? 
37. (3a)'/4 


1 1/6 
39. (Za0e) 41. (a — b°)3 43. c= Va + b 


7 
12V 
45. d = 3/— 47. 5|y| 49. 2|x| 51. 3x 53. not real 
T 
1 F 4x? 
55. 216 57. 27 59. 1,728 61. 4 63. 125x° 65. ?. 
1 1 
67. — 69. notarealnumber 71. — 73. 3 75.4 
2 8 64x 


77. 64x> 79. 577 81. 47° 83. a/4b'? 85. b 
87. yt+y? 89.x7-xt+x 91. Vp 93. V5b 95.5 


il 16 
97.2 99. —2 101. notreal 103.—; 105. — 
Oy 81 
3 
107, —— 109. W/3x 111. W17x*y 113. Vx? + y? 


2x 


5 1 
115. 2.47 117. 1.01 119. 9° 121. 36 123. a 


6 
2/9 


2x 1 
127. — 129. >x 131 133. 736 ft/sec 


3 3 : ye 


135. 1.96 units 137. 4,608 in.”, 32 ft? 141. (—%, 3) 
143. (28, ~) 


125. a 


I] Study Set Section7.6 (page 662) 


1. hypotenuse 3. Pythagorean 5. a7 +b? =c? 7. V2 


9. V3 11. 30°,60° 13. Take the positive square root of 
both sides. 15. 6,52,4,2 17. 10ft 19. 80m 


21. h = 2V2 ~ 2.83,x=2 23. x = 1211,y = 1211 

25. x =469,y =811 27. x =5V3 ~ 8.66,h = 10 
29.5 31.13 33.10 35.2V26 37.7V2cm 

a1. (52, 0), (0, 5V2), (—5V2, 0), (0, -5-V2); (7.07, 0), 
(0, 7.07)(—7.07,0), (0, —7.07) 43. 103 mm, 17.32 mm 


45. 10V/181 ft, 134.54 ft 47. about 0.13 ft 
49. a. 21.21 units b. 8.25 units c. 13.00 units 51. yes 
55.7 57.9 


I] Study Set Section 7.7 (page 674) 


1. imaginary, power 3. real,imaginary 5. a. V—1 
b. -1 c« —i d. 1 e. four 7. real, imaginary 
9.1+ 811+ 8 


11. numbers 


Real numbers 


13. 9, 61,2, 11 
15. a. true 

b. false c. false 
d. false 17. 3i 


Imaginary 


numbers 19. Vii or iV7 


Rational Irrational 


numbers numbers 


21. 2V6ior2iV6 23. —6\V2ior —6i\V/2__25. 45i 


27. i 29.a,.5+0i bO+7i 31.a.1+4 5i 


b. —3+2iV2 33. a. 76 —-31V6 b. -7 + 7V19 
35.0 -6-31 bo 3+iV6 37.8—2i 39, 15423 


4i.3=5) 42,143) 25. =6 a7. =2V6 49.6 =271 
51. 35-28: 53.64+ 141 55. -—25-—25% 57.7+i1 
59.12+5i 61.13-—i 63.3+4i 65.40 67. 65 


go. 8 9; ny, 74 4; 9, 14 5, 
oR eee be a 
6 43 Mu 1B 
. t [ ‘ l 5 -i 7 + O1 
75 79 79! 77 10 10! 79.0-i 81.44 01 


P) 2 
83. —2 + 01 85. 0-31 87. 0+ 71 89.7 91. —i 


93.1 95. —-1 97.4-—11i 99.14—8 101. —2 — 63 


103. ma _ a3 105. 18 + 127 107.0+ 2; 
13. «13 5 
109. 8+ V2i or 8+iV2 111. —2 4+ 7i 
1 15 
113. —48 — 64: 115, 4 V8, 117. -1l+i 
123. 20 mph 


J Chapter 7 Review Exercises (page 679) 


15 
Lek BH “3. - 4. notarealnumber 5. 10a° 


6. 5|x| 7. x* 8. |x+2] 9. -3 10. -6 11. 4x°y 
3 


1 
12, 13,2 14-2 15. 4x7ly| 16x41 17. -= 


5 2: 
18. notarealnumber 19. notarealnumber 20. 0 
21. 13 ft 22. 24cm? 
23. D:[0, ©), R:[0,%) » 
24. D:(—%, ©), R:(—%, %) 
25. D:[—2, ~), R: [0, %) y 
Cotas dees 
26. D:(—%, %), R: (—%, %) y 27. 4\/5 
28. 3W/2 
29. 2/10 
~ 30, -2V3 
31. 2x?V 2x 


32. Wr 


Appendix Il__ Answers to Selected Exercises 


33. —3j7° Wik 34. —2xyW2xy 35. vn 
HH 
V 17x 
36. Y 37. 2x 38. 3x° 39.372 40. 11/5 


8a2 
41.0 42. —8aW/2a 43. 29xV/2 44. 13xV/2 
45. 9W/20° — 8W6t? 46. 12x? Wx + SxWx 
4g. (6V/2 +2V/10)in.,14.8in. 49.7 50. 6V/10 
51.32 52.6V10 53. 3x 54x+1 55. —2x°Wx 
56.3 57. 42+ 9V21t 58. —2x°y?W/2x"y? 
59. 3b +6Vb+3 60. \/9p* — Wop — 2/4 
10V3 62, Y 5% Wou" ag W27ab* 

u2 


61. 


63. 


3 5xy 3b 
12V — 16x -—2 
65. 2(V/2 +1) or 2V2+2 66. ee 
z— 16x 
_ aD 
67, ogg, p= VOT” 69.29 70. 16,9 
a+ Vab 27 
n. 2 72,2 73.2,-4 74.7 75.1 76-21 
ny Tae 72, ' : aS. 


1 
77. 3,no solution 78. 6,>2 79. agit 80. 2 
3 


h’b 
81. P 82.[=—, 83. Vi 84. W/5xy? 


(r+ 1)" 

3 

85.5 86. —6 87. notarealnumber 88.1 89. — 
x 


90. —2 91.5 92. 3cd 93.27 94. “ 95. —16,807 


27 1 3.6 
96.10 97. — 98. ——— 99. 125x°*y®° 100. ——~ 
8 3,125 ae Au? 
101. 5°74 102. a/’ 103. k® 104. 37° 105. u—1 
106. V+? 107. Va 108. Vc 109. 183 mi 


110. Two true statements result: 32 = 32. 111. 17 ft 
112. 88 yd 113. 7V2m ~ 9.90 m 

152 
ee y 


114 d~ 10.61 yd 115. shorter leg: 6 cm, longer 


leg:6V/3 cm ~ 10.39cm 116. 40/3 ft ~ 69.28 ft, 
20V3 ft ~ 34.64ft 117. x =5V2~7.07,y =5 
118. x = 25V3 ~ 43.30,y =25 119.13 120. 2V2 


3 
121. 5i 122. 31/2 (123. —iV¥6 124. ai 


125. Real, Imaginary 126. a. true b. true c. false 
d. false 127. a.3-—6i b. 0-197 128. a. —1 +4 7i 
b.0+i7 129.8—2i 130.3 —S5i 131.3 + 61 


132. 22 + 291 133. -3V3+0i 134. —81 + Oi 


3 
135.4 +7 136. 0 — i 137. —1 138.7 


J Chapter 7 Test (page 689) 


1. a. radical b. imaginary c. extraneous d. isosceles 
e. rationalize f. complex 2. a. If Vaand Wb are real 


numbers, then Vab = Va b. b. If Waand Wb are 


n 
a_ Va 
real numbers, then ./— = ; 
b 1b 


(b # 0). 


— A-28 | Appendix Il Answers to Selected Exercises 


D: [1, 2°), R:[0, 2) » 


6. No real number raised to the fourth power is —16. 


7. |x| 


12. 


16. 14/5 17. 527W3z 18. —6xVy — 2xy” 
19.3 -—7V6 20. W4a? + 18W/2a + 81 

4 W187 
eae 22. V3t+1 23. . 
24 ! = J 25 J 26. 10 

VAVS-3) Vi0-3V2 ~~ 15 
27. 4,no solution 28. 3,>3 29. 2,3 30. 108, no solution 

223 
Tr 1 
31. -2 32.G= 33. 7x° 34. -9 35, —— 
OTe : 216 

25n4 

36. 7 37. 243 38. al’? 
8 6 
39. x = V3 om = 4.62 cm,h = 163 cm ~ 9.24 cm 
(12.26) V2 ney (12.26) V2 | 
40. x= in. ~ 8.67 in., y = ——.—— . in. ~ 8.67 in. 
41.25 42. 28in. 43. 3iV5 44. -1 45. —4411i 
2 
46.4-—7i 47. 75+ 45i 48. —46— 78 49. 0 — Re 
og, Sd 
Se 2 2! 


8. |y —5| 9. —4xy? 1.7¢4+8 


6xy*V 15xy 13. 2x yW3 14, 2/2 15. 2y?V 3y 


2 
10. —a 
3 


] Chapters 1-7 Cumulative Review (page 691) 


1. a. A rational number is any number that can be written as 


a fraction with an integer numerator and a nonzero integer 


denominator. 
nonrepeating decimal. 


b. An irrational number is a nonterminating, 


is either a rational number or an irrational number. 


2. 


3 1 
5. 10%: 37 cups, 18%: 67 cups 


1 a—S$+ Sr 


3. f= 4. 22 


10 r 


eat 
- a 5 


3 
b. (0,-3) a y= 5x3 7. a. 3 
2 
b y= 3° 3 8. —30.75 9. D:(—%, ©), R:(—%, —2) 


14. 


11. no solution 
12. 10,15,5 


13. (-», —15) —4— 


(—%, —3) U (2, 2) —— 


c. A real number is any number that 


641? 

16. 97 2379 x 10" 
27a 

18. 2x°y? + 13xy + 3y” 


19. 6y? + lly? + 9y +2 

20. 3x7 + 3x - 11 

21. (3 — c)(c + d) 

22. (x — 2y)(x* + 2xy + 4y’) 


23. (a+ b—1) 24 (x + I(x -— Di + 4x - 4) 
1 —3x — 2y 
25. 0,10,—10 26. —3,—3 27. 28. —7,8 
y 
3x +2 2 
29. 30. 31, 2=hr 
. (x + 2)(x — 1) 5 


32. Direct variation: As one quantity increases, the other 
increases, in a predictable way. Inverse variation: As one 
quantity increases, the other decreases, in a predictable way. 
33. 10x’yV2yz 34. 6V/2 35. 52 + 2V152 +3 

V6 


36. —_ 


3 
37. 4,3 38. -—— 
10 ° 2x 


J] Study Set Section 8.1 (page 703) 
1. quadratic 3. perfect 5. Vc,—Vc 7. yes 9. a. 36 


. 2 « “ 11. a. Subtract 35 from both sides. 

b. Add 36 to both sides. 13. + el 

15. 4 is not a factor of the numerator. It cannot be divided out. 
7.2 ae - : aa = 19. a. 2;2V/5,-2V/5. b. +4.47 
21. 0,-2 23.5,—-5 25. —2,-4 27. 25 29. +9 

31. +6 33. +5V2 35. 24V3 37. q= 32 


9 
39. t= V3 41.0,-2 43.4,10 45. +4i 47. +53 
49. x? + 24x + 144 = (x + 12) 


‘ 49 cig 
51. a Ta + a 53. 2,-4 55. 2,6 
4 2 
1 i 2 34+ V2 
57: 1,=6 59, =1,4 61, 1, 63. =, 65. v29 
- 2 2S 2 
3+2V3 
67, 69, -1 +i 71. —4+4iV2 73. -5+ V3 
1+2 
75. -4+V10 77.1+3V2 79. ae 
7 -5+V41 s -7 + V29 a 3+4+2V3 
: 4 : 10 "3 
t,.. 311, i. Wit, 
87. aa i 89. as 1 
a 3 4. 4 
a 


1 
91. width: ft, length: ri ft 93. 1.6sec 95. 1.70 in. 


97. 0.92in. 99. 2.9 ft,6.9ft 103. 2ab?\/5 105. x° 
107. 5ab\/ 7b 


Appendix Il Answers to Selected Exercises | A-29 


I] Study Set Section 8.2 (page 714) 23. y 
1. quadratic 3. a. x7 +2x+5=0 b. 3x7 +2x-1=0 : Gr a4 3 
X) = 4x° 
b os Vs* — 4rt f 
5. a. true b. true 7c oy fa) = 402 
-34V7 
9.a.x=1+2V2 bye 11. a. The fraction a) 4"|* 
2 s(x) = 4x72 
bar wasn’t drawn under both parts of the numerator. 
b. A + symbol wasn’t written between b and the radical. 25. s 
1 2 1 r 
13. —1,-2 15. —6,—-6 17. 3 19.5, 
; ; 2’ 3° 4 
Pe ae ere ag oe 1, V7. a 1, V2. 
a. oe ay jer ek ee a 
29. 3x7 + 6x +1=0 31.x7-2x +6=0 33. V5 I 6(x) = 30x — 3)? 
-52V5 1 3 4 2 wl) 
35.6 37. vs 39, -, Al. —, a1 PR a4 | 
10 4° 4 3° 5 Ii Aa) 347 
—5+VI17 (x) = 3(x +2) 
43, ————_ 45, 5+ V7 47. 23,-17 49.143 7 y $5,099 = tamenid 
as Biss 2 -3 + V29 9+ V89 A 31. (—3, —4), x = —3, upward 
a1. =s, 3 8a EL «OSS. 57. 
3°2 2 10 2 : 
10 + V55 
2. ae 61. —0.68, -7.32 63. 1.22, -0.55 ; 
2 
65. 8.98, —3.98 67. 97 ft by 117 ft 69. 0.5 mi by 2.5 mi || -(3,.2) 
71. 34in. 73. $4.80 or $5.20 75. 4,000 77. 9% [CRREREER Mi 
79. early 1976 83. n”? 85. (3b)'4 87. Wt 89. W/3t fle 37 +2 
. 1 
33. axis: x = “5 
J Think It Through Section 8.3 (page 726) 
3442-1 
We estimate that 50-year old drivers are involved in the least ° 
number of accidents, 12 per million miles driven. 
J] Study Set Section 8.3 (page 728) | Al [25 
2) | 4 
1. quadratic 3. vertex 5. aparabola 7. (0, —3) 35. axis:x —2 37. (1, -2),x =1, 
9.x=2 11. -3,5 13. h = —1; f(x) =2[x — (-1)fP + 6 ; a upward 
15. 256 17. 172 5 + 39. (2,21), x = 2, 
19. : By downward 
3 i 
i fe 
i glx 
2 Sty 1\ 2 [Oh 5 6 
iS 
“TG, 42) 
41 (-3 2) a upward 
* 3? 3 9X 3° Pp 
43. (2,0), axis: x = 2 y 


21. 


30 | Appendix Il__ Answers to Selected Exercises 


45. (—3,4), axisix = —3 I study Set Section 8.4 (page 740) 

1. bY - 4ac 3. conjugates 5. rational, unequal 
7xt= (°°) 9, x73 = (x3)? 11. 5,6, 24, rational 
13. rational,equal 15. complex conjugates 

17. irrational, unequal 19. rational, unequal 

21. 1,-1,4,—-4 23. 2, —-2,3i,—3i 25. 25,64 27. 1 


11 
29. —8,-27 31. 1,27 33. 0,2 35.7,5 37. -1,—4 
fe) =-2(¢+3) +4 s 
47. (—4, -1), axis: x = —4 j 39. -1,—-75 41. yes 43. 2, —2, 77, -1V7 
A 
F@) + 4a 47 - 1, 45. 1,-1, V5,-V/5_ 47. nosolution 49. 16,4 
i 5+ V65 
BErrerene 51. -64,8 53. 1 —2V3,14+2V3 eee 
3 S457 3 4/57 
“4 57. aa. VSI 59. 1,1,-1,-1 61.1+i 
i 6 6 
ys 9 
: 63. 12.1in. 65. 30mph 67. 14.3min 71. 2. 73. = 
49. (—3, 1), axis: x = —3 y 


J] Study Set Section 8.5 (page 751) 


1. quadratic 3. two 5. (—%, —1),(—1, 4), (4, ~) 
7. a. yes b. no « yes d.no 9 a. (—3,2) 
b. (~~, —-1] U[1,%) 11. a. solid b. yes 


5. 
4 
3 
4 
3 
2 
1 


G31) 


> xX 


Ta pt at tt 13. x° —-6x -7=0 
Fix) =|44° + 244 +)37 


15. (1, ———— 
17. (#3) U6 a 
19. (-», 6] U 0.) 4 
a 


4 3 


23. (—2,0) U & ~) — —_ 


0 1/2 


51. (1,4), axis:x =1 


25. (- oo 2]u0 00) fe] $f 


-5/3 0 


27. (-@,-3)U (1,4) yy 


3 i 4 
11 1 

29. |-=,=|U|]=,” =| _ {__.. 
23 2 -12 13 12 


31. (0,2) U (8, ~) ——— See 
0 2 8 


33. Ee) UB,%) <—_———}—_$_ > 


35. y 37. y 


S2U4 ae 
57. (0.25,0.88) 59. (0.50,7.25) 61. 2,—-3 63. —1.85, 3.25 % 
65. 3.75 sec, 225 ft 67. 250 ft by 500 ft 69. 15 min, $160 ge le Oo a x 
71. 1968, 1.5 million; the U.S. involvement in the war in ¥ <x +L y<x2+5x+6 


Vietnam was at its peak 73. 200,$7,000 81. 40? b 


6 
83. “ 85. 15b — 6V 15b + 9 


Appendix Il__ Answers to Selected Exercises | A381 


39. y 41. y 32. f(x) = 4(x + 2)° — 7; (-2, -7), x = -2 
i v3 y 33. d, —6) 
° 4 1 
ye[e44] if Sasa op * 
YY 43 ! 
N ¢ 2 
NX V2 Was) 
>| Pe | 3 
Sar, Y 4 
Sst ~ “5 
y<[e+4[ 7 6 
43. (—1,3) 45. (—~, —3) U (2, ») ZED |] 
47. (—4, -2] U (-1,2] ~ 3 _¢y Paes = 7 
4 -2 -1 2 1 9 1 
49. (—%, —3] U [3, ») ——__—> as ( 2’ a) 33 ( DEO 2) 
=} 3 35. 1921; 6,469,326 
51. (-%, 2) < 
0 
53. (—2,1) UG, ~) <$——} $f 
2 1 3 
55. (—5,5), eh 
—5 5 
( 1 >) , 
57. | -~,— ) <__—_——)—_ 59. no solutions 
3-2 -1/3 3/2 


23 
61. (=, 4) U (2. ~) ———. ; a 


63. (—2,100, —900) U (900,2,100) 69.x=ky 71. t= kxy 


J Chapter 8 Review Exercises (page 756) 


lS 
1. -5,-4 2. aaa ot +2V7 4.4,-8 5. +5i 


7V5 Via ; 1 ( I 
Bs 7. =|x 

5 Me 4 

34 V3 6+ V30 

9. -4,-2 10. — 1, 92 V9 12, 1 2 3ry3 
13. Because 7 is an odd number and not divisible by 2, the 
computations involved in completing the square on x* + 7x 
create fractions. The computations involved in completing the 


square on x* + 6x do not. 14. 2 is not a factor of the 39. two different irrational-number solutions 
numerator—it is a term. Only common factors of the 40. two imaginary-number solutions that are complex 
numerator and denominator can be removed. conjugates 41. one repeated solution, a rational number 
15. a. (2 + 2x) ft b. (6+ 2x) ft 16. 6 seconds before 42. two different rational-number solutions 43. 1, 144 
1 
midnight 17. 5,-7 18. 5 + V7 19. 0,10 44. 8-27 45. i, -i, ue we 46. 1, : ar dee 
20. 13 + V 163 21. 3, V15, 2 2, v2, 48. repeated solutions of —1 and 1 
3 47 4 "37 3 2 1 
-3+ +29 343/13 49. arepeated solution of -~ 50. —, 32 
a 4 — 25. $24 or $26 5 32 
10 2 51. about 81 min 52. 30 mph 
26. sides: 1.25 in. wide; top/bottom: 2.5 in. wide 53. (—%, -7) U (5, %) ~ ) _ 
27. 0.7 sec,1.8sec 28. 33in.,56in. 29. 30.8 million 7 5 
30. h,k,x 31. (1,4),x =1, y 54. [—9, 9] 
A t 1 
1,4) =f 9 
, 3 
: 55. (—%, 0) U 2. ~) “<= }$____[- => 
7 5 0 3/5 
7 2 
56. (-2.:1) U (4, 20) <——(—_——}_fameme> 557, [4.2] 
2 2 1 4 3 
58. (—~, 0) U (1, %) 


f(x) =-2(x- 1)? +4 
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59. 60. 


J Chapter 8 Test (page 764) 


1. a. quadratic b. completed,square c. vertex 
d. rational e. nonlinear 2. +3V7 ~ +7.94 


3. -7+5V2 4 +2i 
j 121 1 = 8:5 -1+V2 
5. x7 + 1x 4 =(x4 6. = “7: 
4 pe) 2 
1 1 
8.14 V5 9.2+3i 10. —5,-3 11. 1,5 12-13 
4 4 
13, 2, -2,iV3,-iV3 14. ag 15. 22 °V10 
1 
16. —8, 7.c= 
125 m 
imaginary-number solutions that are complex conjugates 
b. one repeated solution, rational number 19. 4.5 ft by 
1,502 ft 20. about 46min 21. 20in. 22. ili 
23. (1, -2),x =1 y 


18. a. two different 


(1; 2) 


AM=30i— 1D? 42 
f(x) = 5(x + 1) — 6, (-1, -6),x = -1 


fwr= Dxt 4 xt] 


26. 211 ft 27. (—%, —-2) U (4, 0 
28. (—3,2] + + 29. 11,160 gal 


30. 


| Chapters 1-8 Cumulative Review (page 766) 


2 
1.6-3 2.6L 3. y=3x +2 ae al 


5. supply: a decrease of 15,000 nurses per year; demand: an 
increase of 55,000 nurses per year 6. a. domain: [0, 24] 

b. 1.5 ¢. At noon, the low tide mark was —2.5 m. 

d. 0,2,9,17 7. (1, -2) 


9 
12. al = ~__——}-_- 
| 3] 1 9/4 
13. (—%, —10] U [15, ©) ——4 __po, 
-10 15 


125c*! 
8a!2p2 
16. 1.44 x 10!°: 14,400,000,000 
17. —1107 — 0.817 — 1.4¢ 
18. 8a° — b° 
19. (x — y)(x — 4) 


14. 
15. 


. 
BxF DEON 
a ik 20. (x? + Ay*)(x + 2y)(x — 2y) 


=a BY 


21. (2x* + 5y)(4x* — 10x? + 25y*) 22. 2a?(3a + 2)(5a — 4) 
23. (Is' —6n’)? 24. (x +5 +y)(x+5—-y*) 25. 2,-= 
2 1 
26. 0,=,-= 
a" 2 
27. D: (—~, ©), R: (—%, %) 


28. D:(0,~),R:(0,%) y 


29. 


4.4 3 
x x 
33. . = t 


34. 5a’ — 3a —4 
5 4 diy? a a 


Ri RoR 
RoR; + R,R3 + RiRo 
39. $9,000 


35. 5;3isextraneous 36. R= 


37. 18sec 38. 21 tons 
40. D: [2, ~), R: [0, %) 41. —3x 


y 
h 42. 4¢\V/3t 


x 


a/1t2345 67 


~ fia = Vx 2 


+3 +2 
43. —12W/2 + 10/3 44. -18\/6 45. eevee 


x-1 
SW x? 1 1 
46 vx" 47. — 48. x'7/!2 49.2.7 50. — 
x 16 4 
51.3V2in. 52.2\V3in. 53.10 54. —-i 55. —5 + 17i 


31 2 
56.5 +51 57.3+4i 58.0-Zi 59. a7 


3+ V3 1... 2 
60.19 +iV5 61. me 62. + <i 63. 10 ft by 18 ft 


64. 50mand120m_ 65. —8,27 
66. repeated solutions of —1 and 1 
67. (-2, 4), x= —2; (-4, 0), (0, 0); (0, 0) 


68, (-9,9) 4 py, 


-9 9 
69. (—4, —2] U (-1,2] ~ — ol a 
4 -2 -l 2 


3 
70. a. =a b. no solution 


J ThinkIt Through (page 771) 


The graph of f + g gives the total number of students 
enrolled in historically Black colleges and universities. 


I] Study Set Section9.1 (page 776) 


1. sum, f(x) + g(x) 3. product, f(x)g(x) 5. domain 
7. identity 9. g(x) 11. —14,—-19 


13. 


15. 


21. 


25. 
29. 


31. 


35. 
43. 


47. 


51. 


53. 


63. 


b. 
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3, = 2. = 1.0;0,273 


(3x — 1), 9x, 2x 
4 

12x”, (-~, o) 23. 3 (-%, 0) U (0, oo) 

3x — 2,(—9%,0) 27. 2x? — 5x — 3,(—~, ~) 


=~ = A, (-%, 00) 


x-3 ( 7 5) u( 7 say 
2x +1 * 2 2, : 


17. 7x,(—%, ©) 19. x, (—%, %) 


2x7 -1 37.0 39 4x7 +4 41. 7x +5 

—3x +6 45. —2x? + 3x — 3, (—%, «) 

3x = 2 

——_, (-», © 49. 3,(—~, © 

Fra me) 49. 3,(-2, 0) 

7-4 

ae , Iu 1,1) U0, %) 

58 55.110 57.2 59. 9x7 -9x +2 
5 

C(t) = 9 (7,668 — 200t) 65. a. about $37.50 
1.50m 3x +7 x-4 

i aa ST SO OO Bayo 


I] Study Set Section9.2 (page 786) 


1. 
11 


17. 
19. 
23. 
25. 
31. 


37. 


43. 


45. 


one-to-one 3. inverses 5. once 7.2 9% x 

. —6, —4,0,2,8 13. no 15. 2 

The graphs are not symmetric about the line y = x. 
2x, 2y, 3, y, f '@) 21. the inverse of, inverse 

yes, {(2, 3), (1,2), (0, 1)}, yes 

yes {(1, 1), (1, 2), 1, 3), (1,4)},no 27. yes 29. no 
one-to-one 33. not one-to-one 35. not one-to-one 


5 
one-to-one 39. f (x) = z +5 41. f (x) =5x—-4 


4 


2 Faure) = 
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55. y 33. 35. 


fa)ex43/ 4 Fy 
x0 


xT 37. 


5 
61. f (x) =Sx +4 


39. increasing 
41. decreasing 


59. f (x) = 


43. 


47. 


4-3 -2 -1 12 3 4 


51. $22,080.40 53. $32.03 55. $2,273,996.13 
57. a. about 1500, about 1825 b. 6.5 billion 


67. a. yes,no_ b. No. Twice during this period, the person’s . 
c. exponential 


anxiety level was at the maximum threshold value. 


73.3—8i 75.18—i 77. —28 — 961 So aot 
J] Study Set Section 9.3 (page 799) g 
£ 200+ 
1. exponential 3. (0,~) 5. none 7. increasing 2 
9. 3 
E 
8 
3 100+ 
1 1 >! 
50 100 150 
Depth (ft) 
32 
61. —— Ap 63. 2,295 65. about $2,346,230 69. 40 
1.A=Pl1 + iy" 243 
71. 120° 


13. g(x) = 2° + 3, h(x) = 2* — 2 


r 
15. (14+—),k 
( i) ; 


17. 2.6651 19. 36.5548 21.8 23.5° 25. 7Y3 


1 
27. bY 29,37 31, — 
5V3 


I] Study Set Section 9.4 (page 808) 


1. the natural exponential function 3. (0,%) 5. none 
7. increasing 9. continuous 11. 2.72 


13. 3/2 V2 e 
aii a3 el 
0 1 2 3 4 
15. an exponential function 17. 2.7182818...;e 
19. 1,000, 10, 0.9, 1,000 21. 24,765.16 23. 3,811,325.37 
25. y 27. y 
A A 


x+3 


yre 


29. 31. 


33. 11,542.14 35. 542.85 37. about 168 years 

39. about 57 years 41. $13,375.68 

43. $7,518.28 from annual compounding, $7,647.95 from 
continuous compounding 45. $6,849.16 

47. about 9.3 billion 49. 315 51. 315mm _ 53. 12 hr 


55. 49mps 57. 14 59. about 72 yr 63. 4x°V/ 15x 


65. 10yV3y 


J] Study Set Section9.5 (page 822) 


1. logarithmic 3. (—%,”) 5. yes 7. increasing 9. x,b” 
11. inverse 13. 2,—2 15. 1, undefined, undefined 

17. a. —0.30, 0, 0.30, 0.60, 0.78, 0.90, 1 

b. 19. a.10 bx 
21. 3° =81 

23. 10' = 10 
1 
(64 
27, 542 = V5 
29. logs 64 = 2 


it 


f@) slog + 25.4% 


EHwORBUDIDOOS 
Loo oe end 


31. log, =2 


16 
33. logy/232 = —5 
35. log,.z =y 

37. 9 


I 


See; oeoessesoesooor 


bbe 


I 


1 1 2 
39.64 41.3 43. 5 45. 6 47.10 49. 3 51. 5 


53. 1,000 55.4 57.1 59. 61.3 63.2 65. 6 


67. -1 69.5 71. ; 73. 0.5119 75. —2.3307 
77. 6,043.6597 79. 0.1726 81. 0.3162 83. 0.0195 
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85. increasing y 
4 
3 
2 fix) = log, x 
1 
aa 3 4 5 6 |~ 
1 
=! 
3 
4. 
87. decreasing y 
4 
3 
ar) fay = logis x 
1 
S340 3 4 5 * 
9 
3 
4 


89. 


93. 


Fy 1 
flea) Hogs x 
4 
1 2 7 


34567) 


97. 29db 99. 49.5 db 101. 4.4 103. 2,500 micrometers 
105. 77.8% 107. 10.8yr 113. 10 


115. 0; 2 does not check 


I] Study Set Section9.6 (page 830) 


1. natural 

3. —0.69, 0, 0.69, 1.10, 1.39, 1.61, 1.79, 1.95, 2.08, 2.20, 2.30 
5. y-axis 7. (—%,%) 9.x 11. The logarithm of a 
negative number or 0 is not defined. 13. 2.7182818...,e 


In2 il 2 
15.e 17. = 19.5 21.6 23. -—6 25.-— 27. = 
ig 4 3 


29. —7 31. 3.5596 33. —5.3709 35. 0.5423 
37. undefined 39. 4.0645 41. 69.4079 43. 0.0245 
45. 2.7210 


47. = 49. 51. 5.8 yr 53. 9.2 yr 


3 13 
55. about3.5hr 59. y=5x 61. y= — 5% + = 


63. x =2 
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| Study Set Section9.7 (page 840) 


1. product 
13. 
19. 
33. 
39. 
43. 


45. 
51. 


55. 


61. 
69. 


85. 


91. 


97. 


3. power 5.0 7.M,N 9% x,y 11. x 
# 15. log,b 17. 10° =1,10' = 10,10? = 10° 
rs,t,r,8 21.0 23.7 25.10 27.2 29.1 31.7 
2+1log,5 35. 1+1logx 37. In1l2—In5 

logsx —2 41. logx + logy + log z 

1 + logs x — logs y 


1 
2log,5 47. 3 log5 49. 3logx + 2logy 


(log, x + log, y) 53. (log, x + log, y) 
gv? 
) 59. log, 3-5 
xy 
1.4472 63. —1.1972 65. 1.1972 67. 1.8063 


1 
2Inx + 5 Iny —Inz_ 57. log,(x°y'? 


1.7712 71. —1.000 73. 1.8928 75. 2.3219 83. false 


1 1 1 
false 87. true 89. 3 18a 4 08a y 4 108 z 


1 
93. Inx + zing 95. 4.8 


7 
from 2.5 X 10 °to16 X10" 101. — 


J] Study Set Section 9.8 (page 850) 


1. exponential 3. A,2-™ 5. about 1.8 


7. logarithm, exponent 
15. 
25. 
35. 


47. 


59. 
67. 
77. 
87. 
99. 
105. 5.6 yr 

111. 25.3 yr 


9. 1.2920 11. 1 
+346 17. 1,001 19. no 21. log,log2,log2 23. 8 
3,-1 27. 1.1610 29. 1.2091 31. 1.7095 33. 0 


0.7324 37. —13.2662 39. 20 41.100 43. —7 45.3 


50 49. 20 51. 2,4 53.7 55. 1.2702 57. _ 


+1.0878 61. 0,1.0566 63. —2,—2 65. 9,998 
—93 69. e ~ 2.7183 71. 19.0855 73.2 75. 4 
10,—-10 79. 10 81. 10 83. nosolution 85. 9 
4 89.1,7 91.1.8 93. 88,0.2 95.20 97. 8 
S.lyr 101. 42.7 days 103. about 4,200 yr 

107. 5.4 yr 109. because In2 ~ 0.7 
113. 2.828 times larger 115. 13.3 


1 2 
117. 3 n0.75 121. 0,5 123. 3° —4 125. V 137 in. 


jj Chapter 9 Review Exercises (page 854) 


1. (f + g)(x) = 3x + 1,(-%, &) 


2. (f — s)(x) =x 


15¢ 00, 00) 


3. (f - g)(x) = 2x” + 2x, (—@, ©) 


4. (ia) = (-, 


1)U(-1,”) 5.3 6.5 


7. (f° g)(x) = 4x7 +4r +3 8. (g° f(x) = Xn? +5 


9. 


15. 


no 10. yes 


11. yes 12. no 13. yes 14. no 


—6, 1,7, 20 


| 
— 
° 
a 
fr OS 
e 
| 
Nike 
Se 


13. 10° =x+1 


16. 


23. 


24. 


25. 


26. 


27. 
28. 


Tons of coal (millions) 


700 F 
600 F 
500 F 
400 - 
300 
200 F 
100 


Kets 3 
6 
18. f ‘(x)= “ sal 
19. f ‘(x)= Wx —2 


20. f (x) =6x +1 
21, 5*¥6 


17. f (x) = 


D: (—, %); R: (0, ©) 


D: (—~, %); R: (—2, %) 


D: (—~, ); R: (0, %) 


the x-axis (y = 0) 

an exponential function 

29. $2,189,703.45 
30. about $2,015 


31. D: (—~, %); R: (1, %) 


32. D:(—%,%);R:(0,%) —y 


B>D 
-l 123 4 5 6 7 |° 


= F@) = 4s 3. 


x 


33. 2,324,767.37 34. 8,838,365 35. 13.9%, 11.67%, 9.80% 
36. The exponent on the base e is negative. 

37. D: (0, ©); R: (—%, %) 

38. Since there is no real number such that 10’ = 0, log 0 is 


1 
undefined. 39. 4°=64 40. logy = =-1 41.2 42. -2 


43.0 44. undefined 45. — 46.3 47. 32 48. =: 


49.4 50.10 51. ; 52. 53. 0.6542 54. 26.9153 


55. 


7 e FQ) = log y73 x, 


57. 58. y 


fx) =3 + log x 


(1,13) 


59. about 53 60. about4.4 61.1 62.2 63. —5 
64. ; 65. undefined 66. undefined 67.0 68. —7 


69. 6.1137 70. —0.1625 71. 10.3398 72. 0.0002 
73. They have different bases: log x = log;9 x and 
Inx =log.x. 74. f(x) =& 
75. y 76. 


Aa) =|1 + Ing +) (x)= In (x + 1) 


y 
4 
3 
2 
1 
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77. about 60 yr 78. About 72in.(6ft) 79.0 80. 1 
1 
81.3 82.4 83.3+]log;x 84 2—logx 85. 7 108s 27 


86. log, 10 + log,a +1 87. 2log, x + 3 log, y — log, z 


1 oH Vad 
88. 3 (nx —Iny—2Inz) 89. log, at 90. log, es 
y ye 


91. 2.6609 92. 3.0000 93. 1.7604 94. about 7.9 x 10 * 
gram-ions/liter 95. —4 96. —3,—1 97. 1.7712 

98. 2.7095 99. 1.9459 100. —8.0472 101. 104 102. 9 
103. 25,4 104. 4,—2 extraneous 105. 4,3 

106. 2 107.6 108. 31 109. 0.76787 # —0.27300 

110. about 3,300 yr 111. about 91 days 112. 2,5 


J Chapter 9 Test (page 866) 
1. (g + f(x) =Sx-1 2. (ge: f)(x) = 4x? — 4x 3. 3 


6. f (x)= 


2x — 12 
3 


7. y 8. 
A 


x—4 
3 


4. 4(x—-1) 5. f ‘(x)= 


fa E241 


3 
9. — g = 0.046875 g 10. $1,060.90 


64 
11. y 12. $4451.08 413.2 14.3 
A 1 1 
‘ 15.— 16.¢ 17.6 °=— 
: 27 . 26 
‘ faze 18. D: (0, ©), R: (—%, %) 
743-4) 13 4 4°|~ 
4 
19. y 20. 
4 
3 
1 
8 3 ay * 
{05 —log3x 
33 
a 


bVa+2 


21. 2loga+logb + 3logce 22. In 23. 0.5646 
24. y=logx 25.64 26. 46 27. 0.6826 28.4 29. 1 


1 1 
30. 10 31.5 32, 5In(S — 1) = >In4 = 069314718 ..., 


which is In 2. 33. answers may vary 34. yes 35. yes 
36. 80; when the temperature of the tire tread is 260°, the 
vehicle is traveling 80 mph 37. about 1,631,973,737 

38. about 20 min. 
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] Chapters 1-9 Cumulative Review (page 868) 15. (0,0), r= 3 17. (0, —3),r=1 


1 
1.P=21+2w 2. A=a7r 3. A= 5 bh 4V=s° 


xX, +x + 
RTPA Saw Fe 


8 y=mx +b 


2° 2 
9. y—y=mx-—x,) 10. os Wat+Pac 
Xq — X1 
k 
12,.d=Vio-—xmYt(m—y) 13. y=ke 14 y= — 
ee or 19. (-3,1),r=4 21. (0,0), = V6 ~ 2.4 

—b + Vb* — 4ac rm ri 

15. x= 16. A = Pe ss 
2a 
17. | ae log, x 18 19 m+n 20 mn 94 n,n 
eB a Pees se 2 x"y 
x" mn 1 n y , x > x 
22.1 23.— 24 x 25.— 26. x” 27. (= SEE i 
y Xx 
28. Wx 29. (Wx)" 30. (x + y)(x - y) ———“"3 
. 7 7 > (x+3)? + (y+ 1)? = 16 
31. (x — y)\(x t+xy+y) 32. w+ y\(x* — xy + y’) 
B22 +2yty 34xe Sty ty 3.x —y 23..x7+y?=1 25. (x — 6)? + (y — 8)? = 25 
n 1 

36. VaW/b 37. = 38. 3.14 39. 1.41 40. 2.72 27. (x + 2) + (y — 6) = 144 29. x + yo = Fe 
41. Pick a test point on one side of the boundary line. In 31. (: 2) (> zy 2 33.x2+y2=8 
y = x,replace x and y with the coordinates of that point. If 3 8 
the inequality is satisfied, shade the side that contains that 35. (x — 1)? + (vy + 2)? = 4;(1, -2),r =2 
point. If the inequality is not satisfied, shade the other side. y 
42.0 43.1 44. x 45. x 46. log,M + log,N it 
47. log, M—log,N 48. plog,M 49. k,k 1 
50. to build up the fractions so they have the same 244i 745 .6°\* 
denominator 51. to rationalize the denominator 
52. to simplify a complex fraction 53. It was used to 
simplify a rational expression. The slashes and 1’s show a ¢ me 2h bb orally 
common factor of 3a — 2 being divided out. 54. be -6 : 


55. an equation of the form ax” + bx + c = 0, where a # 0 
56. x + 1=Oorx—7=0 57. Multiply both sides of the 
equation by the LCD, which is x(x — 2). 58. the addition 
method 59. x,—x 60. b* 61. |x| 62. x 63. + 

64. V-1 65. domain, range,one 66. both 

67. one, both 


+ 1)? = 9;(-2, -1),r =3 


i] Think It Through (page 876) 


“4 
(¢+/2)2 44.641 DP =9 


21. : 
> in. = 10.5 in. 39. y = 2(x — 1)? + 3; vertex: (1, 3) 
y 


J Study Set Section 10.1 (page 883) 


1. conic sections 3. circle, radius 

5.a (x —hyP+(y-kP ar bh et+y=r 

7. a. (2,-1),r=4 b. (x- 2) +(y +1) = 16 

9a. y=a(x—hyP +k bx =aly—kP th 324 
11. a. circle b. parabola c. parabola d. circle 

13. 6, —2,3 


(1, 3) 
ye An— lt 43 


> xX 
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41. y = —(x + 1)* + 4; vertex: (—1, 4) 59. x = (y — 3)? — 5, vertex: (—5, 3) 
y y 
A 


yet +{De al 4 


43. vertex: (0, 0) 45. vertex: (3, —1) 


-l1 tlie ae 5 6 7 


= + 
WEED 


i345 6 


ae i os ca) 
L)7 + y= 25 


y 63. (x — 3 + (y + 4 =7,(, -4),r = V7 = 2.6 
A 
y 
4 A 
3 1 
2- -l 12345 6 7 i 
(4, =i 
s 123 4 5 7 8 ae s 
“>| pee (ys 1? fe 4 4 
3 5 
4 —6 
7 
Y 
(x- 3)? + (y+ 4)? =7 
49. x = —3(y — 3)” + 2, vertex: (2, 3) 65. y = 4(x — 2)* + 1, vertex: (2, 1) 
y y 
A A 
5 
8 
3 (2,3) 7 
6 
¥3—8O) 13)? #2 - ; 
432-1 1 24 4 
= 3 
2 Web 
3-2-1 123 4 § 
51. 53. = y=4a 2) 41 
Y 
67. (1,3),r = V15 ~ 3.9 69. vertex: (1, 0) 
y 
55. 57. 


(= 1 ess =15 


Ao | Appendix Il Answers to Selected Exercises 


71. (2,4),r = 6 73. vertex: (0, 0) 21. 


16x7-+/4y7 = 645 


25. 


(= 2) + (= 47 =36 


75. vertex: (3, 1) Weel ey = 5, 
(-1,0),r =3 
y 
4 
(x+2  (y-2)? © 
64 * 100 ~ 
> xX 
i4 29. y 
A 
1 
4 (41, -2)2 =1 ie: gia 


x=-6(y— 1)? +3 


(x +1 +y°=9 IT qe 
(x+1)?4 4G]+ 2)7 ='4 


1 i 
79. x = (y + 2)*—2, 81. vertex: (—5,5 sip 
x 5 ) > vertex: ( > ) ery or ety 
vertex: (—2, —2) nN + I 
(+515) |, 31. ¥ 
4 2 9 A 
3 16 — 2) + 4(y +4)" = 2568 
2 or 6 
1 G=2) 26 
3 47h 5s AS 2, = 16 ° 
3 
4 
5 
y= AG +5)? 45 


83. no 85.a.8mi b.9mi 87. 5ft 89. 2AU 


33. 35. 
7 1 
95:°5,—— 97.,.3,>— 
¥ 3 3 4 
J Study Set Section 10.2 (page 896) 
2 y? 
1. ellipse 3. foci,focus 5. major 7. — + 7D) =1 aa y 
a 


9. x-intercepts: (a, 0), (—a, 0); y-intercepts: (0, b), (0, —b) 
11. a. (—2,1);a =2,b=5  b. vertical 


+2" O-W_, 4, eos’ _, 


| 25 16 1 SERED 2E 
15. h= -8,k =6,a=10,b=12 


17. 19. al (x41)? + (y -2)°= 16 


x 


7475} 


4 
Yaar + 5 
2 


6 pt AP 1 Tale 
3. 
51. 4 
Hye} oF 27 
= Te | pal 
7 reatid 
2 2 
x y 
53. + —=1 55. 5V3ft ~ 8.7 ft 
144 25 v3 
: : 9 
57. 127 sq. units ~ 37.7 sq. units 63. 12y? + “3 
x 
2 2 
+— Xx 
65.5 
yo -x 


I] Study Set Section 10.3 (page 909) 


1. hyperbola 3. vertices 5. diagonals 


2 2 Re = py 
7 y= 5. ee 4 
a b a ‘ F 
+2 oe 
11. a.(—-1, -2);a =3,b=1 b. 0 *) ( 1 ) = 
+1) — 5) 
= CH OHe_, 
1 4 
15. h=5,k = -11,a=5,b=6 


17. 


33. 


37. 


41. 


Appendix Il Answers to Selected Exercises | AAT 


23. 


>< 


Q+1y _, Q@-3" ¥ _, 
ee = 25 25 
35. y 
A 
8 
6 
Arar =i=10: 
2 
Tare rar * “Rea ee * 
yl 8 + 
a” 
-8 
39. . i 
y 
A 
he 
o2 
x 
D 


(x+ 1° +(y—2)7 = 16 
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43. 45. 3 
; us 61. 3units 63. 10\/3 miles 69. 64 71.3 73. . 
8 - 2-4 2 
6 fee Oy Oey 75. 10 
> 4 2— 4 


<eEEEHEEEEE te 9 
FPA Se 
4 ee a 6 rm 4 yey* i 
jade ceanmenean J Study Set Section 10.4 (page 917) 
Aa i 


eee 1. system 3. intersection 5. secant 7. a. two b. four 
8149-9 iz c. four d. four 9. (—3,2), (3,2), (—3, —2), (3, -2) 

11. a. —4 b. —2 13. 2x,5,5,1,1, -1, -2 

15. (0,3), (—3, 0) 


47. 


> X 


‘ a 2 
GOA a 17. (—4, 0), (4, 0) 


49. 


19. (0,0), (2, —4) 21. (—2, 0), (0, -1), (0, 1) 
53. a 
y yax -4x B 


A 
y=-x" 


23. (1,2), (2,1) 25. (—6,7),(—2,-1) 27. (-2,3), (2,3) 
29. (V5, 5), (—V5, 5) 


55. 


31. a 4), (2, -4), (-2, 4), (-2, -4) 33. (3, 0), (-3, 0) 
. (V3, 0), (= V3, 0) 
37. a , 5 (2, 3), (-2, -3), (2, - 


39. (1,0), (5, 0) | f 


4 CAH. Sh =H 
43. (0, —4), (-3, 5), (3, 5) 

45. (6,2), (-6, -2), (—V/42, 0), (V/42, 0) 
47. (—V'15, 5), (V/15, 5), (2, -6), (2, -6) 
49. (0, 9,(-3. -¥) 51. (0,0), (2,4) 
(x4 2)7-+ fy|+3)7 +136 53. nosolution,@ 55. (3,5) 


y=-@=3)7 45 


= ( Ve) (v2 V6) ( “ae 


4° 4 


én ue) - ey (2.3) 61. (-1,3), (1,3) 
5 3 10\ 10 
63.5.5] 65.4.8 67. (10,2), Yvi0 


69. 80 ft by 100 ft or 50 ft by 160 ft 
71. $2,500 at9% 75. 2,000 77. 7 


] Chapter 10 Review Exercises (page 922) 


1. y 2. y 


G+ Dt H6/-|Dta9 


4 


) 


4. (x — 9) + (y — 9? = 9 or (x — 9)? + (y — 99° 
5. (-6,0),r = 2V6 6. center, radius 
7. (0,0) 8. (—2, -1) 
4 2 
(0,0) 


9.x = —3(y — 2)? +5 


“ESSE ay + 5 
11. (2, —2), (8, =3) 


12. When x = 22, y = 0: (22 — 11)° +5 


81 
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Pete a 
b i 
x 


(-2" O-1" _, 
4 = 7 
2 
15. y 8 
: 16. —+-5=1 
A ae 
17. a. circle b. ellipse 
c. parabola d. ellipse 
2. 2 
+ ae | ee | 
% 25 9 
(x+1)* = Dt =| 19. ellipse, focus 
9 4} 14. 


20. answers may vary 


21. 


=iF Wety 2 
4 a 


24. y 
oh 


Wee Gel 
2D (a 
25. 4units 26. a. ellipse b. hyperbola 
d. circle 27. yes 28. (0,3), (0, —3) 
29. (2,2), (—1, —4) 


c. parabola 
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30.a.2 b4 «4 a4 31. (0,1),(0,-1) 
32. y=3x—1 33. (0, -4), (-3,5), (3,5) 
. (V2, 0),(-V2,0) 35. @.2,( = -2) 


9° 9 
36. (4, 2), (4, -2), (—4, 2), (—4, —2) 
37. (2, 3), (2, —3), (—2, 3), (-2, —3) 
38. (2V2, V2), (-2V2, - V2), (1,4), (-1, -4) 


39. nosolution,@ 40. (—2,1) 


3 


Py 


J Chapter 10 Test (page 929) 


1. a. conic b. center,radius c«. hyperbola d. nonlinear 


e. ellipse 2. (0,0),r = 10 


x +y"=100 


6. 


7. 
9. 
Pasa 
4 ri s ae 
@-1)" Oo +2y 
11. t =1 12. 2.5 in. 
16 9 i 
13. answers may vary 14. (—1, 1); length: 4 units, width: 
2 2 
yx . 
4units 15. 1c. ae 1 16. a. ellipse b. hyperbola 


c. circle d. parabola 


3. (-2,3),r=3V2 4 (x-4% +(y-37 =9 
A 


17. (—4, -3), (3,4) 


18. (2,6), (—2, -2) 
19. (1, V2), (1, -V2),(-1, V2), (-1, -V2) 


9 3 
20. (-1.3). (a. -3) 21. (-1,0) 22. no solution; @ 


Chapters 1-10 Cumulative Review (page 931) 
1.0 2, ==, 5.6, 0, 23 3. 7, V2,e 


4, —,m,56, V2, 0, -23,e 5. $8,250 6. a 

7. parallel 8. perpendicular 9. y = —2x +5 
ae 7 

10. y=—73" +55 1.3 12.01) 13. (2, -2) 

14. (3,2,1) 15. 85°, 80°, 15° 16. (—1,-1) 17. -1 


18. (—%, eer 19. [3.2] 


20. 


db/rpm 


=3 19/3 


y 
» 43x 427 36 
. 


yi=rxi+2 


21. 24, 0, —8, —6, 0, 4, 0, —18; (—3, 0), (0, 0), (2, 0); (0, 0) 
y 22. a. a quadratic function 

b. at about 85% and 120% of the 

suggested inflation 

23. 12x* — 5xy — 3y* 

24, 2x’y? + 13xy + 3y" 

25. a’ — dab + 4b* 

26. 3a° + 10a” + 6a — 4 

27. xy(3x — 4y)(x — 2) 


4d —2 
28. (16x7y? + z*)(4xy + 2?)\(4xy — 27) 29.A= Ase 
64b"? See 2 q 4a —1 
30. 31 32. 33 


270° 3 — 2 pO + Da 2) 
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34. 5;3 is ext 35. R= RiRoRs 64, 2. 65,1 66. 3.4190 67. 1,—103s extraneous 
. 5;3 is extraneous ; BR. + RR, + RR Ge : 3. de 
8 3 
36. x +x 454 7 37.2 38. 5V2 39. 81x\/3x 68. —{ 69.9 70, $2,848.31 
= 
343 71.x7 + y* — 2x —-6y - 15 =0 
40. V3t=1 41, 5,0isextraneous 42.0 43. —— - 4 7 y 
125 73. y 
fi 21 20 A 
44, about 21=in. 45. -5+17i 46. -—— —i 
adou 50 1 9 79! 
i 2 ik ag, AO, yg PEN Cli 
“rg 4 3 rato 


5 


= 


53. 


55.2) =x 56. f (x) =2* 57. (loggx)-2 58. x 
59. 1.9912 60. 0.301 61. 1.16056 62.5 63. 3 
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30-60-90 degree triangle, 657-659 


Absolute value 
defined, 18, 101 
descriptions of, 338 
formula for, 18, 101, 331 
isolating, 333 
Absolute value equation, 332, 
334, 364, 365 
Absolute value function, 189, 210 
Absolute value inequality 
solving, 335, 337, 365 
Acute angle, 76 
Addition property 
of equality, 50, 106 
of inequality, 309 
Additive identity, 39, 104 
Additive inverse, 18, 39, 104 
Algebraic expression 
defined, 3, 49, 99 
evaluating, 32, 103 
simplifying 
by combining like terms, 105 
defined, 37 
using multiplication, 416 
using the distributive 
property, 105 
Amount of work, 552 
Angle types, 76, 77 
Annual growth rate, 804 
Area, 61, 62, 107 
Arrow diagram, for defining 
relations, 171 
Associative property of real 
numbers, 38, 104 
Astronomical unit, 395 
Asymptote, 479, 794, 856 
Augmented matrix. See Matrix 
Average (statistical), 87 
Average rate of change, 143 
Axis of symmetry, 719, 759 


Bar graph, 5 
Base (exponential), 27, 102, 
376, 462 
Base angle, 77 
Base-e exponential function. 
See Natural exponential 
function 
Base-e logarithm. See Natural 
logarithm 
Binomial 
defined, 397, 464 
difference of two squares 
type, 429 
multiplying 
by another binomial, 
411, 466 
FOIL method, 412, 466 
prime, 430 


product of the sum and 
difference of the same two 
terms, 414, 466 
special product formulas, 
414, 466 
square of a difference, 414, 466 
square of the sum, 414, 466 
Boundary line as inequality 
solution, 342, 366 
Bounded interval, 321 
Braces, number sets and, 10 
Break point, 240 
Break-even point, 216 


Calculator 

approximating irrational 
numbers with, 15 

approximating zeros of 
polynomials with, 537 

checking algebra with, 503, 515 

checking algebraic 
simplifications with, 484 

checking an algebraic 
simplification with, 493 

checking apparent solutions 
with, 543 

checking solutions of quadratic 
equations with, 700 

determining x-intercepts 
with, 137 

evaluating a square root 
function with, 601 

evaluating algebraic 
expressions with, 33 

evaluating base-e (natural) 
logarithms with, 827 

evaluating determinants 
with, 283 

evaluating exponential 
expressions with, 791 

evaluating functions with, 181 

evaluating logarithms with, 817 

exponential key on, 28 

finding a graphed quadratic 
function’s vertex with, 724 

finding coordinates with, 137 

finding roots with, 605 

finding the domain and range 
of a rational function 
with, 480 

generating tables of solutions 
with, 131 

graphing base-e logarithmic 
functions with, 829 

graphing circles with, 877 

graphing ellipses with, 894 

graphing exponential functions 
with, 794, 796, 807 

graphing functions with, 190 

graphing hyperbolas with, 905 


graphing inequalities with, 346 
graphing lines with, 136 
graphing logarithmic functions 
with, 820 
graphing polynomial functions 
with, 402 
graphing the inverse of a 
function with, 778 
natural exponential function 
key on, 805 
negative key on, 28 
order of operations and, 31 
parentheses key on, 28 
rational exponents and, 647 
solving absolute value 
inequalities with, 338 
solving equations containing 
radicals with, 635, 638 
solving equations graphically 
with, 195 
solving equations with, 456 
solving exponential equations 
graphically with, 843 
solving inequalities graphically 
with, 748 
solving investment problems 
with, 797 
solving linear inequalities in 
one variable with, 312 
solving logarithmic equations 
graphically with, 847 
solving quadratic equations 
graphically with, 727 
solving quadratic equations 
with, 454 
solving rational equations 
graphically with, 541 
solving systems by graphing 
with, 222 
solving systems of equations 
with, 914 
solving systems of inequalities 
with, 352 
squaring key on, 28 
translations of the natural 
exponential function 
and, 806 
verifying properties of 
logarithms with, 834 
Cartesian coordinate system, 
116, 201 
Celsius, 68 
Change-of-base formula, 837, 863 
Circle 
center of, 873, 922 
as conic section, 872 
converting equations for, 876 
defined, 873, 922 
equations for, 874, 922 
formulas for, 63 


Circle graph, 84 
Circumference, 63 
Closed interval, 321, 322 
Coefficient, 37, 104, 396 
Combined variation, 569, 587 
Commutative property, 38, 
44,104 
Complementary angle, 77 
Completing the square, 697, 
735,756 
Complex conjugate, 670, 687 
Complex fraction 
defined, 512, 580 
simplifying 
if negative exponents 
occur, 517 
using division, 513, 580 
using the LCD, 514, 580 
Complex number 
adding, 668, 687 
defined, 667, 687 
dividing, 671, 687 
multiplying, 669, 687 
standard form of, 667 
subtracting, 668, 687 
Complex rational expression. See 
Complex fraction 
Composite function, 772 
Composite number, set of, 
11, 100 
Composition of functions, 
772, 854 
Compound inequality. See 
Inequality, compound 
Compound interest 
continuous, 803, 858 
defined, 796 
formula for, 797, 798, 856 
terms used with, 798 
Conditional equation, 57 
Cone, 64 
Conic section, 872 
See also specific types 
Conjugate 
complex, 670, 687 
defined, 628, 682 
Constant, 130, 396 
Constant function, 178 
Constant of proportionality, 
565, 587 
Constant of variation 
for combined variation 
problems, 569, 587 
for direct variation problems, 
565, 587 
for inverse variation problems, 
567, 587 
for joint variation problems, 
569, 587 
Constant term, 37, 104 


Index 


Contradiction (equation) 
defined, 58, 107 
inconsistent systems and, 234 

Coordinate 
defined, 117 
number lines and, 16 

Coordinate plane, 117 

Cramer’s rule 
for three equations in two 

variables, 286 
for two equations in two 
variables, 284, 300 

Critical number 

in quadratic inequalities, 
742, 762 
in rational inequalities, 745, 763 

Cross product, 561, 586 

Cube, 64 

Cube root, 601, 602, 679 

Cubic function, 398 

Cubing function, 188, 210 

Curve fitting, 265 

Cylinder, 64 


Decibel voltage gain, 821, 860 
Decimal 
clearing from equations, 55 
repeating, 13, 100 
terminating, 13, 100 
Degree of a nonzero constant, 
397, 464 
Degree of a term, 397, 464 
Demand equation, 142 
Denominator 
defined, 30 
rationalizing, 625, 628, 682 
Dependent equations 
defined, 219, 291 
identifying, 233, 275 
Dependent variable, 172, 208 
Determinant 
2 X 2, evaluating, 281, 299 
3x3 
array of signs for, 282 
evaluating, 281,299 
expanding by minors, 
281,299 
defined, 280, 299 
Diagram for solving problems, 74 
Diameter, 63 
Difference 
defined, 24 
in functions, 770, 854 
of two cubes, 432, 433, 469 
of two squares, 429, 430, 468 
Direct variation, 565, 587 
Directrix of a parabola, 879, 922 
Discriminant, 734, 761 
Distance formula, 660, 686 
Distributive property 
combining like radicals with 
reverse, 680 
extended, 42, 105 
multiplying radical expressions 
with, 622, 681 
simplifying algebraic 
expressions with, 42, 105 


Division, 463 
Division property 
of equality, 50, 106 
of inequality, 310 
of radicals, 615, 680 
Domain 
of an exponential function, 
792, 856 
of a function, 171, 172 
finding graphically, 
187, 209 
of a logarithmic function, 813 
of a natural logarithmic 
function, 828 
of a rational function 
finding, 480 
zero denominators and, 
480, 576 
of a relation, 171, 208 
Double inequality, 323, 363 
Double-sign notation, 695, 697, 
698, 756 
Doubling time, 829, 861 
Dry mixture problem, 90, 110 


Element 
of a matrix, 270, 298 
of a set, 10, 100 
Elementary row operations, 
271,298 
Ellipse 
centered at (h, k), 893 
as conic section, 872 
defined, 890, 924 
equations for, 890, 924 
examples of, 873, 896 
intercepts of, 891 
Empty set, 58, 107 
Entry of a matrix, 298 
Equality properties, 50 
Equation 
See also Linear equation; 
Logarithmic equation; 
Quadratic equation; 
System of equations 
conditional, 57 
converting to quadratic 
form, 453 
defined, 3, 49, 99 
determining conic section 
defined by, 904 
equivalent, 50 
defined, 106 
exponential, 814 
graphing, 906 
literal, 426 
sides of, 49 
solving 
containing multiple 
radicals, 683 
containing radicals, 634, 683 
containing two radicals, 636 
with properties of equality, 
50, 106 
quadratic in form, 735, 761 
Equilateral triangle 
altitude of, 657 


defined, 77, 656 
relationships in, 657, 658, 685 
Equivalent equations, 708, 758 
Even root, 604, 679 
Exponent 
See also Rational exponent 
changing from negative to 
positive, 381 
defined, 27, 102, 376, 462 
natural-number, 27, 376 
negative 
in fractions, 384, 462 
tule for, 380, 462 
simplifying expressions with, 
648, 684 
of one, 462 
power of a product rule for, 
379, 462 
power of a quotient rule for, 
379, 462 
power rule for, 378, 462 
product rule for, 377, 462 
quotient rule for, 382, 462 
rules for 
simplifying expressions with, 
649, 684 
summary of, 384, 462, 643 
of zero, 379, 462 
Exponent property of equality, 
842, 863 
Exponential equation 
defined, 842, 863 
solving with logarithms, 
844, 864 
Exponential expression 
absolute value and, 645 
defined, 27, 376 
as imaginary number, 645 
with irrational exponents, 791 
simplifying, 643, 684 
with variable in its base, 645 
with numerator other than 
1, 646 
simplifying, 645 
summary of definitions 
of, 646 
Exponential function 
with a base of e. See Natural 
exponential function 
defined, 792, 856 
examples of, 790 
graph of, 794, 856 
graphing, 792, 795 
inverse of, 813 
as inverse of a natural 
logarithmic function, 
828, 861 
logarithmic function as inverse 
of, 819, 859 
natural. See Natural 
exponential function 
properties of, 794, 856 
uses for, 856 
Exponential growth model, 
849, 864 
Exponential growth/decay, 804, 
807, 858 


Expression. See Algebraic 
expression; Rational 
expression 

Extended distributive property, 
42,105 

Extraneous solution, 545 

Extreme, in a proportion, 

561, 586 


Factor (noun) 
in division, 421 
factoring out, 431 
in multiplication, 25 
Factor (verb) 
common factors, 431 
defined, 421, 467 
by grouping, 425, 468, 470 
solving literal equations by, 426 
trial-and-check method of, 470 
Factor theorem, 536, 582 
Factor versus term, 518 
Factorability, test for, 441 
Fahrenheit, 68 
Focus 
of a hyperbola, 901 
of a parabola, 879, 922 
FOIL method for multiplying 
radical expressions, 
623, 682 
Formula 
See also specific types 
defined, 61, 107 
solving for a specified variable 
containing radicals, 638 
defined, 65, 108 
using the fraction-clearing 
method, 546 
Fraction 
clearing from equations, 55 
finding decimal equivalent 
of, 13 
fundamental property of, 482 
properties of, 482 
raised to a negative power, 384 
Fractional exponent. See 
Rational exponent 
Function 
See also Exponential function; 
Linear function; Nonlinear 
function 
absolute value, 189, 210 
composite, 772,773 
composition of, 770, 854 
cubing, 188, 210 
decreasing, 794, 856 
defined, 171, 208 
defined by an equation, 
173, 208 
finding the composition of, 783 
identity, 178, 774 
increasing, 794, 856 
inverse of 
defined, 779, 782 
finding, 855 
finding of a one-to-one, 782 
finding the composition 
of, 783 


graphing, 783, 855 
symmetry with, 784, 855 
making one-to-one, 785 
notation for, 174, 208 
one-to-one 
defined, 780, 854 
finding, 855 
finding the inverse of, 782 
horizontal line test for, 
780, 855 
and its inverse, 785 
operations on, 770, 854 
squaring, 188, 210 
Function inverse, 782 
Fundamental property of 
fractions, 482 


Gaussian elimination, 271, 298 
General trinomial, hints for 
factoring, 442 
Geometric fact, 76, 109, 238 
Geometric formula, 76, 109 
Graph 
horizontal translation of, 
192, 210 
projecting, 187 
reading, 119 
reflection of, 193, 194, 210 
vertical translation of, 191,210 
Graphical models, 5 
Graphing process, 117 
defined, 201 
Greatest common factor (GCF) 
defined, 421 
of polynomials, factoring out, 
422, 467 
steps for finding, 422, 467 
of trinomials, factoring out, 
445,467 
Grouping symbol, 31 


Half-life, 848 
Half-open interval, 322 
Half-plane, 342 
Horizontal axis, 5 
Horizontal line 
See also Line 
equation for, 134, 204 
form for equation of, 162 
graphing, 133 
Hyperbola 
asymptote of, 902 
branches of, 901, 903 
center of, 901 
centered at (h, k), 905 
central rectangle of, 902 
as conic section, 872 
defined, 901, 925 
equations for, 902, 903, 925 
examples of, 873 
of the form xy = k, 906 
fundamental rectangle of, 902 
Hypotenuse, 654 


Identity (equation) 
defined, 57, 107 
dependent equations and, 234 


Identity function, 178, 774 
Imaginary number 
defined, 665, 667, 687 
with exponent, simplifying, 674 
powers of, 673, 688 
square roots and, 597 
Inconsistent system, 233, 275 
Independent equations, 219, 291 
Independent variable, 172, 208 
Index 
in a cube root, 602 
of a radical, 604 
Inequality 
See also Linear inequality; 
Nonlinear inequality 
addition property of, 309 
compound 
containing and, 320, 363 
containing or, 324, 363 
defined, 319, 363 
graphing, 354, 367 
defined, 306, 361 
division property of, 310 
double, 323, 363 
equivalent, 310 
key words and phrases for, 313 
multiplication property of, 310 
properties of, 361 
subtraction property of, 309 
symbols used for, 17, 101, 
306, 361 
in two variables, graphing, 749 
Inequality symbol, reversing, 
309, 361 
Input 
in a function equation, 173, 
175, 208 
polynomials and, 398, 464 
Integer, 11, 100 
Interest 
compound, formula for, 856 
defined, 88 
simple, formula for, 88, 110 
Intersection 
defined, 319, 362 
of two sets, 321 
Interval 
bounded, 321 
closed, 321, 322 
defined, 306 
graphing, 308 
half-open, 322 
open, 321, 322 
unbounded, 308 
Interval notation, 306 
Inverse function, 778, 784, 855 
Inverse variation, 567, 587 
Irrational number, 14, 100,597 
Isosceles right triangle, 
656, 685 
Isosceles triangle, 77 


Joint variation, 569, 587 
Key number, 445 


Lead coefficient, 438 


Least common denominator 
(LCD) 
defined, 505 
of rational expressions, 506, 579 
Light year, 395 
Like terms 
combining, 44, 52, 105, 402 
defined, 43, 105, 402 
Line 
equation for. See Linear 
equation 
intercept method of graphing, 
132, 203 
intercepts of, 132, 203 
parallel 
identifying with slope, 
160, 207 
slope of, 150, 205 
perpendicular 
defined, 150 
identifying with slope, 
160, 207 
slope of, 150, 205 
point-slope form of, 156, 207 
slope of 
defined, 144 
formula for, 146, 205 
horizontal, 148, 205 
negative, 148, 205 
positive, 148, 205 
as ratio, 144, 205 
vertical, 148, 205 
slope-intercept form of, 
157, 206 
Line graph, 5 
Line segment 
endpoints of, 121 
midpoint formula for, 
122, 202 
midpoint of, 121 
Linear equation 
See also System of linear 
inequalities 
first-degree polynomials 
and, 451 
forms for, 162 
graph of, 129, 159 
in one variable, 50, 55, 106 
in three variables 
consistency of, 255 
defined, 254 
with missing variable 
terms, 257 
solution of a system of three, 
254, 295 
solving, 255, 295 
strategy for solving, 
262,297 
system of, 295 
with three unknowns, 263 
in two variables 
defined, 130 
general form of, 130, 
162, 203 
solving, 129 
solving by plotting points, 
129, 203 


Index 


standard form of, 130, 
162, 203 
writing, 161 
Linear function 
constant, 178 
defined, 178, 208 
graphing, 177, 208 
identity, 178 
Linear inequality 
graphing 
with a boundary through the 
origin, 344 
with horizontal and vertical 
boundary lines, 345 
in one variable 
defined, 309, 361 
solution of, 361 
solution set of, 309, 361 
solving, 309, 361 
in two variables 
defined, 342 
graph of, 342, 366 
graphing, 342, 749 
graphing procedure for, 
344, 366 
using to solve problems, 313 
Linear relationship, 134 
Liquid mixture problem formula, 
91,110 
Literal equation, 426 
Logarithm 
base-10, 816, 859 
change-of-base formula and, 
837, 863 
common, 816, 859 
defined, 813, 859 
power rule for, 835, 862 
product rule for, 833, 862 
properties of, 832, 835, 
837, 862 
quotient rule for, 833, 862 
Logarithmic equation 
defined, 842, 864 
solving, 815, 845, 864 
writing in exponential 
form, 814 
Logarithmic expression 
condensing, 836, 862 
evaluating, 816 
evaluating natural, 826 
expanding, 862 
Logarithmic function 
applications of, 821 
with base b, 818, 859 
decay and, 819 
defined, 818 
exponential function as inverse 
of, 819, 859 
graphing, 818 
growth and, 819 
properties of, 819 
log, x, 735, 859 


Malthusian model for population 
growth, 807 

Mapping diagram for defining 
relations, 171 


Index 


Mathematical indicator key 
words and phrases, 2 
Matrix 
augmented, 270, 298 
defined, 270, 298 
elementary row operations for, 
271, 298 
equivalency of two, 271 
identifying dependent 
equations with, 275 
identifying inconsistent 
systems with, 275 
row echelon form of, 271 
solving systems of linear 
equations with, 273 
square, and determinants, 
280, 299 
Mean 
in a proportion, 561, 586 
statistical, 86, 110 
Median, 86, 110 
Member of a set, 10 
Midpoint formula, 122, 202 
Mode, defined, 86, 110 
Model 
mathematical 
defined, 3 
purpose of, 2, 98 
verbal, 2 
Monomial 
defined, 397, 464 
dividing by a monomial, 
522,581 
multiplying 
by another monomial, 
410, 465 
by a polynomial, 411, 466 
Multiplication, 463 
Multiplication property 
of equality, 50, 106 
of inequality, 310 
of radicals, 611, 680 
of zero, 39, 104 
Multiplicative identity, 39, 104 
Multiplicative inverse, 39, 104 


nth root, 604, 606, 679 
Napierian logarithm, 
826, 861 

Natural exponential function 

decay and, 807 

defined, 804, 805, 858 

graphing, 805 

growth and, 807 
Natural logarithm, 826, 861 
Natural logarithmic function 

applications of, 829 

defined, 828, 861 

as inverse of an exponential 

function, 828, 861 

Natural number, 10, 100 
Negative fraction rules, 12 
Negative number, 11, 666 
Nonlinear function, 187 
Nonlinear inequality, 749, 763 
nth power of nth root, 624 
Null set, 58, 107 


Number 
absolute value of, 101 
cube of, 601 
Number line 
bracket on, 307 
defined, 11, 100 
intervals on, 306 
parentheses on, 306 
Number set relationships, 15 
Number-value problems, 75, 108 
Numerator 
defined, 30 
rationalizing, in radical 
expressions, 628 
Numerical coefficient, 37, 
104, 396 


Obtuse angle, 76 
Odd root, 604, 679 
One 
division properties of, 40, 105 
as multiplicative identity, 
39, 104 
multiplying by negative, 505 
Open interval, 321, 322 
Opposite number, 11, 18, 101 
Opposites quotient, 486, 576 
Order (matrix), 270, 298 
Order of a radical, 604 
Order of operations rule, 30, 103 
Ordered pair 
defined, 117 
as equation solution, 128 
as a relation, 171 
Ordered triple as equation 
solution, 254, 295 
Origin on a rectangular 
coordinate system, 117 
Output 
in a function equation, 173, 
175, 208 
polynomials and, 398, 464 
Overbar, 13 


Parabola 
as conic section, 872 
defined, 188, 879, 922 
equations for, 879, 880, 922 
examples of, 872 
as graphs of quadratic 
functions, 719, 759 
Parabolic path, 872 
Paraboloid, 872 
Percent 
of decrease, 85, 110 
defined, 83, 110 
of increase, 85, 110 
Percent sentence, 83, 110 
Perfect cube, 432, 613 
Perfect fourth power, 613 
Perfect square, 429, 597, 613 
Perfect square trinomial, 437, 469 
Perimeter, 61, 107 
PH scale, 839, 863 
Plane, as equation solution, 
255, 295 
Plotting process, 117, 201 


Point-slope form, 156, 162, 207 
Polynomial 
adding, 403, 464 
defined, 396, 464 
degree of, 397, 464 
degree of a nonzero constant 
of, 397, 464 
degree of a term of, 397, 464 
difference of two, 524 
dividing 
with missing terms, 528, 582 
by a monomial, 523, 581 
by a polynomial, 524, 581 
steps for, 527, 581 
using synthetic division, 
532, 582 
writing in descending powers 
of the variable for, 
527, 582 
factored completely, 425 
factoring 
defined, 467 
steps for, 448 
strategy for, 471 
using the factor theorem, 536 
factoring by grouping, 424, 
425, 468 
factoring completely, 431 
factoring out a common 
factor, 431 
first-degree, 451 
of higher degree, 455, 472 
irreducible, 423 
multiplied by negative one 
(-1), 505 
multiplying 
by another polynomial, 
413, 466 
by a monomial, 411, 466 
three, 414, 466 
negative of, 404 
opposite of, 404, 505 
prime, 423, 467 
product of two, 524 
quotient of two, 524, 581 
second-degree, 451 
simplifying, 403, 464 
subtracting, 404, 464 
subtracting in vertical 
form, 405 
sum of two, 524 
Polynomial function, 398, 400, 464 
Population growth formula, 864 
Positive number, 11, 388, 463 
Power of x, 27, 102 
Power rule, 633, 683 
Power rule for logarithms, 835, 862 
Prediction equation, 164 
Prime binomial, 430 
Prime number, 11, 100 
Prime polynomial, 423, 467 
Prime-factored form, 421 
Principal square root, 29, 102 
Problem-solving strategy 
using equations, 73, 108 
using systems of two equations, 
237, 294 


Product 
defined, 25 
in functions, 770, 854 
simplifying, 41 
Product rule for logarithms, 
833, 862 
Profit formula, 417 
Proportion 
defined, 561, 586 
fundamental property of, 561 
solving 
with fundamental property, 
561, 586 
using LCD, 563 
solving problems with, 562 
Pyramid formula, 64 
Pythagorean theorem, 655, 685 


Quadrant, 117, 201 
Quadratic equation 
defined, 398, 451, 471, 694 
discriminant and, 734, 761 
imaginary numbers and, 696 
second-degree polynomials 
and, 451 
simplifying, 710, 758 
solving 
by completing the square, 
698, 756 
by factoring, 453, 472 
by graphing, 727 
with quadratic formula, 
708, 757 
with square root 
property, 694 
summary of methods 
for, 735 
standard (general) form of, 
452,471, 700 
strategy for solving, 735 
Quadratic formula 
advantages and disadvantages 
of, 735 
defined, 707 
discriminant in, 734, 761 
solving quadratic equations in 
x with, 708, 757 
Quadratic function 
defined, 717, 759 
graph of f(x) = a(x — h)? + k, 
759 
graph of f(x) = ax* + bx + ¢, 
759 
graphing 
of the form f(x) = a(x — h)’, 
720,721 
of the form 
f(x) = a(x — h)? + k,721, 
722 
of the form f(x) = ax’, 
718,719 
of the form f(x) = ax* + k, 
719, 720 
maximum value of, 725, 759 
minimum value of, 725, 759 
x-intercept in, 724, 759 
y-intercept in, 724, 759 


Quadratic inequality, 742, 
744, 762 
Quotient 
defined, 25 
in functions, 770, 854 
of opposites, 486, 576 
Quotient rule for logarithms, 
833, 862 


Radical 
adding, 616, 680 
converting to rational 
exponent, 644 
product rule for, 611, 622, 
680, 681 
quotient rule for, 615, 680 
simplifying with rational 
exponents, 650, 684 
subtracting, 616, 680 
Radical equation, 632, 
633, 683 
Radical expression 
combining, 617 
defined, 596 
dividing, 625 
finding powers of, 624 
like, 616, 680 
multiplying, 621, 681 
prime factorization and, 613 
quotient rule and, 614 
similar, 616, 680 
simplified form of, 612, 624, 680 
simplifying, 612, 650, 684 
Radical function, 598 
Radical symbol, 29, 102, 596, 679 
Radicand, 596 
Radioactive decay formula, 848 
Radius, 63, 873, 922 
Range 
of an exponential function, 
792, 856 
of a function 
defined, 171, 172 
finding graphically, 
187, 209 
of a logarithmic function, 813 
of a natural logarithmic 
function, 828 
of a relation, 171, 208 
Rate (type of ratio), 143 
Rate of work, 551,585 
Ratio, 143, 560 
Rational equation 
defined, 540, 583 
solving 
discussion of, 540 
process for, 543, 583 
when denominators contain 
factors that are 
opposites, 544 
Rational exponent 
converting to radical, 644 
defined, 643 
simplifying exponential 
expressions involving, 684 
simplifying radicals with, 
650, 684 


Rational expression 
adding 
with like denominators, 
502, 578 
with unlike denominators, 
503, 579 
building, 503 
building with FOIL 
method, 508 
complex. See Complex fraction 
defined, 478, 576 
dividing, 496, 578 
finding powers of, 495 
in lowest terms, 485 
multiplying, 491, 577 
requiring mixed operations, 
497, 508 
simplifying 
defined, 482 
by factoring, 483 
steps for, 482,576 
using rules for 
exponents, 492 
solving with extraneous 
solutions, 545, 584 
subtracting 
with like denominators, 
502, 578 
with unlike denominators, 
503, 579 
Rational function, 478, 479, 576 
Rational inequality 
clearing variables in, 746 
solving, 745, 763 
Rational number 
defined, 12 
set of 
defined, 13, 100 
reading set-builder notation 
for, 14 
Real number 
adding negative, 23, 102 
adding positive, 23, 102 
adding positive and negative, 
23, 102 
associative property of, 38, 104 
commutative property of, 
38, 104 
defined, 15 
dividing, 26, 102 
division properties of, 40, 105 
multiplying, 25, 102 
number lines and, 16, 100 
property of 
one, 39 
zero, 39 
set of, 10, 100 
subtracting, 24, 102 
Reciprocal 
defined, 104 
dividing fractions and, 26 
negative, 150, 205 
Reciprocal number, 495 
Rectangular coordinate system, 
116, 201 
Rectangular solid formula, 64 
Regression, 163 


Regression equation, 164 

Relation of ordered pairs, 
171, 208 

Remainder theorem, 535, 582 

Richter scale, 821, 860 

Right angle, 76 

Right triangle, 77 

Rise, 144 

Run, 144 


Scatter diagram, 164 
Scientific notation 
converting to standard 
notation, 390 
defined, 388, 463 
form of, 388, 463 
using on calculator, 393 
Secant, 914 
Second-degree equation. See 
Quadratic equation 
Set 
intersection of two, 319, 362 
symbols used with, 10, 100 
union of two, 319, 362 
Set-builder notation, 14, 307 
Setup cost, 240 
Shared-work problem 
amount of work, 552 
defined, 551 
one (1 ) as job completed, 552 
rate of work, 551,585 
work completed, 552, 585 
Simple interest formula, 88, 110 
Slope. See Line, slope of 
Slope triangle, 145 
Slope-intercept form, 157, 
162, 206 
Solution 
defined, 49, 106 
ordered pair as, 128, 203 
Solution set, 49, 106 
Special product formulas, 415 
Sphere formula, 64 
Square matrix, 280 
See also Matrix 
Square root 
absolute value and positive, 
598, 679 
of expressions containing 
variables, 598 
finding, 29, 102, 569, 679 
function of, 598, 679 
negative, 597, 679 
notation for, 597 
positive, 29, 102, 597, 679 
principal, 29, 102, 597, 679 
simplifying radical expressions 
in, 598 
square of, 633 
Square root property, 695, 
735, 756 
Squaring function, 188, 210 
Statistics, 86 
Straight angle, 76 
Straight-line depreciation, 
135, 162 
Subscript, 66 


Index 


Subscript notation, 121, 146 
Subset, 10, 100 
Substitution equation, 228, 292 
Subtraction property 
of equality, 50, 106 
of inequality, 309 
Sum 
defined, 23 
in functions, 770, 854 
of two cubes 
factoring, 432, 469 
formula for, 432, 469 
of two squares, 430 
factoring, 469 
Supplementary angle, 77 
Supply equation, 142 
Synthetic division, 532, 582 
Synthetic divisor, 533 
System of equations 
augmented matrix 
representation of, 270, 298 
consistent 
defined, 217, 291 
graphing, 217 
defined, 216, 291 
dependent, 258 
equivalent, 221 
inconsistent 
defined, 218, 258, 291 
graphing, 219 
nonlinear 
addition method for 
solving, 927 
defined, 927 
elimination method for 
solving, 916, 917 
methods for solving, 927 
solution of, 913 
substitution method for 
solving, 914, 917, 927 
solution of, in two variables, 
216, 291 
solving 
by adding, 231, 293 
with Cramer’s rule, 283, 300 
defined, 217 
by eliminating, 230, 293 
by graphing, 217, 291 
most efficient method 
for, 234 
by substituting, 228, 292 
by substituting objective, 229 
in three variables, 274 
in two variables, 299 
using elementary row 
operations, 271, 298 
using Gaussian elimination, 
271, 272, 298 
using matrices, 273 
System of linear inequalities 
graphing, 351 
process for solving, 353, 367 


Table, number-value problems 
and, 76, 109 

Tangent, 914 

Term, 37, 104 


Index 


Term versus factor, 518 
Test point, in linear inequalities, 
342, 366 
Triangle 
similar, 563, 587 
types of, 77 
Triangle inequality, 317 
Trinomial 
defined, 397, 464 
factored completely, 431, 470 
factoring 
of the form ax” + bx +c, 
469 


of the form x? + bx + c, 438 


by grouping, 445, 470 
hints for, 442 


with leading coefficients of 1, 


438, 469 


with leading coefficients 
other than 1, 440, 470 

with special product 
formulas, 437 

using substitution, 444 


Unbounded interval, 308 
Uniform motion problem 

formula for, 89, 110, 585 

rational equations and, 554 
Union, of sets, 319, 325, 362 
Unit cost, 240, 560 
Unknown. See Variable 
Unlike terms, 43, 402 


Variable, 3, 49, 99 
Variation problem, 566, 587 
Venn diagram, sets and, 320, 330 


Vertex 
hyperbolic, 902 
parabolic 
formula for finding, 724 
in quadratic function graphs, 
719, 759 
Vertex angle, 77 
Vertical axis, 5 
Vertical line 
See also Line 
equation for, 134, 204 
form for equation of, 162 
graphing, 133 
Vertical line test, 179, 209 
Volume, 64, 107 


Whole number, 10, 100 


x-axis, 116, 201 
x-coordinate, 117 
x-intercept, 132, 203 


y is a function of x, 172, 208 
y-axis, 116, 201 
y-coordinate, 117 
y-intercept, 132, 203 


Zero 
as additive identity, 39 
division properties of, 40, 105 
multiplication property of, 39, 
104 
Zero-factor property, 452, 
471,735 
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Length =/ 


Height =h : 


Perimeter and Area Formulas 


Rectangle 
P=21+2w 
A=lw 


Volume Formulas 


Height = 


Width = w 
Length =/ 


Height =h 


Height=h Cylinder 
V=arh 


Trapezoid 
P=atb+et+d 


A= Shb + a) 


Parallelogram 
P=atb+ct+d 
A = bh 


Circle 
C=2nrr or C=7D 
where 77 ~ 3.14 

A =r 


Rectangular solid 
V = lwh 


Pyramid 
I 
V= 3oM 


*B represents the area 
of the base. 


